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ON THE ADJUNCTION SPACES OF FREE
L-SPACES AND M,-SPACES

By

Takemi MizokAMi

A class of free L-spaces is defined by Nagami [7]. This class contains all
Lagnev spaces and is contained in the class of Mi-spaces in the sense of Ceder [3].
In this paper, we consider the sum theorem of free L-spaces and the property of
being M,-spaces and free L-spaces of the adjunction spaces. The main results are
as follows:

1. Let Z=XUY be stratifiable, where X, Y are free L-spaces and X is a closed
set of Z with a uniformly approaching anti-cover in Z. Then Z is a free L-space.
2. The adjunction space XU,Y is a free L-space if X is an L-space in the sense
of Nagami [6] and Y is a free L-space.

3. Let Z=XU Y be stratifiable, where X, Y are M,-spaces and X is a closed set
with a uniformly approaching anti-cover in Z. Then Z is an M;-space.

4. The adjunction space Z=XU,Y is an M;-space if X is a free L-space and ¥
is an M,-space.

5. Every closed set of a free L-space has a closure-preserving open neighborhood
base.

6. The closed irreducible image of an M,-space with dim=0 is also an M,-space.

All spaces are assumed to be Hausdorff and mappings to be continuous and
onto unless the contrary is stated explicitly. N always denotes the positive integers.
As for undefined term, see Nagami [6] and [7], or [4].

A space X is called a monotonically normal space if the following (MN) is
satisfied :

(MN) To each pair (H, K) of separated subsets of X, one can assign an open
set U(H, K) in such a way that

(i) HcUH, K)cUH, K)cX—K and

(i) if (H’, K’) is a pair of separated sets having ACH’ and K'CK, then
UH, K)cUH', K).

Lemma 1 (4, Lemma 3.1]). Let X be a monotonically normal space, F «
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closed set of X and {(W.:aeA} an anti-closure-preserving family of open neighbor-
hoods of F. Then there exists an anti-cover U of F that each W, is a semi-canonical
neighborhood of F with respect to .

Tureorem 1. Let X, Y be a free L-spaces and Z=XUY be a stratifiable space,
where X is a closed set which has a uniformly approaching anti-cover in Z. Then
Z is a free L-space.

Proor. Part 1: Let (F, {Ur:FeF}) be a free L-structure of X. Let (Uyx=
{Vy: Beb} be a uniformly approaching anti-cover of X in Z. For each Fe<, let
Ur={U.:acAr} be assumed to be locally finite in X—#. Set

AF)={0CAr: W(@)=FUQNU.: aed}) is an open neighborhood of F in X}.
Then {W(3):6eA(F)} is anti-closure-preserving in X. TFor each zeX—F, set

Viz)=U({z}, FUNNX—W(O): xe W(5), ded(F)H))),
Wr=PxUiV(z): xe X—F},

where U is the monotonically normal operator assured by (MN). Then <t/ is an
anti-cover of Fin Z. We shall show that <17, has the following property :

(*) If W, is a canonical neighborhood of F with respect to 9J» in X, then there
exists a semi-canonical neighborhood U, of F in Z with respect to CU/» such that

FclU,nXcw,, T0(X— W) =4.
To see (*), choose ded(F) such that
W.=W(5), W,c W,
Set
U,=UX~-W, F), Up=UW,, X—W)).

Then U, is an open neighborhood of F in Z such that

U.NXC W, .0 (X~ W)=¢.
Since Cy is uniformly approaching in Z,

SZ =T, CUx)NF=¢.

Suppose

Vie)N(Z—Us)+g, zeX~F.

Note that if xeW,, then V(z)cU., Therefore 2¢W,. This implies V(z)cU..
Since l71nF=¢, we have
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SZEU N F=g,
Part 2: Let (9, {Uu:He9}) be a free L-structure of Y. Write
X:{C?\Gm Gn+1C(;m nelN,
n=]

where each G, is open in Z. Let # =\Us, 90, where each 9(; is discrete in Y.
For each ie N and He 9(;, set

H,=HN(Z~-GYy),
Hin=A{H, : He 9(;}, neN.

Then each 9(;, is a discrete closed collection of Z. Since Z is paracompact, there
exists a discrete open collection €y ={V(I,): Ho€ Hin) of Z such that

[[nc V(Hn)’ lL[nej[ina ﬂGN

Since Z is perfectly normal, there exists an anti-cover € (u, of I, in Z with respect
to which V(H,) is a canonical neighborhood of H, in Z. Choose canonical neigh-
borhoods V(H,):, and V(H,), of H, with respect to <Yy, such that

Hyo C V(Hy)i @ V(Hn © V(). C V(Hn)a C V(H,).
Let Uu={U.:a€ Ay} be assumed to be locally finite in Y—H. Set
A H)y={0CAu: W(E)=HU(NU,:«ed}) is an open neighborhood of H in Y.
For each ded(H), set

WG, n)=(W(©E)N V(H):) U(V(Hy)e— ViL)y).

Then W(3, #) is an open neighborhood of H;=V(,),nH. Morever, it is easily seen
that {W(d, n):0€4(H)} is anti-closure-preserving in Z. Therefore by Lemma 1,
there exists an anti-cover CVu, of H), in Z such that each W(5, ») is a semi-
cannonical neighborhood of H; with respect to Ci/y,. Obseve that for each ded(H)

V(H).N W8, n)=W(©e)n V()
is an open neighborhood of /, in Z, and that
o=y Hy€ Hin}
is a closed discrete collection of Z. Set

F'=FUXIUN NS n: i, neN)
UG i, meNY).

Then &’ is a e-discrie closed collection of Z. Set
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P=(F', {Vp: FeFYI{VUxI UV, - Hu€ I in,
Lne NYU{CUn, 1€ 9(in, i, nENY).

We shall show that ¢ forms a free L-structure of Z. Suppose peW for an
arbitrary open set W of Z and an arbitrary point p of Z. Consider two cases.
The first is the case peX. Since (F,{Ur:FeF}) is a free L-structure of X, there
exist Fy, - -, FxeF and their canonical neighborhoods Vi, -- -, Vi such that

pe{_l‘c\ch(’E\V,-C wWnX.
j=1 i=1

By (%) there exists for each j a semi-canonical neighborhood W of I'; with respect
to CVVr; such that

F,ecW,nXcV, Wn(X—V;)=4¢.
Note that Z—("\k.,W,;—W) is an open neighborhood of X in Z Since CVx is

approaching to X in Z, there exists a canonical neighborhood W, of X with respect
to 1y such that

| A—
Won((\ W= W)=g.
j=1
Thus we have
k k
peNkinXcN\W;cW.
j=1 j=0

The second case is peZ—X. Since (4, {Up:Hed(}) is a free L-structure of Y,
there exist H,, - - -, Hy€ .9 and their canonical neighhorhoods W(éy), - - -, W(dx) with
o ed(Hy), - -+, 6xe 4(Hy) such that

peNH,CAWENC WA Y.
j=t i=1
Choose neN such that peZ—G,. Then we have
k 13
pe NI
c j/‘\ W5, m)0 AV S W
=1 Jj=1

As is shown in the above, each W(§;, #) and each V{((H),), are semi-canonical and
canonical with respect to “Var, and Ve p,,, respectively. Therefore by the result
of [4], Z is a free L-space.

Let f be a mapping of a closed set of a space X into a space Y. The adjunc-
tion space Z of X, Y is denoted as Z=XU ;Y. In the sequel, the mapping f in
Z=XU,Y is assumed to be one of a closed set /{ into Y, and p: XV Y-»Z denotes
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the quotient mapping. As the Ito’s example in [4] shows, the adjunction space of
free L-spaces need not be a free L-space. Miwa in [5] showed that the adjunction
space of X and Y is a free L-space if X is a metric space and Y is a free L-space.
The following corollary and the next theorem refine the result.

CorROLLOARY 1. Let X, Y be free L-spaces and H a closed set of X having a
uniformly approaching anti-cover in X. Then Z=XU ;Y is a free L-space.
Proor. As is well known, Z is a stratifiable space. Set
Z=X'UY, X =pY), Y'=Z-p(¥Y).
Then it is easily seen that {X’, Y’} satisfies the condition of the above theorem.
CoroLLARY 2. X=\Us., X, be « stratifiable space, where each X, is a closed

Sfree L-stace, and has a uniformly approaching anti-cover in X. Then X is a free
L-space.

COROLLARY 3. Let X=\{X,:acA} be a stratifiable space, where {X.:acA} is
locally finite in X and each X, is a closed free L-space and has a uniformly ap-
proaching anti-cover in X. Then X is a free L-space.

THeorem 2. Let X be un L-space and Y a free L-space. Then Z=XU,Y is
a free L-space.

Proor. Set
X'=pY), Y'=Z-p(Y).

Then Z=X'U Y’ and X', Y’ are free L-spaces. Obviously Z is stratifiable and X’
is a closed set of Z. We shall modify the part 1 of the proof of Theorem 1. Let
(F,{Ur:FeF)}) be a free L-structure of X’ and let U, 4(/") and W(3) be the same
as in the part 1 with X replaced by X’. By the same way we define V(z) for
each xeX’'—F,FeZ. Since Z is hereditarily normal, there exists an open set Uy
of Z(F)=Z—F (and hence of Z) such that

X —FcUpc Clzam(Up)T\ N V(x): we X —F},

where Cl 4(Ur) denotes the closure in the subspace Z(F). Since X is an L-space,
px'(F) has an approaching anti-cover C(p3'(F)) in X, where px=p|X is the restric-
tion of the quotient mapping. Set

Wr={V(x): e X' —FYUpV( b (E I (Z=Cl za(Ur)).

Then obviously C{/, is an anti-cover of £ in Z. We shall show that <. has the
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property (*) stated there. Let W, be a cannonical neighborhood of F' with respect
to Up in X’. Take ded(F) and open sets U,, U, of Z such that

W= W(5), W.c Wy,
Ur=U(X'~ Wy, I), Upy=U(Ws, X' = W)).

Then we have
S(Z—Us, (V(z):12e X' —FNC U, U,NF= .

Since CP(p3Y(F)) is approaching to p3'(F") in X, there exists an open neighborhood
V of px(F) in X such that

SX=px(U), CUPFENNV=¢.
Set
N=p(VYUUpr.
Then N is an open neighborhood of F in Z such that
NOS(Z—=Us, (O p5"(FN N Z=CL gy (U))) =,

which implies that U, is semi-canonical with respect to C{r. Since H has an ap-
proaching anti-cover in X, X’ has an approaching anti-cover Cly. in Z. If we
observe that in the part 2 of the proof of Theorem 1 we use merely the fact that
CPx is approaching, then the proof is obviously completed.

THEOREM 3. Let Z=XUY be a stratifiable space, where X, Y are M;-spaces
and X is a closed sel which has a uniformly approaching anti-cover in Z. Then Z
is an M,-space.

Proor. Let @J= U%,U, be a base for X, where each UJ;={U.:aeA}} is closure-
preserving in X. Write

UuZ_OFaj,
=1
where each F,; is closed in X. Set
U=\ U(F, 5 X-—-U.,).
i1

Then U! satisfies the following conditions:
(i) U is an open set of Z such that
UnX=U,, acAj, jeN.

(if) For an arbitrary subset B of A jeN, if peX and p¢\J{U, :ae B, then
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AT T
(1) 1is obvious. Lo see (ii), suppose p¢\ U, acB}. Set

Np)y=Z—-U(NU.: ae B}, {p}).
Then MN(p) is an open neighborhood of p in Z such that
Np)NUl=¢ for every aehB.

We shall construct collections U.={U.;: fe B.}, ac A, jeN, satisfying the following :
(1) Each U.; is an open set of Z such that

UusNX=U, and U,;c U, for every BeB..

(2) UWU.:aeA;} is closure-preserving in Z for every jeN.

(3) If Uisanopen set of Z such that UnX=U, for acAj, jeN, then U,cU
for some BeB,.
Since Z is hereditarily paracompact, the uniformly approaching anti-cover C/=
{Vi:2ed} of X can be assumed to be locally finite in Z—X. For each acA, jeN,
set

Be={pcA: Uyp=U,U(\J{V,:2¢p}) is an open neighborhood of U, in Z
such that U, UL}, U.={U.p: BeB.).

Then (1) and (3) follow easily. (2) follows from (ii) and from the fact that J;
is closure-preserving in X. It is obvious from (3) that \J{U.:acA;, jeN} forms
a local base of each point of X in Z. Since X is a closed set of a stratifiable space
Z and Y is an M,-space, there exists a o-closure-preserving open collection @ of
Z such that @ forms a local base of each point of Z—X in Z. Set

W=\NU.:aeA;jeN}U B.
Then 9§ is a ¢-closure-preserving base of Z.

We define the property (£) as follows:

(P) Suppose that we are given a closure-preserving open collection ¢ ={U, : ac A}
of a closed set /' of a space X. Then for each acA, there exists an open collection
Uue=1{U.s: peB,} of X satisfying the following :

(1) UspsNF=U, for each BeB., acA.

2 U'=\NU.:aeA)={U,;: feB., acA}
is closure-preserving in X.

(3) If Vis an open set of X such that VNF=U, for acA, then there exists
BeB, such that U, V.

LEMMA 2. Every closed set F of « free L-space X has the property (P).
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Proor. First we consider the case of dim X=0. Suppose that we are given
a closure-preserving open collection 97 ={U/,:aecA} of a closed set F of a free -
space X with dim X=0. Write

F=(\Hy, HyrCHy, neN, Hi=X,

where each H, is closed and open in X. Since X is an M,-space, there exists a
base B=N5 . B; for X, where each 3; is closure-preserving in X. For each ieN
and Be @y, set Bi=BNH,. Let {S;:2el"} be the totality of subcollections of 4.
For each el set

V= U{B;: BeS,N Bi),
Vi= UV
For each acA, set
Bi={iel’:V, is an open set of X such that V,NF=U,.

For each acA, we expand UJ, to an open set U’ of X by the same method as in
the proof of Theorem 3. Thus each U} satisfies (i) and (ii) stated there. Set

B.={geB.: VU,
(:L]az{l:]aﬁ: V;; . ﬁéBa},

Obviously each U, satisfies (1). To see (2), let B, be an arbitrary subset of
U{{a} x B, :ae A} and suppose

PENU.s: (a, B)e Ba).
Write
Bo=\U{{a} X B2 : ae Ay}

If peF, then p&\ U, : acA,}, because qJ is closure-preserving in F. Therefore by

the property (ii) of U, p¢{{U.: @€ A,}. This implies

PENUs 2 (@, )€ B0}
If peX—F, then there exists ke N with pe Hx—H;... Write
Uns=\U{Vsi:ie N}, Be B, ae Ay,
Ve =\U{B:i: BeSsN B}, pe B, aeA,.
Since X—Hp., is an open neighborhood of p such that
(X=He)NVin=¢,nzk+1, 1€,
PN Vien nzk+1, pe\J(BL: ac Ay}
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Therefore if we assume

pe\ iU 2 (o, p)€ Bul,

then

Pe\NVim :m=k, Be\ (B acA,}}.

This implies for some m=k

P\ Vim : Be\ (B2 ac Ay}l
Since $a is closure-presering in X, peB for ‘some BeSsN B, Be\U{B2: ae Ayl
Since pel, and H, is open, it follows that
peBNHu=B,C V.
Hence peU.; for (a, f)eB,, a contradiction. Thus (2) is satisfied. To see (3), let

V be an arbitrary open set of X such that VNF=U,. For each pel,, there exist
n(p)eN and B,e Bup» such that

peB,cVnU.
Obviously pe(Bpum< V. If we put
(gﬁ:{[—))p:pe{/a}v

then U,;,C V.

Next, we consider the general case. Let X be a free L-space. Then by (7,
Theorem 2.10] there exists a perfect mapping f of a free L-space Z with dim Z=<0
onto X. By (2, Lemma 3.2 (a)] we can assume that f is irreducible. Suppose
that we are given a closure-preserving open collection U ={U,:acA} of a closed
set £ of X. In the preceding manner, we construct for each a€A an open collec-
tion {(f(Uan)s: BeBi} of Z satisfying the following:

@y S UNN S I)=f(U.), Be B, ac A

2) AU WUa)s: Be\U(BL 1 ac A} is closure-preserving in Z—f'(F).

(3) If V isan open setof Z such that VN f~'(F)=f"'(U.), then (f~{U.))CV
"~ for some BeB..

For each acA, peB., put
Uwg=X—f(Z—=(f(Ua)))-

We expand each U, to an open set U] of X by the same method as in the proof
of Theorem 3. Construct

Uae={U.p: peB.}, aeA,
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B.={BeB,: U, UL,

(1) follows easily from (1). To see (2), let By be an arbitrary subset of \U{{a}Xx
B,:aeA} and suppose

PENTs (e, B)eBo).
Write
Bo=\U{{a} X B): ac Ao}.

If peF, then p&\ J{U.:acA,} by the property (ii) of Ul Consequently we have
P8 NUep: (a, Blebo). Let pe X—F and assume pe\ {U.;: (o, fle By). Then we have

fUPCZ—FF)
£ N ) @ PIeBal 4.

By (2), there exist feB? a€A, such that

FHON T (Ua))s= 9.

Since f is irreducible, pe U,; follows from the argument of [2, Lemma 3.3]. There-
fore (2) is proved. (3) follows easily from (8). This completes the proof.

So far as I know, it is not known whether each closed set of an A -space
admits a o-closure-preserving open neighborhood base. It is also an open question
whether X| A is an M;-space for each closed set A of an M,;-space. But as far as
we are concerned with the class of free L-spaces, these hold positively.

CorOLLARY 1. FEvery closed set of a free L-space has a closure-preserving
open neighborhood base.

COROLLARY 2. X|A is an Mi-space for each closed set A of a free L-space X.

CoROLLARY 3. Let f be a closed irreducible mapping of a free L-space X onto
Y. Then Y is an M;-space.

Proor. The closed image of a paracompact s-space is also paracompact ¢. It
is similarly shown to [2, Lemma 3.2] that every closed set of Y has a closure-
preserving open neighborhood base.

Note that we use only the fact that X is an M,-space in the proof of the case
of dim X=0 of Lemma 2. Thus we have the following:

COROLLARY 3. Let f be a closed irreducible mapping of an M,-space X with
dim X=<0 onto Y. Then Y is an M,-space.
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It is unknown whether the adjunction space of M,-spaces is M,. From the
result of Borges [1], it is known that the adjunction space is at least stratifiable.

THEOREM 4. Lel X be a free L-space and Y an M-space. Then Z=XU;Y
is an Mi-space.

Proor. Let U=\Us., U, be a base for p(Y), where each U;={U,:acA;} is
closure-preserving in A(Y). By the same method of the proof of Theorem 3, we
expand each U, to an open set U, of Z. By the same method as in the proof of
Lemma 2, we can show that there exists for each aeA4; an open collection ¢J,=
{Uas: BeB,} of X satisfying the following :

(1) UpsNH=pzU.), U pzi(UL) for each BeB,, acA,.
(2) \U{U.:aeA,} is closure-preserving in X—H.
(3) If U is an open set of X such that UnH=pz'(U.) for acA;, then U,,cU
for some feB,.
Set
Ve={Vap=U, Up(Usp): feB.}, ac A,
;=\ ae Ayl
V=\Jev,.

Then ¢ is a s-closure-preserving open collection of Z, which forms a local base
of each point of p(Y) in Z. Since Z is perfectly normal and X is an M-space,
there exists a g-closure-preserving open collection 9§ of Z, which forms a local

base of each point of Z—p(Y) in Z. Then CYU9Y is a o-closure-preserving base
for Z. This completes the proof.

COROLLARY 1. Let X be the perfect irreducible image of an M,-space with
dim X<0 and Y an M-space. Then XU Y is an M, -space.

References

[1] Borges, C.R., On stratifiable spaces. Pacific J. Math., 11 (1966), 1-16.

[2] Borges, C.R. and Lutzer, D.]., Characterizations and mappings of M;-spaces. Topology
Conference (Virginia Polytech. Inst. and State Univ., 1973), 34-40.

[3] Ceder, J.G., Some generalizations of metric spaces. Pacific J. Math., 11 (1961), 105-126.

[4] Tto M., Weak L-spaces and free L-spaces. preprint.

[5] Miwa T., Adjunction spaces and weak L-spaces. Math. Japonica 25 (1980), 661-664.

[6] Nagami K., The equality of dimensions. Fund. Math., 106 (1979), 239-246.

[7] Nagami K., Dimension of free L-spaces. Fund. Math., 108 (1980), 211-224.

Department of Mathematics
Joetsu University of Education
Joetsu, Niigata 943





