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ON THE SOLVABILITY OF CONVOLUTION
EQUATIONS IN X,

By

D. H. PAHK and B. K. SOHN

Abstract. Let X be the space of distributions on R™ which grow
no faster than e*® for some £>0 where M is an increasing con-
tinuous function on R”, and let O¢(Kj ; KX%) be the space of con-
volution operators in KXy. We show that, for S€0L( Ky ; Kiu),
S+ K=K is equivalent to the following: Every distribution ue
O( Ky Ky) with Sxuc Ky is in Hy.

1. Introduction.

Let KXy be the space of distributions on R"™ which grow no faster than
eM*® for some k>0, where M is an increasing continuous functions on R”; X%
is the dual space of Ay, which we describe later. We denote by O&{( K} ; Kiy)
the space of convolution operators in K. »

In {1], S. Abdullah proved that, if S is a distributions in @&(Kj% ; Kjy) and
S is its Fourier transform, the following conditions are equivalent:

(a) There exist positive constants A, C and a positive integer N such that

C

GENTI

sup S(z+8)| =
zeC™
121542~ dog (2+161))
where £27' is the inverse of &, which is the dual to M in the sense of Young.
(b) SxHy=Kpy. .

In this paper we prove that, for S€O(Kjy ; Ky), the statements (a) and (b)
are equivalent to the following: Every distribution u€0s(X} ; Kjy) satisfying
Sxues Ky is in Ky.

The motivation for this problem comes from the paper [5]. Here S. Sznaider
and Z. Zielezny proved that, if S is a distribution in Os(X}; X}) and S is its
Fourier transform, the following statements are equivalent :
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(i) There exist positive constants N, r, C such that

C

arEnpy =k

sup TIS(E+z)i >

2eC™, (215
(if) S*xKi=XK]
(iii) If ueoe(X]; K1) and Sxues X, then ue X,.

In view of this result it is natural to think the property (iii) in the space
Xj of distributions on R™ which grow no faster than exp (M(kx)) for some
k>0. Before presenting our theorems we recall briefly the basic facts about
the spaces Ky, Ou(Ky:; Ku) and K}, for further details, we refer to [3].

The space Kj. Let p(6)0<E< ) denote a continuous increasing function
such that p(0)=0, p(co)=co. For x=0, we define

M=\ pe)de.

The functions M(x) is an increasing, convex and continuous function with
M(©0)=0, M(cc)=c0. For x<0, we define M(x) to be M(—x) and for x=
(xi, =+, x2)ER", n=2, we define M(x) to be M(x)+ - +M(x,).

Now we list some properties of M(x) which will be used later;

(i) M(x)+Muy)sM(x+y) for all x, y=0
(i) Mx+y)SM@2x)+M2y) for all x, y=0.

Let Xy be the space of all C=-functions ¢ in R" such that

vi(@)= sup ¥ *% | D%P(x)| < oo, k=0,1, 2, -,
el
where D?=D¢1--- Dg» and D,=i"%(0/dx;). Provided with the topology defined
by the seminorms v, Ky is a Frechet space. The dual Kj of Xy is the
space of all continuous linear functionals on K. Then a distribution » is in
K if and only if there exist meN", kN and a bounded continuous function
f(x) on R™ such that
u=D™eX*> f(x)).

K is endowed with the topology of uniform convergence on all bounded sets
in Ky.
The space O¢(Ky; Ky). If ue Xy and g= Ky, then the convolution u*¢

is a C~-function defined by

ux@(x)=<uy, ¢lx—y).
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where {u, ¢>=u(gp).

The space Q¢(KY ; Xi%) of convolution eperators in K} consists of distri-
butions S& K such that Sxue Ky for every ue Ky, where (S*u, ¢>=(u, §*¢>
for every ¢=Ky. Then the space is the set of distributions S which satisfy
the following equivalent conditions [3]:

(i) The distributions Sy =7,S, k=1, 2, --- are in tempered distribution
space, where y,=e¥*"),
(i) For every integer k=0, there exists an integer m=0 such that

S= 23 D*fa

lajsm

where f, are continucus functions in R™ whose products with ¢¥** are bounded.
(ili) For every ¢= Ky, the convolution Sx¢ is in K.

The space K. For ¢=KXy, the Fourier transform
3=\ e =ogtdx

can be continued in C" as an entire function of {=§&-iy such that

(1) w(@)=sup (L+IED 2T GO <o, k=12, o

where 2(y) i1s the dual of M(x) in the sense of Young. If K, is the space of
all entire functions with the property (1) and the topology in K, is defined by
the seminorms w,, then the Fourier transform is an isomorphism of X onto
K. The dual K}, of K, is the space of the Fourier transforms of distributions
in X4. The Fourier transform # of a distribution u< X} is defined by the
Parseval formula

<ﬁ; é>=(2n>n<u1, ¢<_x)> .

Also if SeOy(KYy; Ky and us Ky, we have the formula

Swu=8-1,
where the product on the right—hand side is defined by
Sa, pp=<a, S¢»,  P=Ky.
The following lemma will be used in the next section. It’s proof can be

found in [3].

LeMMA (Paley-Wiener type theorem). Let {=&+ineC™.  An entire func-
tion F(L) is the Fourier transform of a distribution S in Op( Ky ; Kiy)if and only
if for every €>0, there exist constants N and C such that
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|F(&+in) | S C(L+ L)V elenm

2. Main Theorem

THEOREM. If S is a distribution in Op( Ky ; KXiy) and S be its Fourier trans-
form, then the following conditions are equivalent :
(a) There exist positive constants A, C and a positive integer N such that
A C
> n
sup lS(z+E)!=(l+‘5|)N, feR™.

z2EC
121542 1dog 2+1§1)

(b) S*xKy=HKn
(¢) If ue0u(Ky; Ky) and Sxu<s Ky, then uc Ky.

Proor. It suffices to show that (b)=(c)=(a).

(b)=(c). The proof goes along exactly the same lines as proof of Theorem
1 in [6]. For the completeness we give the proof. If S is a distribution in
Ou(Ky; Kiy), then so is T=S and, by (1), the mapping S*: u—S*u of X} into
Ky is the transpose of the mapping T*: ¢—T=*¢ of Ky into K. Condition
(b) is satisfied if and only if 7* an isomorphism of X, onto TxXy (see e.g.,
[2, Corollary on p. 92]). In particular the inverse T+*¢—¢ must be continuous.

Suppose now that Sxu=¢ where u&Oc(Kjy; Xy) and geKy. Since
(Sxu, o>=<(Tx*i, ¢) for &Ky, then

@) Trii=(—1)"¢

and for the proof if suffices to show that 4Ky If ¢ is a C~-function with
supp ¢C B0, D={x=R": [x| <1} and $(0)=1, we define ¢, (x)=Rk d(kx), k=
1, 2, ---. From (2) it follows that

Tx(isdy)=(—1)"g*¢s ,

and the convolutions #x¢, and (—l)"gg*g[)k are in KX,. Moreover, the sequence
{¢x} converges in Op(Kjy ; Kiy) to 0, the Dirac measure as the origin. Hence
(—1)"grd—(—1)"¢ in Jy and @x¢h,—u in O4(Ky ; Hiy). On the other hand, the
sequence {u*x¢,} converges in Ky, by the assumption that the inverse of T*

is continuous. The limit must be again #, and so # is a function in K.
(¢)=(a). Let F be the space all functions u< C(R™) such that

sup e *® [ y(x)| <o, for all &
rERT

and Sxue K y. We provide § with the topology defined by the seminorms
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lulle=sup e *® |u(x)| +ve(Sxu), £=0,1,2, .

zER™®

Then 9 becomes a Frechet space. Further, let ¢ be the space of all functions
ueCY{R™) such that

lull= sup |D*u(x)| <eo

ZERM (a1
with the norm | ||, ¢ is a Banach space.
By the fact 9COH( Ky ; Ky) and the assumption (c), each function us g is
in 4. Also, the natural mapping ¥ — G is closed and therefore continuous.
Consequently there exist an integer x>0 and a constant C such that

Jull=Cllu),=C {xseu}gle‘“’”) |u(x) | +vu(S*u)}

for all u%. Since the Fourier transformation is an isomorphism from X,
onto K, there exist another integer »>>0 and a constant C, such that

(3) lul|—C sup e |u(x)| < Cow(S- ), for all ues Xy .
TERT

Suppose now that the condition (a) is not satisfied. Then there exists a
sequence {&;} such that |&;|—+o0 as j—oo and

1

4) SUCEL [S(2)] < my,

2EH
12-§51£5Q-1dog 2+1§;1))

For each j, we define k; to be the greatest integer equal or less than a;=
27'(log (2+1¢4,1)). Let ¢=0in C¥, supp CB(0, 1) and (0)=1. We also define

PI)= D Gy x))(x),
and

Pix)=(gx(@x -+ x¢;))(x)

where ¢ (x)=aj¢(a;x) and the convolution product in the parenthesis is being
taken kj;-times. Now we define

Pi(x)=(gxd3)(x)

Since supp ¢;C B(0, 2), clearly ¢,=9.

Substituting ¢;’s into the inequality (3), we will show that the left side of
(3) goes to oo and the right to 0, as j—oo, which gives the desired contra-
diction.

To show this, we first estimate
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(5) il = =__Sup ID*py(x)!

Llarsl

Z sup |G {e"T I DUGyx - x9y)

TERM. |a|=1

+D*(i<x, E)e ™ (P - %9} (X)]
= sup |D*x, EpN@x(* - xP)Hx)I

ZERT, ja =1

> &1L qup g3

xERM

and since supp ¢;, supp $5CB(0, 2),

(6) sup e ® |hy(x)| = sup e "™ |Hi(x)] <C’ Sup [d3(x),
TERT 1r152

where C’/=e™M®#),
Viewing
=, #ir)dx = sup 14521,

RT rERM
where C” is the volume of B(0, 2), we have
(1) sup |¢3(x)| = C”

z&R™

Substituting (5), (6) and (7) into (3), the left hand side of (3) behaves, as

J—00,

lim {||¢;]|—C sup M= i)}

joo

g (21 col s

On the other hand,

®) (8- J)=sup (1+(C1ye"27 | SQI40)]
= sup (AFICye o IS0 Q)
+ sup  (141Cre M| SOIFADI,
18-¢j1>jaj

where {=§+i7.

It now sufficies to prove that both terms in the right side of (8) go to 0,
as j—oo. We first observe that, by the Paley-Wiener theorem for ¢ as element
of C¥ with supp ¢ B(0, 1), there exist a C,=0, m=0, 1, 2, ---, such tha)

) 1O Crn(1+ L] ™e' !,

Also, we observe that
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9’35'@:[éf@—&)]’*f:[qs(%z)]w
and, by (9),
(10) KO =| C(1+ (_C:f: Y remm ]

Also we observe that £ grows faster than any linear function of 7| as |7]
goes large and $;(8)=¢)- 5.

From these observations, the first term of the last estimate in (8) is
bounded by

sup (1+121e? | S@1(C,(1+ L) et )

18-§j157a;
(e[ e

<C, sup (L+|C—&) A+ 1&]»1Cl
1§-§j1s5a;

x(+ [F 22 ) ™ 8!

<ci sup (iDL 52 ]) IS0

1C-¢j1siaj
SCl+ 161,

where we used that e~?@m+ini+kepint ig pounded in R™ and d=log C,.
Therefore the first term of the last part in (8) approaches to 0 as j—oo.
From the lemma for S as element of O&(Kj ; X%) and (9), (10), the second

term of the last estimate in (8) is bounded by

sup  Cs,onen(141G1)e 2@ (14 ]V el
18-651>5a,

XL+ 1) e en( (14 E—;f—jlyle"i”"j)’q

- L=\
’ v+ N~ (2u+N)Y Ok
< sup, Chaan(L (1Yo Cl(14+ 20 )

1E—&51\*s
< 5 v CH{ 14+ =——
lkc—gﬁgjajcs'z +ch( + a )
147\ %
<Chan(22) ",
1

where we used that e 2am+2m+initikapin jg pounded in R®. Here Cs aun
and Cj o,y are constants which depend on S, ¢, v and N only.
Hence the second term of the last part in (8) approaches to 0 as j—oo.
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Combining both estimates we have

lim w,(S- ¢;)=0,

J—oo

which gives the desired contradiction.
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