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FACTORIZATION THEOREM FOR PERFECT MAPS
BETWEEN METRIZABLE SPACES

By

Yoshie TAKEUCHI

1. Introduction. We assume that all spaces are normal and all maps are
continuous. We write A=ANR for a space A if A is an ANR for the class
of all compact metrizable spaces.

Given spaces X and A we write dim X< A if for any closed subset F of
X any map f: F—A can be extended to X. For a map &: X—X, we write
dimé< A if dim&(x)< A for any x,EX,. It is kown that a space X satisfies
the relation dim X<S" for the n-sphere S™ if and only if X satisfies the
inequality dim X<n in the sense of the covering dimension.

Our purpose in this paper is to prove the following theorem;

THEOREM. Let A=ANR, let & be a closed map of a space X into a para-
compact space X,, { be a perfect map of a metrizable space Z into a metrizable
space Z,, and let f: X—Z and fo: Xo—Z, be maps such that {f=fo and dimé§
<A. Then there are metrizable spaces Y and Y., a perfect map 7n: Y=Y,
and maps g: X—Y, go: Xo—Y,, h:Y—>Z and he: Yo—Z, such that ng=gd,

Ch=hyy, hg=f, hogo="Ffo, dimy<A, w(Yy)S<maxw(Xy), w(Zy)), and dimY,<
dim X,.

X—-—g——»Y—h—>Z
g " &
Xo—Y,—> 2,

8o 0

For a map {: Z—Z, we write w()<r if there is an embedding i: Z—
Z,xI° such that {=pri, where I’ is the Tikhonov cube of weight = and
pr: Z,XI*—Z, is the projection.

In [9] Pasynkov proved a similar theorem to the above theorem, in which
he added the property that w(p)<r, if w()<r, in the case that X, X,, Z, A
are compact (which are not assumed to be metrizable).

However, in [7] Pasynkov stated that, if f is a perfect map between
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metrizable spaces, the relation w(f)<w holds. Therefore, in the above theorem
we need not to add the property that w(n)<t if w(§)=r.

2. Proof of Theorem. The above theorem is an easy consequence of
Lemmas 2 and 3 (cf. [9]). We need Lemma 1 to prove Lemma 2. The idea
of the proof of Theorem is essentially due to'Pasynkov.

LemMa 1 ([9, 5.2)]). Let YEANR. Then for any metric p in Y there
is an e>0 with the following properties; if f is a map of a compact space X
into Y and g is a map of a closed set F in X into Y such that d(g, flp=
max{p(g(x), f(x)); xEF}<e, then g can be extended to X.

LEMMA 2. Under the condition of Theorem there are metrizable spaces Y
and Y, a perfect map n:Y—Y,, and maps g: X—Y, go: Xo—Y,, h:Y—Z and
he:Y—Z, such that ng=g.&, Ch=hyn, hg=f, hge=f, wl)<maxw(X,),
w(Zy), dimY ,<dim X, and for any v.€Y,, any compact FC%~'(y,) and any map
L: h(F)—A, the map Xh|r can be extended to 7 '(y,).

PrROOF. Since w({)<w, there is a embedding ¢: Z—Z,XI* such that {=
pri, where I® is the Hilbert cube and pr: Z,xI*—Z, is the projection. We
denote by p the projection of Z,XI® onto I®. We choose a countable base
{0,:n=1,2, .-} for I® that is closed under finite unions. We fix a metric
p on A and choose £>0 in accordance with Lemma 1. For any n we fix a
countable dense set C, in C(O,, A), which is the space of maps from O, to A
with the metric of uniform convergence.

We fix n and ¢=C,. For each x,=X, we consider the set O (x)=E"x,)
Nf4%"1pY0,). Since dim&é<A and A=ANR, the map ¢pif: @(x,)—A can be
extended to & '(x,) and then to a neighbourhood V(§7'(x,)) as a map
Txo: VE (xo)—A.

Every point x of £ %(x,) has a neighbourhood O.C V(£ !(x,)) such that

diam ¢(pif(0,)N0,)<e/4 and

diam¥x,(0,)<e/4.
Since £ is closed, there is a neighbourhood V(x,) of x, such that &' (V(x,)C
{0, : x€& Y (xo)} and D(x5HC\U{0,: x&DP(x,)} for any x{< V(x,). Hence, for
any x,€ V(x,) and every x'&@(x}) we can find a point x=®@(x,) such that
x'€0,, and hence,
9 oW xo(x"), epif(x" N pT xo(x"), Txo(x))+pl@pif(x), @pif(x')

<e/d+e/d=¢e/2.
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By paracompactness of X, there is a o-discrete cozero cover w(n, @)=
Uri{Ujsan el of X, such that w(n, ¢) refines {V(x,): x,€X,}. For
any j and each jA)el'; we take x;,E X, such that U, V(Xjcy). For each
j we denote by Hn,¢) the Hedgehog space (see [3]) constructed by
{[0, 11;c=[0, 1]: j(=T;}. There is a function gon, ¢): Xo—Hy(n, ¢) such
that Ujay=goln, )70, 115 for any j)I';, We denote by Pyn, ¢) the
partial product (see [6]) with base H,(n, ¢) and fiber A with respect to the
open set \UJ{(0, 11,z : DT} ; we denote by %;(n, ¢) its projection onto
Hyn, ¢) and by =, the projection of (0, 1];;,XA onto A. There is a map
gin, p): X—>Pyn, ¢) such that go(n, P)§=7,(n, p)gsn, ¢) and for any ;)&
I'; wiag4n, SD)zwxju) in U

We perform these construction for all n and all p=C,. We now set

Y'=ZXII{Pin, ¢): j=1,2, -, ¢&C,, n=1, 2, ---},

Vi=ZXII{H{n, ¢): j=1,2, -, p=Cyp, n=1, 2, ---}.
Clearly Y’ and Y} are metrizable. We denote by A& (resp. h,) the projection
of Y’ onto Z (resp. Y onto Z,) and for any n, each ¢=C, and each j we
denote by g¥(n, ¢) (resp. g&(n, ¢) the projection of Y’ onto Pyn, ¢) (resp. Y;
onto Hy(n, ¢)). We set

p=II{g, nn, ¢): 1=1,2, -, p=Cy, n=1,2, ---},

g=4{f, gin, ¢): j=1,2, -+, p=Cy, n=1, 2, -} and

go=4{fo, gosn, @): j=1,2, -, p&Cp, n=1, 2, --}.
Clearly » is perfect and for any =, any ¢=C, and each j
@ 1,n, 9)gi(n, p)=gsn, p)y,

g3(n, p)g=gin, ), gi(n, P)g=gos(n, ¢);

&) hg=f, hgo=fo, ng=g&, Ch=hey,

We set Yo=g,(X,) and Y =g(X)N\5p~*(Y,). If we now regard 7, h, g¢, (n, ¢
and ho, g¢%(n, ¢) as the restrictions of these maps to ¥ and Y, respectivery,
then (2), (3) remain valid, and % is perfect.

We fix a point y,=Y,, a compact set FC9 ' (y,) and a map X: h(F)—A.
We shall prove that Xi can be extended to 7~ '(y,). Since A(F)CL ' (ho(y0)),
there is a map ¢’: pih(F)—A such that X=¢’pi, and hence Xh=¢'pih.

Since A=ANR, we may assume that ¢’ is defined on some 0, with
0,.,Dpih(F). Since C, is dense in C(0,, A), by [9, Lemma 5.1] there is a map
¢=C, homotopic to @pih: F—A. Since w(n, ¢) is a cover of X,, thereis j and
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Jjel’; such that t,=g&n, ©)(¥)=@, 11;a5. For any yeF pih(y)=0,,
g9(n, p)y)e{t} XACO, 11, XA and g(X) is dense in Y, hence there is
y'€g(X) such that pih(y" )€ O, g9(n, )=, 115X A4,

o(mcr83(n, ©X3), mir83(n, Xy N<e/4 and
olppih(y), epih(y'))<e/4.

We take a point x'= X such that g(x")=y’, then pif(x")=pih(y’)=0,, and since
oi(n, PY6(x")=1,(n, @)g3(n, o))< (0, 115, we have x'€&7g,i(n, )0, 110
=& ;. Weset x;=£&(x') then x;&U;1»C Vix ) and X' e¢(xg). From (1),
we have

o(msngd(n, ©)), epih(y")
=p@ngin, )x"), opif(x')
=0(Dx;a(x"), pif(x))<e/2.
Hence, we see that
o(micngd(n, e)¥), epih(y))
Zp@iengi(n, o)), g n, eXy")
+olmicngin, o)Xy, epih(y"))
+o(ppih(y"), ppin(y)
<e/d+e/24¢e/d=¢.
The map 7;,87(n, ¢) is defined on 5~ (y,). By Lemma 1. ¢pih can be ex-
tended to %~'(y,), and by Homotopy extension theorem (see e.g. [4]) Xk can
be also extended to 7 '(y,).

The fact that w(Y,)<max(w(X,), w(Z,)) is evident.

We claim that we may assume that dimY,<dim X,. By [8, Theorem 2.]
there is a metrizable space Y{ and maps g¢: X,—Y{ and A{:Y =Y, such that
w¥HZ=w®,). dimY{<dim X, and g,=h¥gi;. We denote by Y’ the fan product
of Y and Y with respect to h{ and 5 (see [1. Supplement to Ch. 1, §27); by
y»’ and h” we denote that projections of Y’ into Y and Y, respectively, and
by g’ a map of X into Y’ such that 5'g'=gi§ and h”g'=g. If we replace
Y,Y, g, g, h, by and n with Y’', Yy, g’, gi, hh”, hoh$ and 7%’, respectively,
then these spaces and maps are what is required (cf. [9]).

Lemma 2 has been proved.

LEMMA 3 ([9, Lemma 5.3]). Suppose that ASANR and {T , hns1, 2} (n=0,1}---)
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s an inverse sequence of compact spaces such that for any n, any compact FC
Trs1, and any map X: hoey, o(F)— A, the map Xhpsy, n|r has an extension to T
Then dAimT < A for the limit T of the sequence in question.

In conclusion the author wishes to express his sincere gratitude to Professor
Y. Kodama for his greatful suggestions and constant encouragement.
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