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Introduction.

In our previous article[4], we developed a theory of methods for our specific

objective: to clarify the functional structure of ordinal diagrams. This theory

was symbolized by HP (hyper-principle) for the reason that it rendered the

foundations of a well-ordered structure far beyond s0. (For the structure of

order type s0 we presented CP, the construction principle; see [2]). The theory

HP can be regarded, however, as a general theory of transfinitemechanisms

independent of ordinal diagrams, and it is of quite an interest in so far as a

mechanism in our notion is a computational system which produces an object

combined in one, given as an input a (transfinite)sequence of already produced

objects. This mechanism is again disposed into the universe of objects of our

concern. This is the idea behind HP.

Incidentally, what were called methods previously are here called mechanisms.

The reason for thisas well as a delicate distinction between methods and mech-

anisms will be explained in the sequel to this paper.

Now, in this article,we propose an extension of HP, symbolized by TM[2]

(a two-storied theory of transfinitemechanisms), which is obtained from HP by

allowing substitutionsof term-forms of HP for free variables in type-forms, and

hence the new universe (of mechanisms) is two-storied. That is, the objects in

the universe of HP are regarded as the mechanisms belonging to the firstfloor,

so to speak, and play the role of parameters to determine type-forms of the

mechanisms upstairs. The function variables appearing in the original type-

forms are then regarded as living in the basement.

In the sequel to this, an application of TM[2] will be presented; an exten-

sion of the transfinitedefinitionsin [4] will be interpreted in TM[21.
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§1. First-floor-term-forms.

Let / be a primitive recursive scheme such that for each 1=1, 2, ･･･,1(1)

represents the pair of a set and its order, say (Ilt<l), which admits an (a concrete)

accessibilityproof. (See the introduction of [3] for the meaning of the accessi-

bilityproof.)

Definition 1.1. 1) Language XQ(I). The language J?o(/)is the quantifier-

free part of the language of HA, Heyting arithmetic, augmented by function

variables. It may contain some special constants.

2) Terms and (quantifier-free)formulas of -C0(I) are defined as usual.

Terms may contain function variables.

Note. 1) In subsequent sections, we deal with the cases [where there are

just two accessible sets h and /2. We do not lose anything essential by this

simplification.

2) We shall constantly refer to Part II of [4], and hence we cite some

definitions and their consequences therefrom with the asterisk affixed. For

instance, Definition 2.1* stands for Definition 2.1 in Part II of [4]. The theory

we are to introduce is, in its essence, an extension of HP which admits sub-

stitutions of term-forms (of HP) of aMype or /n-type for the free variables in

type-forms.

3) The terms which are free of function variables are said to be
≪T0(/)-

recursive.

Definition 1.2. 1) The language -Ctp(I) for type-forms is much the same

as the language Xtp in Definition 1.1*. It is based on the language of X0(I)-

terms and J70(/)-formulas (which are quantifier-free),and the previous T and

31 be replaced respectively by Si1 and Si2.

2) Type-forms, the variables in them and their reduction rules are the

same as those in the definition cited above, save that Si1 and Si2 need some

care.

2.1) Let t=t(3) be an expression in the language Xtp(I) free of Si1 and Si2

with parameter S, let s be a type-form without SiJ and Si2, and let i stand for

an X0(I)-term of at-type which is supposed to be an element of Iu Define

M(s, t;i) and N{%, t;i) as follows.

M(s, t; o)=s, where o is the initialelement of h ',

JV(s,*;i)=AjC＼_j<H ;A^- A£tM(s, t;;), epf],

where £u ■■■, $t are some free variables in M(s, t;j) different from /;
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M(≫, t;i)=t(N(s, t;i)) if o<H.

If M{*, t;i) is a type-form for all i in Iu then iRx[s, t; z] is a type-form.

Define

JVtiR1; ,, t; i)=AjCU<1i; J£x ■･･A^Si1^, t; y], epf] .

Sl1^, t',i~]is accompanied by the reduction rule:

Q'b, t; z] =^cp=o, o<H; s,((^(-Si1; *, '; i)), epf].

The reduct will be abbreviated to 3i＼s, t;i). The variables in iR1^, ≪;z] are

the ones in s, f and i.

2.2) 5l2[t, u; ^] and its reduction rule are defined similarly, but with slight

modifications; x and a be free of Si1 (but possibly with SI1), It and <x are

respectively replaced by h and <2 and & is supposed to range over 72.

3.3) Let s be a type-form and let <f>be an J?0(/)-term (of atf-type or fn-

type). Then 77(s; <f>)is a type-form. If * is of the form Axt(x) and (j>is of

the same type as x, then we place the reduction rule;

/7(,;0)=M0.

Note. 1) Type-forms of the form 77(s; 0) (in 2.3) above) are not neces-

sarily meaningful. Such a waste will be adjusted later.

2) The T-type in [4] is a special case of the iR1 here.

3) The treatment of T and SI in [4] was somewhat inarticulate. We are

correcting it subsequently.

Definition 1.3. The complexity of a type-form ≫,denoted by d{＼)here, is

a notion similar to the ^-degree defined in §11 of [1]. Here we callit simply

the degree.

1) We firstdefine an extension of Ip, *IP, p ―1, 2.

Ip~={i~;i^Ip),

IP*=IP＼JIP~,

*Ip = Ip*＼J{oop),

i<p*r<p*j for any i and j in Ip with i<pj,

oop is the maximal element in */ with respect to <p*.

The order type of */ is thus 2|/|+1. We assume the elements of *h and */z

are coded so that the two sets of codes are disjoint. Define

I0=*IiU*h,
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where the order <0 of h is induced from <** and <2* and, if jg*^ and £e

*/2> then i<ok.

2) Next define r{3ip; *), the rank of 3lp in a type-form ≫,which is an

element of /0.

2.1) Suppose C＼_(Jl),(u)] occurs in t, where ^4* is the condition j<pi and

uj contains iRp[s, t; /], and where fe/p and / is either a variable or a numeral,

and for the latter case either ;C/P or z"^p/. Then, for this occurrenc of

Sip, r(&p; 0=≪.

2.2) Suppose 5ip[s, *;/] occurs in t, where /e/p and 2.1) is not the case.

Then for this occurrence of Slp, r(Slp; i)=j~.

2.3) For any occurrence of Slp in * which does not fit either of above,

3) Let t0 and * be type-forms where ＼is a part of t0. We define d(t; ≫0),

the degree of ≫relative to ≫0,to be an element of <y/o. (Let the order of ft>7°

be denoted by <<≪,.)

3.1) d(i',iO)=l if i is atomic.

3.2) d(Axt;to)=d(t;to)+l.

3.3) rf(s->t; to)=rf(*; *o)#cf(*;to).

3.4) d(J7(s;0);to)=d(*;*o)+l.

3.5) ^(iR^Cs, t; f]; t0)=rf(,; *0)#Q)r(iRP:≫o)

3.6) d(^[(J); (0]; ≫o)=d('i; *o)#■･･#rf(fm+i; ≫o).

4) Define rf(≫)to be d(≫;0-

Proposition 1.1. // s=$t for hyper-types s and t, then d(s)<md(t).

Proposition 1.2. The notion of normality can be defined as in Definition

1.2* except for the general cases of 77(s; <j)),which is to be settledin the sub-

sequent proof. The normalization theorem on hyper-types can be proved by

transfiniteinduction on d. (See Proposition 1.2* and Corollary*.)

Proof. Apply Proposition 1.1. In case of 77(s; 0) where s is not of the

form Axt(x), consider the normal form of s, say s0,which exists by the induc-

tion hypothesis. If s0is of the form Axt(x) and <j>is of the same type as x,

then we define the reduction rule

/7(,;0)=M0);

otherwise I7(s; <f>)will be said to be irrelevant, and regard thisitselfas normal.

By virtue of Proposition 1.1, d(t($))<md(*0)<wd(*)<ad(II (*;$)). This settles

the adjustment problem in 2) of the note to Definition 1.2.
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Definition 1.4. We can define the objectsof respective non-irrelevant hyper-

type (which will be called hyper-mechanisms) as in Definition 1.3* by transfinite

induction on the degree. Due to the involvement of iR1 and iR2, they are of

transfinitecharacter.

Definition 1.5.(See Definition 2.1*.) 1) The language J7£m(/)(for term-

forms) is Xtp(I) augmented by the variable-forms of associated type-form s, X*n,

for all n and s,and special constant symbols n, B, X,IT, C.

2) The term-form of a certain type-form, free and bound variables and

variable-forms in it and the associated variables (in type-forms) are defined as

before.

3) A term-form which does not have associated free variables will be called

a hyper-term, and a hyper-term which does not have free variables of variable-

forms will be called a hyper-functional.

4) The constructional complexity of a term-form 0, denoted by *(0) here,

is defined as before.

5) For each hyper-functional 0, we introduce a (functional) symbol Q0 (or

Q for short), which is to be interpreted to be the object represented by 0, say

J<p(which will also be written as JQ). Q$ is not an officialterm in the language.

6) The type-form of a term-form 0 will be written as (01.

Note. The variables (of at-ype or of /n-type) in the original language are

to be distinguished from variable-forms of types respectively No and N0-^N0,

although they are treated the same way in the formations of term-forms.

Proposition 1.3. 1) Proposition 2.1* holds.

2) // 0 and W are identical save for some bound variable-forms and, if

Q and R respectively correspond to 0 and W, then Jq=Jr (the same object).

Definition 1.6. 1) First assignments. Let x=xu ■■･,xt be a finite se-

quence of distinctvariables and let ak be a closed X0(I)-term of the same type

as xk, l^k^l. Put a=alf ･･･,at. Then

ax={x1/au ■■■, Xi/ai)

will denote the (first)assignment of a to x.

2) Let 0 be any formal object. a0 will denote the result of replacement

of xk by ak in 0, presuming that xk be not bound in 0 and that there be no

clashes of variables. If x exhaust the free variables in 0, then a will be said

to be complete for 0.

3) If the 0 above is a type-form t, then at will become a hyper-type under
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a complete assignment a.

4) If the 0 in 2) is a term-form, then a0 will become a hyper-term under

a complete assignment a.

5) Second assignments. Let y=yu ･･･,jym be a finitesequence of distinct

variable-forms of hyper-types, and let b=bu ･■･,bm be a finite sequence of

functional symbols such that bk is of the same hyper-type as yk, l<Lk^Lm. Then

hy={yjbu ■■■,ym/bm)

will denote the (second) assignment of b to y.

6) Let 0 be any formal object, and let a be complete for 0. ha.0 will

denote the result of replacement of yk by bk in a0. If y covers all the free

variable-forms in 0, then b will be said to be complete for a0.

7) If 0 is a term-form and a is complete for 0, then ba0 can be defined

according to 4) and 6). If b is complete for a0, then ba0 will become a hyper-

functional (in the extended language).

Collollaay. 1) Corollary* holds; added is aSlp＼_s,t;Q = m.p[_as,ai;ai~＼.

2) baU{0 ; W)=I7(ba0 ; baW);

baXX0=XaXba0 ; baC＼_{Jl);(0)~]=C＼_a{Jl);6o(0)].

Note. As was noted above, free variables and variable-forms of type iVo

and N0-*N0 are distinguished, and so the variables are relevant to firstassign-

ments, while variable-forms are relevant to second assignments. =£0(^)-terms

are of course term-forms, and hence they can be substituted for variable-forms

if types are appropriate.

Definition 1.7. 1) CNPR in §3* (the continuity principle)will be assumed.

2) The interpretation of a term-form 0 at a complete assignment ba,

J{0, h, a), can be defined as in Definition 3.2*.

(1) Closed .ToCO-terms can be interpreted naturally.

(2) 0 is a variable-form Xs. ha determines a functional symbol Q of

hyper-type as. Let J{0, b, a) be JQ.

(3) J{II{0; ＼),b, a) can be defined inductively as before.

(4) Consider J(XX0 ; b, a), where [X] (the type-form of X)=* and [#]=f,

t being free of X. For each Q a functional symbol of as,

MQ=J(0, (b, aX/Q), a)

has been defined as a hyper-mechanism of at. Let M be the hyper-mechanism

(of a*-+at) which associates with JQ for any such Q the MQ above. Let

J{XX0; b, a) be this M.
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(5) Consider J(2.X@ ; b, a) as above where X occurs (free)in t. Then XX0

is of type-form AXt. For each 0 a closed =T0(/)-term of the same type as X,

put c=(a, X/<j)). Then

Mt=J(0, b, c)

has been defined as a hyper-mechanism of ct. Define J(XX0, b, a) to be the

mechanism M which associates with each 0 the M^ above. M is of hyper-type

AXm.

(6) C＼_{J.)}(0)] can be interpreted as before.

(7) II(B;Z) can be defined as before, and from this JS will be defined.

The S in Z is a variable (of /n-type)in Xn(I＼ (See (11) in Definition 3.2*.)

Proposition 1.4. The J above is well-defined.

Proof. We can follow the proof of Proposition 3.1*. CNPR and an in-

formal reasoning of the bar theorem are used. For the reader's convenience,

CNPR (the continuity principle)is written out below.

CNPR(L, S): VS%S'＼ap(L ; S)=S＼ap(L ; S)＼ap(L; S')=ap(L ; S)),

where L is an arbitrary term-form of type-form (N0->N0)-^-N0, S is an arbitrary

-£0(/)-term of /n-type, S' is a variable of /n-type and ap(L ; S) represents the

application of L to S and S＼n represents the restriction of S to length n.

Definition 1.8. The objects and expressions defined in this section (type-

forms, term-forms and hyper-mechanisms) will be said to first-floor.

§2. Second-floor-term-forms.

Definition 2.1. 1) We assume henceforth the properties of first-floor-

objects defined in the firstsection.

2) Let A be any
≪T0(J
)-formula. If B is obtained from A by replacing

some free variables by first-floor-term-forms(of appropriate type), then B can

be interpreted in the semantics of first-floor-term-forms(see Definition 1.7). We

shall call such 2?-£tm(/)-recursive.

3) Second-floor-type-forms and the variables and (first-floor-)variable-forms

in them as well as the associated variables are defined below. We denote the

underlying language of second-floor-type-forms by 2-Xtp(I). We shall omit the

adjective "second-floor-" when confusion is not likely.

3.1) An expression obtained from a first-floor-typeform by replacing some

free variables by first-floor-term-forms(of appropriate type) is a second-floor-
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type-form. As a special case, a first-floor-type-form is a type-form in the

extended sense.

3.2) Second-floor-type-forms are closed under the formation rules of first-

floor-type-forms except for .&1 and SR.2. In 5lp|V, t';i'~＼as a second-floor-type-

form, s', t' and zv are respectively obtained from s, t and i which are first-floor-

objects by replacement of some variables by first-floor-term-forms of appropriate

type; that is SIVW, t',i'~＼is admitted only through 3.1) above. -Z7m(/)-recursive

formulas are admitted for the (J.) in C＼_{J.);(t)~],and, in the reduction rule

for £[(<J);(0]> the truth value of At (under assignments) can be evaluated

according to the semantics of first-floor-term-forms; see 2) above.

3.3) Let t be a type-form in which X a first-floor-variable-form is not bound.

Then AXt is a (second-floor-) type-form. Let <j>be a first-floor-term-form of

the same type-form as X whose variable-forms are not bound in t, and let t'

be obtained from t by replacing all occurrences of X by <f>. Then U'(AXt; $)

is a type-form with the reduction rule

II{AXf,(j>)=}t'.

The (first-floor-) variable-form in this are those in AXt and in 0.

3.4) For any s which is not of the form AXt, 77(s; <j>)is still defined; see

2.2) in Definition 1.2 and the note to it.

3.5) The associated variables in a type-form t are those in the first-floor-

type-forms of the variable-forms in t.

4) A second-floor-type-form is a second-floor-hyper-type if it contains no

free first-floor-variable-forms (variables and associated variables inclusive).

Note. (1) In 3.3) above, if X a variable-form occurs in t, then it is in the

form <f>{X),where <j>(X)is a first-floor-term-form of a^-type or /n-type. So, for

each complete assignment to <j>(X),<f>(X) can be evaluated according to the

semantics of first-floor-term-forms.

(2) Here, too, 77(s; 0) is not necessarily meaningful. Adjustment will be

made later.

(3) As was stated in 3.2) above, 3ipW, t';i'~]is of a special form. We

do not form this for arbitrary second-floor-type-forms s' and t'; that is, s' and

i' do not contain AX%. It is possible, however, that an expression in them is

of (first-floor-) type-form which involves Six or SC1.

Proposition 1.1* holds for second-floor-type-forms if appropriately modified;

in 3.3) above, if AXt and $ are hyper-types, then the immediate reduct of

H'{AXt; 6) is also.
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Definition 2.2. 1) The normality of a hyper-type is defined as in Defini-

tion 1.2* with the following modifications.

1.1) For every variable-form in a hyper-type whose associated first-floor-

type-form s is a (first-floor-)hyper-type, reduce s to its normal form (which

uniquely exists by Proposition 1.2).

1.2) If 1.1) has been executed, then AXt(X) is normal.

1.3) For 77(s; <}>)which does not have the reduction rule, the normalization

problem will be settled subsequently.

2) We define e(0, the constructional complexity of ≫ a second-floor-type-

form relative to first-floor-objects.

2.1) e(0=l if * is free of AX (X a properly first-floor-variable-form).In

the subsequent cases we assume 2.1)is not the case.

2.2) e(AXt)=e(t)+l

2.3) e(.->0=e(0+6(0

2.4) s(/7(,;0))=e(≫)+l

2.5) s(£[(jZ);(0])=e('i)+ - +e(tm+1)

Note. Since 2lp＼_*',t';i'~＼does not contain AX, this fitsthe case 2.1).

Proposition 2.1. 1) // * and t are hyper-types such that s=$t and e(0>l,

then e(0<e(0-

2) 2) Suppose t'is obtained from t by substitutionof a first-floor-term-form

for a variable-form. Then e(t)=e(t').

3) The normalization theorem on hyper-types can be proved by induction on

e, under the assumption of the semantics of first-floor-term-forms.

Proof. 3) First execute 1.1)in the definitionabove. Suppose firstfor a

hyper-type *s(≫)=lholds. It ≫is C[(Jl);(ty],then the truth value At is deter-

mined in the semantics of first-floor-term-forms,and hence the reduct is uni-

quely determined. If t is 5i[s, t;i~＼and i contains first-floor-term-forms,then

i can be evaluated in the semantics of first-floor-term-forms. If t is II(s; <j>)and

0 is a first-floor-hyper-functional,then <j>can be evaluated. With these facts at

our disposal, we can follow the proof of Proposition 1.2 (relying on transfinite

induction on d).

Suppose next s(0>l. AXt itselfis normal. Consider II(Alt(l);$), which

is reduced to t($). If a first-floor-type-forms(/)is the associated type-form of

a first-floor-variable-formoccurring in t becomes s(0), then reduce this (if

necessary) to the normal form. Consider next II(AXt(X); <ft)as i, which is

reduced to t{6). 6 belongs to first-floor,and hence
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£(#))> £(0.

In case of general 77(s; 6), consider the normal form of s as before.

Dffinition 2.3. The objects of respective (second-floor-)hyper-type can be

defined as before. If % is a hyper-type with e(0=l, the definitionis similar to

that in Definition 1.3* by virtue of the semantics of first-floor-term-forms.

Otherwise the desired objects can be defined by induction on s, based upon the

first-floor-sementics.An object of hyper-type AXt(X) with [.XI = s is a mech-

anism to associate with each J$, where 0 is a first-floor-hyper-functionalof

hyper-type s, an object of (second-floor-)hyper-type t{$). This is well-defined,

since s(t(6))<e(AXt).

Definition 2.4. 1) We assume first-floor-term-forms and (second-floor-;

type-forms. We are to define second-floor-term-forms (which will simply be

called term-forms when confusion is no; likely) of certain type-forms, free and

bound variables and variable-forms (of first-floorand second-floor) in them, the

associated variables (of first grade) in first-floor-typeforms occurring in the

first-floor-variable-formswhich constitute type-forms and the associated first-

floor-variable-forms(of second grade) in type-forms. The underlying language

will be denoted by 2-JTtm(/). For any term-form 0, its type-form will be

denoted by [#].

Let n be a natural number. The second-floor-variable-form of the associated

type-form *, written as Ysn,is prepared for every s.

(1) Each first-floor-term-formis a (second-floor-) term-form whose (first-

floor-) variable-forms are those occurring in it and whose associated variables

of firstgrade are those in its type-forms.

(2) Each variable-form Ys is an atomic term-form of type-form s. It is

free in itself. The associated variables of firstgrade are those in type-forms

of the variable-forms occurring in s and the associated variable-forms of second

grade are the variable-forms in s.

(3) If 0 is a term-form of type-form s―>≪and if W is a term-form of type-

form s, then 17(0; W) is a term-form of type-form t.

(4) If 0 is a term-form of type-form AXt(X) with [^] = * and if 0 is a

first-floor-term-form of type-form s, then 11(0 ; <fi)is a term-form of type-form

IJ(AXt(X); $). The associated variables and variable-forms are those for 0

and for <f>.

(5) If Y is a variable-form (of first-flooror second-floor) with [F]=s and

0 is a term-form with [01 ―t, where Y is not bound in 0 or t, then XY0 is
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a term-form, whose type-form is either s-*t (when Y does not occur in t) or

AYt (when Y occurs in t). The variable-forms in XY0 are the corresponding

ones in 0 except that Y becomes bound. The associated variable-forms are

those for 0 and the variable-forms in s.

(6) Let (Jl)=Au ･･･, Am be Xm(/)-recursive formulas, and let (0)~0U ■･･,

0m, 0m.+i be term-forms of type-forms (t)=tu ■■■,tm, tm+1 respectively. Then

C[{J.);{0)~＼ is a term-form whose variable-forms are those in (J.) and in (0).

The type-form is C＼_{J.);(<)], and the associated variable-forms are the variable-

forms in (J.) and the associated variable-forms for (J.) and (0).

(7) Let t0 be (No-+No)^No, let t^z), ･･･, tb{z) be type-forms with a free at-

type variable z, let S be an /n-type variable and let m and / be at-type vari-

ables. Define from these pd, d = l, ■■■, b, as in Definition 2.1*. pd becomes a

(second-floor-) type-form. For any such p = pd, $v is an atomic term-form with

pd as its associated type-form, and whose associated variable-forms are the

variable-forms occurring free in rlt ･･･, rb. (See (11) in Definition 2.1* for

details.)

2) A term-form which does not have associated variable-forms is called a

(second-floor-) hyper-term.

3) A hyper-term which does not have free variable-forms is called a

(second-floor-) hyper-functional.

4) The constructional complexity of a term-form 0 will be denoted by

＼0) (<c).

5) For each hyper-functional 0, we introduce a (functional) symbol Q0

(=Q), which is to be interpreted to be the object represented by 0, say J0

(which will also be written as JQ). Q<p is not an official term in the language.

Note. The first-floor-variable-forms and the second-floor-variable-forms are

to be distinguished even if their type-forms happen to be identical (which are

of first-floor).

Proposition 2.2. 1) Second-floor-term-forms are closed under substitutions.

2) // 0 and W are "essentiallythe same" and Q and R respectivelycorrespond

to 0 and ＼, then JQ=JR.

Definition 2.5. We are to define assignments of functional symbols to

variable-forms in a manner similar to Definition 1.6'. 1)~7) there are valid here.

8) Third assignments. Let z=zlf ･･･, zn be a finite sequence of distinct

second-floor-variable-forms of hyper-types (with possibly functional symbols),

and let c = Ci,･･･, cn be a finitesequence of functional symbols (of second-floor)
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such that ck is of the same hyper-type as zk> l^k^n. Then

CZ~{zJcx, ■■■, Zn/Cn)

will denote the (third) assignment of c to z.

9) Let 0 be any formal object,and let ba be complete for 0. Then cba

will denote the result of replacement of cz by ck in ba.0. If z covers all the

free second-floor-variable-forms in ba0, then c will be said to be complete for

ba0. In this case, if 0 is a second-floor-term-form, cba0 willbecome a second-

floor-hyper-functional(in the extended language).

Note. As was noted above, the first-floor-variable-forms and the second

floor-ones are to be distinguished, so that the former are relevant to secom

assignments, while the latter are relevant to third assignments.

Definition 2.6. 1) CNPR(L, S) (the continuity principle) will be assumed

where L is a second-floor-term-form and S is a first-floor-term-fo-im. (Compan

this with the continuity principle in the proof of Proposition 1.4.)

2) The interpretation of a term-form 0 at a complete assignment cha

J{0, c, b, a), can be defined similarly to the interpretation in Definition 1.7.

(1) For any first-floor-term-form 0,J(0,h, a) has been defined in Definitior

1.7.

(2) If 0 is a second-floor-variable-form Ys, then cha determines a functiona

symbol c of hyper-type bas. Let J{0, c, b, a) be Jc.

(3) The cases where 0 is one of the forms B, IJ(W;X) and C[(Jl); {＼)'_

can be dealt with as in Definition 3.2*, where the conditions (J.) can be inter-

preted in the semantics of first-floor-term-forms. The case where 0 is AYW

and [W] is free of Y can be dealt with similarly to the first-floor case. Y

ranges over the functional symbols of hyper-type [haY~].

(4) Consider XXW where [X]=s and lW]=t(X). J(XX＼; c, b, a) is the

mechanism M which associates with each JQ, where Q is the functional symbol

of a first-floor-hyper-functional 7.of hyper-type as, the object J(＼, c, d, a), where

d―(aX/Q, b), the type-form of which is t(X). M is of hyper-type AaXbat(X).

Proposition 2.4. The J above is well-defined. (See Proposition 1.4.)

Difinition 2.7. The set U of the mechanisms in which the hyper-functionals

are interpreted consistently with respect to J (see Definitions 1.7 and 2.6) will

be called the two-storied universe of transfinite mechanisms. U contains the

realizations of closed _£<>(/)-terms, first-floor-hyper-functionals and second-floor-

hyper-functionals.
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§3. The hyper-principle for the two-storied universe of transfinite

mechanisms.

Definition 3.1. 1) The language X% we are to consider contains the

language 2-Xtm{l) as well as the predicate constants Ax and A2. The logical

connectives accepted are A, I― and V.

2) The formula-forms of X2 are defined as follows.

2.1) For any pair of term-forms 0 and ＼ of type Ar0,O=＼ is an atomic

formula-form.

2.2) At(i,ft, Xi), 1=1, 2, is an atomic formula-form, where i is of c^-type,

fi stands for a finitesequence of term-forms of at-type or /n-type and Xt stands

for a term-form, whose type-form will be specifiedin 3) below.

2.3) The class of formula-forms are closed with respect to A, I―and VX,

X any variable or variable-form.

3) For ＼_Xi~](the type-form of Xt) in 2.2),we shallexplain how to determine

it with examples. We assume f1= f2=f, which is of /n-type. First let / be 1.

Let us temporarily suppose that 3 be a parameter which yields the type-form

of the Vo in Ax{j,g, Vo) (at j<H and any g); that is,

(1) n(3',j,g)=[yo-](=vo(3;j,g)) if j<H.

Let us write [Fo; 3~＼for this. Now define

(2) a{3; i)=AjAgC＼_j<H; vo(S ; /, g), epf],

fi{3;i, f)=AjAx(vQ(S ;j, s(i,f, j, x))->N0)

for a term s. a(3; i) and fi(3;i, f) are expressions in the language Xtp(I)

with parameter 3. Assume that these a and /3 are re-assigned to Au and put

(3) t= t(B)=AmC＼_m=0, m―l; a{3 ;i), fl(3;i, /), epf}.

Define M and N by

(4) M(ept, t,o)=ept,

N(ept, t;i)=AkC[k<li; M(ept, t; k), epf],

M(ept, t;i)=t(N(ept, t;i)).

We can show that, for each i in Ilt M(ept, t;i) is a first-floor-type-form,and

hence 9fr}＼_ept,t',t＼can be admitted as a first-floor-type-form.Put

(5) lX^=r(i,f)=^[ept,t;i]

for the X,, in Ax{i,f, Xx). y{i,f) consistently determines the type-form of Xi

in Ax{i,f, Xx) for all i and /. (All the objects here are of first-floor.)
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Next let I be 2. Suppose that 0 be a parameter which yields the type-form

of the Uo in J2(/, /, Uo) (at j<H); that is,

(6) 77(0 ; j, /)=[£70] (=ko(0 ＼h /)) if 7<2^

Write [f/0; 6>] for this. Define

(7) C(6>;i, f)=Aj(r(h3U), h4(f))-*c[j<2i; uo(c; j, f), epf]),

where h3 is supposed to be a function which yields an element h(j) of 7i when

j is an element of 72, and /i4(/)is an _C0(/)-term with /. Assume that this C

is pre-assigned to J2, and put

(8)

Define K and L by

(9)

=.(e)=C(0 ;*■,/)

K(ept, *;o)=ept,

Ufipt, s;i)=AlCU<2i; K(ept, ,; /),epf]

K(ept, *;i)=s(Uept, *;i)).

We can show that, for each i in /2, K{ept, *; i) is a first-floor-type-form, and

hence Sl2[_ept,
%; z] can

be admitted as a type-form. Put

(10) [*.]=≪(*,/)=*･[*/*,.;*]

for the X2 in J2(z, /, X). <5(z,/) consistently determines the first-floor-type-

form of such X2 for all i and /.

Definition 3.2. The axiom set J.(I) of the -T2-formula-forms consists ol

(^(/)-1)~(jI(/)-4) below.

(J.(I)―1) The reduction rules of type-forms (see Definitions 1.2 and 2.1).

(<J(I)―2) The axiom on Ax consists of two implications (Ji,i) and (Jli2).

Abiding with the spirit of 3) in Definition 3.1, we work here also on an example.

An expression of -T2 with parameters, say Gu is pre-assigned to Ju As an

example, suppose Gx is of the form below.

Gi = Gx(i, /, V, N, Sl)=^j<li}ig(A(if g)＼-S1(J, g, n(V ; j, g)))

AVjKWxVVASiU, s, V2)＼-B(II(N; j, x, Vt), i, f, j, x)),

where s = s(i, f, j, x) is an J?0(/)-term, A and B are -T0(-O-recursive, and the

type-forms of the variable-forms are listed below. Put

f(z",f)=AkC＼_k<H; <R}[ept, t; &], epQ.

nr]=a(e(i,f):i),



A two-storied universe of transfinite mechanisms 111

[W]=j8(S(i,/);i,/)f

All the expressions are of first-floor. Also are pre-assigned first-floor-term-

forms as below.

V*=XXXjkgCiJ<H; n(X; 0, /, g), epf],

N*=XXXjJixJLViClj<1t;II(X; 1, j, x, V2), epf],

X*=XVXN(V, N),

where ＼_X]=y{i, f) and (V, N) denotes the pair of V and TV. Now, wit [^i] =

y{i, f), (Ji.i) and (Ji,2) are presented below.

(A.i) Jid", /, Xl)＼-Gl{i, /, my*; Zx), 77(/V*; Z:), J2)

(^,2) G&, f, V, N, A1)^Al{ii f, 77(X*, V, N))

(<J(/)―3) The axiom on J2 consists of two implications (J2,i) and (A2tZ).

An expression of -£"2with parameters, say G2, is preassigned to Az. As an

example, suppose G2 is of the form below.

G2=G2{i,f,W,IuS2)

AZzWUlVJ, f, IKTiViWt-C]

AVy<2iV7,(J1(A,0"), /≫*(/),Vf)(-r2(;f /, /7(PT; /, 7,)),

where /ix(z')and /z2(/) are -T0(/)-terms and i7 is J70(/)-recursive. Put

rj(i,f, k)=Clk<H; &2[ept, s; fe], e/rf]-

C/]=r(/≫i(O, hM)y>N0,

m^AVxCimj; Vl)<2i; rjit,f, 77(/; V,))]

C71]=r(A1(0, &.(/)),

[F2]=r(/z3(y), /z4(/)),

|W]=^;(CV,]->^(if /, jV^AMhsU), A4(/))->i7(*,/, /))

= 3L＼ept, i; 0-

Notice that T is of second-floor. Now, also are pre-assigned the following

first-floor-term-forms.

tF*=,lX?/,*F2£[/<2/; 77(Z; /, 72), e/>f],
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where [X]=d(z＼ /). Now, with [X2]=<5(z, /), (J2,i) and (J2i2) are presentee

below.

(4.,) 4(i, /, Xt)＼~Gt(i,f, I7(W*; X2), Alt J8)

(4,2) G8(*＼/, FT, Jx, J8)h-4(*＼/, II(X*; W))

Notice that

3(i,f)=4AjXriht(J), h<(f))―+V(i, f, j))=[Wl.

(J.(I)―4) A formal presentation of the continuity principle, CNPR(L ; S),

where L is of second-floor, while S is of first-floor.

Definition 3.3. 1) The semantics of .ZVformula-forms is defined as

follows.

1.1) Assignments of functional symbols to variables and variable-forms

defined in Definitions 1.6 and 2.5 are assumed.

1.2) The interpretations of term-forms at complete assignments defined in

Definitions 1.7 and 2.6 are assumed.

1.3) Assignments to the free occurrences of variables and variable-forms

in a formula-form can be defined naturally.

1.4) A formula-form 0=＼, where 0 and ＼ are term-forms of type No, is

true under a complete assignment d if J{0 ; d) and J(＼; d) are the same objects.

1.5) The logical connectives A, I― and V are interpreted classically. The

I in a quantifier VZ ranges over the set of mechanisms in U of hyper-type

{dX~＼(d a complete assignment for the type-form of X). Recall that assign-

ments must be discriminated according to the floor X belongs to; if X is.a

first-floor-variable-form,then the second assignment is eligible,while if it is of

second-floor, then the third assignment is eligible.

1.6) As for Ai, consider Ax first. Suppose for every j<H and every

assignment to g and U, the truth value of A^j, g, U) has been determined.

Then the truth value of G^i, f, V, N, JJ is determined with respect to every

complete assignment, sinceit sufficesto check A^j, g, U) for j<li. Now define

the truth value of A1(i,f, X) to be that of G&, f, 77(7*, X,), /7(iV*; X,), A,);

that is, by equating the premise and the consequence of ＼-in (Alf i). A2 can be

dealt with similarly. That is, assuming the truth values of Ax and Az{j, g, V)

for all j<2/, define the truth value of J2(z,/, X) to be that of

Gt(i,f,IHW*',Xt),A≫At).

2) The theories of second-floor-type-forms, of second-floor-term-forms and

of J72-formula-forms, including the axiom set, the assumption CNPR, the inter-

pretations and the two-storied universe U, will be all put into one principle,
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the hyper-principle for the two-storied universe of transfinitemechanisms, and

will be symbolized by TM[2].

3) A formula-form of X2 is said to be TM[2]-valid if it becomes true under

every complete assignment.

Lemma. Suppose 0 and ＼ are term-forms which become the same objects

under every complete assignment. Then a formula A(&) is equivalentto A(W)

with respectto every complete assignment.

Theorem. The axioms (J!(J)-2)~M(/)-4) are TM[2~＼-valid.

PROOF. (J.(I)―4) is valid by the assumption in Definition 2.6.

(Jt(I)―2) (Jj.i) is valid by definition. As for (AU2), suppose G^z, /, F, N, Ax)

is true. Since

II(X*;V, N)=(V, N),

the consequence of (Alt2) is Ji(z, /, (V, N)).

n(V*; (F, N))=XjXgC＼J<H; 77(F ; /, g), epf],

IJ(N* ; (V, N))=XjXxXVzC＼_j<1i; IJ(N; j, x, Va), epf] .

So,

Gl(it f, IKV*. {V, N)＼ n(N*;(V, N)), A^Gtf, f, V, N, A,),

which is true by assumption. So, the equivalence in (AU1) implies Ax{i, f, (V, N)).

(<J(/)―3) (J2,i) is valid by definition. As for (J2,2), suppose G2(/, /, W, Au A2)

is true. Since

II(X*;W)=W,

the consequence of (J2,2) is A2(i, f, W).

n(W* ; W)=XjXVlC＼_j<H; IKW; j, V2), epf],

and so,

G&, f, II(W*; W), Au At)=Gt(i, /, W, Au A2),

which is true by assumption. So, the equivalence in (J2>i) implies A2(i, f, W).

Note. The axioms (Jl(I)-2) and (J(/)-3) are the central theme of TM[2],

since, they describe the mechanism of transfinite inductive definitions in their

concrete contexts.
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