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CONSTRUCTION OF INVARIANTS

By

Akihiko Gyoja

1. Introduction.

Let G be a connected reductive group defined over the complex number
field C, V a finite dimensional vector space and p: G—GL(V) a rational repre-
sentation of G. Such a triplet (G, p, V) is called a prehomogeneous vector space
if V has an open G-orbit, and called srreducible if p is an irreducible representa-
tion. A complete list of irreducible prehomogeneous vector spaces is given by
M. Sato and T. Kimura [12]. The purpose of this paper is to construct ex-
plicitly an irreducible relative invariant for every irreducible prehomogeneous
vector space. If (G, p, V) and (G, p/, V') are in the same castling class, then
an irreducible relative invariant of (G, p, V) can be constructed from that of
(G’, p’, V"). (See proposition 18 in [12, section 4].) Hence it is enough to con-
sider irreducible reduced prehomogeneous vector spaces. (See [12, section 2]
for the generalities concerning the castling transformations.) In the tables I
and 11 of [12, section 7], irreducible relative invariants are given except for the
following six cases;

(6) (GL(T), 45, V(35)),

(7) (GL(8), 45, V(56)),

(10) (SLGBYXGL(3), 4:RQ4;, VAORKRQV(3)),

(20) (Spin (10)*GL(2), (half spin)®4,, V(16)RQV(2)),
(21) (Spin (10)X GL(3), (half spin)®4:, V(16)QV(3)),
(24) (GL(1)xSpin (14), (half spin), V(64)).

Irreducible relative invariants of (6) and (7) are constructed by T. Kimura [&],
and that of (20) is constructed by H. Kawahara [7]. (Concerning a construc-
tion of an invariant of (7), see the last section of the present paper.) Hence
our task is to construct irreducible relative invariants of (10), (21) and (24).
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2. Invariants of SL(5)xXGL(3).

Let A*C® be the Grassmann tensor product of C° of the second order. If
{e1, =+, e;} is a basis of €%, a general element x of A°C® is uniquely expressed

as
x= 21 xiei\ej.
154<j<5

In this section, we reserve the letters x, ¥, z, wand u for such elements. Their
coordinates are written as Xi5 Yi; etc. and we put x;;=—x,; etc. A general
element of the representation space V=(AC*)QC* can be regarded as a triplet
(x, ¥, z) and the action o of G=SL(5)XGL(3) on V is given by

0(g1, 82)(x, 3, 2)=(g:%, g1, g:2)-'g>

for (g, .)€G, where g,x etc. are the natural action of SL(5) on A°C®. Con-
sider the following polynomials;

fl(x>:x23x45"x24x35+x25x34 ’
Fox)= XX 51— Xas X a1+ K51 %5,
Fo(X)=%45 210~ X g1 X2+ X s2%51
FlX)=X51X05— X52X15+ X5a¥12,
FoX) =X 12X 30— X 13X 04+ X14%05 -

REMARK 1. We introduced these polynomials by a representation theoretic
consideration as in [8], so that the property (3) below is satisfied.
Let D, . be the polarization which transforms a letter x to y [13], In our

case
0
Dy'z_xgtgssy”axij ’
Let
gi(xy y):Dy,Ifi(x) ]
and

P(x, 3, 2, w, W)= 3, 4%, gz, Wt
By the definition of P,
1 Plx,y,z, w, u)=P, x, z, w, u)=—P(z, w, x, ¥, u).
Hence

2) P(x, 9, x, 9, 2)=0.
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LEMMA. The polynomial P is a relative invariant with respect to GL(5).
More precisely,
3) P(gx, g3, g2, gw, gu)=(det g*P(x, ¥, z, w, u)
for g=GL(5).
ProOOF. Invariance with respect to the scalar action of GL(1) is obvious.
By the symmetry, it is enough to show the invariance with respect to the
matrix unit E,,. Note that —E,, acts as the polarization which transforms 1

to 2. Hence —E,f,=—f, and E,f;=0 for i+2. Hence —E,g.=—g; and E;;8:
=0 for i{+2. Using this fact, we can easily show that E,,P(x, 3, z, w, u)=0. O

(4) If at most two kinds of letters appear among {x, ¥, z, w, u}, then
P(x, y, 2z, w, u)=0, e.g., P(x, x, x, y, ¥)=0 etc.

PROOF. In such a case, P gives a relative invariant of (GL(5), 4.4,
V(10)@V(10)) which is a prehomogeneous vector space without relative invariant
other than constants [12; p94]. This fact can also be shown by a representa-
tion theoretic consideration as in [8]. O

By 4), P(z, z, ¥, ¥, ¥y)=0. By the polarization D, ,, we get
(5) 2P(z, z, x, 9, y)+P(z, 2, 9, v, x)=0.
Hence by (1),
(6) 2P(z, z, x, ¥, y)=P(y, ¥, 2,2, x).
By (4), P(y, v, vy, x, x)=0. By the polarization D, ,, we get
@ P(y, 9,3, x,2)+P0®, 5,5,z x)=0.
By (1) and (7),
@ P, 3, 5,2z x)=—P, 3,5, % 2)=Px,,9 9, 2).
By multiplying the both sides of (6) and (8),

9 2P(y, 3, ¥, 2, x)P(z, 2z, x, ¥, y)=P(x, ¥, ¥, 3, 2)P(y, 3, 2, 2, x).

THEOREM 1. Put

F(x, v, 2)=P(x, x, x, v, 2)P(3, v, z, z, x*+P(y, ¥, ¥, 2z, x)P(z, z, x, x, y)
+P(z, z, 2, x, ¥)P(x, x, ¥, ¥, 2)°
—P(x, x, ¥, ¥, 2)P(y, ¥, 2,2, x)P(z, 2, x, x, ¥)

_4P(x: X, X5, Y, Z)P(y7 ¥, ¥, %, X)P(Z, 2, 2, X, y)~
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Then F is an irreducible relative invariant of (SL(5)XGL(3), A.RA,, V(10)RQV(3))
which corresponds to the character

(81, g2) —> (det g,)°, (g1, g)ESLB)XGLEA).

PROOF. Since the degree of an irreducible relative invariant is known to
be 15 [12, section 7, Table I (10)], it is enough to prove the relative invariance
of F. The invariance with respect to SL(5)XGL(1) is obvious, where GL(1) is
the set of scalar matrices in GL(3). Hence it is enough to see the invariance
with respect to the actions of the matrix units E;;cLie (GL(3)) for i#J. Since
x, » and z appears symmetrically in F, it is enough to consider only one of
them. The action of {Ey;|/#s} are nothing but the polarizations D, . etc.
Hence it is enough to show that D, .F(x, v, 2)=0. By (2) and (4), we have

Dy F(x,9,2)=P(x,x,9,9,2P(,9,2,2, x){P(y,3,2,2,x)—2P(z,2, %, y, »)}
+2P(z,2,%, %, Y{2P(3,5, 9,2, x)P(2,2,%, 9, y)—P(x, ¥, ¥, 9, 2)P(3, ¥,2,2,%)}
+4P(x,x,5,9,2)P(z, 2,2, x, y){P(x, 9,5, 9,2)—P(3,5,,2, 2)}

By (6), (9) and (8), the right hand side equals zero. O

REMARK 2. Let G be any reductive group and p:G—GL(V) any rational
representation. Let [v,]€V /G be a generic point, v, a point in the closed G-
orbit lying above [v,], G,, the isotropy subgroup of G at v,, 7 a maximal
torus of G,,, N the normalizer of T in G, VI={veV |twv=v, t=T}, C[V] the set
of polynomial functions on V, ¢ a rational character of G and

CLVI®?={f=CLV]| f(gv)=¢(g)f(v), gEG}.

Define C[VT]¥-¢ in the same way. Then we have an isomorphism of Chevalley
type
CLV]¢¢=C[VTV: ¢,

which is given by the restriction. (See [11; Appendix 2].) For many prehomo-
geneous vector spaces (G, p, V), it is quite easy to give a non-zero element of
C[VT]¥-¢. Thus we can describe the restriction of an irreducible relative in-
variant in C[V]%¢ to V7. In our case, this description gave us enough infor-
mation to determine the explicit form of F in our theorem.

REMARK 3. In our case (G, p, V) has a unique split Z-form [3]. For this
Z-form, V(Z) may be identified with the lattice of V(C) generated by

(esNe;, 0, 0), (0, es ey, 0), (0, 0, e;Aey),
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where 1=</<j<5. Then +2-%F(x, y, z) are the irreducible relative invariants
in Z[V].

In fact, since gx, x)=2f«(x), we can show that 272P(x, x, y, ¥, 2),
2°'P(y, ¥, ¥, z, x) etc. belong to Z[V]. If we take

(exNes+esNey, eaNegte Nes, ey Neg+e,/\es)
as v, in remark 2, then we can take
{diag (1, t, t7%, %, t %)X diag (¢, 1, )|t C—{0}}

as T. Then C=V7T is the linear span of the following elements;

(e Neg, 0, 0), (esAey, 0, 0),

0, e2Aes, 0), (0, e, N\es, 0),

0, 0, esAey), (0, 0, exAes) .
An easy calculation shows that

27°F(x, ¥, D)l c=—x{x5:y2syhs21s2Es -

Hence 2-°F(x, y, z) is irreducible in Z[V]. Note that we have also shown that

Z[V]G e Z[VT]V-¢,
in our case.

3. Invariant of Spin (10)XGL (3).

The purpose of this section is to construct an irreducible relative invariant
of (Spin (10)XGL(3), (half spin)®4,, V(16)®V(3)). In this section, we need the
theory of spinors. See [12; pp. 110-114] and [1] for the generalities concerning
the spinor groups and spinor representations. Here we use the same notations
as in [12].

A general element x of the representation space V(16) of the even half spin
representation of Spin (10) can be written uniquely as

X=Xt 2 xyee;+ p Xijr1€:i€5€re; .
15i<j<5 1Si<i<h<ISS

In this section, we reserve the letters x, y, z and w for such elements. Their
coordinates are written as x,, y;; etc., and we put x;;=—=x,; and
Xpeoy, o, pcid, py =SIEN (P)X4jm1

for any permutation p of ;<j<<k</. A general element of the representation
space V(16)QV(3) can be regarded as a triplet (x, v, z) and the action 0=p0:Q0:
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of G=Spin(10)xXGL(3) on V is given by

o(g1, g2, v, Z):(Px(gl)x: Pl(gl)y; P1(g1)2)'£‘02(g2)

for (g, g:)G, where p, is the even half spin representation of Spin (10) on
V(16) and p, is the natural representation of GL(3) on V(3).
Consider the following polynomials ;

Fi(X)=—X12% 1545 X18%1245— X 14X 12358 X 15X 1284 s
So(x)=—X23% 2451+ X 24X 2351 — X 25X 201 X 21 X 2045 »
f3(x):—x34xsslz+x35xs412_x51xs452+ X32X3451 5

Filx)=—X45X 0120 a1 X 4508 — X a2 Xas15F XaaXasi2 5

FoX)=—Xe1 %5034+ X 52X 5180 — X 50X 5120+ K50 X 5128
FeX)=X0Xosa5— Xas X5+ XauXg5— X25X 54 ,
Fox)=XoXsus1— X34 X517 X 35X41— X a1 %45,
Fa(x)=XoXs510— XasX 12 X 41X 50— X 4251 ,
FoX)=XoX510s— X51 X2 X2 X 15— X53 %12,
FrolX)=XoX 1284 X12 X34+ X 15 Xog— X14 %23 ,

gi(x’ y):Dny’L(x) ’
5
P(x, 5, z, w)=i§1} (gix, ¥)8:+5(2, W)+ gis(x, ¥)8:(2, W)),
Then by the definition of P,

ey P(x, 3,2, w)=P(y, x, z, w)=P(z, w, x, y).

The polynomials f; are known as spinor invariants [1]. Concerning the pro-
perties of the spinor invariants, what is necessary for our purpose is the fol-
lowing fact;

Flpslgw)= 2 X(g)isf Av)

for g=Spin (10) and 1=<5<10. Here X denotes the vector representation of
Spin (10) ([12]), and x(g);; denote the matrix components. Since the image of
X is the special orthogonal group which preserves the symmetric bilinear form

:21 (51‘771‘+5+Ei+57]i) »

the polynomial P is a Spin(10)-invariant, i.e.,
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3) Plgx, gy, gz, gw)=P(x, v, z, w)

for g=Spin(10). Here we wrote gx etc. for p,(g)x etc. Of course, (3) can also
be shown by a direct calculation as in section 2. Since P(x, x, x, x) is an
(absolute) invariant of the non-regular prehomogeneous vector space (Spin(10),
half spin, V(16)) without relative invariants other than constants [12; section 7,
Table III (6)],

4) ‘ P(x, x, x, x)=0.
Polarizing (4) by D,., we get

5) P(x, x, x, y)=0.

(Here we used (1).) Polarizing (5) again by D,., we get
(6) P(x, x, y, »)+2P(x, v, x, 3)=0.
Polarizing (6) by D,,, we get

@ P(x, x, v, 2)+2P(x, v, x, 2)=0.

THEOREM 2 (H. Kawahara [7]). An irreducible relative invariant of
(Spin(10)x GL(2), (half spin)Q4,, V(16)RQV(2)) is given by Fy(x, y)=P(x, v, x, ¥).

PRrROOF. It is easy to see that Fu(x, ¥)#0. (See remark 4 below.) By (3),
the invariance with respect to Spin(10)X GL(1) is obvious, where GL(1) is the
set of scalar matrices in GL(2). By (1) and (5), we have

Dq,-ng(X, y>=P(x> x: -x) y)+P(x’ }’, x} x)zo-

Since Fy(x, y)=Fxy, x), Fix, y) is a relative invariant with respect to Spin(10)
XGL(2). Since the degree of an irreducible relative invariant is known to be
4 [12; section 7, Table I (20)], F, is irreducible. O

REMARK 4. In the case treated in theorem 2, (G, p, V) has a unique split
Z-form [3]. For this Z-form, V(Z) may be identified with the lattice of V(C)
generated by the elements

(1, 0), (0, 1),
(e:e;, 0), (0, ese;), (1=i<j£5h),
(eiejerer, 0), (0, esejere;), (AZi<j<k<ish).

Then =+F,x, y) are the irreducible relative invariants in Z[V]. In order to

prove this, take
(1+eiez05e4, eie5+e,050,05)
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as v, in remark 2. Then we can take as T the inverse image by (X Xidentity)
of the set of

diag (1, 25, ts, 1o, 13 1, £3%, 857, ', t5°) X diag (65, #5)

where t,, ts, 1, ;=5C—{0} and t,tit,=1. Then C=V7 is the linear span of the
following 4 elements;

(1, 0), (ereze5e4, 0), (0, e1e5), (0, eqeseqes).
An easy calculation shows that
Fo(x, 9)lc=2%2X1380 Y15V 2545 -
Hence F, is irreducible in Z[V]. We have also shown that
Z[V]*é=Z[VT]V¢
in our case.
THEOREM 3. An irreducible vrelative invariant of ((Spin(10)XGL(3),
(half spin)®4,, V{16)RV(3)) is given by
Fy(x,y,2)=P(x,x, 5, y)P(x,5,2,2+Py,y,2,2)P(3,2 %, x)*
+P(z,z,x, x)P(z, x, 9, ¥ —P(x, x, ¥, y)P(y,9,2,2)P(z,2, x, x)
+2P(x,x,9,2)P(y,¥,2, x)P(z,2z,x, ).

PrOOF. It is easy to see that Fy(x, y, z2)#0. (See remark 5 below.) By (3),
the invariance with respect to Spin (10)XGL(1) is obvious, where GL(1) is the
set of scalar matrices of GL(3). Since the degree of an irreducible relative in-
variant is known to be 12 [12; section 7, Table I (21)], it is enough to show
that D,,Fyx, v, 2)=0. By (1) and (5), we have

-D.zyFS(x) y,Z):ZP(xy y:ZyZ)P(-x’ X, y,Z){P(x, X, y;ZH‘ZP(X, y’ xyz)}
+2P(x, x,2,2)P(x,2, 9, Y{P(x, %, ¥, 2)+2P(x, 3, x, 2)}.
Hence by (7), D, Fyx,y,2)=0. 0O
REMARK 5. In the case treated in theorem 3, (G, p, V) has a unique split

Z-form [3]. For this Z-form, V(Z) may be identified with the lattice of V(C)
generated by

(1,0,0), (0,1,0), (6,0,1),
(ei¢;,0,0), (0, e:e5,0), (0,0, e2e5),  1=i<s=5,

(eiejekel) O; O)) (O’ eiejekel’ 0)7 (0) OJ eiejekel) ’ 1§2<j<k<l§5 .
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Then +2-*F(x,y,z) are the irreducible relative invariants in Z[V]. In fact,
since gi(x, x)=2f(x), we can show that 2-*P(x, x, y,y), 27'P(x, y,z,2) etc. be-
long to Z[V]. Hence 2™'Fy(x,y,2)€Z[V]. If we take
(1+e1e5e5e4, e1e5-tezee.es5, €102+ e1050,05)
as v, in remark 2, then we can take as T the inverse image by (XXxidentity)
of the set of
diag (1, (f125)7 " 11, te, (1122) 75 1, i, 115,157, (Lt,)P) Xdiag ((Bi2) 7, fts, 1),
where t,, t,=C—{0}. Then C=VT is the linear span of the following 6 ele-
ments ;
(11 0: 0)) (91923394; O: 0) 3
(0; eleb 0)) (O) 828394951 O) ]
(0,0, e1e), (0,0, e1ese4e5) .
An easy calculation shows that
274 Fy(x, y,2)] C=—X3X 1084V 15V 354525225045 .
Hence 2-4Fy(x, y,z) is irreducible in Z[V]. We have also shown that

ZIV]ee=Z[VT]Y¢

in our case.

4. Invariants of (GL(L)XGL(7), A:D A, V35DV (7).

The purpose of this and next sections are to construct an irreducible rela-
tive invariant of (GL(1)xSpin(14), (odd half spin), V(64)), where GL(1) acts on
V(64) as scalars. First, we need to construct irreducible relative invariants of
(GLA)XGL(T), A;DA,, V(35)BV (7)), where GL(1) acts on V(7) as scalars. A
construction of the irreducible relative invariants of this prehomogeneous vector
space is given by T. Kimura. See [8; p. 96, Table A (14)]. Here we give
another construction.

Let {ey, -+, e;} be a basis of V(7). Then {e;Ae;Ne,]1Zi<j<k£T} is a
basis of V(35). We write e;;, for e;Ae;Ae,. A general element of V=V(35)
PV (7) can be unigely expressed as

7
1= 2 Xinein® 2 wies.
15i<G<h ST i=1

Put x,;,=—x: etc. If we take

(@125t 5o @1a5 206234 )Des
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as v, in remark 2, we can take

{dlag (tly t27 ts, ]-: tTlr t;‘: t;l)l tlt2t3:1}

as the maximal torus T of G,,, where G=GL(1)XGL(7). (See remark 2 for the
notations.) Then C=VT is the linear span of the following 6 elements

€123, @567, €145, €2465 €347, @4 «
The relative invariants of (N, VT) are products of
4.1) %325 x8erx},
4.2) Xi2sXBer X 145X 246 X a7
and scalars. Let J; and J; be the relative invariants of (G, V) whose restrictions
are (4.1) and (4.2) respectively.
THEOREM 4. (1) We have
]6=2'x§zsﬁssﬁ
—230 2123 X 456X 451 X6 X7
—233 X 100X 124X 356 X 456X 7
23 X 108X 124X 356X 457X 6X 7
4233 X 125X 124X 356 X 567X 4% 7
—43 X 195X 156X 246X 345 X5
—43Y X123% 145X 246 X357 X6 X1
where Y x23x%56x2 etc. means the sum of distinct terms among
{x3. 0. 00X 3w, peo. pe Xaeo | PES}.
The relative invariant J; corresponds to the character
(81, 82) —> gi(det )", (g1, 8)EGL)XGL(T).
(2) We have

Ji= 20 X103 124X 135X 246X 351 X 467 X 567
— 2 Xt X 145X 246X 357 X 467X 567
+23+ xfzsxusxzwxzuxgm
+ 20 X 125X 124X 135X 256 X 347X 467X 567

’
+ 20 X 125X 104X 195 X 256 X 567X 057X 267
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T+ 20 X 193X 124X 156X 257X 346X 257X 467
—22" £ X125X124% 156X 257X 345X 567X 467
—43Y F X120 X 246X 356 X 257X 145X 167X 347 -

where 33 % X133% 154 €tc. means the sum of distinct terms among

{sign (P)xpw. pew>. 0 X pe>. peo>, peor.| PESy}.

The relative invariant J, corresponds to the character
(g1, g2) —>(det g0, (g1, §)EGLHXGL(T).

REMARK 6. The above fofmula for J; is already obtained by J. Igusa [5].
A different formula for J; is given in [2]. (See also [8].)
PRrOOF oF (1). We write

(abcr def) St Z.’ ]‘7 '")
for the monomial

XapeXdes ** XiXj ",
and

plabe, )
for

(p(a)p(b)p(c), -+-),
where p is a permutation. Put
m,=(123, 123, 456, 456,7,7) ,
m,=(123, 123, 456, 457, 6,7),
my=(123, 124, 345, 567,6,7),
m,=(123, 124, 356, 456, 7,7) ,
ms=(123, 124, 356, 457,6,7) ,
me=(123, 124, 356,567, 4,7),
m.=(123, 156, 246, 345,7,7) ,
ms=(123, 145, 246, 357,6,7) .

By considering the invariance with respect to the maximal torus of GL(1)x
GL(7) and the permutation matrices in GL(7), we can show that J, is of the
form
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8
kgl ax(X'my),
with a,=1. Since BDms=—m,, X'm;=0. So we may suppose that a,=0. Let
us consider the derivation D,; (i) such that

Diixpim=0Xum+0uXpim+0;mX p1s AZr<i<m<T),
and
Di,-xk=5,kxi (1§k§7).

Since —D;; is nothing but the action of the matrix unit Ej;, it is enough to
determine a,’s so that

Dy; % ax(2'me)=0.
If (27)=(76)

(123,123, 456, 457,7,7)

appears only in
D.(123, 123, 456,456,7,7)=D,sm, ,

D,4(123, 123, 456,457, 6, 7)=D,;m, ,
Hence 2a,-+a,=0, a,=—2. If (i7)=(34),
(123,123, 356,456,7,7)

appears only in
D,;(123, 124,356, 456,7,7)=Dgm, ,

D,,(123, 123, 456, 456,7, 7)=Dym, .
Hence 2a,+a.,=0, a,=—2. If (77)=(34),

(123, 123, 356, 457, 6,7)
appears only in
D, (123, 124,356,457, 6,7)=Ds,ms .

D, (123,123, 456,457,6,7)=Ds,m, .
Hence a;=—a,=2. If ({/)=(34),

(123,123, 356, 567, 4,7)
appears only in
D, (123,124,356, 567,4,7)=Dsms ,

D,.(123,123,456,567,4,7)=D;(46)m, .
Hence a,=—a,=2. If (i/)=(25),
(123,126, 246, 345,7,7)
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appears only in
D,5(153, 126,246,345, 7, 7)=— D,5(13)(25)m, ,

D25(123, 156, 246, 345, 7, 7):D25nl7 y
D,:(123, 126, 546, 345, 7, 7)=—D,5(465)m, .
Hence a,=2a,=—4. If (i)=(34).

(123,135, 246, 357,6,7)
appears only in

D,,(124, 135, 246, 357, 6, 7)=D,,(124653)m; ,
D,,(123, 145,246, 357,6, 7)=Dyms ,
D,,(123,135, 246, 457, 6, 7)=D4,(23)(45)m; .

Hence a;+ a,+a,=0, as=—4. Thus we have completed the proof of (1). O

REMARK 7. Let P,={pe&,|pm;=m;}. Then
P,=(&(123)8(456)) x {(14)(25)(36)> ,
P,=&(123)x<(45), (67)>,
P,={(12), (56), (15)(26)> X<(34)> ,
Py={(12), (34)(67)> ,
P,=(8(12)x &(56)) 1 <(15)(26)(47)> ,
P,=(26)(35), (12)(45),’ (23)56)>=e,,
Py=<(24)(35), (23)(45)(67)> ,

where an isomorphism &,— P, is given by

(12) — (26)(35), (23) — (12)(45), (34) — (23)(56) .

Hence the number of terms apearing in X)'m; (=1, 2,4,5,6,7,8) are 70, 210, 315,
1260, 630, 210 and 1260 respectively. Let fV=f=J,. Then fV(grad)fs+'=b(s)f*
with a polynomial

5 2
b(s):bo(5+1)(s+ 7)(3-{— g—) (s+4)(s+5)
[6]. Since b(0)=fY(grad)f =2°5°7%, b,=2°.

ProOOF OF (2). We keep the conventions above. Put

m,=(123, 124, 135, 246, 357, 467, 567) ,
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m,=(123, 124, 134, 256, 357, 467, 567) ,
my=(123, 123, 145, 246, 357, 467, 567) ,
m,=(123, 123, 145, 246, 347, 567, 567) ,
m;=(123, 124, 135, 256, 347, 467, 567) ,
me=(123, 124, 135, 256, 367, 457, 467) ,
m,=(123, 124, 135, 267, 367, 456, 457) ,
ms=(123, 124, 156, 257, 346, 357, 467) ,
my=(123, 124, 156, 257, 345, 367, 467) ,
m1o=(123, 246, 356, 257, 145, 167, 347) ,
my,=(123, 123, 123, 456, 457, 467, 567) ,
my»=(123, 123, 124, 345, 467, 567, 567) ,
mys=(123, 123, 124, 356, 457, 467, 567) ,
my=(123, 123, 145, 245, 367, 467,567) ,
mys=(123, 124, 125, 345, 367, 467, 567) ,
mys=(123, 124, 125, 346, 357, 467, 567) ,

By considering the invariance with respect to the maximal torus of GL(1)X
GL(7) and the permutation matrices of GL(7), we can show that J: is of the
form

1¢
2 ax(X kmy),
k=1

with a¢,=1. Since (23)(67)my=—1m,, A5)my=my,, (56)mys=m;; and (12)ymy=my,,
we have
E’imz=2'imu=2’imm=2’imu:O-

S0 we may suppose that a,=a,=a,;—a,,=0. As in the proof of (1), let us
determine the coefficients a, so that
Dy; % a (2 +tmy)=0.

If (5)=(34),
(123,123, 123, 345, 467, 567, 567) ,
appears only in
D,,(123, 123, 124, 345, 467, 567, 567)=Dym,,

Hence a,,=0. If (5/)=(34),
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(123, 123, 125, 345, 367, 467, 567)
appears only in
D4, (123,124, 125, 345, 367, 467, 567)=Dg,m,; ,

D,,(123, 123,125, 345, 467, 467, 567) = — D ;,(45)m,, .
Hence (115:"‘2a12=0. If (i])=(34),

(123, 123, 125, 346, 357, 467, 567)
appears only in

D,,(123, 124,125, 346, 357, 467, 567)=Dy,m;s ,
D,,(123, 123, 125, 346, 457, 467, 567)= — D (45)m,; .
Hence a;=—a;;=0. If (7)=(54),

(123, 123, 145, 246, 357, 567, 567)
appears only in
D;,(123,123, 145, 246, 347, 567, 567)=D;,m, ,

D;,(123, 123, 145, 246, 357, 467, 567)=D;,m; ,
Hence a;=—a,=—1. If (/)=(34),

(123,123, 135, 246, 357, 467, 567)
appears only in

D,,(123, 124, 135, 246, 357, 467, 567)=Dy,m, ,

D,, (123,123, 145, 246, 357, 467, 567)=Dy,m;,,

D,(123,123, 135, 246, 457, 467, 567)=— D3,(23)(45)m,; .
Hence a,+a;—a,3;=0, a,=1. If (i/)=(34),

(123, 123, 135, 256, 347, 467, 567)
appears only in

D,,(123, 124,135, 256, 347, 467, 567)=Dm; ,
D,(123, 123, 145, 256, 347, 467, 567)= — D,,(45)m, ,
Hence a;+a;=0, a;=1. If (5/)=(34),

(123,123, 135, 256, 367, 457, 467)
appears only in

D,,(123, 124, 135, 256, 367, 457, 467)=D,m, ,
D,,(123, 123, 145, 256, 367, 457, 467)=— D,(12)(456)m; ,
D,,(123, 123, 135, 256, 467, 457, 467 )= D;,(23X4567)m,, ,
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Hence as+as+2a,,=0, a;=1. If (i7)=(34),

(123, 123, 135, 267, 367, 456, 457)
appears only in

D,,(123,124, 135, 267, 367, 456, 457)=Dy,m, ,

D,(123,123, 145, 267, 367, 456, 457)= D,,(123)(46)(57)m, ,

D,,(123,123, 135, 267, 467, 456, 457)= D,,(23)(457)m 5 .
Hence a;+a,,—a,3=0, a,=0. If (¢/)=(34),

(123, 123, 156, 257, 346, 357, 467)
appears only in

D;,(123, 124, 156, 257, 346, 357, 467)=D,,m; ,
D;(123, 123, 156, 257, 346, 457, 467)=D,,(23)(46)m; .
Hence as+a;=0, as=1. If (i7)=(34),

(123, 123, 156, 257, 345, 367, 467)
appears only in

D,,(123, 124, 156, 257, 345, 367, 467)=D,,m, ,
D,, (123,123, 156, 257, 345, 467, 467)=— D,,(4567)m, .
Hence a,+2a,=0, a,=—2. If (¢7)=(34),

(123, 236, 356, 257, 145, 167, 347)
appears only in

D, (124,236, 356, 257, 145, 167, 347)=— D,,(24573)m, .
D,(123, 246, 356, 257, 145, 167, 347)=Dyymy, ,
D,,(123, 236, 456, 257, 145, 167, 347)=D;,(123)(4657)m, .

Hence —a,+a,,—a,=0, a;;=—4. Thus we have completed the proof of (2).

REMARK 8. Let P,={p=6,| pm;=sign (p)m;}. Then
P, =<(1357642), (17X26)35))=Z,x Z, ,
Py={(23)45)(67)>=Z,,
Pi=<(12)(56), (23)(67)> x {(17)(26)(35)> = &; X Z, ,
Py=<(23)45X67)>=Z,,
P=<(17)(26)34)>=Z,,

O
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Py={(156)274)y=Z,,
P,=<(12)(67), (16)(27)) x<(34)y = Z3 X Z, ,
Pw=SLy(Z,).

(Note that SLy(Z,) is of order 168 and is the automorphism group of the finite
projective plane over Z,.) Hence the numbers of terms appearing in X'=£m;
(=1, 3,4,5,6,8,9, 10) are 360, 2520, 420, 2520, 2520, 1680, 630 and 30 respec-
tively. Let fV=f=J,. Then f“(grad)f**'=b(s)f* with a polynomial

b$) =bils+1Xs-+2)(sH o )(s-+3)(s+4- Ns-+AXs+5)

[9]. Since b(0)=sV(grad)f =2°35"7, by=2".

5. Invariant of GL(1)XSpin(14).

Our purpose here is to construct an irreducible relative invariant Js of the
odd half spin representation (Sipn(l4), p, V(64)). Our method of construction
is similar to that of J. Igusa [4]. In this section, we use the same notations
as in [12].

A general element x of V(64) can be uniquely expressed as

X = 2 xiei—|— 2 xijkeijk+ 2 xi-“,-ei-‘j-—{-xLeL 5
i <<k i<J

where

€ijr—¢e;€;e, etc.,
€1.=2C1234567 »
eijeé“j::eL .

Put fijzfifj etc. Xjie=—Xijn etc. and x;...;...;..q:(——l)i”'lxi‘j.

LEMMA. In general, put

(H(l+yrsfrs>)(2 xzoeto+ > x107~1129101112+ )

78 T 0<1, 1<7, 2

- 2 210910+ 2 21011129101112 +
1<t 1<ty

Then
Rigiymigg ™ Xigiy- 1,2q+ 2( e 3 Pf(y: 15)2q<'r ss2p” Kigigy »

tog+1<<igp

where Pf denotes the Pfaffian.
In fact,
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Zioir“izqeioir"hq

—pgz 27-9p—q) !i2q+§'izp(yi2q+li2‘1+2 " Vigposiap f taguringrs * Finprig)

) xiomizpeiomizp

1
:pgm Zi](yizqﬂizqﬂ " Vigp-yigp) Xiguin (— 1P ey,

1

» — = > oo Vi 5 )
520 Jogui<<iop2P Y p—q)! (i2q+1...i2p)=(j2q+1...j2q)(yl2q+112q+2 Vigp-1izp

. Jeq+1 7t Jop »
-signy . xiO"'izquqﬂ'“fzp(_l) qeiU"'qu

Zag+1 *** Zop

= Y . X (—1)P
——pgzizq+1%-'..<i2pPf(ylrl‘>2q<r’“2" Xigeigy(— 1P ity -

By the above lemma, we have

(51) (1<];(1+x xrsfrs))x—zztoeza+ 2 Zzoxlzzezomlzz‘i'xLeL,

10<i1<ig
where
2y,= x72{(—1)00"1 %t_ PE(x¥ s isr. 556
6

(5.2) S PRGOS iersees Koy,

1<y
+xl'i§i2x?1izxioi1iz} +xin ’
and

Zi0i1i2:le{(—l)i°+i1+i2, 2 Pf(x% dasr.ss6
13 <lg s

(5.3)

"1’324xzsz4xiozl 14}+xioi112 .

As is easily seen, every generic element of C*®A*C"/SL,(C) has a representative
of the form
W' et w(eiss+ese)+ W (€14t Casrtser),

(cf. [9; Prop. 2.14]). Hence if we put

ZZEZioeio‘l‘22i0i1i2€i0i1i2+xL9L ’
then

(5.4) p(@)z=w’ e, +w(eszs+ei56)+ W (€141t Cosrteser)+ X 11
with some w, w’ and g&SL(7TXCSpin(14)). By theorem 4,
Ji@)=J(p(g))=w'w",

and
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J(@)=J(p(g)a)=—w.

Here we regard J; and J; as polynomial functions on V(64) via the natural
projection V(64)—»C"P(A*C"). Hence

(8.5) w=—J(2), w'=(Jz)](2)"*)".
Let U be the linear span of

{er, €123, €use, €ru7, €257, Caen, €L} -

Since J; is invariant with respect to the action of {IIi_.(fie.f:+1t7'f:e:)lticC—
{0}} and deg J,=8 [12; section 7, Table 1(24)], we can see that [;|y is of the form

2.2 .2 .2 2 .2
ax3xtesxise X I H0x T X Ese X 147 X 259 X 362X L.«

Since
(L4271 f10A+27" f2:X1+27 foe)(1 e (1 +e0s)(1+-e56)
+(eqt+e1asteyseterasser)
=125+ Case 27 (Crart €251+ Cuer) +2€ 1405301
we have

Js(erteistese—er)
:]s(9123+€456+2_1(3147+3257+9367)—29L>-
Hence a=-—0b/4, and
(5.6) Jslu=x3x30sx k56X —4x32s X Es6 X 140X 257 Xs7 X 1

up to non-zero scalar multiple. Thus

Jx)=J2), by (5.1)
= J(w' e+ w(erss+euse)+ W (@rurteasrt€ser)+x201) by (5.4)
=ww'x:—4wx,, by (5.6)
=J2)xi+4](2)xzL, by (5.5)

THEOREM 5. An irreducible relative invariant J; of (GL(1)XSpin(14),
(odd half spin), V(64)) is given by

Jx)=J2)xi+4](2)xL
with

Z2=232:2iyF E ,Zioilizeini,iz“‘xLeL,
1p<i<iy

where z;, and z; ., are given by (5.2) and (5.3).
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REMARK 9. In the case treated in theorem 5, (G, p, V) has a unique split
Z-form [3]. For this Z-form, V(Z) may be identified with the lattice of V(C)
generated by

€igliy vt iy, 0SRS3, 1540,< o <igp 7.

Then =+ Jy(x) are the irreducible relative invariants in Z[V]. In fact, as is
seen from theorem 4, (5.2), (5.3) and theorem 5, Jy(x)EZ[V, x7*INC[VI=Z[V].
As is seen from (5.6), J; is irreducible in Z[V]. If we take

;1293 Cusster
as v, in remark 2, then we can take as T the inverse image by X: Spin(14)—
SO(14) of the set of
diag(th t2) t37 t4) t5) ts; 1; tIl’ tgly tgl; tfl: tgl) ;17 1);

where titofy=titst,=1. Then C=VT is the linear span of the following 4
elements ;

€7, €193, @456, CL .
As is seen from (5.6),
Z[V]¢e=Z[VT]V.¢
in our case.

By a direct calculation, we can show that

(grad log Js)(vo)=2v,.

As is seen from (5.6), Ji(vo)=1. Hence J((grad log Jo)(vo)) Js(ve)=2%, and
Je/(grad) J§+'=b(s) J§ with the polynomial

B&)=2+1) (55 ) (s N+ +5)(-+ o) (s 2)(s-+8),

(cf. [11]).

6. Invariant of GL(&).

In [8; Remark 4.6], a construction of an irreducible relative invariant of
(GL(®), 45, V(56)) is given. In order to write down this relative invariant
explicitly, we need to know the explicit form of polynomials

Firag, () (g=3, m=3)

appeared in [8; Example (II)]. It would be worth noting that, although the
explicit form of these polynomials are not given in [8], they can be constructed
immediately as follows: Let Dy be the polarization i—8, i.e., Dy ixapi=Xaps
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(a, B+8,1=i<8). Then
Fil 2 '3=D8,i1DS,i§D8,i?f;

110t

where f is an irreducible relative invariant of (GL(7), 4;,V(35)). In order to
see that these polynomials satisfy (4.7) and (4.8) of [8], it is enough to notice
that Ds; is nothing but the action of the matrix unit —FE,.
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