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COVERINGS OVER d-GONAL CURVES

By

Naonori Ishii

§1. Introduction.

Let M be a compact Riemann surface and / be a meromorphic function on

M. Let (/) be the principal divisor associated to / and (/)≪,be the polar

divisor of /. We call / a meromorphic function of degree d if rf=degree (/)≪.

If d is the minimal integer in which a meromorphic function of degree d

exists on M, then we callM a d-gonal curve.

Now we assume that M is d-gonal, and consider a covering map it':M'^M

that M' stillremains rf-gonal. The purpose of this paper is to show how such

%' can be characterized.

The case that it' is a normal covering and d=2 (i.e., M is hyperelliptic)

has been already studied ([2], [3], [4] and [7]). In this case the existence of

the hyperellipticinvolution v' on M' plays an important role. More precisely,

as v' commutes with each element of the Galois group G―Gal{M''/M), v' in-

duces the hyperelliptic involution v on M and we can reduce rc'to a normal

covering x: P'^Pi with Galois group G, where P[ and Px are Riemann

spheres isomorphic to quotient Riemann surfaces M'/<i/> and M/<y> respec-

tively. On the other hand it is known that finitesubgroups of the linear trans-

formation group are cyclic, dihedral, tetrahedral, octahedral and icosahedral.

Horiuchi [3] decided all the different normal coverings it':M'-*M over a

hyperelliptic curve M that M' stillremains a hyperelliptic curve by investigat-

ing each of above five types.

Let M be a rf-gonal curve. In this paper we will show at firstthat a

covering map %': M'―>M (not necessarily normal) with rf-gona! M' canonically

induces some covering map n: P[-^PX (Theorem 2.1 §2). Moreover if both M

and M' have unique linear system gld and it'is normal, then we can see that

it is also normal (Cor. 2.3).

In §3,§4 and §5 we assume that M is a cyclic />-gonal curve for a prime

number p. We will determine all ramification types of normal coverings

it': M'^M with 6-gonal M' by the same way as Horiuchi did in case £=2(§4),
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and we give some resultsabout unramified coverings %': M'-*M, where n' Is

not necessarilynormal (§5).

§2.

Let %': M'->M be a covering over an arbitrarycompact Riemann surface

M. Let C(M) and C(M') be the function fieldsof M and M' respectivelyand

Nm7l'= Nm: C(M')^C(M) be the norm map. For a divisorD― S ntQi (n^Z)

on M', we define a divisorNm^D―NrnD on M by

Nmx.D=^ntn＼Qt).

Then the following equation of principal divisors holds ([1] Appendix B):

NmA(f))=(Nm f).

If two divisors D' and E' are linearly equivalent, write D'^E', the above

equation means that Nm D'-^Nm E'.

Let ?t'*P denote a divisor on M' obtained by the inverse image of a point

.Pe M with ramification points counted according to multiplicity. For a divisor

D^TiUiPi, n'*D: =T>ni7t'*Pi. ＼D＼is the complete linear system of D and

X(D) is the C-vector space consisting of 0 and meromorphic functions / satisfy-

ing (f)+D>0. 1{D) is the dimension of £{D) over C.

After this we assume that M is rf-gonal. Then there exists a positive

divisor D of degree d on M satisfying l(D)^2, and l(E)=l for any positive

divisor E of degree less than d. Actually on this D we can easily see that

l(D)=2, and then the linear system ＼D＼defines a covering map of degree d;

<p]D＼=</>:M-―> Pt

where Px is a Riemann sphere. Explicitely <p(P) is defined by <p(P)=h(P)<^

Cu(oo) for PgM, where A is a non-trivial meromorphic function in X(D). <p

is defined uniquely up to linear transformations of Pi. By the minimality of

d, a divisor <p*(p(P)is uniquely determined not corresponding to the choice of

h. For distinct points P and P' on M, <p*<p(P)and <p*<p(P')are linearly equi-

valent and having no common point in their supports.

Let it':M'-^M be a covering of degree n over M that M' still remains

rf-gonal. Let D' be a positive divisor on M' of degree d satisfying l(D')=2.

Then we have;

Theorem 2.1. Put D=NmrD'. Then
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i) There existsa covering map tc: P[―>P! satisfying the following diagram;

M' > P[

≪'l 1-

M > Pi

with degiz'―degiz―n ana deg <p'―deg <p=d.

ii) Let C(M'), C{M), C(P[) and CiPJ be the function fields. Then

C(M)r＼C(Pi)=C(P!) in C(M') and C(M) R C(P[)=C(M').

CiPO

a
To prove this Theorem we prepare some lemmas. Put D'―^Pi (Pi are

i=ld
not necessarily distinct), and n'^Tc'Pi― 2 Plk＼

k=＼

Lemma 2.1.1. For each i.

Nmsl-<I>'*<l>f(Pltk>)=NmK.<I>f*<j>f(Pi)=Nma.D £= 1.2. ■･･, n

Proof. Nmn'(p'*(p'(Plk:i)and NmK'<p'*(p'(Pi)are divisors of degree d on M,

and they have a common point n'(Plk:>)=7c'{Pi).But they are linearly equivalent

as 0'*0/(/>J*>)~0"lV>/(^)- Then we have NmK'<J>'*<p'(Plt''>)=Nmn'<p'*<p'(Pi)by

the minimality of d. □

As 1{D')>1, we may assume that Z>'= 2 Pf i.=<b'*<b＼Pi))satisfiesthe fol-

lowing conditions *);

*) Pi are distinct,re'is unramified over x'(Pi),l^i^d,

and ^' is unramified over (p'{P[k:>),l^k^n.

Let Nm7l'D'=dlRl+d2R2+ ■■■+dtRt, dx+d2+ ■■■+dt ―d, where Rt are distinct

points in M and Tt'{P1)=Ri. Changing the indeces of Pu we may assume that

ti'(P1)=■■■=iu'(Pdl)=Rlt x'(Pdl+1)= ■･･=x>(Pdi+d2)=R2, - ,

^ (■^dI+(i2+-+d/_,+l):= "■=X ＼Pd,+--+d,)―Rt■

Lemma 2.1.2. dx＼n, dx＼d and dx~d2― ･･･=dt.

Proof. Put 7c'*Ri=7cf*n'(Pdl+...+dt_1+ti)=Al1>+ ■･･+A＼n＼ s,=l, ■■■, dit i=

1, ■･･, t. Then Al^ (k = l, ･･･, n) are distinct by *). By Lemma 2.1.1

Nm;i'(l>'*<p'(Aiik>)=d1R1-i ＼-dtRt. For <p'is unramified over <p'(Alk^, f*(p(A^)

also consists of distinct d points. Changing the induces k of A＼k^ for each /,
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we may write;

0'*0'Ui(1))=G4i(1)+ ･･■+Aido)+(A^+ ■■■+ A^)+ ･･･+(A(1)+ ･■･+Altd*>).

Especially d^n. By the minimality of d, <p'*<p'(All>)=■■■=<p'*(p'(Ald^). If

di<n, take a point over Ru namely Aldi+1＼not equal to A[k＼ l<Lk^>di. Then

we may write;

<P'*<P'(A{di+1>)=(Atdi+1>+■■■+A[id^)-＼ hU£(dj+1)+■･■+A?d*)

and 0'*0'(^l1(di+1))=･･･=<p'*<p'(Ai2d^). If still2dl<n, repeat the same manner

as above and finallywe have the following sd,+l equations of divisors;

<]>'*<p＼A[≫) =W+ ■■■+A[d^)+ ■･･+ (A^+ ･･■+Ald^) (1.1)

(p'*(p'(Aid^) =Ux(i)+ ･･･+^ri5)+ ･･･ +w>+ ･■･+Aia^) (i.d,)

^*0/(^i≪i1+i))=(^Ui+i)+ ...+4≪*,>)+ ...+(^(<J£+D+ ...+^t≪"t)) (2.1)

M^A?**) =(Ald^+ ■■■+A[2d^)+ ･･･+G4*(dt+1))+ ･･･A(2d£)) (2.d,)

^'W(^i(cs"1)<il+1))=(^ics"1)<il+1)H ＼-Alsd^)-＼ h(J4*<c'"15dt+1H Mt(sdj)) (s 1)

<b'*<p'(Alld^) (i4(c-i)d1+i) + ...+ y4≪≪i1))+..._l_(^t≪.-i)<it+i)_|_...+ ^≪≪*t>) (s.dj

and

7r'*i?1=(/l1<1)+･･･+Aldi>)+ ･･･+G41(Cf-1)di+1>+･･･+ A?d^). (**)

Then n = di-s. If dx>dt, then n ―dx-s>dt-s. There exists a point over Rt,

namely Aln＼ never appears in the right hand sides of the above equations

(l.l)~(s.di). On the other hand (p'^'iA^) has A[k^ for some k in its support

by Lemma 2.1.1. For the minimality of d,(pr*(p'(A^)=(p'*(p'(Al^). This is a

contradiction. If dx<dt> then n ―di-s<dts. This also can not be happened. □

By Lemma 2.1.2, and the above equations (l.l)~(s.di),**), we have;

Lemma 2.1.3.

S <J>'*<pf(Plk>)=S 7c'*7c'(Pt)=7:'*Nm(D').

k=＼ t=i

Proof of Theorem 2.1.

Let E'=^}Qi and E" = J}Si be in ＼D'＼satisfying the conditions *). Let h'

be a non-constant function in X(D') and h ―Nmh'.
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div(hon')=7c'*Nm E'-K'*Nm E"

= 2 <p'*<p'(Ql

k=i

*>)

n

<b'*(b'(Slk^) by Lemma 2.1.3

= s U(p'*(pi(Qn-(pr*(pr(Pi)}-{<p'*(p'(s1)-(p'^'(p1)n

= S U<l>'*<l>＼Qi)-D')-{<l>'*<l>'(Sx)-D'n

=
%{(akh>+bk)-(ckh'+dk)}

/ n
(n

＼k=i

akh'+bk

Ckh'+dk

)

Then h°7t'is in C(h')=C(P[) and we have

C(M')DC(PO

u u

C(M) id CCA), with IC(M'): C(M)] = [C(PO: C(Px)]=n and

[C(M): C(F1)]=[C(M'): C(PO]=rf-

As [C(PO (g) C(M): C(PO]=[C(M'): C(Pi)], we have ii).
CfP,)

177

□

Conversely we have;

Remark 2.2. Let <p: M-^Pi be a d-gonal curve with a d-t＼＼coverinng <p

over a Riemann sphere Pi. Let tt': Pi―>Pi be an arbitrary covering. Then

function fields C(M) and C(P',) are linearly disjoint over CiP,), and the Rie-

mann surface W obtained from the function field C(M) 0 C{P[)=C(M)-C(PX)

C(PO

is d-gonal.

Proof. Consider the canonical surjective map C(M) (g) C(P{)-^C(M)-C(P[).

Put d'=[C(M)-C(Pi): C(PO]- If d'<d, then M should

d"<d'. This is a contradiction.

be d"-gonal for some

n

Concerning about the digram in Theorem 2.1, n is not necessarily normal

even if tz'is normal. But we have;

Corollary 2.3. // M' has unique linear system gld and n' is normal, then

7i is normal and Gal(M'/M)^Gal(P{/P1).
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Proof. Let a be an automorphism on M'. For the uniquness of gl there

is an automorphism a on P[ satisfying the following diagram :

M' > P[

a a

M' >P[

As C(M)r＼C(P[)=C(PX Gal(M'/M)^Gal(P{/P1). D

Remark 2.4. Under the two assumptions of corollary 2.3, (i.e., %' is

normal and the uniqueness of g＼, we can prove Theorem 2.1. i) easier. In

fact Gal(M'/M) acts on P[ as the proof of the corollary 2.3, and the fixed

subfield of C(P[) by the action of Gal{M'/M) is C{M)r＼C(P[). This field is

a function fieldof genus 0, and [C(Af): C{M)r＼C{P'1)'＼―d for the minimality

of d.

Remark 2.5. The condition that M' has unique g＼ is satisfiedin the fol-

lowing case:

M' is p-gona＼ of genus^(£ ―1)2+1 for a prime number p

([9], Cor. 2.4.5),especially M' is defined by the equation

D(u, y)=Q (§3(1))with m^2p+l ([9], [8], [51).

Remark 2.6. Let p be a prime number. We assume that M has a p-th

covering over Pt. Then the condition that M is />-gonalis satisfiedwhen

genus of A/>(/>-l)(/>-2)([9],Cor. 2.4.5).

§3.

Let p be a prime number and M be a Riemann surface defined by the

equation

D(u, y):=yp-(u-a1)ki ■■■(u-am)k =0 (1)

where at (l^i^m) are distinctand k% are integers satisfying l^ki<p ―l and

S^i=0 mod p. Let </>:M->Fi be the cyclic normal covering of degree p over

Pi defined by (u, y)<-^u. The branch points of <b are a^Pu and (b is com-

pletelyramified over at. Put S={a*| isSz^m}. The genus of M is

Sometimes we use another equation D'{u, y) for M

D'{u, y):=yp-(u-p1)k> - (u-pm-i)km-l=0

(/>-l)(m-2)
2

(2)



Coverings over d-gonal curves 179

with l<Lkt£p ―l and S&^O mod p. <J>is defined as above and the set S of the

branch points of <p={fti, ■･･, fim-＼,oo}. In this case let km>0 denote a minimal

TO-l
integer satisfying km = ― Jl kt mod p, then we can get an equation of type (1)

birational equivalent to (2).

We call M a cyclic />-gonal if M is £-gonal and defined by (1) or (2). Here-

after we assume that M is cyclic />-gonal and having unique gp. If m^2p ―l,

M is />-gonal by Remark 2.6. If m^2/? + l, M has unique ^p by Remark 2.5.

7r': M'->M always means a covering map with />-gonal M'. Then a covering

iz': M'-^-M corresponds to a covering ;r': P[-^Pi by Theorem 2.1.

In this section we show the method how to get the equation of M' and tz'

explicitely from the equation of M and x. Put Pl=zProj C＼_za,z{＼, P[―

Proj C＼_u0, mJ, z―Zx/z^ and u=uJuQ. Assume that %' is defined by (za, Zi>―>

(F0(z0; Zi): Fxizo',^1)), where Ft (i=l, 2) are relatively prime homogeneous poly-

nomials of same degree n. V=Spec C[z~]Foa.z:)and U=SpecC＼_u~＼ are affine

open subsets of P[ and Px respectively. Then tz': V^U is represented by

z^u =
Fi(l: z) put

Fo(l: z)

U=C for alli.

/. Assume M is defined by the equation D(u, y)=0 with ≪jG

Put A=C[u, yl/(D(u, y)). By Theorem 2.1,

C(M')= C(M) 0 C(P[)
ccpo

= AR C(P[)

ZDA 0 C[z]CFoa:2))
C[≪]

= CW<,.<,.≫≫[y]/(o(^|,>))

°=B

Then Spec B=VxSpec A. If we have factorizations;

Fx(l: 2)-Fo(l: *)≪,=<:<H (2-a<(f))e£

with some constants ci( afeC and e£(1)eTV satisfying S≪{'^?i, then

Spec Ax Spec C[_z~＼is defined by the equation

vi,. to / i") r,-i＼*,･
F0(l: z)i^kl yv- n (ct H (z-a^f'?) =0
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Put

G(z)=
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where [a/6] is Gauss symbol. Changing G(z)y by y we have an equation of

type (1) for M'

where /£(<)are positive

■k'is defined by

yp-H Ii(z-a^)ft =0

1=1 t=l

(3)

integers satisfyingO^fli:><p and f^^epki mod p.

(y, z).―> (G(zY'y, F,{1, z)/F,{l,z)).

Let /oo be the integer satisfying S/t(O + /oo=0 mod p and O^f^Kp. The set

S' of branch points of <p' consists of a£(i)with /P^O and oo If /^O.

Next assume that M is defined by the equation D'{u, y)=0 in (2) and we

have factorizations;

id) (≪
Fl(l: z)-j8,Fo(l: z)=ct n U-ftf0)" (l^i^m-1)

and

F0(l:z)=cm(z-Ti)ri (z-7s)rs, n+ - +rs^n .

Let /£(i)(l^z^m―1) be numbers satisfyinge^-ki^f^ mod p and O^fi^Kp.

Let gj (1^/^s) be numbers satisfyingrj-km~gj mod p and Q^gj<P, where

km is definedas before. By the same way as above we have an equation

of M'＼

■kis defined by

where

/m-1 IW .(≪v

(y, z)'―> i.G'{z)-ly, F1(l: z)/F0(l: *))

i~ 1

h ,_ m-1 jCi) ,,,

XlKa-n)"Crj"*m/P3

(4)

Let /a, be the integer satisfying S /"}+ S^+/≫sO (mod />)and 0^/oo</>.
i.t j

The set S' of branch points of <p' consists of b[^ (/£(O^0), Tj (gj^O) and ≪dif
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Lemma 3.1. For a point P^M', put<p'{P)―a and jr°0'(P)=a. e (resp. e')

denotes the ramification index of n {resp. n') at a {resp. P).

(1) Assume a is a branch point of (p. Then e'=e/p if p＼e, and e=e' if

PXe'.

(2) Assume a is not a branch point of (p. Then e=e'.

Proof. We may assume that M is defined by the equation (1). If a is a

branch point of <p, then a=ait a = a£(i)and e―e^ for some i and t. If p＼e,

then /£(i)=0and a is not a branch point of </>'by (3). On the other hand the

ramification index of <p over at is p. As </>°7r'=jr°<^',p-e'=e. If />| e, then

/£(i)^0and a ―a(ti:>is a branch point of (/>. .'.e―e'. D

Let tz': M'-^M be as in §3. Moreover we assume that tz'is normal with

Galois group G. By Corollary 2.3 in §2 k induced by tz'is also normal with

Galois group G. Then we use the following lemma to determine tz';

Lemma 4.1.([6], [3]) By choosing suitablecoordinates z and u for P[ and

Pt respectively, any normal coverings it':Pi―s-Px{z^>u = f{z)) are one of the

following, fivetytes:

group

/ cyclic

// dihedral

#G u = f(x)

Cn n u=zn

Dv 2v u =
(2"+D2

42*

O4―2V3 iz2+l)3
III tetrahedral A4 12 u = -

1O
,-n-. ,, .――

―lZV 3 22 (Z ― 1)

IV octahedral 54 24 u
(es+14z4+l)3

108z4(<r4-l)2

(ramification indeces)
[branch points j

r

0

lo

I

V
,cosahedral A, 60 , =

1Tax*-+ll*-iy "

where the symbol ＼
x

la,

index rii

Is

0

2

1

3

1

2

1

2

1

"}

CO I

2!

ooj

1

ooj

51

T) ***1
Y means that it' is ramified over a, with ramification

(Xo ■･■J
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Now we determine all ramification types of normal coverings n': M'->M

for an arbitrary prime number p as Horiuchi did in case p―2.

As notations we use P, P', P", ･･･ for ramification points of <p, and Qu Q2>

■■■, QpiQ'i, ■■■, Q'P; Q'i, ･･･ , Q'i; ･･･) mean p distinct points with <MQi)= ･■■

=(p(QP) (<p(Q'i)= ･･･=<p(Q'P); 0((?'/)= ･･･)･ The symbol
j '['}

means that ic' is

ramified over R with ramification index m.

Proposition 4.2. All the ramification types of normal coverings %' with

Galois group G^Cn are as follows;

i) If pX n, then

in n＼
a) ＼ ＼ b)

[P P'＼

ii) If p＼n and pi^n,

[nip n/p)

a)
P P'＼

in n ■■■n )

then

＼n ■･■n n ･■･ n 1

＼Qx-Qp
Q[-Q'pl

[n/p n ■･･n )
b)

＼P Qx-Qp)

Hi)// p=n, then

a) unramified b)

c)

＼

in ■■■n 1 in ･■･n n ■■■n )

[Qi-Qpl
C ＼Qi--Qv

Qi-Q'pl

J

,n n.
Proof. We may assume that the ramification type of it is ＼ ＼. Let

[0 COJ

S be the set of branchpo kits of </>:M->Pi. When Sn{0, co}r={0, 00}, we have

i, ii, iii-a) by Lemma 3.1. When 5n{0, 00}= {0} or {00}, we have i, ii, lii-b).

When SM{0, co}r=0, we have i, ii, iii-c). □

Proposition 4.3. All the ramification types of normal coverings n' with

Galois group G^DV are as follows;

i) If pX 2v, then

2

a) [P

[2
d)

f2
/)

2 v 1

p, P,,＼

(2 2 v
b)

＼P P' Qi

2 ■･･ 2 v ■■■v 1

Qi-Qp Q'l-Qpl

[2

･･･ 2 2 ■･･ 2 v ■■■v

!-QP
Ql-Q'p Q'l-Q ■

I

p)

[2 ･

c)

2 2 ･■･ 2

i-QP
01 Q'v

2 2 V

QP P P

"}

p

＼
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p＼v, pi^v and v odd, then

f2
a)

f2
d)

[P

f2
/)

iii)
//

2 v/p

P' P"
I ≪t

2 ･･･ 2 v ･■･ v

01

2

Qp Qi-Q

2 v ■■■v

P' Qx-Q

1 ･>{

2 ･･･ 2 v ･･･ v

-Qp Q'i-Q'p Q'l--Q

p=v and

(2 2)

a)
[P P'＼

f2

d)
＼P

f2

/)

iv) If p

v is odd, then

p

b)
[P

-

2 v ･■･ v 1

P' Qi-Qpi

v ■■■v

Qi-QP Ql-Qp

)

f2

2 2 ･･･ 2 v ■■■v

■■■QpQ[-Qp Q'[-

= 2 and v is odd. then

-i;i

f2
d)

(2

v) If p

a)

d)

2
V V

Q2 Q[ Q

J

O"

)

[2
c)

･･･ 2 2 v/p)

...
n p pi＼

1 Wp r r )

･･･ 2 2 ■･■2 v/p＼

i-Qp
Q[-Q'p P＼

f2
c)

･･･ 2 21

i-Qp P)

･･･ 2 2-21

i-Qp Q'i-Q'Pl

(2 2

c)
＼Qi Q

(2 2

[Qi Q

2 2 2 v v ]

n n' D' n>i Din
V2 Vl V2 Vi V2J

=2 and

I2

f)＼
Q

vi) //

2

v is even^A, then

V V

Qz Q[ Q

j

2

2

Q

2

P)

(2 2

c)

＼Qi Q

(2

e)
U?i

2 2

2 v|

Qi P＼

v/2＼

2

2 2 2 v v )

Q2 Q[ Q'2 Q'i Q'A

Q2 Q[ Q'*

p=v=2 (Theorem 2' [3], [4])

v/2)

183
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a) unramified b)

(2
d)

2 2 2 2

Naonori Ishii

I 1

Q* Q't Q'2 Q'i

f2 2 2 2 1

c)

[QiQiQ'x Q't＼

Proof. The ramification type of it is
f2 2 v＼ , .

N
.

<n , }. The cases i~v a), i~v
[0 1 ooj

b), i~v c), i~v d), i~v e) and i~v /) are corresponding to Sn{0, 1, 00}

= a){0, 1, 00}, 6>{Q, 1}, c>{0, 00} or {1, 00}, ≪>{0} or {1}, e){°°}and ^0 respec-

tively. In case vi), a), b), c) and d) are corresponding to Sn{0, 1, 00} =

a){0, 1, 00}, 6>{0, 1} or {0, 00} or {1, 00}, c>{0} or {1} or {00} and d)0 respec-

tively.

Proposin 4.4. All the ramification types of normal coverings %' with G = AA

are as follows;

i) // p^S, then

(3

a)
[P

[3

[3

3 2 1

P, P,,＼

3 ･■･ 3

Q

ii) If p=

■>i:i

[3
d)

/)

iii)

[3b) V

3 3 ･･･ 3

Q

i

2

3 2

P' Qi

e)

2

-Qv Qi-Q'P Q'l-Q

3. then

[2b)

2 2 1

02 0s)

3 3 2 2 2

<?2 Q, Q'i Qk Q

■

I

21

I3

c)

3 3

Qv

I3

Q―

3

Q'v

p 3 3 2 1

＼Ql Q* Qs P)

(3 3 3

e)

(3 33333222

[Qi Q* Qs Q[ Q* Q's Q'[ Q'i Q'{,

If 6=2, then

a)＼p
31

P'＼

f3 3 2 2 1

b)

[P P' Qx Qp＼

3

3

Q

3 3 2

QP P P

3

Q't

1

[3 3 3 |

IP Qx QJ

2t

p

3 2 |

1
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[33322]
d)

＼P Qi Q* Q[ Q'i

f3
/)

3 3 3 2 2

n r>' n1 n" nn

V2 Vl V2 Vl Qi

[3

!

3 3 3 1

i
Q2 Q[ Q'J

Proof. The ramification type of % is
r

10
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3 2}

k The cases i~iii a), i~
1 ooJ

iii b), 1^―111 c),i-―'illd), 1-―ilie) and i-―III/) are corresponding to Sr＼{Q, 1, oo}

=a){0, 1, co}, 6>{0, 1}, c){0, oo} or {1, oo}, <*>{()}or {1}, e){°°}and /50 respec-

tively.
□

Proposition 4.5, All the ramification types of normal coverings n' with

GsS4 are as follows;

＼) If t>>F>. than

[3
a)

d)
f

u?

[3
/)

[Q

[3
h)

[Q

2 4

pi p≫

ii) If p=

1 f3 2
b)

J ＼P P

3 2 4 1

QP P P'＼

3

4 ... 4 I

Qi-QP＼

[3

2 4 ･･･ 4 |

P Qi-QfPl

i

g)

3. then

(3 2

c)

＼P 0,

2 ･･･ 2 4 ･･･

Qi-QP

(2 4]

a)
[P P'＼

d)

(2 4

b)

(3 3 3 2 41

U?i Q2 Qs P P'l

i

p)

f

u?

4

Qi-Q

3 2 ･･･

Q

J

41

Q'P P)

4 4 I f2 2 2 4|

Qz Q,l
° ＼Qx

Q* Q3 p)

(2 2 2 4 4 4 1

l(?! (?2 Qz Ql Qi Qi＼

[3

h)

ii)

2 4)

3324441 J3 3322241

Q* Qs P Q[ Qk Q'J
§

[Qi Q* Qs Qi Qf2 Q'≫P)

(3 332224441

[Qi Q2 Qs Q[ Qz Q's Q'i Q'i Q'il

If p―2, then
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f3 21

a)
＼P P'＼

(3 3 21
d)

U?i Q* P

(3 3 4

[Qi Q* Q

(3 3 2

h)
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(3 4 4]

b)

e)

41

1 V2j

(3 2 2 2 j

＼P
Qi Q* P'l

J3 2 2

＼p
Q, Q2 (

J3 3

[Qi Q*

2 4 4)

i Q* Q'l Q'l)

Proof. The ramification type of it

4 41

2 2 2)

Q[ Qk P)

is < _ , k The cases i~in a)
10 1 ooj

i~iii b), i~iiic), i~iii d), i~iiie), i~iii /), i~iii g) and i~iii h) are corre-

sponding to snio, 1, oo}=a>{0,1, oo}, 6mo, i}, °{o,ooi, "){i oo}, ≪>{o},̂ {i},

g){oo} and ft)0 respectively. D

Proposition 4.6. All the ramification types of normal coverings tz'with

G = A5 are as follows,

i) // p^J, then

3

a) [P

3

d)

[3

2 5 j

P' P")

. . .

b)

3 2 5)

QP P P'＼

p 2

IP P'

5 ･･･5 I (3 2 ･･･ 2 5 j

f3 2 ･･･ 2 5 ･･･ 5 )

e)

[P Qi-QP Qi-Q'p＼

･･･3 2 5 ･･･ 5 1 J3 ･･･ 3 2 ■･･2 5)

-Qv P Ql-Q'pl
g

[Qi-Qr Ql-Q'p P)

(3 ･･■ 3 2 ･･･ 2 5-51

h)

＼Qi-Qp Q'i-Q'v Q'i-Q'A

ii) // p=s, then

3 2

a)
yp P'＼

f3
d)

[3b)

･･･3 2 1

x-Qv P)

2

P'

5

(3 2

e)
[P Qx

} c)

2 5

QP Q

[3 2

[P Oi

5!

Q'v＼

21
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3 2 5-5

■QP P Qi-Q'P ) "I
･･･ 3 2 ･･･ 2 5 ･■･ 5 |

-QP Q[-Qp Q'l-Q'ii

iii) // 6=3, then

(2 51

a)
[P P'＼

(3 3
d)

Id Qt

p

/)
[Qi

h)

iv)

Id

If p

(2 5

b)

[P Q

3 2 51

0. P P'＼

5 5)

･･･ 3 2 ･･･ 2 1

i
-Qp Q'i-Q'v)

(2 2 2

c)

U?
l

<?2 Qp

[2 2 2 5

[Q
l

C?2 ^3 Q

3 3 2 5 5 5]

8)

Q* Qs P Q[ Qi Qll

3322255 5

2 V3 Vl WZ V3 t/i V2 V

=2

(3 5)

0)

P P>)

f3 3

d)

[Qi Q

(3 3

Id Q

[3

h)

[Qx

3

then

(355)
b)

[P Qi Q,

1

2
P)

e)

5 5 1

2
Q[ Q'S

2 2 5

(2 3
＼

p <?,

[3

5

D D'
D' D" D"

V2 Vi V2 Wi V2

1

c)

3

Q* (

3

i Qv

5

Qi

5 5 |

51

p

(3 3 3 2 2 2

U?i <?2 Os 0! Q* Q*

-

I

f3 2

IP Q

1

Qi)

2 51

£2 P)

2 2 51

Ql Q'v P＼

51

p
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Proof. The ramification type of n is
{ _

1
＼. The cases i~iv a)

{ 0 1 ooj

i~iv b), i~iv c), i~iv d), i~iv e), i~iv /), i~iv g) and i~iv h) are corre-

sponding tO Sn{0, 1, oo} = ≪>{0, 1, 00}, ≫>{0, 1}, c){0, oo}, d>{l, oo}, <=>{()}, ^{1},

^^oo} and ft) 0 respectively. □

Remark 4.7. There exists unique covering n' that attains each type in

proposition 4.2~4.6. If we appoints branch points P, P', ■■■;Qu Q2, ･･･; Q[, ■･■.
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By Lemma 4.1, §3.(4) and Proposition 4.2~4.6 we have;

Theorem 4.8. Let M be a cyclic p-gonal curve. All the unramified normal

coverings it': M'-^M with a p-gonal curve M' are obtained by the following

manners;

i) Let p be an arbitrary prime number. Take two ramification points P, P'

of (p: M―>Pi. Let it: Pi-t-Pi be a normal covering with Gaiois group Cv

ramified over <p(P) and (p(P'). Then it' as in Theorem 2.1 is unramified.

Moreover if M and it are defined by yp~-umi(u ―a2)m2 ■■■(u ―ar-i)mr~1:=0 (a^

C― {0}, Swj^O mod p) and it: z^zv, then M' and it' are defined by

yp-(zp-a2)m2---(zp-ar-1)mr-1=R and ic':(z,y)>―> {zv, z~m'y).

ii) p=2. ([3], [4]) Take three ramification points P, P', P" of <p and a

normal covering it of degree 4 with Galois group D2 ramified over <p(P), </>(P'),

(p(P")- Then it' is unramified. Moreover if M and (p are defined by

yz―u(u ―l)(u―as)---(u ―ar-i)=0, r―1^0 mod 2, Gj e C― {0} and it: z^u =

(z2-＼-l)2/4z2,then M' and <p' are defined by

y2-{(z2+l)2-4a3z2} ■■■{(z2+l)2-4ar-iZ2}=0 and

.':C,>~<^
(02+DU2-l)MX2-―.U ＼

§5.

Let M be a cyclic p-gonal curve with m^t2p+l and n': M'-^M be as be-

fore, but we do not assume that n' is normal. We consider the condition that

it' is unramified (if n' is normal, all umramified n' are obtained by Theorem

4.8). By Lemma 3.1 we have:

Lemma 5.1. Let mPi-^Pi and <p: M-^-Pi be as in Theorem 2.1. Then

the followings are equivalent;

i) n' is unramified.

ii) Any branch points of rt are also branch points of (p and any ramification

indeces of it are equal to p.

Finally we give an example of an unramified covering n' that is not normal.

Example 5.2. Let k : P[->Pi be defined by



Coverings over d-gonal curves

z2
where k^O, ±1

189

Then the ramification points (eP() of x are 1, k, 0, oo and ±Vk with ramifica-

tion index p. ff(l)=w(ife)=0,;r(0)=7r(oo)=oo, tt(VF)=(1-VF)4 and jt(-VF)

=(1+V& )4. Thus n is not normal. Let M be a hyperelliptive curve defined

by

y-M{w-(l- VF)4} {m-(1+ VFH(≪-fl5) ･･･(M-a2g+2)=0 .

Then tt':M'―>M as in Theorem 2.1 is unramified. Explicitely M' and 7r' are

represented by

y2-{z2-(2-2VY+2k)z+k}{z2-(2+2VY+2k)z+k}

･{(z-mz-kf-a5z2}X ■■■X{(z-mz-k)2-a2s+,z2}=0

and

*':(*, 30' >((Z
ir[Z k~,

z'C2g+2＼z+Vk )(z-Vk )y).
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