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1. Introduction

A Lie transformation group on a smooth manifold M is a pair (G, M) of a Lie group G
which acts smoothly on M. This paper is concerned with the cohomogeneity (abbrev. coh) of
(G, M), which is defined by

coh (G, M)=dim M—dim G+min {dim G,; xe M},
where G, is the isotropy subgroup of G at x. Then
coh (G, M)=dim M~dim G (=: dok (G, M)),
{xeM; coh (G, M)=doh (G, M) +dim G,} is an open subset of M, and
coh (G°, M) =coh (G, M)

where G’ is the identity connected component of G.

An orthogonal transformation group (abbrev. o.t.g.) on an N dimensional Euclidean
space E% is defined as a pair (G, E”) of a connected Lie subgroup G of the full orthogonal
group O(V) on EV. (G, E™) is said to be contained in another o.t.g. (G', E") on EV if there
is a real linear isometry :E"¥—E" and a Lie group monomorshism 7:G—G’ such that

t(ghi=wgforall gesi.

If moreover 7 is a Lie group isomorphism, (G, E¥) is said to be equivalent to (G, E™).
Let p be a linear representation on RY over the field R of all real numbers of a Lie

group G. We say (G, p, R") an orthogonal linear triple and p an orthogonal representation of

G if there is a positive definite inner product on R which is invariant under the action of
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p(G). Suppose p' is another orthogonal representation of G. We call (G, p’, R") and (G, p,
RY) are equivalent as real representation if p’ and p are equivalent as real representations
of G.

An orthogonal linear triple (G, p, BY) naturally induces an o.t.g. (p(G°), EV) which is
well defined up to equivalences and denoted by O(G, p, RY). We denote

coh (G, p, RN)=coh (O(G, p, R™)),
doh (G, p, RN)=doh (O(G, p, R")).

If G is compact, then any real representation of G is an orthogonal linear representation,
and the corresponding o.t.g. is called a compact linear group.

An o.t.g. is called maximal if it is not properly contained in an o.t.g. of the same
cohomogeneity. Suppose (G, EV) is a maximal o.t.g. If it contains a compact linear group
(K, E™) of the same cohomogeneity, then itself is a compact linear group. In fact, the
closure G of G in O(IV) is compact and

coh (G, EY)=coh (G, EV)

since xeEN; G(x) is closed (i.e., Gx) =G(x) =G(x)), coh (G, EN)=N—dim G+dim G,}
contains an open dense subset {xe E"; coh (K, EN)=N—dim K+dim K,} of EV.

Hsiang-Lawson [11] studied a classification of all compact linear groups of
cohomogeneity 2 or 3 and maximal by means of the classification of compact linear groups
which has a non trivial isotropy subgroup at a point of a principal orbit (cf. Kramer [15],
Hsiang [10] and Hsiang-Hsiang [9]). As a result, most of them can be induced from the
linear isotropy representations of Riemannian symmetric pairs.

Conversely, the linear isotropy representation of each Riemannian symmetric pair of
rank 7 induces a compact linear group of cohomogeneity r(cf. Takagi-Takahashi [19]).
Any of its orbit in the representation space is an R-space in the meaning of Takeuchi [20]
(cf. Takeuchi-Kobayashi [21]). A principal R-space denotes an R-space of the highest dimen-
sion among all R-spaces associated with a given Riemannian symmetric pair.

From tables of Takagi-Takahashi [19, Table I and I}, it appears that two principal R-
spaces associated with two distinct Riemannian symmetric rairs of rank 2 are not
equivalent as Riemannian manifolds nor Riemannian submanifolds of a hypersphere of the
representation space. Especially if two maximal o.t.g.’s of cohomogeneity 2 contain
o.t.g.’s from two distinct Riemannian symmetric pairs of rank 2 respectively, then they are
not equivalent (cf. Ozeki-Takeuchi [17; Theorem 1, Theorem 2]).

However it is well known that the o.t.g. from the Riemannian symmetric pair (G,
SO(4)) of rank 2 is missed in a theorem of Hsiang-Lawson [11; Theorem 5] (cf. Takagi-
Takahashi [19], Uchida [23]). More than before, Uchida [23] pointed out many examples
of real reducible (i.e., non irreducible) compact linear groups of cohomogeneity 3 which
shows that another theorem of Hsiang-Lawson[11; Theorem 6] shoud be properly
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modified. Uchida [23; Theorem] also gave a classification theorem of real reducible com-
pact linear groups of cohomogeneity 3 and maximal in a correct form by the use of a
classification of compact Lie groups which act transitively on spheres (cf. Montgomery-
Samelson [16], Borel [3], [4]).

In this paper, we study the classification of real irreducible o.t.g.’s of cohomogeneity at
most 3 by a direct method (cf. Sato-Kimura [18], Yokota [25]). We have the list of them in
Section 4, which shows that the other theorem of Hsiang-Lawson [11; Theorem 7] should
be properly modified and also gives a classification of real irreducible compact linear
groups of cohomogeneity 3 in a correct form (cf. Theorem 4.8, Remark 4.10).

Our results also give a proof of the fact that a compact linear group of cohomogeneity
2 and maximal is equivalent to an o.t.g. which is induced from the linear isotropy represen-
tation of a Riemannian symmetric pair of rank 2. Topologically, Asoh [2] has already com-
pleted the classification of compact Lie groups acting on spheres with an orbit of codimen-
sion one, which properly modified the result of H.C. Wang [26] (cf. Hsiang-Hsiang [8]).
Recently, Dadok [5] classified real irreducible compact linear groups with certain proper-
ty, so-called ‘polar’, which is satisfied by each compact linear group of cohomogeneity 2.

2. Preliminaries

For each type of compact simple Lie algebra of dimension g and rank k, we shall in-
vestigate (cf. Adams [1], Goto-Grosshans [6])
(1) ‘Real’ complex irreducible representations of degree m such that

dy:=m—g=3,

(2) Complex irreducible representations of degree m such that
dy=2m—g=4,

(3) ‘Quaternion’ complex irreducible representations of degree 2m such that
dy=4m—g=6.

We denote a compact simple Lie algebra of type X, by X, (X=A4,B,C,D,E, F, or G)
and the corresponding compact simply connected Lie group also by X;. A complex irreduci-
ble representation of the highest weight A is denoted by A. Especially the trivial represen-
tation is denoted by 0. The fundamental weights with respect to the simple roots ey,
oy, -+, oy are denoted by

Aly AZ). " Ak'

A)

The simple roots of A, are given by a Dynkin diagram:
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o —ay— - —a, (k=1).
(1) ‘Real’ complex irreducible representations of A, are given by

A=2).1A1(lf k=1), Zf:ll A,(A,+Ak_,+1)(if k=2h+2),
2h+1

Aop+oAopizt ; Al Ai+ Ay 1)f k=4h+3),

or
2h+2

2hons3donsst D) A Ait+ Ap_i)Gf k=4h+5),
=1
where % and 4;(:=1, - - -, [(+1)/2]) are non-negative integers, and [p] denotes the max-
imal integer at most p.

PROPOSITION 2.1 If dy:=deg A—k®—2k =<3, then A is equivalent as a complex represen-
tation of Ax(R=1) to one of the followings:

dy<0: Ay(k=3), 0(k=1),
d()=01 2/11(k=1), A1+Ak(k22),
do=2: 4A,(k=1).

Proor: If A;=21 for some i=4,---, or [(k+1)/2], then 2=7 and d,=deg
Ayg— k=282, C—k*—2k27. If [(A+1)/2]23 and A3=1, then k=5 and dy=deg
(As+Ap_p) — B2 —2k=(k+2)(k+1)°k*(k—4)/36 —k*—2k=140. If A,=1 and k=4, then
dyzdeg (Ay+A,_)—k2—2k=(k+1)%(F*—4)/4—k*—2k=51. Therefore A=0(,=1),
20 A1 (R=1), 21(A1 +A)(k=2), or AyAs+A1(A;+A)k=3). If k=1 and A;=3, then
dozdeg 64, —3=4. If k=2 and 1,22, then dy=deg 2(A,+A,) —k2—2k=k(E+1)X(k+4)/
4—k2—2k219. If k=3 and 1,22, then dy=deg 24,—15=5. If £=3 and A;=4,=1, then
doy=deg (A1 +A;+A3)—15=49. Q.E.D.

(2) Complex irreducible representations of A,(k=1) are given by
A=3%_ A;A; where A;,(i=1, - - -, k) are non-negative integers.

PROPOSITION 2.2 If d;:=2deg A—Fk:—2k=<4, then A is equivalent as a complex
representation of Ay(RZ1) to one of the followings:

0kz1), A1(R=21), 24,(k=1,2), A(k=2),
245(k=2), Ap_1(k=4), Apkz=3).

ProOF: If k=1 and 4,=3, then deg A=deg 34,=4 and d,=5. If k=2 and A,(or 1)
=3, then deg A=deg 34,=10 and d,=12. If k=2, ;=1 and 1,21, then deg A=deg
(A1 +A)=k(k+2)and d;=8.If k=3 and A, (or A,)=2, then deg A=deg 24,=(k+1)(k+2)
/2 and d;=5.1f A;=1 for some =3, - - -, k—2, then deg A=deg A;=k(k*—1)/6, k=5 and
dy=5. If Ay(or A,—1)=2 and 2=k—1, then deg A=deg 24,=k(k+1)%(k+2)/12, k=3 and
d;225. If 4,21, 4,-121 and 2<k—1, then deg A=deg (A, +A,_)=(k+1)%(k2—4)/4,
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k=4 and d,=126. If A,=1,4,_,=1 and 1<k—1, then deg A=deg (A + A1) =(k+2)
(#*—1)/2, k=3 and d,=15. If 1,=1, 4,=1 and 2<%k, then d;=15. If 4,21, 1,=1 (or
Ap-121,2,=1) and 2<k-1, then deg A=deg (A,+A)=2k(k+1)(k+2)/3, d,=56.
Q.E.D.

REMARK 2.3 2A4,(k=1), A,(k=3) are ‘real’. A,(k=1) is ‘quaternion’. A,, A,(k=2)
(resp. Ag, Ap—1(k=4), resp. 24,, 2A,(k=2)) are conjugate from each other.

(3) ‘Quaternion’ complex irreducible representations of A,(k=1) are given as
A=QCAopr1+1) Aspi1 + 22, 2:(A;+Ay_;11) where B=4h+1, A; and /% are non-negative in-
tegers.

PROPOSITION 2.4 If dy;=2deg A—F*—2k=<8, then A is equivalent as a complex
representation of A(k=1) to one of the followings:

d2=].: A](k=1),
dy=5: 34,(k=1), A3(k=5).

PROOF: If k=4h+126, then k=9 and d,=2deg Ay, — k2 —2k=2deg As— R —2k=
405.So k=1 or 5. Suppose k=1.If 1,=2, then d,=2deg (24; +1) A; —3=2deg 54,—3=09.
So A=A, 0r 34,. Next suppose k=5.If 1,21, then d,=2deg (A, +A)—35=343.If 1, =1,
then dy=2deg (A;+45)—35=35. If A;=1, then dy=2deg 34;—35=1925. So A=A.
Q.E.D.

©
The simple roots of C; are given by a Dynkin diagram:
al‘— oy — " — = (B=2).

(1) ‘Real’ complex irreducible representations of C,(k=2) are given by
A=X%, 1;A; where 3,4 is even and 1;(i=1, - - -, k) are non-negative integers.

PROPOSITION 2.5 If dy:=deg A—k(2k+1)<3, then A is equivalent as a complex
representation of C,(kZ2) to one of the followings:

dp<0: 0(k=2), Ay(kz2),
dy=0: 2A,(k=2).

Proor: Suppose 2=5. Then deg A3;<deg A; for i=4, ---,k and deg A;—dim
C,=4k(k*—3k—T7)=20. deg 34;—dim C,=%(2k+1)(4k—1)/3=165. deg (A;+A,) —dim
C,=k(8k*—6k—11)/32265. deg 24,—dim C,=k*(4k>*—13)/3=2725. So A=0, A, or 2A,.
Suppose £=4. Then the assertion holds since deg A;—dim C;=12, deg A,—dim C,=6,
deg 24,—dim C,=272, deg 34,—dim C,=84 and deg (A;+A4,)—dim C;=124. Suppose
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k=3. Then the assertion holds since deg 34;—dim C;=35, deg (A;+4,) —dim C;=43,
deg (A1 +A3)—dim C3=49, deg 24;—dim C;=63 and deg 24,—dim C;=69. Suppose
k=2. Then the assertion holds since deg 44, —dim C,=25, deg 24, —dim C,=4 and deg
(24, +Ay)—dim C,=25. Q.E.D.

(2) Complex irreducible representations of C,(k=2) are given by
A= 1,4, where 4,(i=1, -+, k) are non-negative integers.

PROPOSITION 2.6 If di:=2deg A—k(2k+1)=6, then A is equivalent as a complex
representation of Cy(k=2) to one of the followings:

0kz2), A1(k22), A(k=2).

PrOOF: Suppose £=3. If A is not equivalent to 0 nor A,, then deg A=deg A,, so
d;=2deg A,—dim C,=2k2—3k—2=7. Suppose k=2. The the assertion holds since 2deg
24, —dim C;=10, 2deg (A;+ A;) —dim C,=22 and 2deg 24,—dim C,=18. Q.E.D.

(3) ‘Quaternion’ complex irreducible representations of C,(k=2) are given by
A=, 24, where 3,04 is odd and A,(i=1, - - -, k) are non-negative integers.

PROPOSITION 2.7 If dy:=2deg A—Fk(Q2k+1)=<6, then A is equivalent as a complex
representation of Cn(k=2) to one of the followings:

A (k=2).

PROOF: Suppose £=3. If A is not equivalent to A;, then deg A=deg A,, so d,=2deg
Ay—dim C,=2k?—3k—2=7. Suppose k=2. If A is not equivalent to A,, then deg A=deg
(A1+/12)= 16, SO d2§22 Q.E.D.

(B)
The simple roots of B, are given by a Dynkin diagram:

g — o —— ooy = oy (=3).

(1) ‘Real’ complex irreducible representations of B,(k=3) are given by
A= LA GE k=4h+3 or 4h+4), 22,4, + 221 4;4; (otherwise) where h and A,(i=1,
- -+, k) are non-negative integers.

PROPOSITION 2.8 If dy:=deg A—k(2k+1)<5, then A is equivalent as a complex
representation of By(kZ3) to one of the followings:

d0<0. Al(k23), Ak(k=3 OI'4), 0(k;3),
do=0: Ay(k=3).

Proor: If A;=1 for some i=3,---,k—1, then k=4 and d;=deg A;—dim
B,=k(2k+1)(2k—4)/3248. If 1,22, then dy=deg 24, —dim B,=2k=6. If 1,=2, then
dy=deg 24, —dim B,=(2k+3)2k+1)}k+1)(k—1)/3—k(2k+1)=147. If ;=1 and A,=1,
then dy=deg (A;+Ay)—dim B,=@2k+1)(k+1)(4-k—3)=84. Then A=A,, A, A; or
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As+Ap(if k=4h+3 or 4h+4), A, or A, (otherwise) since deg 24,—dim By=15;41Cr11
—k(@2k+1)=14 and deg (A;+A,)—dim B,=k2**1—k(2k+1)=27. If k=4h+3 or 4h+4,
k=5 and 4,21, then 228 and dy=deg A,—dim B,=2*—k(2k+1)2120. If k=3(resp. 4),
then deg (A;+A)—dim B,=91(resp. 396). Q.E.D.

(2) Complex irreducible representations of B,(£=3) are given by
A=3% | 2,4 where A,(i=1, - - -, k) are non-negative integers.

PROPOSITION 2.9 If dy:=2deg A—k(2k+1)<8, then A is equivalent as a complex
representation of B,(k=3) to one of the followings:

di<0: A(k=23), Ak=3o0r4), 0(%Z3).

ProOF: If ;=1 for some =2, ---, k—1, then di=2deg A,—k(2k+1)=k(2k+1)
=21. If 14,22, then di=2deg 24,—k(2k+1)=k(2k+5)=33. If 1,=2, then d;=2deg
2A,—kQ2k+1)=2 3,41Cp1—k(2k+1)=49. If A;,=1 and A,=1, then d;=2deg (A, +A4,;)
—k(2R+1)=k2"*2—k(2k+1)=75. If k=5, then 2deg A,—k(2k+1)=2"1—k(2k+1)29.
Q.E.D.

(3) ‘Quaternion’ complex irreducible representations of B,(k=3) are given by
A=312,4,+ (24, +1) A, where k=4h+5 or 4h+6, k and A;(i=1, ---, k) are non-
negative integers. Then £=5.

PROPOSITION 2.10 There is no ‘quaternion’ complex irreducible representation of B,
such that d,:=2deg A —k{(2k+1)<8.

PROOF: Since k=5, d;=2deg A,—k(2k+1)=2"*"1—E(2k+1)=9. Q.E.D.

D)
The simple roots of D, are given by a Dynkin diagram:
o — = =gy — oy (B=4).
ay
(1) ‘Real’ complex irreducible representations of D,(k=4) are given by
A=TEZ MM+ Aoy (Apo + AGE k=2R+5), ZE 2,4, (f k=4h+4), or 214+

Ab—1Ap-1+AjA, (f k=4h+6), where A;_,+A}is even, k and AP(G=1, ---, k) are non-
negative integers.

PROPOSITION 2.11 If dy:=deg A—Fk(2k—1)<6, then A is equivalent as a complex
representation of Dy(k=4) to one of the followings:

dp<0: 0(kz4), A (kz4), Ay lk=4), Az(k=4)
d():O: Az(kg‘}).
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Proor: If 2,21 for some ¢=3, ---, or k-2, then 225 and dy=deg A;—k(2k—1)
=k(2k—-1)(2k-5)/3Z75. So A;=0 for {=3,---,k—2. Since deg2A,—k(2k—1)
=2k—127, deg 2A4,—k(2k—1)=k*(4£*—13) =272 and deg (A, +A,) —k2k—1)=k(4k—5)
(2k+1)/32132, we have A;+4,<1. Suppose A"} or AY’Z1. If k=8, then
dyz 21— k(2k—1)Z8. If k=7, then d;=deg (As+A7)—91=2912. If £=6, then dy=deg
(As5+ A6 —66=726 or dy=deg (245) —66=deg (24¢) —66=1,,C;s—66=396. If k=5, then
dy=deg (A4+A5)—45=165.If k=4 and 1, =1, then dy=deg (A; +A,) —28=deg (A, +A3)
—28=28. If k=4 and 1,21, then dy=deg (A,+A,)—28=deg (A, +43)—28=132. So
k=4 and A=A, or A;. Q.E.D.

(2) Complex irreducible representations of D,(k=4) are given by
A=Ef=1 AiA; where A;(1=1, - - -, k) are non—negative integers.

PROPOSITION 2.12 If di:=2deg A—k(2k—1)=<36, then A is equivalent as a complex
representation of Dy(k=4) to one of the followings:

d;<0: 0(k=4), A(k=4), As(k=4), A,(k=4),
As(k=5), As(k=5), As(k=6), As(k=6).

Proor: If A;=1 for some i=2, ---, k—2, then d;=2deg A,—k(2k—1)=Fk(2k—1)
=28. So that 1;=0 for i=2, - -, k—2. Since 2deg 24, —k(2k—1)=(k+2)(2k—1) =42, we
have A;=1. Suppose A,_;+A,=1. Then k=<6 since d,=2deg A,—k(2k—1)=2deg
Ap-1—k(2R—1)=2"—k(2k—1)=37 if k=7. We have that A, +4,_;+A,=<1 since 2deg
(A1 +Ap)—k2k—1)=2deg (A;+ A, ) —k(2E—1)=(2"— )2k —1)=84, 2deg (A;_1+A)
—kQ2k—1)=k2E-1)[42F—-2)!/ {(k—1D)!(k+1)!} —1]=84 and  2deg24,—k(2k—1)
=2deg 2A4,_,—k(2k—1)=k(2k—1){2(2k—2)!/(E})?—1} =42. Q.E.D.

REMARK 2.13 A,(k=5) and A5(k=5) are conjugate. A;(k=4) and A,(k=4) are ‘real’,
and there are outer automorphisms t1;(i=1, 2) of D, such that As 1, and Ay e 72 are
equivalent as complex representations of D, to A;. There is also an outer automorphism
T3(resp. 14) of Dg(resp. Ds) such that Asy  13(resp. Ag ° 74) and Ag(resp. As) are equivalent
as complex representations of Dg(resp. Ds).

(3) ‘Quaternion’ complex irreducible representations of D,(k=4) are given by
A =Zf=1 A:A;where A,_1+A,is odd, k=4h+6, and &, A;(=1, - - -, k) are non-negative in-
tegers.

PROPOSITION 2.14 If dy:=2deg A—k(2k—1)=<36, then A is equivalent as a complex
representation of Dy(k=4) fo one of the followings:

d2= —2: Ag(k=6), Aﬁ(k=6).

PrRoOOF: The assertion follows from Proposition 2.12 and Remark 2.13. Q.E.D.
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(E)
The simple roots of exceptional Lie algebras are given by Dynkin diagrams:

Gz: o = 0y

F4: Q=™ Qg = Q3 — 04

EGZ ] ™ Qg —— Q3 —" 0y 7 Qs
Qg

E’]: Oy~ Qg =™ Q03— Qg — 05 — O
a7

Eg: Q] = Qg — 03— 04 — Q5 — O — 07
g

PROPOSITION 2.15 Suppose A is a complex irreducible representation of an exceptional
Lie algebra of dimension g. If dy:=deg A—g=12, then A is equivalent as a complex representa-
tion to one of the followings:

4y<0: Ay(Go), AF), A1(Ee), As(Ep), Ag(Ey),
do=0: A(G), A1(F), Ae(Ee), A(E7), AEy).

ProOF: Case G,) If A is not equivalent to A, nor A,, then dy=13 since deg 24,=77,
deg 24,=27 and deg (A;+A,)=64. Case F,) If A is not equivalent to A; nor A,, then
dy=221 since deg24,=deg (A,+A)=1053, deg2A4,=324, deg A,=1274 and deg
A3=273. Case Eg) If A is not equivalent to Ay, As, nor Ag then dy=273 since deg
2A,=deg 2A5=deg A,=deg A,=351, deg A3=2925, deg 244=2430, deg (A;+ A5)=650
and deg (A; +Ag)=deg (As5+Ag) =1728. Case E;) In A is not equivalent to A; nor Ag, then
dyZ779 since deg A,=8645, deg A;=365750, deg A,=27664, deg A5;=1539, deg
A;=912, deg 2A4,=7371, deg 245=1463 and deg (A;+A)=3920. Case Eg) If A is not
equivalent to A;, then d,=3627 since deg A,;=3825, deg A,=6696000, deg Az=
6899079264, deg A,=146325270, deg A;=2450240, deg A,=30380, deg A3=147250,
and deg 24,=27000. Q.E.D.

REMARK 2.16 A,(G») is ‘real’ of degree 7. A4(Fy) is ‘real’ of degree 26. A,(Fg) and
As(Eg) are conjugate from each other and of degree 27. A¢(E;) is ‘quaternion’ of degree 56.
A(Gy), AL (Fy), As(Eg), A1(E7) and A;(E;g) are the adjoint representations, especially
‘real’, of degree 14, 52, 78, 144, 248 respectively. Any A of d; or d;=12 is contained in the
above list since d,=d,>d,.

Next propositions are also useful in sections 3 and 4.

PROPOSITION 2.17 Each non trivial ‘real’ complex irreducible representation of degree at
most 3 of a compact simple Lie algebra is equivalent as a complex representation to one of the
Jfollowings:
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degree 3: 24,(4y).

PROOF: The assertion follows from Prop. 2.1, 2,5, 2.8, 2.11 and 2.15 since d, is less
than the degree which is at most 3. Q.E.D.

PROPOSITION 2.18 Each non trivial complex irreducible representation of degree at most
3 of a compact simple Lie algebra is equivalent as a complex representation to one of the follow-
ings:

degree 2: A;(A4,),
degree 3: 24:(Ay), 41(A,), Ax(Ay).

PRrROOF: The assertion follows from Prop.’s 2.2, 2.6, 2.9, 2.12 and 2.15 since d;=
2 degree—9=<2.3—-3=3. Q.E.D.

REMARK 2.19 A,(A.) is conjugate to A;(A4,).

PROPOSITION 2.20 Each non trivial ‘quaternion’ complex irreducible representation of
degree at most 6 of a compact simple Lie algebra is equivalent as a complex vepresentation to one
of the followings:

degree 2: A,(Ay),
degree 4: 34,(A1), A:(C)),
degree 6: 5A4,(A,), A(Cs).

PROOF: The assertion is trivial in the case of 4;. Otherwise, it follows from Prop.’s
2.4, 2.7, 2.10, 2.14 and 2.15 since d,=2 degree—g=2-6—8=4. Q.E.D.

3. Basic Classification by cohomeogeneity

Let (G, M) be a Lie transformation group. For xe M, we denote G(x) the orbit of G
through x, and G, the isotropy subgroup of G at x.

LEMMA 3.1 Let (G, M), (G, N) be Lie transformation groups and f be a G-equivariant
submersion from M onto N with the property:

F U @) =Grpx
at a fixed xe M. Then we have that
dim M—dim G+dim G,=dim N—dim G+dim Gy
ProoF: dim M=dim N+dim f " 1(f(x)) =dim N+dim G¢(x) =dim N+dim G,y —

dim G, since (G¢),=G,. Q.E.D.
Let R, C and H be the set of real numbers, complex numbers and quaternions respec-
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tively. Naturally H contains €, and C contains R. The conjugate u+jvof u+jveH (u, ve C)
is defined by

u+jy=u—jv
where # is the complex conjugate of u. For u+jv, #' +jv" € H, the product of them is defined
by
(u+jio)u +5v")y = (uu' —ov") +jlou’ +av’).

Let Fbe R, C, or H. The set of all (n,, #,) —matrixes with coefficients F is denoted by
F(n,, ny). For Xe F(n,, n,), we denote the conjugate of X with respect to the coefficients by
X, and the transposed matrix of X by ‘X. We write F*=F(n, 1), F(n)=F(n, n), and denote
the identity matrix of F(») by I,. We denote 2F(n) = {XeF(n); X=X}, pF(n)= {XehF(n); X
is positive definite}, and use the following notations for classical groups:

GF(n)= {XeF@); ' XX=X'X=1I,).
If F=R or C, denote
SF(n)= {XeGF (n); det X=1}.

Then GR(n)=0(m), GCn)=Un), GH(n)=Sp(n), SR(n)=S0#) and SC(n)=SU#) in
usual notations. Any subgroup of GF'(n) acts on F” linearly over right multiplications of F
by usual manner and acts on AF (n)(resp. pF'(n)) by

A-X=AX'A 3.1

for AeGF(n), XehF(n)(resp. pF(n)). Each matrix of AF(n) can be transformed to a
diagonal form by the action of GF(n)(resp. SF(n)). Similarly any subgroup of GF'(n,)
X GF (n,) acts on F(ny, ny) by

(A,B)- X=AX'B (3.2)
for (4, B) e GF (1) X GF (ny), XeF(n,, ny).
We use mappings &k, &' H(n,, n;) —> C(2ny, 2n,),
h: H(ny, ny) —> C(2ny, ny) and i': H(n,, ny) —= C(ny, 2n,) such that

Uu -v Uuv U
k(U+jV)=( v (7)’ k’(U+Vj)=( _y (7>, h(U+jV)=< V)’

B U+ V)=, V) for U, VeCn,, ny).
Then %, &’ are real linear injections such that

RP)=k(P), FP)=F(P), k(PQ)=k(P)k(Q), k(PQ)=FK(P)K Q)
for Pe H(ny, ny), Q€ H(ny, n3),

and k(resp. ') is a linear bijection over right (resp. left) multiplications of C such that
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hPQ)=k(P)I(Q )resp. 1" (PQ)=h'(P)k(Q)).

For PeH(n,, n,), we see that column-rankg(P):=n,—dimg{QeH™; PQ=0}=
2n,—dim¢ {Q e H™;, PQ=0})/2=(rankck(P))/2=(rankck (P))/2=(2n,—dim¢ {Qe H(1, n));
QP=0})/2=n,—dimg {QeH(1, n,); QP=0} =: row-rankg(P). Note that the linear in-
dependence in H™, H(1, n;) over right multiplications of H is equivalent to one over left
multiplications of H respectively owing toE=q -p (p, q in H). Therefore rankg(P): = column-
ranky(P)=row-rankg(P) is well-defined. Denote MF (n,, ny)= { X e F(n,, ny); rankp(X)=
max(ny, #,)}. Then B(MH (n,, n2))=MC(2ny, 2n,) Nk(H (ny, ny)).

Assume #;=n,. Denote f: MF(ny, ny) —> pF(ny)

such that f(X)='XX for Xe MF(n,, n,). Then f is GF (ny) X GF (ny)-equivariant with
respect to the action (3.2) on MF'(n,, #,) and the following action on pF(ny):

(4, B)- Y=BY'B (3.3)
for (A, B)e GF (1)) x GF(ny), YepF (n,).

LEMMA 3.2 (1) fis a submersion.
@) FTUXN=(GF(n) x {L,})- X for Xe MF (ny, ny).
(3) If ny>ny, then £~ 1(f(X))=(SF (1) X {L,,})- X for Xe MF (n,, n,) where F=R or C.

PrOOF: (1) Since any diagonal matrix in pF'(n,) is in the image of f, it follows that f
is onto from the diagonalizability by the action (3.3). To prove dfx,: F(n,, #s)—=hF(ny);
X-'XX,+'X,X is onto at X,e MF(n,, ny), if we use the action (3.2) of GF(n;) X GF (n),
we may assume that X, has the following form for some non-zero x;eR (1=1, - - -, n,):

*1

Xo=| ", | Infact, theaction (3.3) of {1} x GF(ny) transforms ‘%o, to a diagonal

form and the action (3.2} of GF'(n;) x {I,,} gives a required form. Then it is easy to show
that dfy, is onto. (2) Suppose f(X)=/(Y). Denote X=[x;, - - -, x,,], Y=[1, - - *, ¥a,] Where
%, y:€F™, then %x,="%;%; (4, j=1, - - -, ny). We can choose %, y, (h, k=n,+1, - - -, ny) such
that ‘%%, ="9,9,=0 and ‘%,%,='9,5s= 0. Then X' =[xy, - -+, %, ], Y'=[1, - - -, ¥»,] have the
inverse matrices. For A=Y'X'"!, A is in GF(n,) since 'X'X'='Y'Y’. We have (4, I,,)
‘X=Y. 3)If F=R or C, then X"=X"-diag[1, ---,1,det X’"!] and Y"=Y"-diag|[1,
-+, 1,det Y""'] are in SL(m,, F). Then B=Y"X""! is in SF(n)) and (B, ,)-X=Y if
n >n,. Q.E.D.

The tensor product F'“C>F<)- . C;)F " over F of F™, ---, F™ is defined if F=R or C.
Naturally R’“C;?- . -C;)R"s= {zin C”‘Cé)- . -C>C§C"‘; z=z} where denotes the complex conjugaN-
tion extended naturally on C’“Qé)- . -C?C"‘. If F=H, then we consider the real linear map J:
CZ"‘@C@‘ : ‘(?C'z"s"cz’“(?' : '@C)CZ”‘; % Zi(h(Pf1)~® C @ MP)) = 2 2i(h(Paf)® - - - @ h(Pij)),
where z;e Cand Pye H™(t=1, - - -, s). Then J?=id(if s is even), or —id (if s is odd). The fen-
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sor product H ’“® ®H " over vight H of H™, ---, H™ is defined by H ”‘®
Hr={Ze CZ’“® ®CZ”‘ JZ=Z} (if s is even), or Cz’”® ®Cz"s with the quatermon
structure ] (if s 1s odd) If s=1, then ] is the standard quatermon structure on C?" = h(H™).
Ifs=2, then H '“(;?H "2 is a real form of Cz’“@c)CZ”2 with respect to the real structure J on €%
(?Cz”z. For an even s, H"‘(E)- . -(I?H " is equivalent as real spaces to

(H”‘(§H"2)C§' : '%)(H"‘”CIX}H”‘)
since the complexifications are isomorphic over C.
Let p;, - - -, ps be linear representations of Lie groups G,, - -+, G;on F™, - -+ F™ over
F respectively. If F=R or C, then the exterior tensor product pl(%- . -g%)ps over F is defined as

the representation of the direct product group G, X - - - X G, on the tensor prodict space F™
@- . Q;)F " over F such that

(21 ®p)as, -, =P (@)D Dpy(4)

for (g1, -+, g,) in Gy X - - - X G,, where the right hand side is the usual tensor product of
linear transformations. If F=H, then note that f commutes with the representation (% © p;)
({?- .- (%)(k op)ofGy X -+ XG;on h(H'“)(>C§- . -(?h(H”‘). The exterior tensorproductpl(? . Qi)
ps over right H is defined as the representation of Gy X - - - X G, on H' ”‘(;?- . -(}?H % such that

(m@- . -CI%)ps)(gl, gs):=((k0p1)C>c<>---%)(kOps))(yl, gs)iH"‘®' - GH™,

If s is even, then it is equivalent as a real representation of G, X - - - X G, to (p1®pz)® @
(ps— 1®ps) Next, we study the case of s=2 in more detail. The identity represem‘atzon of a
Lie subgroup K of GF(n) is denoted by id. We consider the action (3.1) of K on pF(n).

PROPOSITION 3.3 If K is a Lie subgroup of GF(ny) and nIan, then (1) coh(GF (n,)
x K, 1d®1d F ”‘@F ")=coh(K, pF(ny)), (2) coh(SO(nl)xK 1d®1d R”1®R”2) coh(XK,
PR (ny)), (3) If n1>nz, then coh(SU(n,) x K, 1d®1d C”‘OC"Z) coh(K pC(nz)) (4) coh(X,
DF (n3)) 2 coh(GF (ny), pF(n3)) =n, (=coh(SF (nz) pF (nz)) if F=R or C).

PRrOOF: If F=R or C, the representation space F' ”‘C>F<)F "2 is identified with F(n,, n,) by
the correspondence i: F"(?F”Z—’F(nl, 1) such that 1(e;®¢)=E; (i1=1, -+, n;; =1, - - -,
#ng) with respect to the standard bases {¢;}, {e;}, {E;} of F™, F™, F(n,, ny) respectively.
Through :, the action of GF(n;) X K on F(n,, n,) is induced as

(A,B)-X=AX'B

for XeF(ny, n,), (A, B)e GF (n,) x K. The o.t.g. induced from this action is equivalent to
one from the similar action of GF(n;) x K where K= {B; BeK} is the conjugation of
KeGF(n,). Hence the o.t.g. induced from id(%)id is equivalent to one from the action (3.2)
of GF(n,) x K. When F=H, we consider :: CQ"‘@CZ'”*C(an, 2n,) for the standard basis
er=hley), - -+, e, =hle,), ens1=hle1s), - -, ean,=hle,J) of C™ whereey, - -, e,,is the stan-
dard basis of H" (i=1, 2). Then we have
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I(H”‘(?H”Z) =k(H(ny, ny))

since jZi=JZ; (Z:e C*), 1 (JZ)=]it @)}, (Z& C*"QC*™) and
E(H (1, n))= {X e C(2n,, 2ny); 1 X'],=X) where

On,- —In; .
L_( I, 0,,‘.> (=1,2)

Through 1, the action of Sp(n;) x K on k(H (n,, n,)) is induced from the representation
id(%;id on H"‘(;)H”Z by (A, B)-k(X)=k(A)(X)R(B) for Xe H(n,, n,), (A, B)e Sp(n;)) x K.
The o.t.g. induced from this action is equivalent to the one which is induced from the ac-
tion (3.2) of Sp(ny) x K on H(ny, ), since 2(B)=k('B) and k(A)&(X)k(B)=k(AX'B).
Then (1) follows from Lemma 3.1 and Lemma 3.2(0), (1), (2), since MF (n,, n) is open
and dense in F'(n, ny). (2) follows from (1) since GR(#,)°=S0(n,). (3) follows from Lem-
ma 3.1 and Lemma 3.2(0), (1), (3). (4) follows from that GF (n,)(resp. SF(ny) if F=R or C)
transforms any matrix in pF(n,) to a diagonal form. Q.E.D.
Denote 7(n,, 1y, 73)=coh(SO(n,) x SO(n,) x SO(n3), 1d®1d®1d R”1®R”Z®R”3)
c(ny, ng, n3)=coh(U(n,) X SUn,) x SU (ng) 1d®1d®1d C”‘®C"2®C”3) q(nl, Ny, MN3)=
coh((Sp(ny) X Sp{nz)) x SO(n3), (1d®1d)®1d (H"‘®H"2)®R”3)

PROPOSITION 3.4

) 7(my, 1y, m) =18 if m=my=my=3.

2) cny, ny, n3)=6  if nmi=n,=ng=2.

QB) q(my, ny, m)=3  if nz=3, m=n,=1.

1) gy, ny, n3)=8  if n3=3, m=2, n;=n,=1.

PROOF: Denote A(n;, 7, n3)=dim pB(nyn3)—dim SO#5) X SO(ns) (if #1=n,m3) or
dim R"I@R”z(;)lt”a—dim SO(n) X SO(ny) X SO(n3) (otherwise), k (ny, 1y, 1) =dim pC(nyns)-
dim SU(n,) x SU(n3) (if n; =n,n,) or dim C”I@C"Z@C”a—dim Ulny) x SU(ny) x SU(n3) (other-
wise), and u(ny, 1, ny)=dim pR(4dn;ny)~dim Sp(n;) x Sp(n,) Gf n3=4n,n,), dim pH (nym5)~
dim Sp(ny) X SO(n3) Gf ns=4nny, nyn;=<n;) or dim (H' ’“(?H "3)(;)R”3—dim Sp{ny) x Sp(ny)

X SO(n3) (otherwise). Then A(ny, ny, ns) S7(ny, 1y, n3), KNy, Ny, n3) <c(ny, 1y, ns) and u(n,,
N, N3) =q(ny, n,, n3) by Prop. 3.3 since (H' ’“®H ”2)®R"3 is equivalent to H’“O(H ”ZOR"S) as
Sp(n1) x Sp(ny) X SO(ns)-spaces over R. Slnce A(xl, %o, %3) = (X224 25— 22— x3+x2 +x3)/2
Gf % =x5%3)  OF  Xidos+ (% 20423 — 22 —x2 —%3)/2 (otherwise), (%1, %o, Xa) =%5x5—1-
22242 (if x, Z1%3) OF 24140 %3— X5 —Xo— %5+ 2 (otherwise), and u(x;, x, x3)= 8x2x2+2x,.x-
2= 25— 245 —x,—1x, (if 3= 4%,%5), 20 ene— %22, — 202 —x. — 22124 25/2 (f 2y =4y x5, 3% =21)
Or 4%, %p%5— %1 2%+ 1) — %, 2w, + 1) —2%/2 4+ x4/2 (otherw1se), they define continuous
piecewise polynomial functions on R? if we take x;(:=1, 2, 3) as real numbers. (1) Since
A/ 8x: (%1, %2, %3) 20 for ;= x, 22321 (i=1, 2, 3), we have A(ny, #a, #3) ZA(nq, My, )= A (003,
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3,3)24(3, 3, 3)=18. (2) Similar to (1), k(ny, 7z, n3)=x(2, 2, 2)=6. (3) Since du/dx;(%y, %2,
x3)Z0for i=1, 2, 3; a1, %, 23 =1 (if x3=4%,%, O 3%, =x;), and du/ dx3(%;, %, %3) = (4% — %3)
+1/2>1/2, du/dx:(x1, %5, 23) =4(x1%3—%5) — 1 Z 4wy (x3— 1) — 1= 3, 8/ 821 (%1, %2, %) =A(%p%-
3=x)— 1> —1 for m2x, =1, %322 (if x;<4xx; and x3x,>2;), we have u(ny, ny, n5) Zu(n,,
1y, HZuny, 1, )=uln,—1, 1, 3)+0u/dx;(n;—6,1,3) (0<8<D)=u;—1,1,3) (since
u(ny, 1, 3)and u(n, —1, 1, 3) are integers, and —1<au/8x, is also an integer, especially du/
0x;20)2u(l, 1, 3)=3. (4) Similar to (3), u(n,, 1y, n)Zuny, 1, 3)Zu(2, 1, 3)=8. Q.E.D.

Let L be the Lie algebra of a connected Lie group G. We write the same letter for a
linear representation of L and the corresponding representation of G. According to
Iwahori [12], there is the following relation between real irreducible representations of
L(resp. G) and complex irreducible representations of L(resp. G) (cf. Goto-Grosshans [6]).
For a complex irreducible representation p on a complex vector space V, we denote the
real restriction of p on the real restricted vector space Vz(abbrev. Vsince V= Vy as a set)
by pr(abbrev. p), which is not real irreducible if and only if p is ‘real’, and so we attach to p
areal irreducible representation p” as follows. p"= o (if p is the complexification ¢ of a real
representation g on areal form Wof V, i.e., pis ‘real’.) or pg (otherwise). Note that p] and
ps are equivalent as real representations if and only if p; and p; are conjugate or equivalent
as complex representations of L(resp. G). Conversely the complexification ¢€ on W€ of a
real irreducible representation o on a real vector space W is not complex irreducible if and
only if Whas a L(resp. G)-invariant complex structure (then it is unique), and so we attach
to ¢ a complex irreducible representation ¢° as follows. ¢°=0 (if W has a L(resp. G)-
invariant complex structure) or ¢¢ (otherwise). Note that p and p(resp. ¢ and ¢) are
equivalent as complex(resp. real) representations.

Let (G, E¥) bean o.t.g. Then the Lie algebra L of G is a real reductive Lie algebra and
has a form:

L=L®L,D---BL, 3.4

where L, is the center of L, and Li(i=1,- - -, s) are simple ideals of L. Let G,, G; be con-
nected Lie subgroups of G corresponding to Lo, L; respectively and éo, éi be the universal
covering groups of G, G; respectively, then C;‘,- (i=1,---, s) are compact. Let id:G—SO(N)
be the identity representation and id be the corresponding representation of G=
Gox Gyx -+ X G,.

In this paper, we consider (G, E") in case that id is a real irreducible representation of
G. Then G is compact (cf. Kobayashi-Nomizu[14]), and so G, U(1) or the trivial group 1.
For teR*:=R— {0}, we denote £R— U(1) the complex irreducible representation of R
such that /(x) =e>** for xeR. We shall decompose 7d © of G into an exterior tensor product
of complex irreducible representations of é,-(i =0, -, s).

Casei) id °= id © Then G, is trivial, and (G, id <, C") is equivalent as complex
representations to some
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(Gyx - xG,, PlC%)' . .é?ps, C”l(?- . -(?C”‘)
where p; is a self-conjugate complex irreducible representation of G~,- on C% n;=2(i=1,
-, 8), IIi_; m;=N, and #{i; p; is ‘quaternion’} is even. We may assume p;(j=1, - -+, 27)
are ‘quaternion’ and p,(k=2r+1, - -, 2r+q; s=2r+¢q) are ‘real’, and o; denotes a real
representation of é,- on R™ whose complexification is pg,+; (=1, - - -, ¢); where r and q are
non-negative integers. Then #,,,,23(=1, - -, ¢), and (é, id , RY) is equivalent as real
representation to

(Gyx -+ % 627 X Gy X -+ X G~Zr+q, (Pl%ﬂz)é?' : '@(pbwlé?pb)%al%' : '@Gq,
(H’“/Z@H"Z/Z)@' . _®(H7l27—1/2®H"27/2)®Hﬂ27+1®_ . _®any+q) (3.5)
" R R " R R R

Case ii) id °= id , Go=U(1): Then (G id ¢, CV'?) is equivalent as complex represen-
tations to some

(RxGyx - x G, 8p:%- - &p., 0OCTS:+-QC™)

where e R, p; is a complex irreducible representation of G~,- on C*% n;=z2(i=1, ---,s) and
II;_; n;=N/2. So (G, id , RM) is equivalent as real representation to

(ReGyx- 3G,y (199D -+ &po)r, (CHC: -+ ©C™)g) (3.6)

Caseii) id ‘= id , Gy=1: Then (G, id °, C¥'?) is equivalent as complex representa-
tions to some

(G~l X oo X és, pl@ . .éc(\)ps, Cm@. . .(?Cn;)

where p; is a complex irreducible representation of G~,r on C", n;=2 (=1, -+, s) and I},
n;=N/2. So (é, id , BR") is equivalent as real representation to

(Gix - x Gy (- Bp)e, €@ RC™)p) 3.7
where pl(i?- . -(%Dps is not ‘real’ since (pl(%)- . -Qg)ps),g is real irreducible.
THEOREM 3.5 Let (G, EV) be an o.t.g. of cohomogeneity at most 3. If id: G—SO(N) is
real irreducible and s=3 (cf. (3.4)), then (é, id , R™) is equivalent as real representation to
(Ay % Ay x Ay, (4:498(@AY, (HOH)ORY) 3.8)
Especially coh (G, E¥)=3.
PROOF: Suppose id is real irreducible and s=3. Then O(G, id, RY) is contained in (1)

O(Sp(n:/2) x Sp(n,/2)) X SO(n3), (zd®zd)®zd (H”1/2®H"2/2)®R"3) for some 7, #,=2,
n3=3; N=nnyn;, (2) O(SO(n,) X SO(nz) X SO(ng), zd®zd®zd R”‘@R”@R’“) for some #,,
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N2, B3=3; N=n1m2n3, or (3) O(U(n,) X SU(ny) X SU(ny), (id(%)id(%id)g, (C’“(?C”Z(?C“)R) for
some #y, #y, n3=2; N=2mnn,n3 owing to (3.5), (3.6) and (3.7). On the other hand, coh (2)
218, coh (3)=6, coh ((1)(max (ny, n,)=4))=8 by Prop. 3. 4(1)(2)(4) There G, is trivial,
and O(G, id, R") is contained in O((Sp(1) x Sp(1) X SO(n3), (zd®zd)®zd (HOH)QXR™)
which is equivalent to O(S0(4) X SO(n5), zd®zd R4®R"3) Then n3—3 since coh (G, EV)
<3. So O(G, id, RY) is contained in O(Al ><A1 XAl, (A1®A1)®(2A1)’ (H®H)®R ).
Since sZ3, G is isomorphic to A, ><A1 XAl, and O(G zd RN) O(4, ><A1 XAl,
(AI@AI)@(ZAQ’, (H%)H )%)R‘"‘). Then (G, id, R") and (3.8) are equivalent as real represen-
tation since A;, 24, are characterized by degrees of complex irreducible representations of
/L, and 12=2%-3(cf. Section 2). And coh (G, E¥)=3 by Prop. 3.3. Q.E.D.

Suppose s=2: L=Ly® L, DL, (cf. (3.4)). Then (é, id , RY) is equivalent as real
representation to one of the followings:

Type I) (Gl X Gz, p1®p2, R"1®R”2) niZny=3, N=nyn,, p;is a ‘real’ complex irreduci-
ble representation of G on ™, R”’ isa G-—mvarlant real form of C"(1=1, 2).

Tyre II) (G1 X GZ, pl(’?pz, H"‘%)H"Z), m=ny,=1, N=4nn,, p; is a ‘quaternion’ com-
plex irreducible representation of G; on C*%, and H™ is C*" with the G~invariant quater-
nionic structure (i.e., the right multiplication of j)i=1, 2).

TYPEIII) (RX G, XG,, (t®p1®pz)1¢, (C®C” ®C"2)R) m=n,=2, N=2mmn,, p; is a
complex irreducible representatlon of Gi (z-— 2) teR™.

TypE IV) (G1 X Gz, (pl(?pz),;, (C’“(?C”?)R), m=n,=2, N=2nn,, p; is a complex ir-
reducible representation of G; on C*(1=1, 2), and p; ® p, is not ‘real’.

LEMMA 3.6 Let p; be a linear representation on F™ of a compact Lie group K, and denote
di=2'm~dim K; where i=0(f F=R), 1(if F=C), or 2(if F=H). Then
(1) If 1=n<my, then doh (K; x GF(n), p,(%)z'd, F”“QI;)F”) =d+n {27 (n—-3)+1}(=d;+3
if moreover nZ3).
@) If 1=n<m; then doh (K;xGFn), p,-(ibid, F""’C;)F") =d;i+27H{nn—-1)—2} +n
(=d;+2 if moreover n=2 and i=1).

ProOF: doh (K; X GF(n), p,@id, F ”"'QI;)F M =dim F ’"@F *_dim K; X GF(n)=d;+2'(n—1)-
m;—(2'—1)n—2""'n(n—1). Replacing m; by n(resp. n+1), we have (1)(resp. (2)). Q.E.D.

Suppose s=1: L=Ly® L, (cf. (3.4)). Then (6‘, id , R") is equivalent as real representa-
tion to one of the followings:

TYPE V) (G~1, p1, BR™); my =3, N=mn,, p, is a ‘real’ complex irreducible representation
of él on C™, and R"isa él—invariant real form of C™.

TYPE VI) (Rx Gl, (t®p1)k, (C®C’“)R) n 22, N=2n,, and p, is a complex irreducible
representation of 01 on C"1

Type VII) (Gl, p1, C"); my=2, N=2n,, p, is a complex irreducible representation of
G, on C*, and p, is not ‘real’.
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LEMMA 3.7 If mi=ny, then GF(m)=GF(ny) x {I,,} in GF(n) x GF(ny)) transforms
any matyix X="[x,, - - -, %, 1€ F (1, n)(x; € F™ for i=1, - - -, n)) to a form Y="[yy, - -, 9,]
eF(my, n)('v;e F(1, ny) fori=1, - - -, ny) such that y; 5;=c;5;; for some c;eR (5, j=1, - -+, ny)
by the action(3.2).

PROOF: There is A € GF(n;) such that A transforms X' X epF(n,) to a diagonal

5]
form e by the action(3.1).
Cn,
Then Y=AX satisfied the desired property. Q.E.D.

Suppose s=0: L=L, (cf. (3.4)). Then (G, id, R") is equivalent as real representation to
one of the followings:

TyPE VIII) (R, fz, Cr); teR*.

TypE IX) (1,0, R); 1 is the trivial group, and 0 is the trivial representation on R.

Note that the o.t.g. of type VIII is equivalent to O(SO(2), id, R?).

For general s=0, the estimate of coh (G, EV) is given in each cases i), ii), iii), if #d:
G—SO(N) is real irreducible, by the following theorem. If moreover s=3, especially we
have coh (G, EY)=s.

THEOREM 3.8
(1) In case i), coh (G, EN)=coh of (3.5)=4"-37—67—3g,
(2) In case ii), coh (G, EN¥)=coh of (3.6)=2°*1—3s—1,
(3) In case iii), coh (G, EN)=coh of (3.7)=25"1—-3s—1.

ProOF: (3) follows from (2). For (2), we may assume 7,2 - - - =#,22. If s<3, then (2)
is trivial. Suppose s=3. If n;=n,- - n,, then we denote f(ny, - - -, n,)=dim pC(ny- - -n,)
—dim SU(ng) X - - - x SU(n;)=n3- - -n2—ny— - - - —n2+s—1. Then of/om;=2m; (n%- - - nz- - -
n?—1) or 0=0. If n;<n, --n, then we denote f(u, -, #n,)=dim C’“(>C§- . ~QE)C”‘—
dim Umy) x SUm) % - - - xSUn,)=2mn, - -n;—ni—---—n+s—1. Then 3f/on;=2(n,"--
B M=) =200y - - 1s— 1) 0. Therefore coh 3.6)=f(ny, ---,n)=f (2, ---, 2)
=2s*1—3¢—1.

(1) Suppose s=2r+g=2. If r,q=1, then (1) is trivial. If »=0, g=s=2, then (1)
follows from Prop. 3.3. If s=3, then (1) follows from Prop. 3.4. Assume s=4. Suppose
r=0: Then we may assume #,;=---Zn,=3. If n;=n,- - -n,, then denote f(ny, - - -, n,)=
dim pR(ny- - -n)—dim SO(my) % --- xSOMm,)=ms- - w2 +ny - -n—n— - —n2+n,+---
+n,)/2. Then 8f/dn,=n;(n3- - -n?- - 02—+ @y - #; - n,4+1)/2 or 0=0. If n,=n,- - -n,,
then denote f(ny, ---,n,)=dim R’”@- . -@R”’—dim SOmy) X -+ - xSOm,)=ny - n,—
M+ +nd)/2+ 0+ - - +n)/2. Then af/dn;=n,- - -n; - -n—m;+1/22Zmy - -n—ny;+1/
égl/Z. Therefore coh (3.5)=f(n,, - - -, n,)=f(3, - -, 3)=3*—3s=37—3¢. Suppose ¢=0:
Then we may assume #,= - - - Zn,=2. If n,#,=n5- - -n,, then denote g(ny;, - -+, n,)=dim
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PR(ng- - -m)—dim  Sp(ng/2)x -+ - X Sp(n,/2)=(n%- - -n2+nz- - -n,—n3—- - —n2—n;—

—un,)/2. Since dg/dn;=0 (i=1, ---,s), coh(3.5)=g(ny, ny, ns, - -+, n,)=g(ny, ny, 2, -+ -2)
=25"5420733(s—2)=2%(2¥5+27 %) —6r+6=4"—6r. If mmy<ns---m, then denote
hny, - -, n)=dim H’"/Z(? . -(I?H"S/z-—dim Sp(n1/2) % -+ - X Spng/2)=n,- - n,—mi+---
+n2+ny+ - +n,)/2. Since 3h/on;=n; - n; - m—ni—1/22Zny- - n—n—1/2Z 03— n,
—-1/222-4-2-1/2>0 (i=1, ---,s), coh(3.5)=h(ny, - - -, n,) = hins, ns, ns, N4, - -+, ;)
Zh(ng, ny, ny, ng, ns, + -+, n)Zh(2, - - -, 2)=2°—3s=4"—6r. Finally suppose 7, g=1: Then
Wwe may assume 7, = - - - 2%, 22 and fg,41= - - - 2N9,4,=3. If nymy2m3- - - n,, then denote
g(ny, - - -, n)=dim pR(ns - - - n;)—dim Spns/2) X - - - X Sp(ny,/2) X SO(nz,+1) X - - - X SOy +,)
=} ni4ng o me—ni— - —ni—ma— - —MgF Mg+ +04,)/2. Since 3g/om;
=0 (4=1,---,s), coh(3.5)=g (wy, -, n)=g my, 1y, 2, -+, 2, 3, -+, 3)=2%-392%5.3¢

+27)+6—6r—3¢g=4"-3—6r—3q. If wnn,<n; --m, then de‘;mte h(ng, -+, n)=
dim (H’“/Z%)- . -%}H”’/ 2)(;)13”2’“%} . -%)R"Z'*q —dim Sp (1,/2) X - -+ X Sp (n,,/2) X SO (n3,41)

X0 XSO (Mgyig) =y mg— W3+ - +wi+m+ - F 0y —Ngpu— - —Mg4,) /2. Since

dh/an=ny - n—n—1/22n,m3—-1)—1/222(2*°-1)—1/2>0, coh(3.5)=h (ny, - -, n,)

Zh (ns, n3, %3, N4, ~ -, N Zh (4, My, Ny, Ny M5, -+, B)ZR 2, -+, 2,3, -+, 3)=4"-3"—6r
—_——

—3q¢. Q.E.D. ¢

4. Orthogonal transformation groups of cohomogeneity at most 3

() Let (G, E¥) be a real irreducible o.t.g. of type I.

PROPOSITION 4.1 coh (G, EN)<3 if and only if (G, id, R") is equivalent as real represen-
tation to ome of the followings:

coh=1: none,

coh=2: none,

coh=3: (1) (AixAy, @AYEE@A), RQRY),
@) (Asx Ay, ARQAY, RQR?),
(3) (Cox Ay, AQCAY, R°ORY,
(@) (BixA;, 41QQA), R*'QR); k23,
(5) (Dyx Ay, A 1®(2A1)’ RZk®R3) k=4,
6) (B3xA, 4 3®(2A1)7 R8®R3)
(1) (Dyx Ay, {@(2/11)', RB@R%, i=3,4.

PROOF: Suppose coh (G, EY)<3. Then (G, id , R) is equivalent as real representa-
tion to (1), - - -, (6), or (7) owing to Prop. 3.3(2)(4), Prop. 2.17, Lemma 3. 6(1)(F R, i=0,
n=3), 3=doh (G, EN)=d,+3, Prop. 2.1 (dy<3), doh (A, x A, (A, +Ak)’ ®(2A1)’ Rdim A
%R3) 2dim A;—3=13 (k=2), Prop.2.5, doh (C,xA;, 2A; )’®(2A1)’ Rd““ c”ORs)—
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2dim C,—3=17 (k=2), doh (C,x A, ®(2A1)' RHZ#-1- 1®RS) 4k(k—1)—6=18(k=3),
Prop 2.8, doh (B, x A,, z®(2A1)’ R4 Bk@Rs) 2dim B,— 3>39(k>3), doh (By X A,, A}
®(2/11)’ R16®R3) 9, Prop 2.11, doh (DkXAl, z®(2/11)’ Rdm D*®R3) 2dim D,—3=
53(k>4) the equivalence of o.t.g.’s O(D XA, A ’(;?(2/11)’ 8@123) for i=1,3,4 (cf.
Remark 2.13), Prop. 2.15, Remark 2.16, 2dim Ez—3=2dim E;—3=2dim E;—3=2dim
Fi=322dim G,—~3225, doh (Fy x Ay, Ai0(24,), RFQRY =23, doh (G, x A, A53(24,),
R7%)R3)=4.

Conversely if (G, EV) is induced from (1), - - -, (5), or (7), then (G, E¥) can also be in-
duced from (SO(n,) x SO(3), id%)id, R"‘(?RF‘) for some n,#4. So coh (G, EV)=3(cf. Prop.
3.3(2)(4)). An o.t.g. induced from (6) is of coh 3. In fact Spin (7) X SO(3) acts on R(8, 3)
through 1 by the action (3.2)(cf. Prop. 3.3 Proof), and the isotropy subgroup at

-
X2

%3 |, where |x]1 (=1,2,3) are non-zero distinct real numbers, is locall

y

isomorphic to SU(2)(cf. Yokota [24, Theorem 5.27, Theorem 5.2]). Q.E.D.
(I) Let (G, EM) be a real irreducible o.t.g. of type II.

PROPOSITION 4.2 coh (G, EM)<3 ifand only if (G, id, R™) is equivalent as real represen-
tation to one of the followings:
coh=1: (8) (A, x4, Al(f?Al, HRH),
©) (Cex Ay, Aoy, H'QH); k22,
coh=2: (10) (CyxC, A1§)A1, H'QHY; k22,
(11) (A% Ay, 34,84, HQH),
coh=3: (12) (CixC;, /11(;?/11, H'QH); k23,
(13) (CixAr, 4,834, HYQHY); k22,

PROOF: Suppose coh (G, E¥)<3. Then #n,=<3(cf. Prop. 3.3(1)(4)). Assume #,=3.
Then (ég, P2, H™) is equivalent as complex representation to (Cs, A, H°) owing to Prop.
2.20 and coh (Sp(ny) X Ay, z'd(I%)SAl, H?@Hs)gdoh (A, pH(3))=12(cf. Prop. 3.3(1)). So
(G, zﬁ, RY) is equivalent as real representation to (12) owing to Lemma 3.6(1)(F=H, i=2,
My=ny, n=n,=3, d;+k {2 (k—3)+1} =d,+3), 3=doh (G, E¥)=d,+3, Prop.’s 2.4, 2.7,
2.10, 2.14, doh (D¢ % Cs, A,(%Ah HIGCI?H3)=105(Z'=5, 6), Prop. 2.15, Remark 2.16, doh
(Eyx Cs, A1, HEQHY) =171,

Assume n,=2. Then (G,, p,, H™) is equivalent as complex representation to (C,, A;,
H? or (A,, 3A,, H? owing to Prop. 2.20, deg p;=2n,>4(cf. Prop. 2.20 and doh (4; X 4;,
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34,6934,, H*QH?)=10). So (G, id, R™) is equivalent as real representation to (10) or (13)
owing to Lemma 3.6Q)F=H,i=2, my=n,>n=n,=2), 3=doh (G, EN)=d,+2, deg
p1>4, Prop.’s 2.4, 2.7, 2.10, 2.14, doh (Ds x Ay, 4,834, HQH)Z doh (Dyx Cy, 48,
HIS%)HZ) =52(=5, 6), Prop. 2.15, Remark 2.16, doh (E;xA;, A5@3A1, st(;?Hz) =doh
(Erx Gy, A1, H*QHY)=59.

Assume n,=1. Then (G,, p,, H™) is equivalent as complex representation to (4;, 4,

H) by Prop. 2.20. So (é, zﬁ, RY) is equivalent as real representation to (8), (9) or (11) ow-
ing to Lemma 3.6(1)(F=H, i=2, my=n,, n=1, di+n {27 (n—3)+1} =d,—3), 3=doh (G,
EYy=d,—-3, Prop. 2.4, coh (A5 x A, A 3(§A1, H IOC?H y=4(cf. The linear isotropy represen-
tation of the symmetric pair (Es, SU(6)-SU(1)) of rank 4 is characterized as a real 40
dimensional irreducible almost faithful representation of A5 X A; owing to Section 2), Pro-
p.’s 2.7, 2.10, 2.14, Remark 2.13, coh (Dsx A, A,-@I;Al, HIG@H)=4(1'=5, 6)(cf. The linear
isotropy representation of the symmetric pair (E;, Spin (12)-Sp(1)) of rank 4 is characteriz-
ed as a real 64 dimensional irreducible almost faithful representation of Dg X A; owing to
Section 2), Prop. 2.15, Remark 2.16, coh (E;x A4, A(@Al, H ZS%H y=4(cf. The linear
isotropy representation of the symmetric pair (Eg, E;-Sp(1)) of rank 4 is characterized as a
real 112 dimensional irreducible almost faithful representation of E; X A; owing to Section
2).
The linear isotropy representation of the symmetric pair (E;, Spin(12)-Sp(1)) of rank 4 is
characterized as a real 64 dimensional irreducible almost faithful representation of Dg % A,
owing to Section 2), Prop. 2.15, Remank 2.16, coh (E; X A,, As(%Al, H28§A<I)H) =4(cf. The
linear isotropy representation of the symmetric pair (Eg, E;- Sp(1)) of rank 4 is characteriz-
ed as a real 112 dimensional irreducible almost faithful representation of E; X A, owing to
Section 2).

Conversely an o.t.g. induced from (8) or (9) is of coh 1 by Prof. 3.3(1) (4) (F=H,
ny=1, K=5p(1)). An o.t.g. induced from (10) is of coh 2 by Prop. 3.3 (1) (4) (F=H, n,=2,
K=5p(2)). An o.t.g. induced from (12) is of coh 3 by Prop. 3.3 (1) (4) (F=H, n,=3,
K=25p(3)). An o.t.g. induced from (11) is of coh 2(cf. The linear isotropy representation of
the symmetric pair (G,, SO(4)) of rank 2 is characterized as a real 8 dimensional irreduci-
ble almost faithful representation of A, X A; owing to Prop.’s 2.1, 2.2, 2.4). If (G, EV) isin-
duced from (13), then coh (G, EV)=coh (4;, pH(2)) Zdoh (A,, pH(2)) =3(cf. Prop. 3.3)
and coh (G, EV)=coh (4,, hH(2))=coh (A;, "D (44,)", R® R% =1+coh (4, (44,)", R®
=3(cf. The linear isotropy representation of the symmetric pair (SU(3), SO(3)) of rank 2 is
characterized as a real 5 dimensional irreducible representation of A, owing to Prop.’s 2.1,
2.2, 2.4), where the action of A, on pH(2) is given as Prop. 3.3 and Lemma 3.2. Q.E.D.
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(II) Let (G, EM) be a real irreducible o.t.g. of type III.

PROPOSITION 4.3 coh (G, EN)<3 if and only if G, i?z’, RN is equivalent as real represen-
tation to one of the followings:

coh=1: none,

coh=2: (14) (RxA,xA, £®A1C§>Al, COCHIQCY; k21, teR™.

coh=3: (15) (RxA;xA,, tC>C<)A1C%)A1, CRCHIQCY); k22, teR*,
(16) (RxCyx A, i@A@AI, CROCH*QCH); k22, teR*.

PROOF: Suppose coh (G, ENY<3. Then #,=3(cf. Prop. 3.3(1)(4)).

Assume #n,=3. Then (G~Z, P2, C™) is equivalent as complex representation to (4,, A;,
€% owing to Prop. 2.18, Remark 2.19 and coh (U(ny) X A;, id(%ZAl, C”‘Qé)(ﬁ);doh (A4,
HC(3)=6.If py s ‘real’ and n,Z6, then coh (G, E™)=coh (U(1) x Gy x Az, idp1, €
C"QCY)=coh (Gy X (U)X Ag), Pi(id3A )R, R"Q(CYC)r) Zcoh (SOm) x U),  id
idg, R”‘(;;)C?g)=coh (U@), pR(6))=doh (U(3), pR(6))=12(cf. Prop. 3.3). So (Gy, p1, C™) is
not ‘real’ or n;=5. Then (G, id, R") is equivalent as real representation to (15) owing to
Lemma 3.6(AF=C, i=1, my=n,;, n=n,=3), 3=coh (G, EN)=d,+3, Prop. 2.2(A,(k=3)
is ‘real’ of degree 6), Remark 2.3, doh (RXAsX 4y, F24,84;, CQCHD2CY
=(k+1)2k—1)~8=27(k=4), Prop.2.6(A(k=2) is ‘real’ of degree 11), doh
(R C; x As, 18,6041, CRC'QCY=5, coh (Rx Cyx Ay, IQA,84,, CRC*QCY)Zdim C
()CDCZ”%)CS—dimRXCkXA2+dim Cy-3=6(cf. Any isotropy subgroup contains C;.s),
Prop.2.9 (4,(kZ3) is ‘real’ of degree27), doh (RxByx 4, {0484, COC*QCY)
=3.281-2k2—k—9218(k=3), Prop.2.12 (A;(k=4) is ‘real’ of degree=8), doh
(RxD,x A, @A,{%}Al, C(?CZ”“%)C3)=3-2”—k(2k—1)-—9211 for-i=k, k—1 (if k=4),
Prop. 2.15, Remark 2.16, doh (Rx Egx A, f@Al@Al, C(>;<)C27@C3)=75, doh
(Rx Eyx Az, 04641, CRC¥DCY) =194,

Assume n,=2. Then (G,, p;, C"™) is equivalent as complex representation to (4, 41,
C?) by Prop. 2.18. If (G, p1, C™) is ‘real’ of degree n,=4, then coh (G, EN)=coh (U(1) X
G, x Ay, id@?plC%)Al, CRCQCH=coh (G, x (U(1) x Ay), p{@(id@/ll)g, R"®(CRCHR)Z
coh (SO(n,) x U(2), id@idg, R’”(%Cﬁe)=coh (U©2), pR(4))=doh (U(2), pR(4))=6. So (G,
p1, C")is not ‘real’ or n, < 3. Then (G, id, R") is equivalent as real representation to (14) or
(16) owing to Prop. 2.18, Lemma 3.6(2)(F=C, i=1, m,=n, >n=n,=2), 3=coh (G, EV)
2d;+2, Prop. 2.2(A;(k=3) is ‘real’ of degree 6), Remark 2.3, doh (RxA,x A4,, f(%)AZQEQ
Ay, C@C”("’“’Qé)cz)=k2—4;12(k;4), doh (Rx Ay x A,, tAC%DZAléAl, CC:)C“”‘*Z"”“’/Z@CZ)
=(k+1)(k+3)—3=5(k=1), Prop. 2.6(A,(k=2) is ‘real’ of degree 11), Prop. 2.9(A;(,=3)
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is  ‘real’ of degree27), doh (RxByx Ay, (94,4, COCTRCH=2""~(2k+1)—
4=7(k=3), Prop. 2.12(A,(k=4) is ‘real’ of degree=8, A;(k=4) for i=3, 4 are ‘real’ of
degree 8), doh(RxD,xA;, f@/l ®A1, C®Czk_1®CZ)"2”“-—k(2k 1)—4=15 for
i=k—1, k(if k=5), Prop.2.15, Remark 2.16, doh (RxEsxA,, t®A1®A1, C®C27®CZ)
=26, doh (Rx E; x A,, t®A6®A; C®C’56®C2) 87.

Conversely an o.t.g. 1nduced from (14)(resp. (15)) is of coh 2(resp. 3)(cf. Prop. 3.3(1)
(4)). If (G, E") is induced from (16), then coh (G, E¥)=coh (U(1) X C, X A,, zd®A1®A1, C
®C”®Cz) coh (U(1) x(C,x Ay), zd@(A1®A1)C C®(Hk®H)C) coh (SO(2) x (CkXAl)
zd®(A1®A1) R2®(Hk®II) coh (CkX(SO(Z)XAl) A1®(zd®A1) H”%}(R%?H))—coh
(80(2) XAl,pH(Z)) coh (SO(2), pR(2))+coh (A, (2A1)’, 3) 2+1=3(cf. Prop. 3.3).
Q.E.D.

(IV) Let (G, E”) be a real irreducible o.t.g. of type IV.

PROPOSITION 4.4 coh (G, EN)<3 if and only if (G, id, R") is equivalent as real represen-
tion to ome of the followings:

coh=1: mnone,
coh=2: (17) (Ayx A, 4,04, CHIQCH; k22,
coh=3: (18) (Asx A4z A0, CQCY; 23,

PROOF: Suppose coh (G, E¥)=<3. Then (é, z?l, RY) is equivalent as real representa-
tion to (17) or (18) owing to Prop. 4.3. In fact, (CyxA,, IOAI, CZk®C’2)(k>2) and
(A xA,, 1(?/11, CZ®CZ) are ‘real’, so they are not real 1rreduc1ble and coh (A, % A,, 1®
A, C3®C3) 4 smce (UA)x Ay x As, zd®A1®A1, C®C’3®Cs) is equivalent to the lmear
1sotropy representation of the Hermitian symmetrlc paxr (SU (6), S(U3) x U(3))) of rank 3
whose restricted root system is of type C(cf. Tasaki-Yasukura[22], Helgason[7]).

Conversely an o.t.g. induced from (17)resp. (18)) is of coh 2(resp 3) since (U(1)
XApxA,, zd®A1®A1, C®C”“®CZ) of 2=2(resp. (U(1)xA;,xA,, zd®A1®A1, C®C"“®
C¥of h23)is equwalent to the hnear isotropy representation of the Hermltlan symmetnc
pair (SU(k+3), S(U(k+1) x U(2))) of rank 2(resp. (SU(h+4), S(U(k+1) x U(3))) of rank
3) whose restricted root system is of type BC(cf. [22], [7]). Q.E.D.

(V) Let (G, E") be a real irreducible o.t.g. of type V.
PROPOSITION 4.5 coh (G, EN)<3 if and only if (G, id, R™) is equivalent as real represen-
tation to one of the followings:

coh=1: (19) (4, 24y, R, (20) (As, 43, RY),
(21) (CZ; AE’ R5)’ (22) (Bkv ;7 R2k+l); k-Z—gr



322 Osami YASUKURA

(23) (D, A7, R™); k24, (24) (D4, A}, R); i=3, 4,
(25) (Bs, 45 RY) (26) (By, A, RY),
@7) (G, A3, RY),
coh=2: (28) (4, (4,+4,), RY), (29) (A, (440, R,
(30) (Cy, A5, RY), 31) (G, Ay, RY),
(32) (G, A1, BY), (33) (Fy, A%, RY),
coh=3: (34) (A; (A:1+A45), RY), (35) (Cs, 24y, R™),
(36) (Cy, A3, R?), (37) (Bs, A3, R™).

PRrROOF: Suppose coh (G, E¥)<3. Then (é, iﬁ, R") is equivalent as real representa-
tion to one of (19)~(37) owing to Prop. 2.1, coh (4, (A,+A4,), Ri™4)=k Prop.
2.5, coh (G, (241)", R¥™ )=k, coh (C;, A5, R* V& D)=k —1(cf. O(C;, A, R¥ D) g
equivalent to the linear isotropy representation of the symmetric pair (SU(2k), Sp(k)) of
rank £—1), Prop. 2.8, coh (B,, A5, RY¥™ 5)=%, Prop. 2.11, coh (D, A, R¥™ D)=k the
equivalence of O(D,, A7, R®) for i=1, 4, 3, Prop. 2.15, coh (Fy, A7, R%%)=4, coh (Eg, A3,
R™)=6, coh (E;, A}, R*)=7, coh (E;, A}, R*%)=8.

Conversely an o.t.g. induced from one of (19) ~ (24) is equivalent to (SO(n), id, R") for
some n#4, which is of coh 1. An o.t.g. induced from (25), (26) or (27) is of coh 1(cf.
Yokota [24, Theorems 5.27, 5.50, 5.3]. O.t.g.’s (28)~(33) are equivalent to the linear
isotropy representation of the symmetric pairs (SU(3) x SU(3), SU(3)), (SU3), SU(2)),
SU®), Sp(3)), (Sp(2) x Sp(2), Sp(2)), (G, x Gy, Gy), (Es, Fy) of rank 2 respectively (cf. Pro-
p.’s 2.1, 2.5, 2.15). O.t.g.’s induced from (34) ~(37) are equivalent to the linear isotropy
representations of the symmetric pairs (SU(4) x SU(4), SU4)), (Sp(3) x Sp(3), Sp(3)),
(SUB), Sp(4)), (SO(7) x SO(7), SO(7)) of rank 3 respectively (cf. Prop.’s 2.1, 2.5, 2.8).
They are also characterized by their degrees among ‘real’ complex irreducible representa-
tions. Q.E.D.

(V) Let (G, EM) be a real irreducible o.t.g. of type VL.

PROPOSITION 4.6 coh (G, E¥)<3 if and only if (G, id, R") is equivalent as real
representation to one of the followings:
coh=1: (38) (RxA, fC%)Al, COCHY; k21, teR*,
(39) (RXC;, f(%DAl, CRC™); k22, teR*,
coh=2: (40) (RxB,, t‘c%)Al, CRCH*Y); k23, teR*,
(1) (RxD,, f@Al, CRC™); k24, teR™,
42) (RxD, f(%)/l,—, COC?); i=3, 4, teR*,
43) (RxAl,t'@é)ZAl, C®CY; teR™,
(44) (RxAs, f(%)Az, COCY); teR*,
(45) (RxC,, t‘@c)Az, CRCY); teR*,
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46) (RXG,, f(%Az, CRCY; teR*,
47) (RxB;,, f(?/l;;, C(?Cs); teR>,
(48) (RxDs, {945, CRC™); teR*,
(49) (Rx Ay, {045, CRC); teR™,
coh=3: (50) (RxA,, f(?ZAl, C(?CG); teR*,
(61) (Rx As, #6915, CRC™); teR*,
(52) (RxAs, f(%)/lz, CRC™); teR”,
(53) (Rx B, t‘(%)A4, C®CY); teR*,
(54) (RxE;, fc%)Al, CRC?); teR™.

PROOF: Suppose coh (G, EV)<3. Then (G, id, R") is equivalent as real representa-
tion to one of (38) ~(54) owing to Lemma 3.6(1)(F=C, =1, n=1), Prop. 2.2, Remark 2.3,
coh (UQ1) x A, idC%)Az, C(?C"’”’k)=[(k+1)/2] (cf. (UQ) x A, id(%)Az, CQCbC‘k”)k) is equiva-
lent to the linear isotropy representation of the symmetric pair (SO(2k+2), U(k+1)) of
rank [(k+1)/2)]), [(k+1)/2]=4(k=7), Prop. 2.6, Prop. 2.9, Prop. 2.12, Remark 2.13, coh
(U(1) x D, id(%)As, CGé)C”)zélkf. (UQ) x D, id(%)As, C(>C§C32) is contained in the linear
isotropy representation of the symmetric pair (E;, Sp(1)- Spin(12)) of rank 4), Prop. 2.15,
Prop. 2.16, coh (U(1) x F,, id(%)A4, C(?CZG)g?(cf. Each isotropy subgroup contains a
group which is isomorphic to SU(3) C G, C Spin{7) C Spin(8) C F, by Yokota[24, Prop.’s
5.45,5.48, Thm’s 5.33, 5.27, 5.2]), coh (U(1) X E;, id(%)As, C(?CSG)24(cf. (UQ) x E,, z'dC%)
As, CQC<)C56) is contained in the linear isotropy representation of the symmetric pair (Es,
Sp(1)-Ex) of rank 4), doh (U(1) x G, id0A;, CRC)=13, doh (U(1) X Fy, id§As, CHC)
=51, doh(U(1)x Es, idC%)As, C(>é)078)=77, doh (U(1) x E, id(%)Al, C(>C§Cl33)=132, doh
(U(1) x By, id47, COCH)=247.

Conversely coh (38)=coh (39)=1 since SU(k+1) and Sp(k) are transitive on
hyperspheres in the representation spaces. (40)~ (45) are equivalent to (SO(2) x SO(n), id
(%)id, RZ@R") for some n+#4 of coh 2. The o.t.g. induced from (46) is equivalent to

O(S0(2) X G,, id(%Ag, RZC?IW) and the isotropy subgroup at ( aﬁ > inR(2, 7):R2C§)R7

(a>p>0) is isomorphic to SU(2) by Yokota [24, Example 5.1], so coh (46)=2 (cf. Prop.
3.3(1)(4)). The o.t.g. induced from (48) is equivalent to the linear isotropy representation
of the symmetric pair (E¢, U(1)-Spin (10)) of rank 2 by Prop. 2.12 and Remark 2.13
since it is characterized by its degree up to equivalence. Since [(¢+1)/2]=2 for k=4,
coh (49)=2. The o.t.g. induced from (50) is equivalent to the linear isotropy representation
of the symmetric pair (Sp(3), U(3)) of rank 3 by Prop. 2.2 and Remark 2.3. Since
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[(+1)/2)=3 for k=5 or 6, coh (51)=coh (52)=3. The o.t.g. induced from (53) is equiva-
lent to O(SO(2) x Spin(9), id(%Ai, RZ(?RIG). Any element of R(2, 16):R2(;)R16 to the
form < «a00---00000---0

0B80---0ydse0---0
if a?#82+9y?+8%+¢? owing to the use of the mapping f in Lemma 3.2 and Yokota [24,
Theorems 5.51, 5.27, 5.2]. So coh (53)=3. The o.t.g. induced from (54) is equivalent to the
linear isotropy representation of the symmetric pair (£, U(1)- Ey) of rank 3 by Prop. 2.15
and Remark 2.16. So coh (54)=3. Q.E.D.

>, and the isotropy subgroup is isomorphic to SU(3)

(VII) Let (G, EV) be a real irreducible o.t.g. of type VII.

PROPOSITION 4.7 coh (G, ENY<3 if and only if (G, id, R) is equivalent as real represen-
tation to one of the followings:

coh=1: (65) (A4, A;, C**Y); k=1,
(56) (Cp, Ay, C*); k=2,
coh=2: (57) (Ds, A5, CY),
(58) (A, Az, €19,
coh=3: (59) (Ag, A, CH).

PROOF: Suppose coh (G, E¥)=3. Then (é, i:l, RY) is equivalent as real representa-
tion to (55)~(58) or (59) by Prop. 4.6. In fact, (B, A1, C#**Yy (D,, A;, C*), (44, 24,, C3),
(A3, A, C%, (Cy, Ay, C%), (G, Ay, C7), (Bs, A, C®), (By, A4, C*) are ‘real’ and not real ir-
reducible, so they are not of type VII, and coh (A,, 24;, C®=coh (4s, A;, C®)=coh (Fs,
Ay, C¥)=4 since the restricted root systems of (Sp(3), U(3)), (SO(12), U(6)), (E;, UQ)
-Eg) are of type BC (cf. [7], [22]).

Conversely coh (55)=coh (56)=1 is evident. O.t.g.’s induced from (57), (58) are of
coh 2 since the restricted root systems of (Eg, U(1)-Spin(10)) and (SO(10), U(5)) are of
type BC. The o.t.g. induced from (59) is of coh 3 since the restricted root system of
(SO(14), U(7)) is of type BC (cf. [7] and [22]). Q.E.D.

Now we have the following result.

THEOREM 4.8 Let (G, EM) be an o.t.g. such that the identity representation id:
G—SO(N) is real irreducible. Then coh (G, EN)<3 if and only if (G, id, RY) is equivalent as
real representation to one of the followings:

coh=1: (IX), (VIII), (8), (9), (19), (20), (21), (22), (23),
(24), (25), (26), (27), (38), (39), (55), (56).

coh=2: (10), (11), (14), (17), (28), (29), (30), (31), (32),
(33), (40), (41), (42), (43), (44), (45), (46), (47),
(48), (49), (57), (58).
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coh=3: 3.7), (1), (2), 3), 4), (5), (6), (7), (12), (13),
(15), (16), (18), (34), (35), (36), (37), (50), (51),
(52), (83), (54), (59).

PrOOF: Unifying (3.7) of Theorem 3.5, Propositions 4.1~4.7 and type VIII, IX in
Section 3, we have the result. Q.E.D.

REMARK 4.9 O.t.g.’s induced from (25), (26), (27), (39), (55), (56), (17), (46), (47),
(57), (58), (6), (18), or (59) are not maximal. O.t.g.’s induced from (13), (16), or (53) are
not obtained from the linear isotropy representations of any Riemannian symmetric pairs.
Others are equivalent to the linear isotropy representations of some Riemannian sym-
metric pairs of rank at most 3 if they are maximal. (26) is obtained from the linear isotropy
representation of (F4, Spin(9)). The o.t.g. induced from (24) (resp. (42), (7)) is equivalent
to one from (23)(resp. (41), (5)) of k=4.

REMARK 4.10 O.t.g.’s induced from (13) or (16) are missed in the Theorem 7 of
Hsiang-Lawson [11] if % and 3 are relatively prime and k=4, since the dimension of the
representation spaces of (13) or (16) is 8% and the others of cohomogeneity 3 are of dimen-
sion 3m for some integer m except (53) of dimension 16.
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