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SOME INEQUALITIES ON |VR|, |YRic| AND |dr|
IN RIEMANNIAN MANIFOLDS

By

Eriko OMACHI

Introduction. Let M” be an n(>1) dimensional Riemannian manifold. We
denote by g=(gs), R=(R:;"), Ric=(R;)=(R,;") and r=(R")=(R;:g") the
metric tensor, the curvature tensor, the Ricci tensor and the scalar curvature
respectively. V means the operator of the covariant differential, and we put
CYR=(V.R:;7). The purpose of this paper is to give some inequalities which
hold among the norms of VR, °VR and dr. T hough we do not know whether
such inequalities are worthy to be studied or not, the cases when the equalities
hold in our inequalities seem meaningful.

§1 will be devoted itself to preliminaries. Denoting the norm of a tensor
T by |T|, we shall show in §2 two inequalities among |VR|, |°VR| and |dr|.
In one of the inequalities the equality holds if and only if the manifold has
harmonic Weyl tensor. An application will be given. In §3 an inequality which
holds between |VRic| and |dr| will be proved. In §4 we shall give among
IVR|, |°VR| and |dr| two inequalities which are different from those in §2.
An inequality for the Codazzi tensor will be shown in §5, and in the last sec-
tion |VRic| in Kaehlerian manifolds will be discussed.

The author expresses her hearty gratitude to Professor S. Tachibana for his
suggestions and encouragement.

§1. Preliminaries. Let M" be an n dimensional Riemannian manifold.
We follow the notations in Introduction. Tensors are represented by their com-
ponents with respect to the natural basis, unless otherwise stated, and the sum-
mation convention is assumed. V denotes the operator of covariant differential.
We have VR=(V,R:;:").

Let us put

CYR=(S: ji)y
where
Skji:erkjir-
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Then S,;; satisfies

{1.1) Swji=~—Ssei,

1.2) Sesi+Sjie+Si;=0,
(1.3) 8"V Ry jin=Sns;,
1.4) Srii=ViRji—V;Rp.

We also have
) 1
(1-5) SkiZZSkjigﬂ:‘i'T’k,

because of 2V,R,‘=r,, where r,=Y,r.

It is well known that °YR=0 is the condition of harmonic curvature.

The conformal curvature tensor (or Weyl tensor) C=(C, ;i*) and the tensor
éz(C”i) are defined as

J— l
Crsin=Crsui'gun

1
'—“Rkjin——n_z(Rjighn—“Rktgjn‘f'gjiRkn‘gkiRjn)
I S—, i—Gingri)
n—D(n—2) Exn8ji—8jndri),

1
iji:Skji"m(rkgji—rjgki)'

M?" (n>3) is conformally flat if and only if C vanishes. Because of the
identity :

Vrckjir=——‘_—

¢ vanishes for a conformally flat M™ (n>3).

C=0 for n>3 is the condition for C to be harmonic (i.e. harmonic Weyl
tensor in terminology of Besse [1]).

The norm of a tensor T, say T=(T;"), will be denoted by |T| or | T %1,
hence we have |T'|*=T;"T,,'g/" g"gn,=T ;" T%",.

§2. Two inequalities on [°VR|%. We shall start from the following

PROPOSITION 1. % [°VR|2Z|VR|2.

The equality holds if and only if M™ (n>3) is locally symmetric.

PROOF. Let us put
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2.1 Blkjih:glkshij_gushik+gthkji-‘gLiSkjh .

The inequality required follows from

1 2
0= vLRkjih._ ;Blk;‘ih

In fact, we have
| Biejin|*=4n|S|?, Vi RpjnB'***=4|S|?
by virtue of (1.1)~(1.3), and
2 " 1
0§|VR]2_72“lekjihBlk”h+7lBlkjihlz

VR =2 s+ A 5= vR - A 5.
n n n

The equality holds if and only if #nV,R;;;n=2DBi:;». By Bianchi’s identity,
we have

Bz jin+BrejintBurin=0, i.e.,
211Sksi—&uSrin+renSji—griSunt &inStai—g6512n=0.

Transvecting the last equation with g'* and then g’¢ and taking account of (1.1)
and (1.2), we obtain

(n—3) Skjizgkisjrr—gjiskrry
2An—2) S,."=0.
Thus VR=0 holds for n>3. O
For a compact orientable M?™,
1
—|C 2 ——— 2
[ k= 1RI* do=—2 [ 1TRI*d0
has been known as Lichnerowicz’ integral formula, where
K=leR”ihijih+%RlmqulmihRihpq'l"ZR”mthpqupiqh-
Owing to Proposition 1 we have
S Kdo‘:g {ICVR]2~lIVR]Z}d0§ﬂS I°YR|%do.
n u 2 n Ju

The equality holds if and only if M™ (n>>3) is locally symmetric. Consequently
we obtain

THEOREM 1. Let M™ be an n (>3) dimensional compact Riemannian wmani-
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n—2

fold. If K="

|V R\|® holds everywhere, then M™ is locally symmetric.
The following proposition characterizes the case of harmonic Weyl tensor.

l 2

< C 2

PROPOSITION 2. =) |dr|?< |V R
The equality holds if and only if C=0, i.e.,
1
Skji=m(7kgji"rjgki)-
ProoOF. We have
A 1 2
0=Z1CP=|Crul?= Skji_m(rkgji—rjgki)

2 ]‘ 2
=S| —mldrl »

by taking account of (1.1), (1.5) and |dr|*=r,7*. O

§3. An inequality on |VRic]|

PROPOSITION 3. Tni%—(‘ff—ﬁf |dr|2< |V Ric|?.
The equality holds if and only if
3.1) VeRju=ar g+ Brigritriges)
are satisfied, where
n n—2

= DmE)’ P Dmi

PrROOF. We have
0|\ VeRyi—are8si—Brig8ri+regi)|?
3n—2
—_ irl2— .
=R D+ 2

It should be noticed that (3.1) implies C=0.
We shall give an application of Proposition 3. Let us assume that C=0, i.e.,

ldr]®. O

1
VkRji—Viji=m(?’kgﬂ—rjgki).

Applying V*=g*V, to this equation and making use of Ricci’s identity, we can
obtain
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n—2

V*V.R;;=R;;Ri"—Ry;i"R.*+ n—1) Viri+ 2 ! S (V7085
Hence it holds that
(3.2) RAVIT,R = Heb =2 RV jrik o2 1V,
2(n—1) 2(n—1)
where we have put
3.3 H=R,;,R;"R¥*—R;;inR*"R7*.
On the other hand, we have
U, =V(rr,)—ldr|?,
RN =V (R7r)—r ;R
:V,»(Rﬁr,-)—-;?ldrlz.
Substituting these equations into (3.2) we get
RﬁV”VkRjizH—z(?:_—l)ldrlz
+ 5 1 Virr )+ 5 —5v VAR?r:).
2(n—1) ( l)

We integrate
%VkvklRiclzz|VRic12+RfinVkRji
over compact orientable M™ to obtain

SM{H+1VRic|2— |dri*}da=0,

__n
4(n—1)

and hence

SMHda §{4( gy ldr 1= |VRic|?}do

by virtue of Proposition 3.
Consequently we have

THEOREM 2. Suppose that an n (>1) dimensional compact Riemannian mani-
fold M™ satisfies C=0. If the scalar function H given by (3.3) satisfies

He (n=2F

S An—1)(n+2) ldr|®
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everywhere, then (3.1) holds.

Let M™ be conformally flat and satisfies (3.1). Then it is easy to see that
VR of M™ is given by

(3-4) VtRkjin= (VkAzjih‘i‘T’jAkzin+TiAkan+7'nAkju+27’1Akjih),

1
2(n—1)(n+2)
where we have put

(3.5) Arjin=grn8ii—8in&ri-

ExAMPLE. (3.1) is the same equation as in Besse [1, p.433]:
2n—1)n+2)D[r—2n—2)"'sg]l=(n—2)ds-g,

where r and s denote the Ricci tensor and scalar curvature respectively, and

dseg is the symmetric product of ds and g. An example of the space satisfy-

ing (3.1) are given there as compact quotients of (RXM, di*+f-*(t)g), where

(M, g) is Einstein with scalar curvature §<0 and f is a positive solution of
aef 2513 _
dt*  (n—1(n—=2)"

with a constant ¢>0. If M is a space of constant curvature, the above example

is conformally flat [3] and hence satisfies (3.4).

cf

§4. Two inequalities on |VR|. Let us consider the following equation:

4.1 lekjih:'lBlkjih'I",urlAkjih;
where

1 1
“-2) e FR ) CESO

As Biiji are defined by (2.1) and Ajin by (3.5), the equation (4.1) is written
explicitly as

(4.3) ViR4jin=2A(g1sShi;—81sSnie+8uinSrsi—&uiSein)Fur(gengsi—Lgmngri).

By transvection (4.3) with g'* and taking account of (1.1)~(1.3), we have

1
4.4) Sn¢j=m(7’ngij—7’ign;‘),

i.e., C=0. Then if we eliminate the tensor (S.i;) in (4.3) by virtue of (4.4),
we can get (3.4), i.e.,

1

2n—1)(n+2) <rkAlJ'ih+rjAkl‘lh.+7iAkjlh+rh,Akjil+27’1Akjih) .

(4-5) lekjih:
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Conversely, let us suppose that (4.5) holds. As we have
&7 Arjin=(n—1)gsn,
r'Avin=ri8en—"e&tn, T Arin=rigen—"ngr1,
it follows from (4.5) that
ViRin=8"ViRejin=ari@uni+Breguin+ragis),

which is nothing but (3.1). Thus it is not difficult to see that (4.3) holds too.

Consequently we have

LEMMA. (4.1) and (4.5.) are equivalent to each other. In this case, (3.1) holds.
Next we shall prove

PROPOSITION 4.

(n+2)2{2<n+4>|0vm +—" ldr |} < |VRIE.

The equality holds if and only if (4.5) is satisfied.
Proor. The inequality follows from
(4.6) Oéllekjih‘—/ZBlkjih_flrlAkjih!2;

where 4 and p are given by (4.2).
In fact, the right hand side of (4.6) is

IVRI?+A%a,+p? | dr|Pa,—22a,—2pa,+20pa;,
where
a,1=|Brjunl*=4n|S|?, ;= Apjin|?=2n(n—1),
;= R,jin B R =4|S|?,  a,=r'V R A =2|dr|?,
a5s=r'Byjin AV =4 |dr|?.
Hence we have
0= |VR[*+44(n2—2)|S|*+2{n(n—1)p—2+42} | d7|®

_ . dn+4d) o, 2n .
~R e S ey 1 O

By Proposition 2 and Proposition 4, we have

-4
(n—1D(n+2)

The equality holds if and only if (4.5) is satisfied.

PROPOSITION 5. |dr|:<|VR|2.

It should be mentioned that Proposition 5 can be obtained from the follow-
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ing, too:

0= |\ViRpjin— (7'kAuih+7’jAk1in

1
2(n—1)(n+2)

2
FriArintraArint2riAesin)| -

§5. Codazzi temsor. In this section we shall apply our method to the
Codazzi tensor.

A symmetric tensor H=(H;;) is called a Codazzi tensor if it satisfies

VeH;;=V;Hy;.
Let us put
h=H; h;=V;h.
Then we have
h;=N;H;

for a Codazzi tensor H.

PROPOSITION 6. For a Codazzi tensor H, we have
3
mldhlzélVHV-
The equality holds if and only if
VkH,-l:n~_l§(hkgﬁ+h,-gki+h1g“)
are satisfied.

Proor. Let H be any Codazzi tensor, and the inequality follows from

0 l(n+2)kaji—(hkgji+hjgki+higkj)|2
=(n+2){(n+2)|VH|*=3]dh|*}. O

§6. An inequality in Kaehlerian manifolds. A Kaehlerian manifold M™
of real dimension #n (=2m) is a Riemannian manifold admitting a parallel tensor
fleld F=(F;") such that

F,"F h=—g;", gjiijFli:gkl-
If we put Fy;=F;*gs:, F;;=—F,; hold. It is well known that the Ricci tensor
Ric=(R;;) satisfies
RjiijFli:Rkl .
As the set of Kaehlerian manifolds constitutes a special class of the set of
Riemannian manifolds, we may expect better inequalities than those in Proposi-
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tion 2~6.
We are especially interested in Proposition 3 and prove

PROPOSITION 7. 1 |dr|?<|VRic|2.
m+1
The equality holds if and only if
1 ,
6.1) VkRji=m(zrkgﬁ+ngki+7igkj+7jFik+7iFJ'k)

are satisfied, where 7;=F;"r,.

PROOF. Let us put p= for simplicity. Then we have

1
4(m+1)

0L Ve Rji—p(2ragsi+7i8uitrigu;+7Fin+7.F;)|?
=|VRic|*—8p|dr|*+16(m+1)p®|dr|?

=|VRic|*—8p{1—2(m+1)p} |dr|?

=|VRic|2—?2_rl~ ldr]?. O

Let K=(K,;") be the Bochner curvature tensor [4] and K=(K,;) be the
tensor given by
Kkjt=VkRji—Viji
1
+m(gkiajh_'gjtakh+Fkith—FjiFkh+2ijFih)rh-
Then it is known that

m

thkjih: Kkji

hold.
We remark that (6.1) implies K=0.
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