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EXPONENTIAL AND SUPER-EXPONENTIAL LOCALIZATIONS
FOR ONE-DIMENSIONAL SCHRODINGER OPERATORS
WITH LEVY NOISE POTENTIALS
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§0. Introduction.

Let us consider the following random Schrédinger operator in LY R; dt):
0-1) H,=—d*/dt*+Qu®),

where {Q/(t); —oo<t< oo} is a temporally homogeneous Lévy process and
Q1) is the “derivative” of its sample function. Intuitively speaking, {Qu(1)}:cr
is a continuous parameter family of i.i.d. random variables, which we will call
“Lévy noise”, so that the above H, can be viewed as an idealization of the
Schrodinger operator with random potential, and it may be of some interest to
analyze in detail such an idealized model of disordered system.

On the other hand, it is well known that almost every sample function of
a Lévy process is not differentiable (except the case of a trivial Lévy process
Q.()=ct, with a real constant ¢). Hence the expression (0-1) has only a
symbolical meaning. The precise definition of H, was given by the present
author ([25]), and it was shown that H, can actually be realized as a random
self-adjoint operator in L*(R; dt). Moreover, the exact location of the spectrum
of H, was determined.

The purpose of this paper is to study the properties of spectrum and
eigenfunctions of H, in more detail than in [25]. It will be shown that under
some condition on {Q,(f)}, almost every realization of H, has pure point spectrum
with exponentially decaying eigenfunctions (exponential localization—see Theo-
rem 5). A remarkable fact is that in some other cases, the eigenfunctions
decay faster than exponentially (Theorem 6). We would like to refer to this
phenomenon as “super-exponential localization”. Moreover, it will be shown
that under some conditions on the Lévy measure of {Q,(?)}, the eigenfunctions,
in a rough sense, behave like exp[—|#|¢] with a>1, or even like
exp[—exp[exp[---exp[[t]*]---]] with a>0, as |¢{|—co (Theorem 7).
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In the proof of localization, we follow the well-known idea of Carmona and
Kotani ([3], [16]), which relates in an elegant way the exponential decay of
eigenfunctions with the Ljapounov behavior of the transfer matrices. Thus, if
the transfer matrix associated to H, has the usual Ljapounov behavior as in
Theorem 1, then we have exponential localization. The super-exponential
localization as in Theorem 6 occurs simply because the Ljapounov exponent of
the transfer matrix becomes infinite (Theorems 2 and 3). Hence, in order to
obtain a more detailed estimates of super-exponential localization, it suffices to
replace Theorem 3 by Theorem 4,

Recently, Lévy and Souillard ([21]) conjectured that the discrete Laplacian
on the incipient percolation cluster should have eigenfunctions which decay like
exp[—|x19], @>1, and called this “superlocalization”. The physical basis of
their conjecture is that the incipient percolation cluster is fractal within length
scale smaller than correlation length. Although Lévy and Souillard consider a
different situation from ours, our Theorems 6 and 7 may be considered as first
rigorous examples of superlocalization.

The outline of the present paper is as follows. In the first half of §1, we
summarize the results of the author’s previous paper [25], preparing at the
game time the necessary notation. In the rest of §1, we state the main results
of this paper concerning respectively the Ljapounov behavior of the transfer
matrices and the localization. Theorems 1 and 2 show that the Ljapounov

exponent is finite or infinite according as the integral g log| x{v(dx) is
>1

txl
convergent or divergent, where »(dx) is the Lévy measure of {Q.(}. In the

finite case, we can apply the well known theorem of Oseledec, to obtain a
subspace of R* which is exponentially stable under the action of the transfer
matrix, whereas that general theorem does not seem to have a straightforward
extension to the infinite case. Therefore by an explicit analysis, we first prove
a theorem of Furstenberg-Kesten type (Theorem 2), and then using this, we
obtain the corresponding Oseledec type theorem (Theorem 3). The same line
of reasoning was recently exploited by Kotani and Ushiroya [18] in a different
problem. One gets Theorem 4 by replacing the use of Theorem 2 in the proof
of Theorem 3 by better estimates. In §2, we prove theorems on localization
assuming Theorems 1 to 4 for a while. §§3,4,5 and 6 are devoted to the
proofs of Theorems 1, 2, 3 and 4 respectively.

As was already mentioned, we follow the idea of Carmona and Kotani in
§2. This idea gives us a quite transparent proof of localization in some cases,
as one sees on comparing the original works of the Russian school ([10], [26])
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with recent papers such as [3], [16], [17], and [6]. But in order that this is
s0, we must impose some kind of regularity condition on the probability distri-
bution of the random potential in a finite box. This is the reason of the rather
technical conditions of Theorems 5, 6, and 7. On the other hand, Carmona,
Klein, and Martinelli ([5]), refining the method of Frohlich et al. ([7], 8D,
recently obtained a localization result for the one-dimensional difference
Schridinger operator whose potential is a sequence of i.i.d. random variables
with singular distribution. An extension of their method to continuum systems
might enable us to drop most of the technical conditions of our results, though
we have not yet examined this possibility.

The mathematical study of Schrédinger operators with Lévy noise potentials
was begun by Fukushima-Nakao [9] and Kotani [14]. They treated respectively
the cases where {Q.(1)} is the standard Brownian motion or Lévy processes
whose sample functions are of bounded variation. At that time, their main
interest consisted in estimating the integrated density of states of H,, but later
Kotani [15] investigated the Ljapounov exponent associated to his former model,
and proved its absence of absolutely continuous spectrum. Our Theorems 1 to
4 and Proposition 3 in §2 are extensions of Kotani’s result [15].

§1. Preliminaries and the statement of the results. Examples.

1-1. Résumé of the previous paper [25].

Let Q(f), —co<t<+4oco, be a real valued function which is right continuous
and has left-hand limits. For this @, let us define the (non-random) Schrédinger
operator Hy, which is formally expressed as

Hy=—d*/dt*+Q"(t).

First let Cq be the totality of complex valued functions u(?) on R which
satisfy the following two conditions:
(i) u(?) is absolutely continuous and differentiable from the right. We denote
the right derivative of u(t) by u*(®);
(ii) there exists a vE LL(R) such that the following equation holds:

t
w0 —u(5)= QU ~Qe)u(s)—| QUML) +r()) .

It is clear that v(-) is uniquely determined from u(:) up to on a set of Lebesgue
measure zero, and we will denote this v by Heu for each uecy We then set

Do={ucsCoNLAR;dt); Houe LX(R; dD)} .
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Under these definitions, we can give an exact meaning to the initial value

problem Hou=2au, u(s)=a, u*(s)=p by the following pair of integral equations:
u(t):a—i—S:u*(y)dy

(1-1 ,
u*(t)=B+Q(f)u(t)—Q(S)u(S)—Ss{Q(J/)u*(y)+lu(y)}dy-

Now let D(R: R) be the totality of real functions which are right continuous
and have left-hand limits. We endow D(R:R) with the Skorohod topology.
Consider 2={w=D(R: R); »(0)=0} with relative topology and let & be the
topological o-field of 2. If we set Qu.(t)=w(f) (the coordinate map) then &
coincides with the smallest ¢-field with respect to which w—Q,(t) is measurable
for all teR.

On the measurable space (2, ), we define a flow {T,; t&R} by

(Tw)(=0(-+)—o(t), tER, 0sf.
Under this setting, we can prove the following result:

PROPOSITION 1. ([25]) Let P be a probability measure on (2, F) which is
invariant under the flow {T.} and is ergodic. Then for P-a.a. wel, H, with
domain D, is self-adjoint in LXR;dt). Moreover there exists a closed subset
S=23(P) of R such that the spectrum of H, is equal to 2 for a.a. o.

In the sequel, we assume that P is the measure of a temporally homogeneous
Lévy process. Then the conclusions of Proposition 1 hold for this P.

As is well known, every temporally homogeneous Lévy process is decomposed
into a superposition of Brownian motion and Poisson processes in the following

way (Lévy’s canonical form):
(1-2) Q.(1)—Qu(s)=b(t—s)+v(Bu(t)— Bu(s))
+1imSm>Un{wa((s, 1% dx)—(t—s)a()udx)}

=00,

where b R and »=0 are constants, {B,(t); —oo<t<+oco} is a standard Brownian
motion with B,(0)=0, N,(dtdx) is a Poisson random measure on RX(R\{0})
with intensity measure dtv(dx), and a(x)=(xA1)V(—1). The measure »(dx),
which is called the Lévy measure of {Q,(f)}, satisfies

SR\(O}a(x)Zv(dx)<OO.

Note that sample paths of {Q.(H)—vB,(#)} are locally of bounded variation if and
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only if Sl

in a finite interval if and only if ¥(dx) is a finite measure. In the following,

we assume that v and v(d x) do not vanish simultaneously, i.e. that true random-
ness exists.

lIx[p(dx)<c>o, and that {Q.(#)} has only a finite number of jumps
Tl

For the location of the spectrum J=J3(P), we have the following results:

PROPOSITION 2. ([25])

(i) If v=0, w(~0, 0)=0, and if | xu(dx)<co, then S=[e, o) with

c:b—S:a(x)y(dx).

(i) In all the other cases, we have Z=(—co, oo),

1-2. Ljapounov behavior of the transfer matrices.
Let o(t)=¢.(t, ) and ¢(t)=¢.,(t, w) be the solutions of H,u=2Au such that
P(O)=¢*(0)=1, ¢*(0)=¢(0)=0, and consider the following random matrix :
_ RN 6]
This is called the transfer matrix, since any solution u of H,u=2u is given by
i w®)\_ . ()
(1-3) (u+(t))—Ux(t,w)(u+(O)).

Moreover, it is a multiplicative cocycle in the sense that
(1-4) U;@+s;0)=U;¢; Tl i(s;0), t, sER, s,

and we have detU;(t; w)=1 from the constancy of the Wronskian. Concerning
the asymptotic behavior of this transfer matrix, we have the following four
results, which we will prove in later sections. Below, for a vector x=%xq, x5),

x| denotes the Euclidean norm, and for a 2X2-matrix A, IA| denotes its
operator norm:

IAl=sup{llAx]; llxll<1},

which is equal to the maximum eigenvalue of (A*A)'2,

THEOREM 1. If S >llog|x|y(dx)<00, then for each fixed A=C, there exists

|zl

a strictly positive number 7(2) such that for P-a.a. w=Q,

lim 108105 0)[=10.

Moreover, for P-a.a. w= 8, there exists one-dimensional subspaces Vi(w) and V()
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of C? such that if veVi(@)\{0} [resp. €Vi(w)\{0}], then

(1-5) lim T%Tlogﬁlfz(f;ﬂDvH::'—T(l),

t—+oo [Tesp. t—-0o]

and if veE Vi(w) [resp. &Vz(w)l, then

(1-6) m S loglUa(; @)l =+1().

t—+oo[resp. t-—oo] | 1]

The number 7(4) is called the Ljapounov exponent of U;{¢;w), and we will
say that U;(f;w) has Ljapounov behavior at +co if V§(w) exist and satisfy (1-5)
and (1-6).

In the following three theorems, we fix a A>inf Y, where X is the spectrum
of H,. In case (i) of Proposition 2, this means 1>¢. Otherwise A can be any
real number.

THEOREM 2. Suppose S _Jog|x|u(dx)=-+co and 2>inf 3. Then for cach
txt
fixed ve R*\{0}, we have

lim L log U7 1(¢; )] =+ o0

t~zoo | 1]

with probability one.

THEOREM 3. In addition to the condition of Theorem 2, assume that

S <1|x[v(dx)<00. Then for P-a.a. @=L, there exist one-dimensional subspaces
1zl

Viw), Vilw) of R? such that (1-5) and (1-6) hold with 7(2) replaced by + oo, i.e.

for P-a.a. w8, U;(t;w) has Liapounov behavior at oo with infinite Ljapounov

exponent.

If we impose some stronger condition on the tail of v(dx), then it is possible
to obtain more precise estimation of the asymptotic behavior of U,;(i;w). To
this end, set

M(x)zg wdy), x>0,

ly1>et -1
and let e(t)=e'—1, A(t)=log(1+1) for {=0. The £k-th iteration of &(-) [resp.
A(-)] is denoted by e(t) [resp. Aw(®)]. Of course, ewy()=2Aw()=t. Recall
that a real valued function L(#) on [0, o) is said to be slowly varying if for
all ¢>0,

im 24—

i+ L(2) =1.

(for details, see Seneta [307).
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THEOREM 4. In addition to the condition of Theorems 2 and 3, assume that
there exist an integer k=0, a real number B=0, and a slowly varying function
L(t) such that

M(ey)=t"?L({),

where in case k=0, we further assume that 0= B<1. (Otherwise Sm>lloglx!u(dx)
would be finite.)
Then for each A>inf3, and for P-a.a. o, Vi(w) exist and satisfy the
following :
if veVi(@)\{0} [resp. €Vi(@\{0}], then
LU o =0,  for a>B7,

t-doo[resp. t—=-o0] | tl @
and

1
—— AU 0| =400, for a<f™;

t—o+oo [resp. t——oo] l t‘ @

and if v&€Vi(w) [resp. &V i(w)], then

Im s 2a(IUat; @)=0, for a>p7,
t—>+400 [TESP. [->—00] ‘ tl
and
Im e A(Uat;ol)=0,  for a<p.

t—+co[reSp. t——o0] | tl «

1-3. Exponential and super-exponential localization. Examples.
Using the four theorems in the previous subsection, we can prove the
following results on localization.

THEOREM 5. (exponential localization) SupposeS >llog|x|u(a’x)<oo, and

(F2
assume that one of the following three conditions holds:
a) v#0, i.e. {Q.()} has a non-trivial Gaussian part, and y(R)< oo
b) v=y({(—o0, 0))=0, and v((0, ))<co;
¢) (dx) has a non-trivial component which is absolutely continuous with respect
to Lebesgue measure.

Then for Pa.a. w8, H, has only pure point spectrum, and if u(t) is an
eigenfunction of H, with eigenvalue 2, then it satisfies

fion - log [ |u(8)| -+ 1w (9] 1= — () <0

t>zoo | T

THEOREM 6. (super-exponential localization) Supposeg log| x| v(dx)=-+ oo,
>1

1z
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v=1v((—oo, 0))=0, and §:xv(dx)< oo, and assume further that either v((0, oo))<oo
or v(dx) has a non-trivial component absolutely continuous with respect to Lebesgue
measure. Then for P-a.a. =2, H, has only pure point spectrum, and each of
its eifenfunctions u(t) satisfies
“mTZ‘OgUu(man|u+<t>|ﬂ“2=—oo.
THEOREM 7. (super-exponential localization) In addition to the conditions of

Theorem 6, assume, as in Theorem 4, that there exist an integer k=0, a real
number B=0, and a slowly varying function L(t) such that

M(eat)=t"?L@®),

where 0 BL1 if k=0.
Then for P-a.a. w8, H, has only pure point spectrum, and each of its
eigenfunctions u(t) satisfies the following:

Jim ]tlalck+1>([lu(t)| +lut@®*17%)=0, for a>p7,

i o A1+ w11 =0, for a<p.

Finally let us discuss some examples. First of all, we remark that most of
the well known Lévy processes satisfy the conditions of Theorem 5. For
example, the standard Brownian motion, Poisson process, and stable processes
satisfy the conditions a), b), and c¢) respectively, and they all satisfy the

condition S log|x|v(dx)<oe. The case of the Poisson process is a little bit
lzi>1

delicate: a Poisson process {Q,(t)} satisfies the condition b) but {—Q,(¢)} does
not. Proposition 2 tells us that the spectra of

Hi=—d*/dt"+ Q.1
and
Hy=—d*/dt—Q,®)

are [0, o) and (—oo, o) respectively. In the latter case, we know the absence
of the absolutely continuous spectrum of H from Proposition 3, and we can
show that Hg; has pure point spectrum in [0, o), in the same manner as in
Theorem 5. Unfortunately, we were not able to determine the spectral nature
of H; in (—o0, 0). Such a problem does not arise in the case of H}, because
it does not have any spectrum in (—oo, 0) at all.
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Next we give some examples for super-exponential localization. Let &w)
={ <x(@)<x(@)L0< x,(@)< xo(w)< -} be a Poisson point process on R,
and let v,(@)=0, n=Z, be a sequence of i.i.d. random variables with distri-
bution p(dv) which satisfy : (1) E[log(14+v,)]=+o0; and (2) {v.(@)} is independent
of &w). The random Schrédinger operator

—d*/df+ 5 va(@)d(t— xa())
can be realized as
H,=—d*/dt*+Q.(),

through the Lévy process
Qui—Quie)={ ¥ N (s, th xdx),

where N,(:) is the Poisson random measure on RX(0, o) such that E[N,(dtdx)]
=dtp(dx). Then we have super-exponential localization by Theorem 6. If we
consider the special case in which

pldx)={x(log x¥} 'dx, for x large,

with 1<y<2, then H, satisfies the condition of Theorem 7 with k=0, B=r—1,
and hence the eigenfunctions of H, decay like exp[—|#|"/¢-P]. In the same
way, if for some 7>1,

p(dx)={x(log x)(loglog x) --- (loglog --- log x)']™*,

for x large, where loglog ---log x is the (n+1)-th iteration of “log”, then the
condition of Theorem 7 holds with #=n and 8=7—1, and we have eigenfunctions
decaying like exp[—exp[exp[--exp[|t|9P]---]1]], where “exp” is iterated
n-times.

§2. Proof of the theorems on localization.

2-1. Some notions and facts from the spectral theory of H,.

In this subsection, we will give a brief summary of the spectral theory of
singular Sturm-Liouville operators, which is often referred to as the theory of
Weyl, Stone, Titchmarsh, and Kodaira (W-S-T-K theory). The subject of this
theory is the investigation of the differential operator

L=—d*/dP+q(t)

on a finite or infinite interval, and it is usually assumed that ¢(¢) satisfies some
mild regularity condition such as piecewise continuity, local integrability or the
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like. However, if one examines the detail of the theory (see e.g. [13], [20], or
references therein), it is easily understood that such kind of an assumption does
not play any essential role, and that the W-S-T-K theory extends to our Hy
defined in §1-1 as well. Indeed, the initial value problem Hou=2u, u(0)=a,
u*(0)=p, which is defined by (1-1), is uniquely solvable by successive approxi-
mation, its solution u(t, 2) and its derivative u*(f, A) are entire functions of 2
for each fixed ¢, and we have the Green’s formula: for each u, vECy,

[} tHu—u(Ha ) di1=Tu, w10~ u, v1(@),

where [u, v])=u@vr@—u*(Ov(t) is the Wronskian. Given these basic facts,
W-S-T-K theory can be reconstructed word for word. Hence, we will quote
its results without any proof.

To begin with, Hg is said to be in the limit point case at 4oo [—co] if for
some A=C\R (and hence for all 2&C), Hou=2u has a solution which is not
square integrable near -4oo [—oo]. Hp with domain D is self-adjoint if and
only if Hg is in the limit point case both at +oo. We restrict ourselves to
this case.

Let {E(A)}er be the resolution of the identity associated with the self-
adjoint operator Hy. It is known that for each bounded interval 4=(4, p],
Eo(d)=E(¢#)—Eq(4) has a continuous kernel Eq(4; x, ), and that there exists
a measure {0:,(Q;d&}% - taking its values in the space of non-negative,
symmetric 2X2-matrices such that Eq(4; x, ¥) is represented as

2-1) Eods 5 0=| , 2 dx;Q, O3 Q 0004 Q),

where ¢, ¢, are the solutions of Hou==£&u with 0:(0)=¢7(0)=1, 0T (0)=py(0)=0.
(.e., ¢1=¢, @,=¢ in the notation of §1-2.) We set o(d¢;Q)=01(d§;Q)
+0,(d€;Q), and call this the spectral measure of H,. Further let 7,,(§;@Q)
=0,(d€; Q)/a(d&; Q) be the density of ¢;; with respect to o.

These measure, ¢;;’s, are obtained by taking the limit of the eigenvalue
problem on a finite interval as the interval expands to the whole line. More
precisely, let I=[—a, b], a, b>0, and consider the eigenvalue problem;

2-2) (Howt)y=Au(t), t<l,
(2-3) u(—a)cosa—ut(—a)sina=0,
(2-4) u(b)cos B+u*(b)sin 8=0,

where a and § are arbitrarily fixed real numbers. Let
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2Q; D<CAQ; D -+ LA(Q 5 DH< -

be its eigenvalues and v,(t; @, I), n=1, 2, - its normalized eigenfunctions. We

may assume that v,’s are real valued. Set

(2-5) ou(4;Q, I)=2n2avn(0>2,

(2-6) 01(A;Q, N=0u(A;Q, 1)=1§Avn(0>b'2(0),
and

2-7 0(A;Q, = ZTLZE‘.AUX(O)Z :

Then as we let a—-+oo, b—-+co indenpendently, o:;(d§;@Q, I) converges to
0:,(d&; Q) vaguely.
By the way, in our limit point case,

e Pt Q) e a5 Q)
R N T R A Y XY )

exist for each icC,={Imz>0}. They are holomorphic functions of 14,
with values in C.. If we set for i=C,,

w.t; 2, Q= ; Q+h.(; Qalt; Q),

then w, [resp. w_] is the unique (up to multiplicative constants) solution of

Hou=2u which is square integrable near +co [resp. —co], and
21, 53 Q=—{hs(; Q+h_(2; QY witVs; 2, Qu-(tAs; 4, Q)
is the Green function of Hp, i.e. the integral kernel of (Ho—A)™'. These are
related to the above mentioned o,;’s in the following manner: Let us define
Hiu(; Q)=—1{hQ; Q+h-(4; @)} '=g4(0,0;Q),

Hiu(; Q=Hu(; Q)=h(2; Q){h(A; Q+h-(4; D},
and
Hyp(2; Q)=h(A; Qh-(A; Q{h+; Q)+h-(A; )},

then for each finite interval 4=(4, pJ, we have
1 .
@8 limt{'mH s Qde=0 A 1) @+ Hlou(2) Qb aulie s Q).

Finally let us see what changes the objects defined above undergo by the
translation Q—T,Q. First of all, we have

wi(t; 2, Q)

(2-9) h(2; TQ)==% 0.2 0)
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whence we get

(2-10) Hu(2; T.Q)=g(0, 0; T.Q)=g:(t, t; Q),
and
(2-11) Ha(A; TQ)=g:(0, 0; Qwi(t; 4, Quw=(t; 4, Q).

Here we have set wi(f)=(0*/0hw.(t; A, Q).
On the other hand, from o;,(d&; Q)=lim;,z0,:,(d&; Q, I), it is easily seen that

(2-12) g1.(dé; TzQ)zmﬁzlgoi(t; & Qpit; & Qoidé; Q),
and
(2-13) 02(d§; TLQ):iJZ;W(t; & Qpi(t; &, Q)ai(dE; Q).

2-2. A priori estimates of generalized eigenfunctions. Absence of
absolutely continuous spectrum.

LEMMA 1. Suppose S >110glx|u(dx)<<>0. Then for Pa.a. w, and o(-; w)-

x|
a.a. A= R, there exists a solution u(-) of H,u=2u such that for all ¢>0,

5:,9_5'“( lu() |2+ |ut(t) |22 dt< oo .

PROOF. In general, if A(4) is holomorphic on C., and has positive imaginary
part, then there exists a measure ¢(d€) and a constant 8=0 such that

Im h()=p Im“gll"éli—nzip

This ¢ is unique and is recovered from h(2) by

a(dé).

tim [t Ag+ie)d=o((, )+ oD +allh)

(See [12].)
From this fact and the results of the previous subsection, we get the
following two estimates:
oo 1 2
S_m—ﬂ-_g?(j, >} 7€ 0)g,(t; €, W)t € w))d(d&‘ ; @)
1

:S—m—l—rf? au(dé; Tww)

=Im g0, 0; T\w)
=180, 0; 0)| w7, o) w-(t; 4, w)l,
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and

"5 +52( 3 763 )it & )it € @)o(dé; )
~" e oulde; T
<ImHp(i; T:0)

=140, 0; o)l wi(t; 7, )| [wit; i, w)].

At this stage, we apply Theorem 1 for i=:. Then for P-a.a. o, there
exists a solution u(¢) of H,u=iu such that |u(?)|*+|u*(?)|? decays expontentially
fast. This solution is square integrable near +oco and hence coincides with
w+(t; i, w). The same thing can be said about w_(¢;7, ). Therefore we have

i g1t 4, @) w554, )] )<70)—70)=0,

and

nmilog(lwm i, o) w2t i, )] ) <76)—16)=0,

ttoo | 1]

for P-a.a. w. These, combined with the above two estimates, show that for
Pa.a. o,

o 1
S_m —s\t\dtS » 1+52 |: 2 T]k(E ﬂ)){@](t E; w)@k(t Er w)

Pi(t; & Wikt §, )} |o(de; <o,
for any ¢>0.
Now if we set

V0= 3 Tl )it § W)pa(x; €, @),

then vg(-) is a solution of H,u=Au for each t=R. From the positive semi-
definiteness of the matrix {r;,(¢; w)} and Schwarz’ inequality, it is easily seen
that

) 0 © 1 64-
-<|t! —-&lz O Y] .

S_me dtg_we dxs_w e ([ve,;(x)H— i 5 vf,z(x)')o(dé, w)< o,
for all ¢>0. Therefore for ¢(-; w)-a.a. & we can choose a t= R so that
= gmera( |y A

S_we : ‘(Ivz,e(x)l“r]%vc,e(x)l ) dx<eo,
for all e>0. This v¢¥e(-) satisfies the desired condition.

LEMMA 2. If Q)=8 is such that Q(t)-ct is non-decreasing for some c<= R,
then Hy is self-adjoint and for a(-; @)-a.a. A, there exists a solution of Hou=2Au
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such that

Sl“pr—liﬂ‘a“o u(@®*+| u+(f)12)dt<oa ,

for all a>1.

ProoF. We may suppose c¢==0. It is easy to see that for 2=0, ¢a(t; Q) is
not square integrable near +oo, hence H, is in the limit point case both at
+oo, whence follows the self-adjointness. It is also easy to see that the
spectrum of Hy, is contained in [0, o).

In order to prove the second half of the lemma, let us fix a A<0. A
simple comparison argument with Hy,=—d?/dt* show that g,(t, ¢; @) is bounded
in £. On the other hand, if dQ(#)=0, and 2<0, then g;(t, s; Q) itself has an
eigenfunction expansion (see [24]):

git, 55 Q= 1 3 7alE: Qpiti & Qpuls € Q)otds; Q).

Therefore for any a>1,

. -1 - 1
I eiz od8; Qe vbdt=| e i Q<.

Then by using the positive semi-definiteness of {r;;(&; @)} as before, we can

show that for (- ; Q)-a.a. &, there is x=R such that

o0 1
S_ww|vgx(t)|2dt<oo, for all a>1.

In the same manner as in [15] (Lemma 2.1.), one obtains from this,

NS T AN RPN LT
S-w T | ot vg:()] di<

as well. u(-)=vf () satisfies the desired condition.

If we combine Theorem 1 [resp. 2] with Lemma 1 [resp. 2], we get the
following result by virtue of a well known argument (see e.g. Pastur [29]).

PROPOSITION 3. Assume that one of the following two conditions holds for
our Lévy process {Q,(1)}:

(i) [aimiloglxludn<oo;
(i) Sm>,1og1x|p(dx)=oo, but v=3((—oo, 0))=0, and S:xy(dx)<0<>.

Then for P-a.a. w, H, has no absolutely continuous spectrum.
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2-3. Proof of Theorems 5, 6, and 7.

In this subsection, we prove our main theorems on localization, assuming
Theorems 1, 2, 3, and 4. In fact, it suffices to prove Theorem 5 only, because
in order to prove Theorem 6, we have only to replace the use of Theorem 1
and Lemma 1 by that of Theorem 3 and Lemma 2 respectively. We get
Theorem 7 if we further replace Theorem 3 by Theorem 4. No alternation is
necessary in the other parts of the proof.

Before proceeding to the proof of Theorem 5, let us quote some notions
and facts from the deterministic part of the theory of Carmona and Kotani.
For details, we refer the reader to [4], [16], and [17].

Suppose that Ho=—d?/dt*+Q’(¢) is in the limit point case both at +oo. If
we define for each §<[0, =),

Dh={ul w01} UED,y, and u(0)cos § —u*(0)sin =0},

and Hyv=(Hou)| -w,01 if v=0|(-,00=9}, then the operator H) with domain 9}
is self-adjoint in L*(—oo, 0]; d#). If {E%(A)}.cx is its corresponding resolution
of identity, then as in §2-1, for each finite interval 4=(@2, pJ, E%(4)
=E%(u)—E%) has a continuous kernel E4(4; x, ), x, y<0, which has the
following representation :

EY(4; x, y)ngoz(x; Qv ; Qo (dE; Q),

where ¢¥(x; Q)=sinfpe(x; Q)+cosfd:(x; Q). We shall call the measure
c%(d€; Q) the spectral measure of HY.
The following two facts are essential ([17], Proposition 2.5.):

@1 (a6]” rwo’dr; @=]" rdz, for any reCym);
(2-15) if g(da; Q) is the spectral measure of H, (see §2-1),
then
[ rwotaz; == im [a0]” w2t @102 @),
for each feCy(R), where U;,(t; Q) was introduced in §1-2, and
1=(Cos0):

We also use the following change of variable formula ([17], Lemma 2.4.): for
UeSi2; R) and §<[0, =), define a new angle ¢p<[0, n) by

Ub==|Ub|¢,
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and denote this by U-0=¢. Then

(2-16) SZf(U‘0)d0:S:f(0)IIU"’6||“2d0.

Now let us turn to the proof of Theorem 5. We divide our argument into
three cases each of which corresponds to conditions a), b), and c¢) respectively.

CASE a). Suppose v+0 and w(R)<co. Then Lévy’s canonical form of
{Q.()} takes the following form:

Qu(t)—Qu(3)=b(t— )+ (B ()~ Bu(s)+(Qu(t)— T uls)),

where
Qu=Quo=]"_xNu(s, 1xdn)

is a “step process”, i.e. has only finitely many jumps in a finite interval, and
is constant between jumps.
If we set

Qez{wEQ;osslzlgllbt—’rva(t)[ge, and §,()=0 for t<[0, 11},

then it is clear that P(£2.)>0 for any ¢>0. For each finite open interval I, we
choose an >0 so small that

Co=inf{|U:(1; )] ; 0<b<x, 2], w=R.}>0.

Further let us define
g=0[Q.()—Qu(s); t, s<0 or ¢, s=1].

G is the sub o¢-field of 9 generated by the random potential outside the interval
[0, 1]. We denote respectively by Pi(dw’) and ES[-] the conditional probability
and the conditional expectation given 4.

At this stage, we claim that for Pa.a. w2, the conditional expectation
taken on the set £, of the random measure ¢(dA; w) is absolutely continuous
on I, i.e.,

81 (w)e(dh; w)]LdA.

Indeed, if we set
01(t; @, 0):Ul(t; (0)'0 s

then for each non-negative f<C,, we have from (2-15) and (1-4),
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| fwoa; 0
=L tim [fao] r@ae; Twhat; o, OI7IU:; w81 -20%d1; w).
T t-400J0 I
Therefore by Fatou’s lemma,
Ef Lo @), 1Do(d2; o)

<~ 1im B&f10,@)[[a0 fQIU¢; Tl ', )]
XU 2(1; @)01-*0(d; o)
¢ lim [ 46( FQES 10, @)Us(t; T a1 o, 0)10%(d2; 0).

Note that ¢%(dd; @) and U,(¢; T\w') are G-measurable, and that 1g,(®’) and
0:(1; ' ; 8) are independent of ¢. Hence our claim will follow from (2-14) as
soon as we have shown

@-17) sup  E{[lo,@)U,(t; Tiw"8:(1; @, 6)]7*1< 0.

t20,2el,0s60<x

For this purpose, let
I={w=Q; §.(t)=0, for t=[0, 1]}.
Then 2.8, and it is easy to see that the process
{0t 0, 0); 0<t<1}

is a nice diffusion process on the circle R/xZ under the measure Pi(dw’|D)
(see [9]), and by a standard method, one shows that it has a transition density
pa(t; x, y) which is jointly continuous in (x, y, 2). Let C, be its bound as
(x, y, A) varies in [0, 7)*X[:

C,= sup_  piQ, x, y).

0z, y<x, el

Then we obtain from (2-16),
B&lLa@)Ux(t; T x(L; o', )17
< BLLLa@)Us(t; Tiw')a(1; o, )17
=C.(10st; Tl -a0
=zC,,

proving (2-17), and consequently our claim.
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Now let
A={(w, HYEQXR; U,(t; w) has Ljapounov behavior at +oo},

i.e. let A be the totality of the pair (w, ) for which there exist Vi(w) satisfying
the conclusion of Theorem 3. By examining the proof of Oseledec’s theorem
(see e.g. [19]), it is easily seen that A belongs to ¢X B(R), where B(R) is the
Borel field of R. The assertion of Theorem 1 is that for each AR, the set

AN={wel; (0, HEA}

has full probability measure. Hence by Fubini’s theorem, the set
Alw)y={1eR; (0, DA}

has full Lebesgue measure for P-a.a. w. Therefore from what has been proven

above, follows

E[lge(w)gllAc(w, Do(da; a))]

=E[| Lo ®EL 1 @)0(d4; 07]=0,

which shows that for P-a.a. w=8., d,(/\Aw)=0. But since P(2.)>0, the
ergodic argument in the Appendix of [17] shows that actually ¢,(/\A(w))=0
with probability one. Finally fix an  satisfying this and the conclusion of
Lemma 1. Then we must have Vi{w)=V3(w) for o(-; w)-a.a. i=l. Therefore
the solution of H,u=2Au whose initial condition “(u(0), ©*(0)) belongs to Vi(w)
=V7(w) satisfies

,‘EEZJ};T log[ | u(®) |2+ [u*()| 2] =—7(R).

In particular it belongs to L R; dt) and we have shown that ¢(-; w)-a.e. A</
is an eigenvalue of H,. Letting I} R, we finish the proof.

CASE b). Suppose v=y((—oo, 0))=0, and v((0, «o))<oo. In this case, without
loss of generality, we can assume that {Q,(t)} is a step process, i.e. is constant
between its jumps.. Then the spectrum X of H, is [0, o) almost surely. Set

(w)=inf{{>0; 4Q.(t)>0},

where 4Q.,(0)=Q,t)—Q.,(¢—). Then z(w)>0 almost surely.

Now let us fix an arbitrary finite open interval I such that inf/>0. Cor-
responding to 2., G, and 6,(¢; w, #) in the preceding case a), we introduce the
following objects:
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Q'={wcl; <=1} ;
@'=0[Qu(), 1=0; Qu(r(@)+1)—Qu(r(w), 120; 4Qu(r(w)];
Ow; O=U (v(w)—; 6)- 6.
Then noting that
U2t +1(@) ; @81=U(t; Tecwr(@)dU z(z(@) ; @)0i(w ; O)})|U 2(c(w)— ; @),

where
AU 3(7(w) ; @)=U ;(z(0) ; @)U :(z7(@)— ; @)™

- 1 0)
_(AQm(r(w)) 17
and that

Co=inf{{Us(z(w)— ; 0] ; 0<6<x, €], 0=2'} >0,

we get as in case a),
E§[La@)|, fDo(d2; )]

< 1im B [1o-@)[ a0] 10w a5 05w 001
XU a(r(w)— ; @)l *a’(d2; w’)]
<z im |'a6] FOEZTIW.@; 0@ ; 0110725 @),

where we have set
Wat; @)=U(t; T r»®)dU ;(v(0) ; ).

Note that this and ¢%(d1; w) are G’-measurable.

It remains only to prove that the random variable 85w’ ; §) has, under the
probability measure PJ (dw'), a distribution density which is uniformly bounded
in (6, A)<[0, m)x1. Indeed, if this is true, then in the same manner as in
case a), we will obtain

ES[o(dA; w')]<d2, on I,

and from this, the conclusion will follow.
Now 7(w) is independent from ¢’, and it obeys the exponential distribution

with parameter S=y((0, «))>0. Hence by the definition of @iw; §), we have
for any Borel function F=0,

EJTF(0w ; 0))]=‘BS:°F(U,1(T < wy)- 0)e~Fdr,

where w,(t)=0. By a direct calculation, we can show without difficulty that the
right-hand side is bounded by
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C,SZF(B)do,

C; being a constant which depends only on I. (The assumption infI>0 is
important in this respect.) Therefore the distribution density of 84w’; 8) is
uniformly bounded, as was claimed.

CASE ¢). Let v(dx)=v (dx)+v,(x)dx be the Lebesgue decomposition of the
Lévy measure v(dx), where we assume v, (x)#0, and let S be a Borel set of
zero Lebesgue measure which supports yy(dx). If we set

J=J@, M)={x€S5°; | x| >0, 0<uedx)= M},
then J has positive Lebesgue measure for & sufficiently small and M sufficiently
large. Fixing such ¢ and M, let us decompose {Q,(#)} as
Qu=0QL+Q3D, QuD=] #N.(O, xd).
Then {Q2(t)} is a step process. Let
e L7o() <To(@) S0< T (W) <o)< -+
be the points at which Q2(f) jumps, and set
8;=0[QL(t), tER; {Ta(0)}5=-; {4QUL(Tr(@D}rss], TEZ.

Then under the conditional probability Pli(dw"), only 4Q%(r ")) is random, and
its distribution is proportional to 1,(x)vs.(x)dx. Now let us define the mapping

Q;: 29 by
Qw(t)y for t<TJ((0)

Q.O—4Q.(rjw)), for t=z7jw),

i.e. @,(w) is obtained from w by removing its j-th jump. Then from the con-
struction of the Green function of H, and H.pj(,,,) (see §2-1), we see that

(W), t5w); ®)=—{—gi(tw), tw); D) —4Q.(r W)}
holds for A=C,. If we set
Lw)=&w)+in(@)=—gi(t{w), T 0); Do) ey,

then £ is a G;-measurable random variable. Therefore, with some constant M,

quj(t)z{

Edi[lm g;(r @), t5(0’); ®)]

églm(c(T;_—;>P(AQ§,(rj(w’)de)

© (@) _
éMS-m @ity S =Mm-
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Hence from (2-8),

Edilo,u(I ’ Trj(w’ @')]

=2t B[] 1m gvae @), 7@); )| M,

T eio
for any bounded open interval I, namely

Edilon(dA; Ty 0')]Kd2.
This implies, as in case a), that for Pa.a. w2,
(2-18) 01(A@)°; T j»w)=0, jEZ.

The proof will be finished if we have further shown that ¢(A(®); @)=0. To
this end, fix an @ for which (2-18) holds. Then from (2-12),

(2-19) | 2t 0pts 4, Wit 2, ) odi; 0)=0,

i =1
for t=t/w), j€Z. Let p:(A;w), k=1, 2, be the eigenvalue of the matrix
(r:5(4; @), K(Z; w) the orthogonal matrix which diagonalize (r;,), and set

W@ eoN_ .. ot 4, o)
(rer 2 a) =K@ 0 7 )

(2-19) means that for ¢(-; w)-a.a. A= A(w), one has
2
kzjll‘k(l; 0)f(tfw); A, @)=0, j=Z.

Then for such A, one and only one of the following two cases is possible:

(i) for every jeZ, FO)=Xt.p:(4; @) f1(t; 2, w) does not vanish identically on
(t®), 7j4:(@));

) F@®=0 on R.

For suppose (i) does not hold. Then F(#) vanishes identically on some open
interval. But f, is a solution of H,u=Au. Hence F(f) must vanish entirely
on R.

Now let 4(w) be the totality of eigenvalues of H,| [ejC0), 7j41 (0] with Dirichlet
boundary conditions. It is clear that if (i) holds, then 1€ A(w)="\;4(w). On
the other hand, if (ii) holds, it is also clear that p.(4, ®@)f:(t; 2, ), k=1, 2,
vanish for all #. In particular,

(25 0)f4(0; 4, @)=p(4, 0)fE0; 2, 0)=0, k=1,2,

and we get
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3 a4, 01 £2(0; 2, @2+ 1£0; 2, @)} a(dA; @)

SA(@)C\Aw) k=1

2

oy (725 0105 3, )05 4, @)
+¢70; 2, @)@ 0; 2, @}o(dd; @)
{t1u(d; @)+72(4, ©)}o(d1; @)

SA(w)C\A(m)
=0(Alw)\A(w); @)=0.

Thus we have proved that the spectral measure ¢(dA; w) is concentrated on
A(w)\JA(w). It should be noted that this already proves that H, has only point
spectrum because A(w) is at most countable, and because for ¢(- ; w)-a.a. 1€ A(w),
one can show the existence of exponentially decaying eigenfunctions as before.
However some additional probabilistic considerations show that we have actually
Alw)=@ for P-a.a. w. We will show in fact that 4,(w)N\Axw)=@ almost surely.

First note that 4 () is determined from {Q,(f)— Q.(z,;®)); iE[tw), Tjs:{w)]}.
Therefore /A,(w) and A,(w) are independent (set-valued) random variable because
of the strong Markov property of {Q,(#)}. Hence it suffices to show PAc 4,(w))
=0 for each fixed 2. Now let 0<s,(w)<s,(w)< --- be the positive zero’s of the
solution of H,u=2u, u(0)=0. Then 2 A,(w) if and only if s4(T¢,®)=7:(T,>®)
for some n=1. On the other hand, s.(w)=7,(®) is equivalent to s,(@)=s,T (®))
=7,(w), where we define ¥'(w) by Quy,()=QL(#). From the statistical independ-
ence of {QL®)} and {Q%())}, we see that s,¥(w)) and 7,(w) are independent.
Since 7,(w) has a continuous distribution, we finally obtain

PREA@)E 3 P(50(T c,r0) =TT, o))

Il

3 P(sa@)=1,(@))

< 3 Plsn@@)=r.@)=0,

completing the proof.

§3. Proof of Theorem 1.

Except the assertion 7(2)>0, the theorem follows from the well known
theorem of Oseledec (see e.g. [19] and [28]) as soon as the condition

(3-1) E| sup log|Us(t; o)l | <oo

is verified for some 7'>0. But if {e, ¢,} is the standard basis of C?,
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WI=lUel+|Uesl,

so that in order to prove (3-1), it suffices to prove
(3-2) E] sup loglUs(t; vl | <eo

for each fixed v=%a, B)=C?, |ai’+]|8|*=1

Now let u(¢) be the solution of H,u=2u, u(0)=a, u*(0)=p. Then we have
U225 @w)P=|u@)|?*+u*@®)]% On the other hand, Lévy’s canonical form can
be rewritten as (see [11])

Quty=ct+vBu+| _xNu(©, Oxdx+(| | xludsdx),

fxis

for each 0>0. Here we have set c,;:b—g Ba(x)u(dx). Then for each fixed
| X4 2>

a and B, the random equation H,u=2u, u(0)=a, u*(0)=p can be considered as
the following pair of stochastic integral equation:

u(t):a+S:u+(s)dS
u+(t):ﬂ—i—(c,;—-R)S:u(s)ds—i-vS:u(s)d B.(s)

+S:+Sl I,>5x“(5)Nw(dsdx)+S:+Sl . <69611(3)]\7(,,(dsdJc) .

Hence from the generalized Ito’s formula ([11], Chapter I, §5), we obtain

(3-3) log(fu®]*+ | u*(®)1)={ p(z(s)ds+M®+S0),
where we set
(3-4) zZO=u*t)/u)eCU{wo},
(3-5) p@=21 4R 2 AR AR

L 1—(R§j2|;|-l(21m 2

T B,
(3-6) Mo=2| +‘|’ z((s))lz d By (s)

+5H5m.<a P dsdn),
3-7) SU)ZSTS 1+(x+Rle:(]s2;))2;lrz(ImZ(3)) }N(dsdx).
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For each 6>>0, it is easily seen that p(z) is a bounded continuous function
on CU{c}, and that {M(@)} is a square integrable martingale with right
continuous paths. Therefore

(3-8) E[ sup | {7 ptatonds| |TIp1u< o0,
and
3-9) E[ossl#gpr | M(2)] ] <0

by martingale inequality.
On the other hand, it is elementary to show

1+(x+Rez)*+(Imz)*
11°g{ I+z|?

sup } =3 1081 +12D),

2&C {0}

so that

(3-10) E[nzl}spT Ro) ] gE[S:"& B log(l+1x] )N(dsdx)]

=3TS log(l+1x(dx)<es,

1xl
from the assumption.
Combining (3-8), (3-9), and (3-10) with (3-3), we arrive at (3-2).
It remains to prove 7(1)>>0. Having established the almost sure existence
of the limit, it suffices to let t—oco through some discrete set, namely it suffices
to prove that for some a>0, we have

lirn—rll—logHU,z(na ;owl] >0, a.s.

for each v=C?\{0}. But U;(na; w) is a product of independent random matrices ;
Uina; ®)=U;(a; T -0V 1(a; T -paw) - Uila; w).

Hence it suffices to verify that for some a>0, U,(a; w) satisfies the condition
of the following Furstenberg’s theorem:

Furstenberg’s theorem—two dimensional version ([1] Part A, Chapter I,
Theorem 3.6, Theorem 4.1, and Proposition 4.3.)

Let {Ya}ns1 be a sequence of independent, identically distributed random
variables in SI(2, C), and let u(dY) be their distribution. Further, let G, be
the closed subgroup of Si(2, C) generated by the topological support of p. If
¢ and G, satisfy the following three conditions ;

(i) E*[loglY f1<oo;
(ii) G, is not compact;
(iii) for any x€P(C?, {M-%; M=G,} contains at least three different points,
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then for each veC?\{0},

lim%log]\YnY,,_l---Y1v|]>0, a.s.

Here the definitions of the notation in (iii) are the following: We identify
two elements x, y of C?\{0} if x=2y for some A=C. This defines an equiva-
lence relation ~ in C%\{0}. We set P(C?»)=[C*\{0}]/~. The equivalence class
to which x=C?\{0} belongs is denoted by X, and we define M-z=Mx for
MeSi2, C).

Now for each >0 and AcC, set Y,=U,(a; T n-vaw), and let p;(a) be
the distribution of Y, in Si(2, C). We have already seen that E[log|Y,[]<e
holds for all ¢>0 and 2. Let us show that for each fixed A=, we can
find an a>0 such that Gu . satisfies the conditions (ii) and (iii).

Verification of (ii). First consider the case A>infJ, which is the most
important.

Let Supp(P) be the topological support of the probability measure P on £.
As we already noted, 2={wsD(R—R); w(0)=0} is endowed with the Skorohod
topology. In order that condition (ii) holds for a given a>0, it is sufficient
that there exists an w,=Supp(P) satisfying the following two conditions:

(1) (@) is continuous both at =0 and t=a;

(2) |trUzx(a; @o)| >2.

Indeed (1) implies that the correspondence w—U ;(a; ) is continuous at w=w,
(see [25], Lemma 2). Hence U;(a; w,) belongs to Supp(g;(a)). On the other
hand, (2) implies that [|U;(a;@)"|—o as n—oo, so that Gg, ., cannot be
compact (see the argument of Matsuda and Ishii [23], p. 67).

In order to show the existence of such w,, we divide our argument into
four cases.

CasE 1. v=y((—o0, 0))=0, and S:xu(dx)<oo in the Lévy’s canonical form,
in which case we may assume that {Q,(t)} is of the following form:
Qui={ £ N, f1xdx).
Then 2'=[0, o) and we consider only 2>0. Fix an a=(0, «)"\Supp(y), and set
wsH)=als =),

for each 8>0. Then ws=Supp(P), and an elementary calculation gives

(3-10) gB=trU(8; 0p)=2cos(v TB)+ rsin(v T B);
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in particular g(0)=2, g'(0)=a>0. Hence for a sufficiently small B>0,
trUa(B8; wg)>2. Since t—trlU;(t; wg) is right-continuous, trU;(a; @s)>2 still
holds for a>B which is sufficiently close to 8. These ws and ¢ satisfy the

desired conditions.
In the next three cases, we have ¥=(—oo, ), so that we shall consider

an arbitrarily fixed 1>0.
1
CASE 2. v=y((—o0, 0))=0, but Soxv(dx):—{-oo. In this case, if we rewrite
Lévy’s canonical form as

Qm<z):c,7t+5°;x1vm<<o, 1% d2)+QuD),
where
c”:b—S:a(x)v(dx),

then ¢, | — (3 1 0) from the assumption. Choose 7>0 so small that ey <A
and (5, ))>0, and fix an a<(y, )N\Supp(v). If we set for each >0,

wst)=cyt+alig ),

then as in [25], one shows wsz=Supp(P). The rest is the same as in case 1.

CaSE 3. v=0. In this case, o,({)=7t belongs to Supp(P) for any y<R. It
suffices to take >4, because then we have

trU;(a; 0,)=2cosh(v7T—2ia)>2,
for all a>0.

CASE 4. v=0 and p((—o0, 0))>0. As in [25], it can be shown that there
exists a p=R and an a<0 such that wy, defined by

ws(O)=pt+alcs =),

belongs to Supp(P) for any $>0. We shall assume p=0 for simplicity.
Consider first the case 2>0. Then g(B)=trU.(B; ws) is given by (3-10)
with a<0. Then gQ2zx/vA)=2, and g'(2x/+ 2)=a<0. Hence we have
g(B)>2 for f<2x/+/ 2 sufficiently close to 2n/+/X. As before, we choose an
a=(B, 2r/+/2) sufficiently close to B, to obtain trU;(a; ws)>2.
Secondly let A&(—o0, —a?/4)\J(—a?/4, 0]. Then

g(B)=trU (B ; ws)=2 cosh(B/12])+a/~/A[sinh(BV/A]).

In this case, we have limg...|g(8)|=+co, so that we have to choose a SB>0
sufficiently large and then an a>>f sufficiently close to f.
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Finally in case A=—a?/4, we consider w;,,, defined by

s, (O)={1p O+ 1ger =B}
with 8, 7>0. Then

trU%a/,(B+7 ; wp,)=(cosh b—2 sinh b)(cosh ¢—2 sinh ¢)—sinh b sinh ¢,
where b=|a|B/2, c=|alr/2. Let B>0 be such that cosh 8—2sinh §=0. Then

lim trU;(B+7; ws,,)=lim(—sinh b sinh¢)=—o0 ,
700 700

so that it suffices to pick a sufficiently large 7>0 and an a>f+7 which is
sufficiently close to B+7.

Now that we have verified condition (ii) in the case A>>inf &', let us consider
the case A=C\R or A<inf2. TFor this, it suffices to show that for P-a.a. o,
there exists a solution u(t) of H,u=A2u such that

(3-11) ﬁ(iu(m)lzﬂu*(na)lz):—kw.

Indeed, since we have
u(na)\_ u(0)
(u’“(na)>—_Y”Y"'1 Yl(u*(O))’
(3-11) implies that Y ,Y ,_, - Y1 &Gp, ey, n=1, 2, --- are not bounded as n—oo,
contradicting the compactness of Gy ca>-
Now suppose AcC\R, and a>0. For Pa.a. w, H, is in the limit point
case at +o. Hence there is a solution u of H,u=Au such that

Sjlu(z)|2dt:+oo.

But from the Green’s formula (§ 2-1),
(i Iml)S:alu(t)lzdt:[u, 7l(na)—[u, #)(0),
so that {(u(na), ut(na))}.», cannot be bounded.

If AZinf Y =c¢, then H,=-—d?/dt*+c, and by a simple comparison argument,
we can show that for the solution ¢ of H,u=Au with ¢(0)=0, ¢*(0)=1,
{¢(na)} nzo is unbounded for any a>0.

Let us pass to the verification of the condition (iii). In fact, we will prove
that for all a>0, 2&C, and = P(C?, {M-%; McSupp(u:(a))} already contains
more than two points. To this end, we will find, each time we fix a, 4, and
X, three elements w;,, w,, and w, of Supp(P) of which t=0 and ¢t=a are
continuity points, and such that U,(a; w,)-%, j=1, 2, 3 are different from each
other.
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But if x=%a, B), Ui(t;w)x="u,t), uj), and if we set z=pB/a and
2:(t; w;, 2)=uf(®)/u(t), then it is clear that the last condition is equivalent to
saying that z:(a; @;, z), j=1, 2, 3 are different from each other.

In order to show the existence of such w;’s, we divide our argument into
two cases. First fix a>0, 2€C, and zeC\U{}.

Case 1. v+#0, Let us define w,,-,5 by

0 ; ISt
O )= 7t—1); t<i<t+9,
70 ;THIst

where 7, >0 and 7+d<a. Clearly @, .;Supp(P). First choose a (0, a)
such that £=z:(r; w,,-.5 2)# . This choice does not depend on d and 7. At
this stage, we note that z;(¢; , z) satisfies the equation

(3-12) ) =2(5)+Qul)— Qu(s)— | 120 )do

provided z;(¢; w, 2)+ o for all ¢<[s, t] (see §4-1). Hence
14
23(t; @pe, D=CATU—D) = (2422053 000, 2P},

for t=7 sufficiently close to z. By differentiating this with respect to 7, we
can show without difficulty that for each compact interval I', there is a
0<(0, a—r) such that

0
a—TZz(rth;wr,f,a, 2)#0,

for all (7, )=I'X[0, 8]. In particular z;(r+0; @, . 2) takes various values as
we vary y=I". Finally, if we note that z—z;({; @, 2) is a bijection from C\U{co}
onto itself for any =0 and w2, we see that

22(a; @,z 2)=2:(a—T—08; Teri0y, 2,5, 22(T+0; 0p.0,0, 2))
takes different values as one varies y</I'. It suffices to choose suitable three

values of 7.

CaSE 2. v=0. In this case, we choose a p=R and an a<Supp()\{0} so
that for every sequence S={g;}}; with 0<a,< -+ <ay,,

s ptta 3 oo, ol

belongs to Supp(P). Again we may assume pg=0. First let S$;=@ so
that ws,(1)=0. Choose a ¢&(0, a) such that {=zi(o;ws, 2)#oo. Let



Exponential and Super-Exponential Localizations 253

K={zeC; |z—{|£3la|}. Then it is easy to see that one can choose a
8€(0, a—o) such that for any zeK, z;(¢; ws,, z) remains in the disk of radius
|a|/6 centered at z for t[0, 8]. If S,={g}, Ss={o, '}, 6<a’'<o+J, then
from (3-12) (note that 4z()=4Q,(t) when z(f)# o),

22(0 3 ws,, 2)=22(0— ; Ws,, 2)+a={+a,
2:(0"; ws,, 2)=22(0'— ; ws,, 2)=a
=z(¢'—0; ws,, {H+a)ta,
and consequently it follows that
|22(0+8; ws,, 2)—22(0+38; ws,, 2)| = al/3, for i#j.

Therefore z:(a; ws;, 2), j=1, 2, 3 take different values as well. The proof of
Theorem 1 is now complete.

§4. Proof of Theorem 2.
4-1. Outline.

Our problem is to show, under the condition S >llog|xlv(dx)=oo and
1zl

A>inf X, that the solution u(?) of Hu=2u, u(0)=a, u*(0)=4, (a*+F7=1) grows
up faster than exponentially, i.e. that

@D lim 1 log (8 +*(1)
—hrn 1 {S ;b(z(s))ds-}—M(t)—l—S(t)} a.s.

(see (3-2)). Since everything is real-valued in this case, p, M, and S above
take the following forms:

(4-2) )=ur®/uOER=RU{o};
«-3) e e

+], flos T - e
(4-4) M(t)=2vS:T£(ZST)S>7dB(s)

T Y s

and
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(4-5) S(z)=S:+SI mﬁlog{l—*l(f_—;”(—‘:(j—;—l}N(dsdx).

As we noted in §3, for any 0>0, p(z) is bounded continuous on R, and
{M(?)} is a square integrable martingale. In fact, it can be shown at the same
time that

(4-6) E[M(t)1=0@), as t—oo.

Therefore we have, first of all,

@ Iim | pa(s)ds | S [ pll-<eo,

and next, from (4-6) and Lemma 1.2 of [15],

lim— M(t) 0, a.s.

t—oo

Thus, the sole thing which is not trivial is to prove that for some suitable
choice of >0,

(4-8) %im%S(t):—i—oo , a.s.

We do this by analysing in detail the asymptotic behavior of the process {z(t)}
defined by (4-2) and the Markov chain associated to it.
First suppose that u(r)#0 for 7<[s, t]. Then from (1-1), it is easily seen

that
d* r u*(z) *(z)
O ew)=—(5) -2

In other words z(¢) satisfies

(4-9) 2t~ 2()=Qud)— Q)| a-2er)dr,

provided z(r)# o for r<[s, t]. In particular, 4z(t)=4Q.(t) whenever z(f)#co.
Moreover it is clear from (1-1) that u*(¥)=u*(—) whenever u(t)=0. Hence
2()=z(t—)=co whenever z(f)=co.

Keeping these in mind, we proceed as follows. Let us define a sequence of
random variables ¢,(0)=0<¢c,(0)<0o{w)< -+ by

Oon(@)=inf{t>a.(@); 14Q.(1)| >8}, nz0,
and set
S-(z‘)=02ﬂ10g(l+z(an—)2) s

S+{t)=_3 log(l+2(a,)"),
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with the convention that log(l4o?)=0. Then from (4-5) and z(¢,)=z(¢,—)
+4Q,(g,), we have the decomposition

SH=S.()—S_(@).

Hence it is sufficient to show that

lim%s_(t)<oo , a.s.,

and 1im % Si(t)y=4o00, a.s.

Our plan is the following.

In §4-2, we prove that
1) {z(®)} is a strong Markov process, and if A>inf2, it has an invariant
distribution #(dz);
2) {z(t)} satisfies the individual ergodic theorem, i.e. for any bounded Borel
function f on R, and for any starting point z=z(0), one has

lim -1—5‘ f(z(s))dszg_ f(@rdz), a.s.
t-oo [ Jo R
In particular, (4-7) can be strengthened so that

}iril%Sip(z(s))dszgﬁp(z)n(dz), as.

In the next §4-3, we prove the following;
3) if we set {a, gu)=(2(0,—), 4Q(a,)), then it is a Markov chain in RXR;,
where R;=R\[—9, §];
4) if 2>inf 2, then {({s, ¢»)} has an invariant distribution p(dfdg). Moreover,
the individual ergodic theorem holds as follows: for any Borel function
0<F(, ¢)<o on RXR; and for any starting point (, ¢),
tim= 31 FC, )=, FC omdtda), s

n—oo N j=

5) p is a product measure: u(dldg)=m(d{)v(dg).
Concerning this m(d{), we prove in §4-4, that for a suitable choice of §>0,

6 [ 121m@t<es for any 0<p<,

in particular

| Jog(1+zm(dp<oo.
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From (1)-(6), (4-8) can be deduced without difficulty. Indeed, if we set
n(t)=max{n; ¢.<t},
then noting that ¢,—a,-,, n=1, are i.i.d. which obey the exponential distri-

bution with parameter v(R;) >0, we see that

lim —= n(t) =lim{— 2 (05— O'j—x))_leEC"x]'l:V(Rﬁ)'

L0 t—oo

Therefore from 4) and 6),

lim S ()=lim n ™0 b) log(1-+2(a,~))
n(t)

=lim ———llm 2 log(1+L5)

Lo

=u(R5)Sklog(l+(2)m(dC)< oo, a.s.

On the other hand, we have from the assumption,

fim— S+(t)——1 My 1 210g(1+z(a,)2)
t—co t (t)
—lim ™2 "(’) lxm z: log(14+C;+4,))

oo

=u<R5>jESREIog<1+<c+q>2>»<dq>m<dc>

=--oc0, a.s.,

and this completes the proof of Theorem 2.
In fact, the assertions 1)-6) (hence Theorem 2 as well) seem to hold without
the assumption A>inf X, but we did not investigate this because it is not neces-

sary for our final purpose. We also remark that the conditiong >xloglxly(dx)
1zl

=400 is not used until the very last step of the proof.

4-2. Analysis of {z(1)}.

To begin with, let us fix our basic notation. On our probability space
(2, ¢, P), define the increasing family {F:};»0 of sub o-fields of & by
F,=0[Q.(s); —co<s=t]. It is well known that if 0=r(w)<eo is an {F+}-
stopping time, where F..=\e>:F,, then the process {@r, ,u(t); t=0} has the
same distribution as {Q.(); t=0}, and is independent from . This is the
strong Markov property of Lévy processes. (See e.g. [2].) Note that T.
does not preserve the measure P itself in general. We set W=RxQ, its
element being denoted by w=(z, w), and B=BR)XF, B, =B(R)XFs. For
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Ya, B)=R*\{0} and for the solution u(t) of H,u=2iu, u(0)=a, u*(0)=4, set
zZ)=u*@)/u@t)csR. =z(t) is determined from z=a/f and {Q.(s); s<t}, hence
{z()}ezo is a stochastic process on (W, B) adapted to {B,}. We shall also
write z(t; w) (=z(t;z, ), zi(f), or z;(t;w) whenever it is necessary to
emphasize the dependence of z(¢) on each of its variables. For w=(z, o)W

and for t=0, we define ﬁtw:(z(t;z, ®), Ttw)eW. Finally, note that from

(1-4), we have z(i+s ; z, 0)=2(t ; 2(s ; @), T ) for ¢, s=0, i.e. z(t+s; w)=z(t; 6;w).

PROPOSITION 4. Let P,(dw)=0,XP. Then the triple (z(t; w), { Bi}iso, {Pz}zeg)

is a strong Markov process in the following sense:

a) z(t;-) is B,-measurable for each t1=0;

b) for any BE B(R), z—P,(z(t; w)EB) is B(R)-measurable;

¢) Puz(0; w)=2)=1;

d) let (w) be a finite {B,}-stopping time, f(w) be bounded and B.-measurable,
and g(z) be bounded and Borel on R, then

E.[fw)gz(t; :w)]=E.Lf(W)E cccwy wg2EN]].

PROOF. Obvious from the construction and the strong Markov property of
the Lévy process {Q.(®)}.

REMARK. Let r(w)=1(z, ®)=0 be such that z(z, -) is an {F..}-stopping time
for each zeR. If z(z, w) is, as a function of z& R=(—oo, + ], non-decreasing
[resp. non-increasing] and left-continuous [resp. right-continuous], then z(w) is
a {8,}-stopping time. Indeed, if we define

400
Ta(2, w):jg_}mltjln.(j+1)ln)(z)7(]-/n; 0)+F 1 (2)7(0, @),

[resp. Ta(2, @)= 0 lijin, i mi@)e((G+1)/ 1, ©)+1e(2)t(e0, w)], then z,’s are
{®,}-stopping times and 7,(w)} (w) as n—co.

Now let us define
T(w)=14(w)=0,
Tan(W)=thn(w)=inf{t>7,(w); z:(t; w)=c0}, n=0.
Then since 7.’s are zero’s of the solution of H,u=2Au, we have 7,<7,+; and

2(t.(w); w)=z(t.(w)— ; w)=oc whenever 7,(w)< oo.

LEMMA 3. For each z€R, t,(z, -)'s are {F.}-stopping times. For each o,
T.(2, @) is non-decreasing and continuous as a function of zE(—oo, 0]. In
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particular, v,(w)'s are {B.}-stopping times. Finally, if A>p and if r45w)<co,
then tiw)<ti(w).

Proor. The first assertion is obvious. The monotonicity and continuity in
z, as well as the monotonicity in A can be shown in the same way as in
Kotani [14] (Proposition 1.5 and Proposition 1.3).

LEMMA 4. Assume A>infX. Then for each zER, we have ti(z, w)<oo for
Pa.a. w. Moreover, we have E[ti(z, w)*]<oo, for all k>0.

Proor. Consider the eigenvalue problem (2-3)-(2-4) with I=I,=[—I, [],
B=0, and cota=z. Since H, is self-adjoint almost surely, we have for P-a.a. @.
0(dé; o, [N=(011+0u)dE; 0, ) —> 0(d§; o),

vaguely as [—oo, and
Supp(a(-; w)=2.
In particular, for A>inf 2,
p_mo((—w, D0, [)=0(—o0, A);)>0, a.s.
Hence

lim P(i(@; )< DZP(lim {0l (; [)<1})=1,

or what is the same, for any ¢>0, we can choose [ so large that
PQy(w; IN<H=1~e.
Next, consider the eigenvalue problem on the interval [;=[0, 2/] with the

same boundary conditions as above. Then by the stationarity of the random
potential Q(f), we still have

P(w; J0<Hzl—e

with the same choice of 2, &, and /. On the other hand, if A,(w; J,)<<4, then
from Lemma 3,

Hz; @)<t, 1@ 0(z; w)=2].
Therefore for any >0, one has
P(zi(z; 0)<2D)=1—¢,

for [ large enough. Letting ¢} 0, we arrive at the first assertion of the lemma.
Now from the monotonicity of 7,(z; @) in z, there exists a T >0 such that

0= p=sup.cr Pti(z; @) >T)=P(r,( ; 0)>T)<1.
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Using the Markov property of {z(¢)}, we can show inductively that
P(ry(0; @)>nT)<p", for all n=1,

whence follows the second assertion of the lemma.

PROPOSITION 5. Assume A>inf 3. For any bounded Borel function f on R
and any z<R,

hm Sf(z(s w))dsw-S f(@)n(dz), P,almost surely.

Here, n(dz) is the unique invariant distribution of {z()}, which is given by
(4-10) [ @tdar=pps B[ [ rtanar].

Proor. By Lemma 4, we see that the right-hand side of (4-10) defines a
probability measure on R. For a bounded Borel function f, set

(W)
@, w)y={"" featt; wyat.
Then since 7,4, (w)=1,(w)+7,(6.,w), n=0, one has

S’““("” Flat; w)dt=0 (6., w).

Tplw)
Since z(r,)=co, from the strong Markov property of {z(¢)}, it follows that
@s(0.,w), n=1, are i.i.d., and that

E[D:(0.,w)]=EuLP(w)].

In particular, 7,+,(w)—7,(w)=@.(0, w), n=1, are i.i.d.. Hence from the law

of large numbers, we have

Tn

hm Sf(z(s w))ds—hm Z(D,(r,w)

“n()n

sy B rewar],

Having shown such an individual ergodic theorem, it is now easy to see by

as desired.

general considerations that the probability measure n(dz) is the unique invariant
distribution of the Markov process {z(¢)}.

4-3. Analysis of {({{,, ¢.)}-

For w=(z, @)W, set {u(w)=2(d.(®)—; w), ¢.(W)=4Q.(0.(@)), n=1, 2, ---,
where o,(w)’s were defined in §4-1. (We do not define L, (w) and g.(w).)
Since ¢,’s are {F,}-stopping times which do not depend on z, they are also
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{ %,}-stopping times. Set

IE, q; AXB)=PZ.({+q, ®)EA, (@) B)
=P (z(0:—)EA, 4Q(0)EDB),

for Ac B(B) and Be 3(R;). Finally set 8,=3,,.

PROPOSITION 6. {(n, gu)}nzo 1S @ Markov chain in the sense that for any
bounded Borel function F(C, q) on RXR; and for each zeR,

(4-11)  E.[FCusy, qn+1)‘$n](w):S RBIT(C,,(w), gn(w); dld)F, q), Pi-a.s..

Bx
The transition probability /7 is given in the following manner:
(¢-12) 11¢, ¢; Ax By=({ dte>#0 PIC+q; ) x(B),

where (i) A€ 8(R), B€ B(R;); (i) {Q3(1)} is the Lévy process obtained from
{Q.()} by removing all of its jumps such that 14Q )| >0 (i) {2%(; 2, w)} is
the Markov process constructed from {Q%()} in the same way as {z({; z, w)};
and (iv) Pi(z; A)=P(¢; 2z, w)€ A).

PROOF. (4-11) follows from Proposition 5. Let us verify (4-12). From the
definition of 2%(¢), it is clear that
20 (0); 2, w)=2(0,(0)—; 2, ®).

On the other hand, (¢,(®), 4Q.(¢.(®)) is independent from {Q%(®)}, and hence
from {Z°(t; z, w)}. Moreover, as is well known,

P(o,(w)edt, 4Q (o (@)Edg)=e > FOdtu(dg).
Therefore by the definition of I7,
II¢, g: AXB)=P(0,(w); {+q, o)A, 4Q.(0.(w)cB)

= SBS‘:P@@; L4q, @ A)Po(@Edt, 4Q,(0.(@)=dg)
:(S?dte-:uma)P‘?(C-l-q ; A))Xy(B).

PROPOSITION 7. Suppose A>inf 3, then the transition probability II has a
unique invariant distribution p(dCdq). For any Borel function 0= F(C, g)<oo and
for any z&R,

tim L $ Fc ), g={ | FC oudzde), Pras.
Jj=1 xRy

N—+00 R
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The measure p is a product measure:
(4-13) pdldg)=m(dOw(dyg),

where m satisfies

19 mde)=] (a2 e[ dte O PAC +4' 0.

Proor. Since ¢,— and 7,— (n—oc), P,-almost surely, we can define
an integer valued function J(n, w), n=1, so that ¢,&[t;), Trmr+1). Clearly
J(n)—oo as n—oo,

If we set

Vw)=¥(z, 0)= X  F(zloiw)—; w), 4Q.(0: (),

1iog(@)<r(w)

then

@15 =BG, g)=r H T i+~ 8 Flelom), Q0.

J=1 n 1§n,aier(n)

As in Proposition 5, we see that ¥(f.,w), n=1, are i.i.d. with E.[¥(6.,w)]
=E.[¥(w)], and the last term on the right-hand side of (4-15) is bounded by
W(0,J(n)w)/n. Hence by the law of large numbers,

Gn Tymy J(n) 1 I

}11_{2 ZF(CI’ qj)“hm n Oan Tim J(n) JE ¥(b:,;.,w)
E["'l] E.[¥]
EEG'J
E[t:] [ 2 F(z!o‘r—), AQ(GI))] P-a.s..

The right-hand side defines a measure p(dfdg) on RX R;, and it is a probability
measure as one sees on setting F=1 on the left-hand side. It is clear that this
2 is the unique invariant measure of our Markov chain. In particular, we have

wAXB)=(|udCdplIC, ¢; AXB)

=({[dzda [ ate-t<mo Pig+q; 3)uim)

by (4-12), whence follows (4-13) and (4-14).
Finally we remark that from (4-14) and

S?LN,(ZW; w)dt=0, P,a.s..

it follows m({oo})=0.
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4-4, The moment condition for m(d{).

For 6>0, set Hi=—d?/dt*-+Q%(#), and let 2° be the spectrum of (P-almost
all) H. In this subsection, we choose and fix a >0 so that 3°=23. This is
possible: When v=0 and y((—oo, 0))>>0, we shall take a 6>0 (possibly large)
so that »([—3, 0))>0, and in all the other cases, §>0 may be chosen arbitrarily.
(See Proposition 2.) In any case, we have a=y(R;)>0, because we are assuming

S log | x| v(dx)=+co.
1z1>1
PROPOSITION 8. If we chose 6>0 as above, and if A>infl2, then

| Jeitman<es, for any 0<p<1.

PROOF. Define z8(w)=0, and 7o, (w)=inf{t>73(w); 2°(¢; w)=oo} for n=0.
From the assumption and the choice of 6>0, we have A>inf3% and hence
2 (w)< oo, a.s. by Lemma 4. It suffices for our purpose to prove

rs(w)
]ESUpE,Uol ]z"(t;w)l'gdt]<oo,

2€R
for each f=(0, 1). Indeed if this is the case, then using the strong Markov
property of {2°(%)},

[ate-={ Pig+g; atnic®
=Ee| | -1t
= 5 Beu| :§L+le'“‘lz‘5(t)l’9dt]
= 5 B ’T‘”’"w’e—arwe-w;zéa; 05w)1%d1]
:an[g:?e-w 2012 +( 2 Em[e-af%ﬂ)&[ﬁse-w |20)1Pdt]

ad )
<1 g e,
But z-%(w):E}?;(,’Tf(ﬁ,?w), and pEE.,,[e‘“Tf]<1, so that we have
Eygle*]=Er le-*11pm <o

Therefore from (4-14),
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[ le1man={ maf sag)| ate-|Picra; a1
<m(RWR)J(1+ 2, pr )< oo

Let us fix a<0<b. a and b will be suitably chosen in the sequel, but for
the moment we assume 0<|a|Ab. Then to prove J<oo, it is sufficient to
prove the following inequalities:

— Tay s P .
Jl_asgngz[jo 1 2(0)] dt]<oo,

Tﬂ
Ji=sup Ez[§0‘|zﬁ<t>|ﬂdt]<oo ;
and

h=sup B 12010t <e,

where we have set
orw)=inf {t>0; 2°(¢; w)<{}.

Indeed if we note that ¢(z, @)<7i(z, w) for any {<z, and that {—d<2%(g;)<(,
then for a<z<b,

R A E I Nt P RN | By S
for z>b,

EZ[S:?Iza(t)lﬁdt]zE,U? |2°(8)] ﬂdt]+Ez[Eza<ab>B:a 12°(0)] ﬂdt]]

+Ez|:Ez‘3(ﬂ'a)[S:§| 22(t)| ﬁdtﬂ <Ltjit].
and finally
Ew[s:(z |28)| /’dt]:gm EmD d | 20)] ﬁdt]
= 5o)o
=lim Em[Eza(q@[flzﬁ(tnﬂdt]]gfaﬂlﬂz-

Therefore J<max{J,, /i+ ]z, Jit+JotJs} <oo.
Now let us proceed to the proof of J,<co, k=1, 2, 3.

PROOF OF Ji<<oo. For notational convenience, we assume <1 in the fol-
lowing. Define
s(w)=inf {t>0; 2°(¢; w)>L}.
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Then we have

(4-16) E, ”a]z5(t)|ﬂdt =FE, "alza(t)lﬁdt; 0o St
0 0
+ é E,U:ulzé(mﬁdt; S,+L<ga<sz+lﬂ]
é(a—éss“}tgbq.llxlﬁ)Ez[o‘a; Ua<Sz+l]

+ li}:l (s Izl P)EL00; 51 <Oa<Serinl.
But we have
E[00; 5:01<0a<S:s11 ] S(ELOE DA (Pulse1<Oa<54141)'""
by Schwarz’s inequality, and
E[o21<E (e 1S El(#)]< 0,
Elos; 0.<sm]SEulr}]<oo
by Lemma 4. Hence if we have shown that for some 0<r«l,
(4-17) Pys:41<0a<Ssr1e) S P(s,uSt)=rt, all 120,

then the series on the right-hand side of (4-16) converges uniformly in z&(a, b],
and J;<oo follows from this. On the other hand, (4-17) is a simple consequence
of the following

LEMMA 5. Sup,erPo(s.+: <)<, for any k>0.

ProOF. Let P% be the distribution of {Q%()} in £. We will find an
w,=Supp(P? such that for some neighborhood U of o,

(4-18) s.2(z, ©)>7i(z, ©)

holds for all zeR and wU. Then
in£Pz(Sz+k(W)>T?('W))gPB(U)>0,
2E.

which is equivalent to the assertion of the lemma.
We divide our argument into four cases.

CASE 1. Lévy’s canonical form reduces to
(]
QU= ¥V, 11xd),

and 1>0. In this case, we choose w,(f)=0. Since z2(H=2%t; z, w,) satisfies
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z(t):z——SZ(l+z(s))2ds,

z(#) is monotone decreasing in (<T=ti(c0, w))<oo. Let 0<e<k, and U=
{we; o) —w,()| <¢, for 0<t<T}. A simple comparison argument shows
that for wcU and z& R, one has 2%(¢; z, w)<z(t; z+¢, w,) for t<7i(z ‘w). Hence
(4-18) holds for all zeR and w<sU.

CASE 2. v#0 and AR is arbitrary. In this case, it suffices to take
w(t)=rt, with y<<A. The rest is the same as in case 1.

)
CASE 3. v=u((—oo,0))=0 and Soxy(dx)zoo. In this case, let 7&(0, 9)NSupp(v)
be so small that
cﬂzb—gaa(x)v(dx)<2.
7

Then, wy(t)=c,t suffices for our purpose.

CasE 4. v=0 and v((—4, 0))>0. Fix an a<[—d, 0)MNSupp(v). Then for

some <R,
of()=pt+alt/B]

belongs to Supp(P?) for all §>0. It is not difficult to see that 2%(t; o, wf) hits
oo in a finite time for sufficiently small §>>0. Fix such a >0 and a T >z{(c, ®f).
Finally let

£T/p1
U={ot)+ 2 aido,-®); |a—al<e, [bi—if] <e}

with sufficiently small e>0. This U and w,=w? satisfy the desired condition.
Now let us verify (4-17). Set k=1—4 in Lemma 5, and let

r=sup P,(s;41-s<tD<L.

ZER
If we assume
sup P,(s,+ <t <r!,
zeR

then by the strong Markov property of {z%(%)},
P (54141 <t)=Pi(s.0:<2, So4141(0s,, ,w) <705, , W)
=E,[s.::<7}; Pocs,, plSar14:<73]]
SE.[s.<t]; Py, plSidcs,, pri-s<ti]]
<riH

where we have used the fact z4I1<2%(s,+)<z+(+0.
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PROOF OF J,<c. To begin with, note that for each z&R, we have
G,-n(z,0) 1 Tz, w), n— oo, P-almost surely. Then by the strong Markov property,

(4-19) Ez[g:aw(mﬂdt]:Ez[S:"Hzﬁ(t)lﬂdt]+ ps| E{Si“"“;.zﬁ(t)]ﬂdt]

g

=[] "1ewipd]+ B BB, ][,

0

'"‘llzﬁ(mﬂdtﬂ.

Let a<—2(+/(=2)V0+1). We want to show that the series in (4-19) converges
uniformly in z<a, and to this end, we will estimate

e[ 1#wiar, w20,

for an arbitrary z,€[z—n—37, z—n].
Now for each =,

T2-n-1
[, 12014t|S 121217, (0,1t 0ucner<SGnon]
+]Z—n—2lﬁE2n[0‘z—n—1; S(z—n)/2<az—n-1<s——z+n]
+j§o|'_Z+n+]'+ll'8Ezn[oz—n>l; S—z+n+j<0z—n—1<s—z+n+j+1]

Ell(n’ Z)+[2(Tl, Z)+[3(7’l, Z)-

First let us estimate I(z, n). To this end, note that on the set
{G,-n-1<S¢z-nr2}, One has for 0<t<0,-n-y,

2=+ QW= (A+2(s))ds

1
S\ — o n\2
Lz, + Q%) {2+4(z n)}t.
Hence if we define
S(A)=inf{t>0; Q(t)—At<~—1},

then az-n-1<S(Z+%(z——n)2) on the set {0,-n-1<SG-ny2}. Therefore,

(4-20) I(z, n)< Iz——n—ZlﬁE[S(Z-{-—Li—(z—n)Z)].
Next consider I,(z, n). By Schwarz’s inequality and Lemma 5, we can fina
an »=(0, 1), so that
Ezn[oz—n—l; s(z—n)/2<az—n-1<s~z+n]

§Ezn[oz-n—1 H Szn+[lz—nl/2]<rtz]

§(Em|:(’l'§s 2]>1I2(Pzn(szn+[lz—n I/2]<T§))1/2
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1/2
<(BoL@hr) o,
Consequently

(4-21) I(z, n)<const.|z—n—2|FpLiz-n1121,
In the same way,
haid 1/2 /
42 LG s Gl —znb AU ELP) (Plsiprionins<ed)

<(EL@1) " 51—zt nt jLippeniean,

7

Therefore, if we have shown
1 _
4-23) EFO+—&-Wﬂgmmuﬁw]E
4
then the supremum over z<a of the right-hand side of (4-19) is bounded by

sup 3 (L, n)+ 1z, m)+1(z, n))

zsa n=0

<const. sup X (Iz-n|’9'2+|z—n[ﬂr‘z“"‘/2+[z—nl%‘“”'),

zsa n=0

which is finite provided B<1.
Now (4-23) is an immediate consequence of the following lemma.

LEMMA 6. For any g=1, E[S(A)Y]=0(A"Y), as A—oco.

PrROOF. Since [4Q3®)| <48, |Q%(#)| has moments of all order ([2]). Without
loss of generality, we shall assume E[Q%(#)]=0, so that {Q%(#)} is a martingale.
Noting

AT =—(Q(T)—AT)+Q(T)
=— inf (QuO)—AD-+ sup |QiD)],
we see that

P(S()>T)=P( inf (QU)—AhZ—1)

— I —
P, 104012 AT 1)
{ =1if T<A!
(AT -D7PE[|1QUD)|??, for any pz=1, if T>A™,

by martingale inequality. Hence
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n+1ye

n+1)

(4-24) E[S(A)"]<(2/A)'-’P(S(A)<2/A)+2( P <SA)=

n\|2»
(n— 1>” [ ‘”(7)1 ]}
Now we claim that for every integer p=1, there is a constant C,>0 such

that
(4-25) ELIQLMDIPPISCpt?.

<A-ofot 3 2 (1)

Indeed, since we are assuming E[Q3(1)]=0, {Q(#)} has the expression
P t+ A
Quo=vBu+[| | xfudsdxn.
Hence by Ito’s formula,
Qz<t>2”=2p”S:Qz<s>w-'dB<s>+p<2p—1>u2§:Q§,<s>2w-l>ds

+SZ+S 5., {(@As—) )P As—)7} Noy(dsdx)

+[i0 QU+ 0= QU —2p QU ) dinld ),

so that
(4-26) E[Q”(t)zpj=z><21>—DUZS:,E[Q%s)“P-”]ds

+[as{ | BL@+27— Qs —2p@s)xTutd ).
[ [-6,0]
Setting p=1, we first obtain E[Q%¢)*]=C.t, with
a2 2
Co=vt| | xtan).
Suppose we have shown E[|Q%1)|¥]<Ct/ for j<p. Then noting that

ELIQ0) 115 (EQYero-21) " (Br@Xer) ™

S(Cij CpHnei-niz - j<p,
we obtain from (4-26),

E[Q‘Yt)“““]g(p+1><2p+1>u2§:cpspds

+S:dsgt_a,ajE[z(pz-%»l)(z(pj‘l’1))I Qﬁ(t) | 2(p+1)—jl x I j]v(dx>

i
écp+ltp+ly
with some constant Cpy;.
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Letting p=¢-+2 in (4-25), and substituting this into (4-24), we finally get

o 1 24 9+2
ESAN]S Aefort Cpnad B TS 00470,

completing the proof of the lemma.

PROOF OF J;<oo. We assume b>+/]AA0]. Let z>band N=Nz)=[z—b]—1.
Then as before,

4-27) EUO" |z6<t>|ﬁdt]:E,[S""’lzaanﬁdt]

=

+N(§'1EZ[EZ«SWZ_R>UGZ—n_ll 2| ﬁdtﬂ

n=1 0

+E Bacr,-p| | 12001841) ).
Since z%(e¢,-x)E[b, b-+1], one can show

B[ Eac,p| [ 12017412 sup E[("]<e0,

bszsb+1 0

as in the proof of Ji<Cco.
As for the second term of (4-27), we have, for some p=(0, 1),

E| [ 1aw1001]
<|z—n|PE, [0sn-s; Oon-1<S:on]

+ glo lz—n+j+11PE, [0:ono1; Sionti<Osmn-1<Ssn+j41]
<|z—n|PE[SQA+(z—n—1))]

+ % 1z—n+j+1|ﬂpf(E[S(H(z—n-l)zm)”z
<const.|z—n|#-2,

Here we have set z%¢,.,)==z,. Similar estimation being valid for the first term
of (4-27), we finally obtain

sup(E (17017t +" 8 BB 1201 2at]))
2>b 0 n=1 Q
N{-1
<const. sup 3 |z—n|f2<oo.
z>b n=0

The proof of Theorem 2 is now complete.
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§5. Proof of Theorem 3.

For notational simplicity, we shall omit A and @ from our notation in the
most part of this section. Hence for example, we write U(?) instead of U;(t; w).
Moreover, we consider the Ljapounov behavior at +4-co only.

By Theorem 2, we have |U(t)|>1 for P-a.a. w and for ¢>>0 large enough.
Hence the matrix U@*U(f) has two different simple eigenvalues |U(#)|* and
[U®]-2 Let P®) be the projection belonging to the eigenvalue [U®)™* Then
there is an orthogonal matrix K(#) such that

G- U@=KN{IUDOIA—-P@)+IU@IP@} .
Now suppose we have shown that for P-a.a. o, the following two statements

hold :
(1) lim;_P(t)=P(c0) exists;

(i) limi-a-p log (1T Peo)— P(O] =22,

Then Vi(w)=P(o)(R? satisfies the conditions of Theorem 3. Indeed, for
v=P(oo)w with |w|=1, we have from (5-1),

(5-2) U@ =IH{IT®IA—PE)P(co)+IU @] PEP(oo)} wl]
SNUONA—=P@)YP(o)||[+UD]
ZNUGIP(e)—=POI+HIU® .

Since Theorem 2 implies in particular that lim,mélognU(t)[]:%—oo, (ii) and (5-2)

show

}im-;log[\U(t)vH =—oco,

On the other hand, if véVi(w), then
lim [[(1—P@O)w]=]1—Pleo)v] >0.
Hence

lim - log | (0] = lim - Tog {| U] (1— P®)wl} =+

Below, we will prove (i) and (ii) by explicitly analysing the asymptotic
behavior of P(f). To this end, let us introduce the polar coordinates r;(t)
:rj(t; Z} CO)>O, 0J<t):0](t; 27 w)y ]:1: 2’ by

o) +ipt)=r(Hexp[i0.(1)],
G+t =r(H)explif.()].

This determines () only with modulo 2z. But if we start with 6,0)=r/2,
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0,0)=0, and if we define 8,()=2nr when we have 6,()=0 (mod.2x) for the
n-th time, we obtain a well-defined real valued function.
Some elementary calculations give

11w
(5-3) PO=13qy [ﬁ(t) ,B(t)z]’

where

L [ m\ ((re iy 4 ”2]
o= 2¢cos(f,—65) [( s r2> ( 71 + 73 r§r§) )
Since 4r,(t) %7y ()"*—0, a.s. by Theorem 2, (i) follows from the lemma below.

LEMMA 7. Under the condition of Theorem 3, ri(t)/r:(t), r.(t)/ri(t), and
6,(t)—0,(t) have limits as t—+oo, for P-a.a. .

PROOF. We shall show that for a.a. w, the limit

lim [log(p*(1)+ip(®)) —log(¢*(1) +idh(1))]

exists. But if u()=¢(f) or ¢(t), then by Ito’s formula,

log {u*(®)+iu(®)} —log {u*(0)+iu(0)}

fr tut(s) _ u(s)
_So ut(s)+1u(s) ds+(es Z)g u*(s)+iu(s)
¢ u(s) vE (e u(s)?
”So W 0s)+iugs) ABO)~ S RO TIO) e

S [0 {(u (s =)+ xu(s)+in(s)} — log (u*(s —)+iu(s) IN(dsdx)

S g [log {(uH(s—)+xu(s)+iu(s)} —log(u*(s—)+iu(s)IN(d sd x)
(u*(s)+xu(s))+iu(s) xu(s)

S gws&[ ( u*(s)+iu(s) - *(s)—f—z’u(s)]v(dx)

SAXO+AFO+MEO+FAUDFS* O+ MO+ ALD.

Noting ()¢ ({)—¢@*(E)P()=1, one obtains first

1
(¢+(3>+Z¢(S)>(¢*(S)+Z¢(S)>

AR — AU = S

and

1
(50‘“(8)+Z¢(S))(¢+(S)+Z¢(S)
But | (@*(s)+ip(s))(@(s)+igh(s))| ~*=r(s)"'r(s)" decays faster than exponentially
as s—oo by Theorem 2. Hence Af(t)—A%(#), j=1, 2, have limits as t—oo almost
surely. The same reasoning is valid for

Ag)— AYD=(co— A,
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4 (¢ 9(S)PH(S)H ()t (5)+2ip(s)P(s)
A% — A4t = 2 S (¢+(s)+i¢(s))2(¢+(s)+z¢(s))2 ds

Now Re(M4(H—M4®) and Im(M%(t)—M4()) are square integrable martin-
gales, and their quadratic variational process satisfy

lim {<Re(M{—M9))(0)+<Im(M 45— M$))(1)}

=1im o?{, | (*(5) Hig(NGHS)+ig(s)] 2ds <oo.

Hence by martingale convergence theorem,
1}}2 (M5)—M4(®)
exists almost surely.
Next consider M%#)—M%(t). We have
Re(M§—M %)) +<Im(M{—M)>@)

[t (@*(s)+ x¢(s))+i¢p(s) ¢*(s)+idh(s)
“godsg.z.g log( o ©+igls) @) T 2s) Hid(s)

It is easily seen that the quantity inside log{ } remains on the same branch
such that log 1=0. Therefore

log((90++xgo)+igo o +ig
pr+ip (P t+xd)+id

)|2v(dx).

)=log(1+7s, x)
with
X

{(@*(s)+x(s) +idh(s)Ho*(s)+ig(s))
is small if |9(s, x)| is small, namely it is O(|%(s, x)[). On the other hand,

7(s, x)=

_ @*(s)+i¢(s) 1 1
70 =12 G T 2o+ | o = e
where C is a constant not depending on x, s, and w. Hence for Pa.a. o,
1
Slmsa'log(H”(s’ s “’»Izy(dx)écom'(glmgaxz”(dx)) r1(s)?ra(s)?

for s sufficiently large, and we get
{Re(ME—M%)Y(co)+Im(M§— M%) (c0)< 0.

Again by martingale convergence theorem, M%(f)—M4%() has a limit as #—co
almost surely.
As for A%(t)— A%(1), we have
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AfW)— A%

—{ (@*(s)+x¢(s))+igp(s) d*(s)+id(s)
—Sodsglzlsa[l°g< o*(s)Fip(s) (¢+(s)+x¢.(s))+i¢(s))

_ xp(s) x¢(s)

o (5)Hig(s) T GHs)+ig(s) Juan
_{® (@*(s)+xP(s)+igh(s) x
“Sodsg.x.g[l"g(“ & (5)Fid(s) (¢+(8)+i¢(s})(90“(8)+Z'<P(S)))

— * ]v(d x)
(PH(s)+igh(s)) @™ (s)+igp(s)) '

As before, for P-a.a. w and for s large enough, the integrand above is estimated
from above by

((¢*(S)+x¢(8))+z’¢(S) 1) x +o( x? )
PH(s)+i¢(s) 7 (GH()+ig(s)) @™ (s)+ig(s)) r(s)’ré(s)?
—__96) i +0( * )
PH)+ig(s) (P (s)+igh(s))p*(s)+7¢o(s)) ri(s)’ra(s)?/’

Hence

. 1
glZI55[~--]y(dx)§const.(glI[gﬁx y(dx>)m,

for s large enough, which implies the existence of lim,.(A4#)— A%®)).
Finally, let us consider Se()—S?%(). As was already considered in §4, let
0. be the n-th time at which |4Q3()|>5. Then

o M) +iplan) $Haw)+ig(an)
57 S¢(t’“a§tl°g[¢+<an>+z¢(an> <p+<an>+z¢<an)}

_ i+0*0.)/0(00) i+dHan—)/d(an)
=3 Jog| O T R R ey~ o |

. _ 1
“«z?ézl"g[l <¢+(an>+z'¢<on>>¢<on>]

1
+ lo [1 - ]
B e DT g
We consider the first summation only, the other one being treated similarly. In
order to prove that the limit

, 1

lim 3 log [1_ <¢+(an>+z¢<an>)¢<on>]
= _ 1
=5 log1 (¢+(an>+i¢(an>>go<an>]

exists, it is sufficient to show that with probability one,
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[(@*(aa)+ig(an) plan)" "

converges to 0 faster than exponentially as n—oo. To this end, note that
cot 0,(t)==2(t; 0, w)=¢*(®)/p(), and @()=r(f) sin 6,t). Then

log |¢*(0a)Fig(an)) plan) "]
=—log{ry(g.)*r:(g.) "1 +2(02))}
=—log ry(0,)*—log ri(a,)*+1og (1+2(ax)") .
But from §4, we have

—log ry(a,)*+1og (1+42(a,)")=-—log ri(a,—)—log 1+2z(e,—)),
and

lim—?ll—log(l—{-z(an—)z)zo, a.s..
Hence applying Theorem 2,

“i’i% log [(¢*(aa)+ig(an)) plaa)"I*

=—~lim%10g ri{g,—)t—lim %log ro(@n)t=—00,

n-sco

This completes the proof of Lemma 7.

When f(t) and g(f) are positive real function on (0, ), we shall write
F R g if
i it)<_£(i). o
0<lim 7y =hm 7 <

Then Theorem 7 implies in particular 7,(t) ) 7,(). From this and (5-3), we see
that (ii) follows from the lemma below.

LEMMA 8. Let S+(t)=¢,<:10g (1+2(0,)*), where z(t)=¢*()/¢(t) or (D) /@)
Then under the condition of Theorem 3, we have for any >0,

74D _(2) 0| —teme5+;
:122 -‘(_:_;)(oo)' =(0(e~ -5+,

[(8:(t)— 0:(1)—(8,—2)(00) | =O(e™ =25+ ).

Iu particular, for j=1, 2,

l'1rn—1- log(rj(t)

tooo T

S5 e])=—=
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and similar relation holds when we replace ry/r, by vy/ry or 6,—8,.
PROOF. Let r()=r,(t) or ry(t). The results of §4 tell us that we can write
(5-4) r(ty=exp| X()+ %sm)] ,

where X®)=0() and (1/1)S.(t)— a.s. as t—oo. Therefore the second part of
the lemma is a direct consequence of the first one. This, in turn, reduces to

proving

ot () +ip() A A (18, Ct
log( Gy i)~ e |=0tememsieo),

Indeed,
171/ 7o) —(71/72)(0)]

=|exp [log (r.(8)/r())]—exp [log ((r1/r2)(co))]]

=0(l10g (r,(1)/ra(t)—log (/7))

=o(|iog(£3 0D _g(2E2))
:O(e-(:—s)S+(t))

gives the first estimate of the lemma. The second one is obtained in the same
way. Finally
[(8,(t)— 64(1))—(8:—8:)(0)|

=[im (e i) ox (g ) )

=O(e—(l—s)S+(2))

gives the third estimate.
Now let A;=A9—A%, j=1,2,3,4, MO=Ms@t)—M4®), j=1, 2, and St)=
Se(H)—S?9(t). We will estimate the rate of convergence to zero of these processes.
First from Lemma 7 and its proof, there is a constant C, for P-a.a. @ such

that
A= Ao £Cul 7i(s)ds

Since S.(f) is non-decreasing, we have

L oo
S rl(s)—2ds§e—(l—s)5+(t)g e—ZX(t)—$S+(t)dS ,
¢ 0

for any ¢>0. The last integral being convergent almost surely, we get
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Igl(t)—;il(oo)[ =0(e~ -8+
In the same manner, we can show
’gi(t)‘gj(w)l=0(e‘<1-8>S+<t)>_ j=2,3 4.

Next consider M,(?). Since {Re (Ml(t))} and {Im (Azfl(t))} are continuous
square integrable martingales, we can construct two Brownian motions { ﬁ,(t)},
7=1, 2, such that

Re My(H)=B\(Re M(t)) and Im My(t)=By(Im M) .
But from the local Holder continuity of the Brownian motion, we have

sup | BiO—By(s)l/|t—s|1* <0, a.s.,
t, 80, T]
for any 0>0 and T>0. Hence on the set {(Re M ()< T}, we have

|Re (1)~ Re (o] < O(I1<Re Miy(t)—Re ix(2)] %)

< O((S:oh(s)“‘ds)llz_a)

— -(1- -0
—O(e (1-¢)(1/2-0) +(t)),

for any &>0. Since the same result holds for {Ili(t)}, and since
Urso{<Re M1 3(00) < T} =Uzso{dm M)(0)<T}=8 up to null sets, we finally
obtain, for any &>0,

| M,(t)—M(c0)| =0(e~¢-98+®) | a_s,

As for {ANJZ(t)}, we could not find out how to use its martingale property,
because, being discontinuous, there is no good representation theorem like that

for {Ml(t)}. But if we assume S; <1]x|v(dx)<oo, then {1\712(1‘)} is locally of
x|

bounded variation, and we can treat this in the same manner as A ;’s. Indeed,
under the assumption,

1Q@I0=] 121N, a1xd)

is well defined, and it is an increasing process with ergodic increments. Hence
lim QI (V=ELIQI (D], a.s.

From this we obtain, using the notation in the proof of Lemma 7,

| Weo)—RE01 < [ log (147(s, x)| Nidsd )

©
i+
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=)

ngS Smsal x|r(s)*N(dsdx)

t+
=Cu| 79" d1Q1()

t+
SCwe—(1—s)s+(5)Sme—zX(s)—ss+(s)d | Qo‘](s)
- 0
=0(e" -5+ for Pa.a. w.

Finally let us consider S(f). Again using the notation in the proof of Lemma
7, we obtain without difficulty the following estimates: for ¢ large enough,

2, g1~ <¢+<on>+z'glb(an>)¢<an>] |

<const. 2>zrg((fn)-lr1(0'n)_l(l+zl(an)2>”2

<const. Z;t 7o) (e —) (1 +2,(0,—)2) 12

<const. g=-O5a® e~ X=X =eSnTn-1(] 4z (g, —)2)!/2
- n=0
=0 (e~ t-8+wy

for any ¢>0. Here we have set z,(f)=¢*(t)/¢(t). Similarly we can show

1
(o*(an)+ip(a))P(ay)

53 log|1+ ||=0-e-osse,
o>t

and consequently
|S(00)=S(1)| =0(e™084®) -

This completes the proof of Lemma 8, and hence of Theorem 3.

§6. Proof of Theorem 4.

Let Vi(w) be the one-dimensional subspace of R? which was constructed in
§5, and let v;=P(co)weVi(@\{0} with |w|=1, v,&Vi(®), |v:]=1. Our pur-
pose here is to obtain more precise estimate of the asymptotic behaviors of
IU@v.| and |U(t)v,| than those in §5. This, on the other hand, reduces to
estimating the growth of S.(!) which appeared in Lemma 8. In fact, we have
from (5-1),

IU@v | < IUBN P(e0)= PO U@,

[U@ull 2 [ UBOI N P@Bv:l
and
U@ A—POw.| < [UGOv| SNUD)) -
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But as we have already seen, it holds that

lim [ P@wil|=1P(co):]|>0.
lim [(L—=P®)val| =[(1—P(e0))va >0,

UK @,
and
const. e1/2-98+W <r,(f) <const. e/EOT+D

the constants depending on ¢>0 and o.
Combining these, we see that for each ¢>0, there are positive constants
Cjeun 1=1,2,3,4, for P-a.a. such that

Cl.e,a)e<(1l2+e)s+(t)§— ”U(t)vln g_Ca, e,we_(llz-e)s+(t) »

Cye 0205+ O K [U e SCie, 00205+
Therefore Theorem 4 follows immediately from the lemma below.

LEMMA 9. Under the conditions of Theorem 4, we have

—1

%Lrlxz;lm(&,(l)):o, a.s., for a>p7t,
1 -
Egmgl<k>(5+(f>)=+°°, a.s., for <a<pB™.

For the proof of this lemma, we need the following

LEMMA 10. Let X,=0, n=1,2,3, ---, be a sequence of i.i.d. random vari-
ables with the common distribution function F(x). Suppose that for some k=0
and B=0,

1—F(eus(x)=x"FL(x),

where L(x) is slowly varying at +oo. In case k=0, we shall further assume
B<1. Then

(6—1) lTrﬁ—l—al(H(ﬁ] Xj =0. a. S., for CY>,B-1 3
n-w 1 j=1

and

(6-2) lim—l—l (maX X~>=+oo a.s., for 0<a<fB™
e & B 1sjan 7 ’ cUe .

PrROOF. First suppose £=0, 0<f<1. Them for any a>B"', we have
E[X¥%]<eo with 0<1/a<1. Hence (6-1) for k=0, namely
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n

- 1
lim— >3 X;=0, a.s.
N -00 na Jj=1 J ’

is a consequence of a well known theorem (see Neveu [27], Proposition 4.7.1.).
Next consider (6-1) for £=1 and $=0. From the elementary inequality

Ary(x ) Z @) +2a(y), x, 20,
we get

Zm(g Xj)él(k)(n- max X,-)
éz(k)(n>+lr£i§§ Z(k)(Xj) .

Hence (6-1) is reduced to proving
— 1
lim—— max 4:(X;)=0 a.s..
nsow N* 1sjsn

On the other hand, for any sequence a,=0, B,>0 of real numbers such that
B, 1 «, one has

m—l— max a,;= lim La
- [3, 15jSn j=1m Bn "
Hence the problem is further reduced to showing
6-3) Tiﬁi%l(“()(n):o, a.s..
But for any ¢>0, we have
Gl 1
2 P(Sr A Xa)>e)= R (1= Flen)=Se-Fn-* L(x)<co,
provided a>f~!. Therefore by Borel-Cantelli’s lemma,

m’?}l?Z(k)(Xn>§5, a.s..

Letting ¢ [ 0, we arrive at (6-3).
Now let us turn to the proof of (6-2). For each K>0, we have from the
assumption,

P (%2“” max X;) < Kn®) =3 (P (X)<Kn)'
= Zexp [n log F(Kn®)]
< Zexp [—n(l—F(Kn*)]
= Zexp [—K Pni-ef L(Kn*)]<eo,

whenever 0<<a<f~'. Hence again by Borel-Cantelli’s lemma,
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1
—mFZ”’<1H§1?s§ X,»>>K, a.s..

n—co

Letting K 1 oo, we obtain (6-2).

Now we can proceed to the proof of Lemma 9. First note that
log(1+14Q(a,)]), n=1, are i.i.d. with distribution function F(x) given by
1=F@)=P(14Q()| >e*~D=s(R)*| _ o(dy).

Hence the assumption of Theorem 4 implies that we can apply Lemma 10 to
X,=log(1+14Q(s,)|), n=1, with given 2 and S.
It is clear that

RS =Aens( 3], log (1+(2(0,—)+4Q(02)")

< 33 aa(log (142200, —))+ 3, Acws(log (1+2(4Q(0))).
opst opst
The first term on the right hand side is O(f) by virture of the results of §4.
Hence the first part of Lemma 9 follows from (6-1). On the other hand,

Renr(S4()2 20108 {1+ max | 20, —)+4Q(an1 ) })

nidps

Again noting that maxn;,ngc log 1+z(e,—)")=0(), we have
lim -+ Ao (S+(0)=lim i Aco(max 0g (1+ 14Q(a.)1)

=-4o00, a.s.

from (6-2), showing the second part of Lemma 9.
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