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Introduction.

Let R be a ring with identity and let Mn{R) denote the ring of nXn

matrices over R. We say that a subring P of Mn(R) is a special with the

relation p if P is of the form

P={AtEMn(R); Atj=0 for (i,j)$p} ,

where p is a relation (reflexive and transitive)on the set {1, ･･･,n}.

It is well-known (see [3], p. 100) that if R is a field,then any R-derivation

of Mn{R) is inner. In this paper we give (Corollaries 4.4; 5.11) the following

generalization of this result:

THEOREM. // P is a special subring of Mn{R) with the relation p then the

following conditions are equivalent

(1) Any R-derivation of P is inner,

(2) p is regular over Z(R),

(3) HHf. Z(R))=0.

The definitionof a regular relation over an abelian group G is given in Section

2 (some equivalent conditions are given in Section 5). The definitionof the

complex P (dependent on the relation p only) is given in Section 5.

Moreover, if we assume that any derivation in R is inner, then the equiva-

lent conditions (2),(3) of the above theorem imply that every derivation of P

(non necessary i?-derivation)is inner (Theorem 3.10, Corollary 5.11).

In Section 3 we give (Theorem 3.7) a description of all derivations of P. A

similar result (without the uniqueness) was obtained by Burkow in [2] for

generalized quasi-matrix algebras. See also [1], [6].

In Section 4 we study some properties of i?-derivations of P. We show

(Corollary 4.6) that if du d2 are i?-derivations in P then the i?-derivation

dtdz―dzdi is inner. At the end of Section 4 we give an example of such special
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ring P in which there exist outer J?-derivationsand the composition of any two

i?-derivations is an i?-derivation too.

2. Preliminaries.

Throughout this paper, R is a ring with identity, n is a fixed natural

number, and p is a reflexive and transitive relation on the set /,={!, ･･･,n}.

We denote by Mn{R) the ring of n X n matrices over R, and by Z(R) the center

of R. Moreover, we use the following conventions:

F(R)
p

p

Ait

Eij

r

=the set of mappings from R to R,

=the relation on /, defined by: ppq iff ppq or qpp,

=the smallest equivalence relation on In containing p,

=a fixed set of representatives of equivalence classes of

=f/-coefficientof a matrix A,

=the element of the standard basis of MJR),

p>

the diagonal matrix whose all coefficientson the diagonal,are equal

to r<=R,

Mn(R)p={A<=Mn(R); AtJ=0 for {i,j)Gp}.

It is clear that Mn(R)p Is a subring of Mn{R). Conversely, if a is a

reflexive relation on /, and Mn(R)a is a subring of Mn(R) then a is transitive.

We say that a subring P of Mn(R) is special with the relation />iff P^Mn(R)p.

If {£/$,,･;2, ye/n} is a family of subsets of i?, then we denote by Wif] the

set MgM,(]?); Aij^Uij for alli,;e/B}.

The following lemma describes all (two-sides) ideals of special subrings of

Mn(R)

Lemma 2.1. Let P be a specialsubring of 31n{R) with the relation p and let

U be a subset of P. The following conditions are equivalent:

(1) U is an ideal of P,

(2) U = ＼JJij2,where Utj are ideals of R such that

a) Ui}=Q, if (i,j)Gp

b) Uij+Ui&Uiu, if

)

i

pj and jpk

Proof. (1)=H2). Let U be an idealof P. Put

Uij={x<=R; x―Aij for some A^U), fori,j^In-

Ifix^Uij, forjsome /,j, and C=EuAEjj, where A is a matrix of U such that

Aij=x, then Cef7 and
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f x , If (p, q)=(i, j)

I 0, if (p,q)±(i,j).

This implies that U=＼JJij"]. Clearly,Ua are idealsin R and Utj=0, for (i,j)<£p.

Now, let ipj, jpk, x^Uij, y<=Ujk, and let A, B are matrices of U such

that An=x, BJh=y. Then the matrices E"AEik, EijBEkk belong to U and

(EiiAEjk)ik=-x> (EliBEktl)ik = y. Therefore Ui}+UjkQUik. The implication

(2)=4(1) is obvious.

A mapping / from p into an abelian group G will be called transitive iff

/(*,J)+fU, k)=f(i, k), for ipj, jpk.

Let /: p-^G be a transitive mapping. Then f{i,f)=0, for ze/n, and f(i,j)

= ―/(/,*')≫̂ *>/, 7>2-

We denote by / the mapping from p into G defined by

N, /)={
/(*, j), if ipj

and by [/, ―] (in the case G = R) the mapping from p to F(R) defined by

Lf, ―~](i,]){r)―f{i,j)r―rf{i, j). Clearly, [/, ―] is transitive too.

We say that / is trivialif there exists a mapping a :In~~>Gsuch that f(i,/)=

a(i)―a(j),for ipj; and we say that / is quasi-trivial(in the case G=R) if

Lf, ―] is trivial.

Obviously every trivialtransitive mapping from p to R is quasi-trivial.But

the converse is not necessarily true.

For example, let

1 ―> 3

*=1 !

4 <― 2 .

Then the transitive mapping /: po-^R, /(I, 3)= 1, /(2, 3)=0, /(2, 4)=0, /(I, 4)

=0 is quasi-trivial,but it is not trivial.

Definition 2.2. Let G be an abellan group. The relationp is calledregular

over G if every transitive mapping from p to G is trivial.

In Section 5 we give some necessary and sufficientconditions for p to be

regular over G.

An additive mapping d of a ring S into itselfis called a derivation if d(ab)

= ad(b)+d(a)b. We say that d is an inner derivation of S if there exists an

element ceS such that d=＼_c,―~]i.e. d{x) ―cx ―xc, for all xeS. If d is a

derivation of S then an ideal U in S is calleda d-ide&lif d(U)^U. A derivation
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d : P^P, where P is a special subring of Mn(R), will be called an i?-derivation

if d(F)=0, for any r^R.

3. Derivations of special subrings of Mn{R).

Throughout this section P will denote a special subring of Mn(R) with the

relation p.

Lemma 3.1. // d:P―>P is a derivation, then

(1) diE^j^O, for ppq, i*p, ji=q;

(2) d(E")pp=0, for p = l, -, n;

(3) d(E**)iq=d(E")ipt for ppq, p^i;

(4) d(E^)pj=d(E^)qj, for ppq, j^q;

(5) d(EnPq+d(Enqs = d(EnPs> for Ppq, qps;

(6) d(E^)pj+d(E^)iq=0, for i±j, pPi, jpq;

(7) d(£**%3+dCE≪)M=0, for all p, q^In

Proof. We prove (3). Proofs of other conditions are similar

d{E^)iq=d{E^E^)iq

=(Evpd(Ep<l)+d{Epv)E )iQ

=2 £?/d(£pa)*,+2 d(E^)ikEfi

k k

= d(E )ip.

Lemma 3.2. // d : P-+P is a derivation and r^R, then

(1) dirh^diE^ijr-rdiE^ij

^rdiE^hj-diE^jr, if i*j,

(2) dWii-dWj^diE^ijr-rdiE^ij, for ipj.

Proof. (1) follows from the equality

Q= d{rEii-Eli?)ij

and from Lemma 3.1 (7).

(2) follows from the equality

0=d(rEt^-E^r)iJ.

For an arbitrary derivation d : P->P by fd we denote the mapping of p into

R defined by fd{i, j)= d(EtJ)if. By Lemmas 3.1(5),3.2(2) we have
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Corollary 3.3. f d is a quasi-trivialtransitivemapping.

Let /: p->R be a quasi-trivialtransitive mapping. We show that there is a

derivation d of P such that /<*=/.

Lemma 3.4. There existsa unique mapping r: In-*F(R) such that

(1) LY, -Id, iY---rii)-T(j),for all ipj,

(2) r(0=O, for t<=Tp.

Moreover, r(l),･･･,z(n) are inner derivations of R.

Proof, Let o: In―>F(R) be a mapping such that

[/, ―~＼tt,j)=o(i) ―o(j), for ipj.

If z'e/B and ipt, where t<BTp, then we put t(i)―a(i)―a(t). Obviously, r satis-

fies(1) and (2).

Now suppose that rx also satisfies(1) and (2). Then, for ze/n and for

i1}■■■,is^In such that ipiu i{pit,■･･,ispt we have

r1(0=(r1(/)-r1(/1))+(r1(z1)-r1(f2))+- +(r1(/,)-r1(f))

=(r(i)-r(/1))+(r(/1)-r(/2))+- +(rfo)-r(0)

= T(i),

i.e. ri=r.

Moreover, r(*)= [/(*, ii), ―]+ ― + [/(*, t)

of /?.

1, so z(i) is an inner derivation

Denote by Af the mapping from P Into P definedby

Af(B)pq= Bpqf(p, q)+zf(p)(Bpq),

for B^P, ppq, where rf is the mapping r from Lemma 3.4.

Proposition 3.F5.

(1)

(2)

(3)

Af is a derivation of P.

f Af=f-

Af is inner if and only if f is trivial

Proof. (1) Let B, CeP, ppq and denote A=A/, z=zf. Then

(BA(C)+A(B)Qpq= 2 Ms,
ppspq

where

Ms = Bps(,Csqf(s, q)+T(s)(Clq)) + {Bp,f(p, s)+z(p)(Bp,))C,q.
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By Lemma 3.4 we have

Ms=BpsCsqf(s, q)+ Bpsr(s)(Ciq)+ Bpt(f(P, s)Csq-Csqf(p, s))

+BpsCsqf{p, s)+z(p)(Bp$)Csq

= BpsCsq(f(p, s)+f(s, q))+Bpsz(p)(Csq)+T(p)(Bps)Csq

= BpsCsqf(p, q)+r(p)(BpsCsq),

Therefore

(5A(C)+A(JB)C)pg=(2 BpsCsq)f(p, q)+T(p)CZ BpsCsq)
s s

=(BC)pqf(p, g)+z(p)((BC)pq)

=A(BC)pq,

1

e. A is a derivation of P.

(2) is obvious.

(3) Let A=Af. If A=＼_A, ―], where A(eP, then, by (2), we have

f(P, g)=fAP, q)=A(E**)pq

=(AE**)pq-(E≫*A)pq

―A ―A

and hence / is trivial.

Assume now that / is trivialand set that f(p, q)= a{p) ―a{q), for all ppq,

where a:In->R is a mapping such that a(t)=O for t<=Tp (see the proof of

Lemma 3.4). Then rf(p)=[_a(p), ―] and we see that

A(B)pq^a(p)Bpq-Bpqa(g)f for 6eP.

Thus, we obtain A=[A ―1, where A is the matrix in P defined by

0, for p^q

e(p), for p=q

This completes the proof.

Now we present another class of derivations of P. Let 8={8t; t^Tp} be a

set of derivations of R. Denote by 05 the mapping from P to P defined by

Os(B)m=dt(Bm)

for B^P, ppq, where t^Tp such that ppt.

It is easy to prove the following

Proposition 3.6. If Q―Qr, then
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(3)
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0 is a derivation of P.

fe=<>-

0 is inner if and only if 8t is inner, for any t^Tp.

The following theorem describes all derivations of P.

Theorem 3.7. Let P be a special subring of Mn(R) with the relation p

Every derivation d of P has a unique representation:

d=[_A, -l+Af+e8,

where (1) A is a matrix in P such that App―0, for p = l, ･■･, n,

(2) §―{dt; t^Tp} is a set of derivations of R.

(3) /: p^R is a quassi-trivialtransitivemapping.

Proof. Let d :P-^P be a derivation. We define the matrix A by Avq―

d(E*%q. Then A(eP and, by Lemma 3.1(2), App=0, for p = l, ■■■,n. For

t^Tp we define the derivation dt by 8t(r)―d(r)tt)where r^R. Set 8= {dt; t<^Tp).

Moreover, let f{p, q)= d(Epq)pq> for ppq. Then, by Corollary 3.3, / is a quasi-

trivialtransitive mapping.

Now, from Lemma 3.2(2) and by the proof of Lemma 3.4 we have

Tf{i)(r)= d(r)u-d(r)tt

= d(r)a―dt(r),

where t is the only element of Tp such that ipt. Let D ―＼_A,―]+A/ + 0o-.

For proving D = d it sufficesto verify that D{f)ij=d{r)ijt D(EP9)ij=d(Epq)ij, for

r^R, ipj, ppq, but these equalities we get easily from Lemmas 3.1, 3.2.

Finally, we prove that the representation of d is unique. Let A', o', f satisfy

the conditions (1),(2),(3), and let d=D', where D' = [Ar, -]+A/, + 6S,. Then

Apq=D'(En)pq=D(E*≪)pq=Apq

f＼P, q)=D'{E^)pq=D{E^)pq=f{p, q), for Ppq,

and

5't(r)=D＼r)u= D{r)tt=dt{r), for t<=Tp, r&R.

Therefore A' = A, f'=f, d'=d. This completes the proof.

By the last theorem and by Lemma 2.1 we obtain

Corollary 3.8. Let diP-^-P be a derivation and let U ―{Uij] be an ideal

of P. If ipj, then we denote by d^ the derivation of R defined by dij(r)= d{r)ij,

where r^R. The following conditions are equivalent
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U is a d-ideal,

duiUi^QUij, for all ipj,

djjiUi^QUij, for allipj,

dttiPi^GUij, for all ipj, and t<=Tp such that ipt

Theorem 3.9. Let d be a derivation of a special subring P (of Mn(R)) with

the relation p. The following conditions are equivalent

(1) d is inner,

(2) fd is trivialand all dtj are inner,

(3) fd is trivialand dn, ■■■,dnn are inner,

(4) fd is trivialand du is inner for all feTp<

Proof. (1)=H2). Let d=lB, -], where Be P. Then

fa(P, q)= (BE -E B)pq = Bpp-Bqq!

dpq(r)= (Br―rB)pq=Bpqr―rBpq,

so fd is trivialand. dpq is inner.

(4)=}(1). By Theorem 3.7, we have d=＼_A, ―]+Af+6s, where v4eP and

and f=fa, §={dtt, t^Tp} (by the proof of Theorem 3.7). Now, from Proposi-

tion 3.5 we know that Af is inner, and, by Proposition 3.6, 0s is inner too.

Finally d is inner, because it is a sum of three inner derivations. The implica-

tions (2)=K3), (3)=)(4) are obvious.

We end this section with the following

Theorem 3.10. Let R be a ring in which any derivation is inner and let P

be a special subring of Mn(R) with the relation p. The following conditions are

equivalent

(1) Any derivation of P is inner,

(2) The relation p is regular over Z(R).

Proof. (1)==>(2). Notice, that any transitive mapping from p to Z(R) is

quasi-trivial.Therefore, if / : p->Z(R) is a transitive mapping then we have the

derivation Af (Proposition 3.5) which is inner (by (1)) so, by Proposition 3.9, /

is trivial. The proof of the implication (2)=4(1) we give in Section 5 (see

Remark 5.6).

4. J?-derivations.

Let P be a special subring of Mn(R) with the relation p. In this section we

shall use results of Section 3 to establish some properties of i?-derivationsof P.
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Notice at first,that from Lemmas 3.2; 3.1, we have the following

Lemma 4,1. // d is an R-derivation of P then <i(£p%- belongs to Z(R), for

alli, j, p, q^In such that ppq.

The above lemma and Corollary 3.3 imply that, if d is an i?-derivation of

P, then fd is a transitive mapping from p to Z(R). Conversely, if /: p-*Z(R)

is a transitive mapping then / is quasi-trivialand, by Proposition 3.5 (since

Af(B)Pi=f(p, q)Bpq) the mapping Af is an i?-derivation of P.

Combining these remarks with results of Section 3 we obtain the following

four corollaries

Corollary 4.2. Any R-derivation d of P has a unique representation

d = LA, -]+A/,

where (1) A is a matrix in P such that Aij^Z{R), for i, /=1, ･■･,n, and Au=0,

for i=l, ･･･,n.

(2) /: p―>Z{R) is a transitivemapping.

Corollary 4.3. // d : P―>P is an R-derivation,then the following conditions

are equivalent

(1) d is inner,

(2) fd is trivial,

Corollary 4.4. The following conditions are equivalent

(1) Any R-derivation of P is inner,

(2) The relation p is regular over Z(R).

Corollary 4.5. // d is an R-derivation of P, then every ideal of P is a

d-ideal.

The following two properties of i?-derivationsof P seem to be useful.

Corollary 4.6. // d', d" are R-derivations of P, then the R-derivation

d'd"-d"d' is inner.

Proof. Let d=d'd"-d"d'. Then we have

d"=[A＼ -]+A/.

d=LA, -1+Af,
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where A', A", A; /', /", / satisfy the conditions (1) and (2) of Corollary 4.2,

It is easy to verify that

f*(P, q)=LAf, A'lPP-tA', A"lm.

So fd is trivialand therefore, by Corollary 4.3, d is inner.

Corollary 4.7. // d is an R-derivation of P, then d(Z(P))=0.

Proof. Let d=＼_A, ―]+A/ as in Corollary 4.2, and let B(eZ(P). Since

Bij=0, for i^j, and Bti(=Z(R), for i=l, ･･･,n, then we have A/5)=0=D4, B~_

i.e. d(B)=0.

For n^3 every relation p (reflxexive and transitive)on /, is regular over

any group. Then (by Corollary 4.4)in this case, any special subring of Mn(R)

has only inner i?-derivations.

For n=4, it is not true. There exists the unique (with respect to an

isomorphism) relation p0 on I4 which isn't regular over any ring R. The rela-

tion pa is defined by the graph

1 ―> 3

1 I

4 <― 2

(The mapping /: po-+R, /(I, 3)=1, /(2, 3)=/(2, 4)=/(l, 4)=0 is transitive but

it isn't trivial).

Denote by S^R) the special subring of Mt(R) with the relation p0. Then

we have

~R 0 R R-

0 R R R

Si{R)~ 0 0 R 0 *

_0 0 0 R_

We write all R-derivations of S4(R). Since any mapping /: po->Z(R) is transi-

tive then by Corollary 4.2 we get

Corollary 4.8. // d is an R-derivation of Si(R) then there exists the unique

system au, au, a23,a24: pls,pu, p23,p2i of elements of Z{R) such that

(*) d

0 Xis Xn

･^22

0

0

0

0

0

0

^23 -*-24

*33 0

0 XU

J

fl23(^33 -^22)T" ^23-^23
0

0
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Conversely, if the elements an, au, ati,ati; p13,pu, p2Z,p2i,belong to Z{R), then

the mapping d defined by (*) is an R-derivation of S4(R).

The next proposition (as a direct consequence of Corollaries4.8, 4.3) gives

some properties of R-derivations of 54(/?).

Proposition 4.9. (1) Let d be an R-derivation of S^R) defined by (*), then

(a) d is inner if and only if pu―P23―Pu~p2i-

(b) F(d)=0, where F(x) = x(x ―p13)(x―p23)(x―pu)(x―p2i).

(c) d is nilpotent(i.e. ds=0, for some natural s) if and only if the elements

Pxz,Pu, p2s,p2i are nilpotents.

(2) If d, d' are R-derivations of SA{R), then dd' is an R-derivation too.

5. Regular relations.

In this section, we give some sufficient and necessary conditions for a rela-

tion p (reflexive and transitive) to be regular over an abelian group G. We

shall use homology and cohomology groups of some simplicial complexes to

describe these conditions. Notations are standard (see [4]).

If p is a reflexive and transitiverelation on /, then a pair (/,, p) will be

denoted by F and called a graph. Elements of In will be called vertices of F

and pairs (p, q), where ppq, p4^q, will be called arrows. We say that a graph

F is regular over a group G iff p is regular over G. Notice first,that we may

reduce our consideration to the case where p is connected, because it is easy to

show the following

Lemma 5.1. A graph F=(In, p) is regular over G if and only if every

connected component of F is a regular graph over G.

Observe also, that it sufficesto consider partiallyordered graphs. Let <~be

the equivalence relation on /, defined by: p~q iff ppq and qpp. Denote by [_x~]

an equivalence class of xg/b with respect to ~, and let It be the set of all

equivalence classes. We define the relation p* on It as follows:

[*>*[>] iff xpy.

p* is obviously a partial order on It and p is connected if and only if p* is

connected. Moreover, we have

Lemma 5.2. A graph (/,, p) is regular over G if and only if the graph

(It, p*) is regular over G.



292 Andrzej Nowicki

Proof. Denote by W-={w,} some fixed set of representatives of the cosets

in respect to ~. Let p be regular over G and let g: p*-->G be a transitive

mapping. Then the mapping /: p―>G, f(x, y)'=g{[_x~],[_y~＼)>is transitive, so

(by assumption) f(x, y) = o(x)―o(y), where o:In-^G is some function. Set

**(M) = <7(u/<).Then a* : /*->G and g{£xl,M) = ff*(MW*(M>.

Assume now, that F* is regular over G. Let /: p―>G be a transitive

mapping. Then g: p*-*G defined by g([wi], L/WjJ)==f(wi, w}) is transitive,so

(by assumption) g{[_w{],{wj])―r{{jw{])―t(＼_Wj]),where r :1%,-^G. If p^In, then

P^-Lwi], for the unique Wi&W. Therefore we put a(p)=f(p, wi)+z(＼iwi']).

Then f(p, q)= o(p)―a{q) i.e. / is trivial.

Further, to the end of this section, r={In, p) will be a connected and

partially ordered graph.

Set vertices of the graph F in some Euclidean space Es in such way that

none four vertices don't belong to one affineplane. Therefore F is one-dimen-

sional simplicial complex. Vertices of F will be denoted by (a), and arrows by

{a, b){apb, ai^h). If apt, bpc, then by {a, b, c) we denote the triangle (two-

dimensional simplex) with vertices a, b, c.

Denote by f the simplicial complex which we get as the union of F and all

triangles of F. Let C0{F), C^F) be free abelian groups with free generators

which are vertices and arrows of F, respectively; and let C0(F), C^F), CZ(F)

be free abelian groups with free generators which are vertices, arrows and

triangles of f. Clearly, C0{F)=C6{r), Cl{F)^C1{P).

Moreover we use the following notations. If apb, then

f (a, b), if apb

(a, b)=＼

{―(a, b), if boa

and if axpai, a2pa3, ･･･,as-1pas, then

<<*!,･･･, fl≫>= (fli,ag)+ ･･･+(a≫-i,a≫)-

Elements of the form <flj,･･･,as, a^> we callcycles of the length s. In partic-

ular cycles of the length 3 we call triangle cycles.

Let A{F), B(T) be the subgroups of C^F) generated by all cycles and all

triangle cycles of F, respectively.

Observe that every mapping /: p->G we can identify with a group homo-

morphism from C^F) to G. Therefore /: CX(F)-^G is a transitive mapping iff

f(B(F))=0. Moreover we have the following technical lemmas

LEMMA 5.3. fiCAF^G is a trivialtransitivemapping iff f(A(F))=0.



Derivations of special subrings of matrix rings and regular graphs 293

Proof. (=4) Let f(a, b)= o(a)―a(b), where a:In-^G is a mapping. Then

f((a, b))= a(a)―a(b), for apb, and we have

/≪ai, ･･■,as, aiy=--a(a1)~a(a2)Ji-a(a2)―･･･―o(a^― 0.

(4=) Let £ be a fixed vertex of F, and xe=In. Since F Is connected then there

exist xl}■■･,xs(=In such that xpx1? Xi~px2,･■･,xspp. We define cr(x)=

/≪x, xu ･･･,x5, />≫. Since /(^4(F))=0, then o- is well defined. Now we have

f{x} y) = a(x)―a(y), i.e. / is trivial.

Lemma 5.4. f -.C^F^R is a quasi-trivialtransitivemapping iff f(A(F))c=

Z(R).

Proof. If / is quasi-trivial,then [/, ―] is trivial,so (by Lemma 5.3)

If, -l{A(r))=0. Therefore f(x)r=rf(x), for any reR, i.e.f(A(r))QZ(R).

Conversely,if f(A{r))QZ(R), then [/, -](i4(D)=0, so (by Lemma 5.3)[/, -]

is trivial.

For F, F we have two standard complexes of groups

F: 0―->Ca(r)

d2

co(n --> o

r-. o ―-> c2(d ―^ c.in > Co(f)―>0,

where

dx(a, b)={b)-(a)

&la, b, c)=(a, b)+(b, c)-(a, c).

Therefore

H0(n=H0(h=z

H1(r)=Ker dx = A(D

i71(f)=Ker djlm dt=A{T)/B{r).

Moreover, by the Kiinneth formulas, we have

H＼r, G)=Eom(A(D/B(r), G).

We proceed to establish the lemma which be useful in the sequel

Lemma 5.5. For any homomorphism g '.A(F)-^G there existsa homomorphism

g:C1(F)^G such that g＼Am=g-

Proof. Since Cl{r)/A{JT)=QCO/Ker d1=Imd1, and because ＼rndi.is free

subgroup of C0(F), then the following exact sequence
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0 ―■*A(F) ci^ CiD ―+ C1(n/A(D ―> 0

splits.

Remark 5.6. Now, we can give the second part of the proof of Theorem 3.10.

Let f ;Ci{r)-*R be a quasi-trivialtransitive mapping and put g=f＼Ain-

Then, by Lemma 5.4, we have f(A(F))QZ{R) so g is a mapping from A(JT) to

Z(R). By Lemma 5.5, there exists g: C1(F)->Z(R) such that g＼AiD―g~f ＼AiD-

Clearly, g is transitive so (by assumption) g is trivial. Therefore g(A(F))=0

(by Lemma 5.3),so f(A(F))=0 and, by Lemma 5.3, / is trivial.

Now, if d :P->P is a derivation then the mapping fd is trivialand, by

Theorem 3.9, d is inner.

The next lemma is well-known (see [5]).

Lemma 5.7. Let A be a free abelian group of the rank s and let B be a

nonzero subgroup of A. Then B is free of the rank k^s and there exist a basis

0.1,･･･,as of A and a basis bu ■･■,bk of B such that bi―miau for i=l, ■■･,k,

and w-i divides mi+1 for i=l, ■■･,k―1.

Now we can prove the following theorems

Theorem 5.8. Let r=(In, p) be a partially ordered connected graph. The

following conditions are equivalent.

(1) F is regular over some nonzero group,

(2) F is regular over every torsion-freegroup,

(3) F is regular over some torsion-freegroup,

(4) F is regular over Z,

(5) The groups A(F) and B{F) are isomorphic,

(6) H^P) is finite,

(7) HHf, G)=0, for any torsion-freegroup G.

Proop. The equivalences (5)4=}(6)4=>(7) are obvious. It suffices to prove

(1)=H5) and (5) =4(2).

Let A=A(F), B=B(D and a, , a$; bu ･･■,bk be basis as in Lemma 5.7.

(1)=H5). We show that k=s. Let k<s. Consider the mapping f: A->G

defined by /(a*+i)=M, where O^mgG, and /(fli)=0, for i=£k-＼-l.By Lemma

5.5, there exists a transitive mapping /idCO-^G such that f(A)^0, which con-

tradicts with Lemma 5.3.

(5)=4(2). If A―B, then, by Lemma 5.3, the proof is completed. Now let

£§=A Then (Lemma 5.7) there exists meiV such that mA^B. Let G be a
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torsion-freegroup and f'.C^F^G be a transitive mapping. Then f(B)=0, so

f(A)=0 (since mf(A)=f(mA)Qf(B)=O), i.e. / is trivial(by Lemma 5.3).

THEOREM 5.9. Let r=(In, p) be a partially ordered connected gragh. The

following conditions are equivalent

(1) F is regular over any group,

(2) F is regular over Q/Z,

(3) A(D=B(D,

(4) H1(h=0!

(5) HHt. G^=0. for anv eroub G.

Proof. The implication (3)=)(1) follows by Lemma 5.3.

(2)=3(3). By Theorem 5.8, the groups A(F), B(F) have the same rank. Let

A=A{F), B=B(F). Let B^A and let bu ■･･,bs; au ■･■,as be basis of groups

B, A, respectively; as in Lemma 5.7. In this case, we have ms>l. Consider

the mapping /: A-^Q/Z, defined by f(ai)―0, for z=l, ･･･,s―1, and f(as)―the

coset of l/ms in Q/Z. Then, by Lemma 5.5,there exists the transitive mapping

f:d(r)-*Q/Z such that f(A)^0, which contradicts with Lemma 5.3. The rest

of the proof is obvious.

It remains to consider the case where H^F) is a nonzero finitegroup.

Theorem 5.10. Let r―{In, p) be a partially ordered connected graph such

that the order of Hx(P) is equal to m>＼, and let G be an abelian group.

The following conditions are equivalent

(1) F is regular over G,

(2) G is an m-torsion-free group,

(3} HX(P. G)=0.

Proof is similar to the proofs of Theorems 5.8, 5.9.

By the three above theorems immediately we have

Corollary 5.11. Let r=(In, p) and let G be an abelian group. Then F is

reeular over G iff HHP. G)=0.

We end this paper with some examples, which we easily get by the above
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1

The followinggraphs

(a)

(b)

(c)

Andrzej Nowicki

Q ^.Q^ Q S..0 # ,

I

o<― o >o

o >oI i

o^― o

are not regular over any group.

c 0 ･ (i.e. the graph Ain),

2. The graphs

(a) not having subgraphs of the type A2n (in particular trees),

(b) cones (i.e. the graphs (/,, p) for which there exists b<E.In such that

bpa, for any ae/n)

(c)

(d) all graphs, for n^3

are regular over any group.

3. By Theorem 5.10,it follows that there exist graphs which are regular

over some groups and which are not regular over another groups. For example,

the following graph (which is one-dimensional triangulation of the projective

plane)
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i <■

0

5

0

6

1

1

0

＼o

0/

y
11

＼0

A

I

< 1

0
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＼o o/

14

＼ >

2

2―5―,

"

o

/i

10 *6
＼ ^

1 13 0

0/ ＼0

≫

<
°
＼

0 17 0
o/ ＼o

1―o-^4

0 12 1

＼ y＼

1 16 (y x
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is regular over any 2-torsion-freegroup, and is not regular over remaining

groups. The numbers at the arrows define the non-trivialtransitivemapping

to Z2.
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