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LATTICE-VALUED REPRESENTATION OF THE
CUT-ELIMINATION THEOREM"

By

Shéji MAEHARA

In 1934 G. Gentzen [1] presented the first order classical and intuitionistic
predicate calculi LK and L/, and expressed and proved his Hauptsatz or the
cut-elimination theorem for them. In 1953 G. Takeuti [11] announced the fact
that his fundamental conjecture or the cut-elimination theorem for his GLC
implies finitistically the consistency of analysis, where GLC is a simple type
theory formulated analogously to LK. From that time on he has proved suc-
cessively but constructively that the fundamental conjecture is true for many
subsystems of GLC.

In 1967 M. Takahashi [9] gave a general affirmative solution to Takeuti’s
fundamental conjecture by means of non-constructive methods (see also [10]).
Takahashi’s proof based on a result of K. Schiitte [7] and previously W. Tait
[8] had proved the cut-elimination theorem for second order predicate logic.
In 1971 G.Y. Girard [2], for the intuitionistic GLC, gave a syntactical cut-
elimination procedure and proved the finiteness of the procedure by use of non-
constructive arguments but by no use of the law of excluded middle.

Gentzen [1] says his Hauptsatz had been found originally for the natural
intuitionistic calculus NJ, that is a first order intuitionistic system of natural
deductins given in [1], but he did not discourse in detail. In 1965 D. Prawitz
[5] formulated the Hauptsatz or his normal form theorem for NJ? (and for a
classical natural deduction system admitting no disjunctions nor existential
quantifications). There are several studies of the normal form theorem for
higher order natural deduction systems: Prawitz [6], P. Martin-L6f [3], [4],
and so on.

In this paper, as our Main Theorem, we shall give a semi-algebraic repre-
sentation of the cut-elimination theorem. No concrete cut-elimination procedure
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D This paper was read at a Symposium, 27-29 November 1989, to commemorate the 80th
birthday of Prof. Katuzi Ono, Professor Emeritus of Nagoya University.

» The author attended Prof. Ono’s lecture concerning his formulation of the normal form
theorem for NJ at a Logic Symposium, 15-18 October 1966, Chiba. At that time, none
of the participants knew the Prawitz formulation.
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will be given in this paper. It is to be wished that we give a purely algebraic
representation and to prove, by means of it, we prove the finiteness of a con-
crete cut-elimination procedure.

§1. Formulas, terms and formal systems

1.1. In this paper, the formulas and terms of the simple type thpe theory
will be used in the limited forms specified in the following.

1.11. A free variable of type p is a term of type p, for every non-negative
integer p.

1.12. If s is a term of type p+1 and ¢ is a term of type p, then s(f) is
a formula.

1.13. If A is a formula, then —A is a formula. If A and B are formulas,
then ANB, AVB and ADB are formulas.

1.14. If F(a) is a formula, a is a free variable of type p and x is a bound
variable of type p, then VxF(x) and IxF(x) are formulas and AxF(x) is a
term of type p+1.

1.15. The only terms and formulas are those given by 1.11-1.14.

STIPULATION. Hereafter, when we use a metamathematical expression of
the form VxF(x), 3xF(x) or AxF(x), then F(t) means the result of substituting
a term ¢ for those occurrences of x in F(x) which occur in none of the scopes
of Vx, 3x or Ax with the same x in the inside of F(x).

1.2. As formal systems expressing the classical or the intuitionistic simple
type theory we use sequential calculi similar to Gentzen’s first order predicate
calculi LK and LJ.

1.21. Every uppermost sequent of formal proof has the form D—D, where
D is an arbitrary formula.

1.22. The set of our rules of inference consists of those of LK and the
following additional rules 1.221 and 1.222.

1.221. Introduction of

YV in antecedent: 3 in succedent:
Fo), I' -6 I'-6,Ft)
VxF(x), [ -0’ ' 0, 3xF(x)’
3 in antecedent: Y in succedent:
Fla), ' -6 I' -0, Fla)

IxF(x), [ -6’ I'— 0, YxF(x)’
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A in antecedent: A in Succedent:
F), -0 I'— 0, Fit
{AxF()}), ' -6’ I'—= 60, {AxF(x)}) -~

In the above respective rules, ¢ or a is a term or free variable of type p,
respectively, if x is a bound variable of type p, but in particular the free
variable ¢ must not occur in the conclusion of the inference.

1.222. Rule for “extensionality”:

s(a), ' = 0O, Ha) Ha), [ — 06, s(a)
F(s), =0, F@) ’

where a is a free variable of type p for an arbitrary non-negative integer p,
but it must not occur in the conclusion, and s and ¢ are terms of type p+1.

We may study the formal systems not containing the rule of extensionality.
If that rule were omitted, it would be sufficient to omit only the condition 2.28
from the assumption of the Main Theorem (2.3), but in the proof of the Main
Theorem a distinct trivial additional technique would be required.

1.23. Our classical formal system for symple type theory is the system
which has been stated above, and intuitionistic one is that satisfying the addi-
tional restriction :

Only sequents whose succedent consists of one formula or is empty are
admitted in every inference.

§2. Main Theorem

2.1. Let .L be a complete Boolean algebra when we study the classical formal
system, and .L be a relatively pseudo-complemented complete laitice when we
study the sntuitionistic formal system.

2.11. A relatively pseudo-complemented lattice is a lattice which has a
new operation « * 8 besides the lattice operations anf and a\UB, and which
satisfies the following two conditions:

1) an(axBZB,

2) any=p implies r<a* g,
where a * f is called the pseudo-complement of a relative to B. Because of the
completeness, £ has the least element 0. The element a %0 is called the pseudo-
complement of @, and denoted a*.

2.12. A Boolean algebra is a relatively pseudo-complemented lattice, because
both of the above conditions 1) and 2) are satisfied by putting

axB=a’Ug,
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where a° is the Boolean complement of «, and a*=a‘ at the time.

2.13. A relatively pseudo-complemented lattice has the greatest element 1
and is distributive. Accordingly, a relatively pseudo-complemented lattice in
which the least element exists and a\Ua*=1 holds, for any element a, is a
Boolean algebra.

2.14. A complete lattice is relatively pseudo-complemented, if and only if
it satisfies the condition

ansupzfar=supi(eNi).

2.2, Let
F  be the set of formulas,
T, be the set of terms of type p,
FV, be the set of free variables of type p,
and

BV, be the set of bound variables of type p,
where =0, 1, 2, --- and T,=FV,. We shall consider those mappings
m: F—> L and M: F—s
which satisfy the following conditions 2.20-2.28.
2.20. m(A)=M(A).
2.21. m(ANB)Em(A)Nm(B), MANM(B)XM(ANB).
2.22. m(AV B)sm(A)\m(B), MAYUM(B)<M(AV B).
2.23. m(VxF(x)=inf{ m(F@)) | teT, },

inf{ M(F) | teT, } <MV xF(x)),
where x& BV ,.

2.24, m(AxF(x)Ssup{ m(F ) | teT, },
sup{ M(F@®) [teT, }SM@3xF(x)),

where x& BV ,.
2.25. m(ADB)SM(A)*m(B), m(A)* M(B)XM(ADB).
2.26. m(—mA=MAY,  m(AF=M(—A).
2.27. m{2xFQYO)=m(F@),  MEFO)SM{2xF(x)}1),
where x€BV, and t<T,.
2.28. Oty t)NmM(F(E) S M(F (1)),

where t,, =7 ,, p>>0, and d(t,, ¢,) is defined by the following
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DEFINITION 2.1. 8¢, t,)

=inf{ [m(t,(r) « M@ DINDmEL) « M) | reT, s }

2.3. MAIN THEOREM. Let
m:F— L and M: F—s
be mappings satisfying the conditions 2.20-2.28, then
m(A)SM(B),

for any provable sequent A— B.

§3. Proof of the Main Theorem

In this section, let a complete lattice .£ and mappings m and M be fixed
arbitrarily, provided that .£ is Boolean or relatively pseudo-complemented ac-
cording to our formal system for simple type theory is classical or intuitionistic,
and that m and M satisfy the conditions 2.20-2.28.

DEFINITION 3.1. I(A)={ a | m(A)<a<M(A) }.

DEFINITION 3.2 (Recursive definition of D,, D(s) and (&, &)).
1) When s=T,, then D(s)={s}.
2) D, is the set-theoretical union of all of the sets D(s) for the terms s

of type p, i.e.
D,=U{ D(s)| seT, }.

3) Let &, &=D,. When p=0, then
0(&y, =1, it §,=6;;
08y, &)=0, if &=6,.

and
When >0, then
0(&s, &)=inf{ [£:(Q) * &(OIN[ED) * & 1 LED,s ).
4) When s=T,,,, then
Dis)={ ¢l ¢: D, —> L,
ELEED@), teT , = (&)= 1(s(1))],
(6:X&Es £:ED, = 86, EINGENZG(E)] }.

COROLLARY 1.
1) 8, &§=L1
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2) ¢, 52)25(52; &1)
3) 8(&1, EDNI(Es, E)=0(Ey, &o).

COROLLARY 2. Because of To=FV,, for t,, t.€T,, 8(ty, t:) has been defined
in Definition 3.2, and the condition 2.23
8y, t)Nm(FE NS M (F(t2)

is satisfied also in the case.

LEMMA 3.1. Let us assume

(E)EN[EE D), E2=D(t:) = 0y, E)=Z0(, t)]

for all t,, t,ET,, and p be a fixed non-negative integer. If s is a term of type
o+l and ¢: D, —> L is the mapping defined by putting

B(&)=sup{ a(xn, E&m(s(r)) | p=D), rT, }

for all £€D,, then ¢=D(s), i.e.:
1) €=D@), teT,= §EI(sE);
2) &, &ED,=0¢, ENGEN=9(E,).

PROOF.
1) Let &eD(@) and teT,. If n=D(r) and reT,, then d(y, §)=d(r, 1) by
the assumption, accordingly

8(n, ONm(srN=d(r, HNmM(s(r)=M(s(t));
A(E)=M(s(t)),
by the definition of ¢. On the other hand,
m(s(t))=0(&, EHNm(st)=p(%)
by the definition of ¢; hence
m(s()=g(&)=M(s(t)),
HE=I(s(1)).

hence

i.e.

2) If &, &<D,, then
881, EDNG(EN=0(E, &E)Nsup] 8(y, EoNm(s(r) | nED(r), rET, }
=sup{ 8(n, EDNIE&,, EINm(s(r) | nE€Dr), rT, }
<sup{ &y, &)Nm(s(r)) | nED), rT, }
=¢(&w).
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LEMMA 3.2. Let p be an integer and D(r) be not empty for all r&T,. Then
(EXEILEE D), &€ D(ts) = (&1, £2)=0(2, t)],
for all ty, t,eT ,1.
Proor. Let ¢, t,&€T 4y, T ,, & D), & D(E,) and L& D(r). Then
m(t,(r)SE(QD= M@, (r))

and
m(t(r) =& M(to(r)),
accordingly
. Ei(Q) * ELD)=m,(r)) * M(to(r))
an
&o(Q) * ELQ)=m(ta(r)) * M{,(7));
hence

0(§s, )0, 1),

THEOREM 3.1. Let s, ty, t,€T, and p be an arbitrary non-negative integer.
1) D(s) is not empty.
2) &ED), £ D)= (6, §:)=0(t, t.).

PROOF. By mathematical induction on p, in the induction step of which
Lemmas 3.1 and 3.2 are used.
THEOREM 3.2.
1) asl(A), BI(B)= anB=I(AAB), aUBSI(AVB), ax*BI(ADB).
2) asl(4)= a*tsl(—A).
3) EWLEED®), teT , = (&) IFE)]
=inf{ ¢() | €D, tl(VxF(x)),
sup{ ¢(§) | §€D, }=I(@xF(x)).
4) W=D, teT, = HEeI(FE)],
(EXEILE &€ Dy = 061, EINGEN=P(E)] = d=DAxF(x).
In 3) and 4), x is a bound variable of type p.

PROOF. By the conditions 2.21-2.27 and Definitions 3.1 and 3.2.

DEFINITION 3.3. We introduce a new symbol, which is denoted by &, for
every element & of every D, and we assume that the new symbols are different
with one another. If §=D,, then £ is called an .L-constant of type p. An L-
term of type p or an L-formula is the result of replacing all variables by .-
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constants of the respective types throughout a term of type p or a formula,
respectively.

DEFINITION 3.4 (Recursive definition of [s] for an .L-term s and [A] for
an L-formula A).

D [£1=¢
2) [sI=[s)tD.
3) [ANBI=[AIN[3], [AV3B]=[A]V[S],
[0 8]=[Al*[8], [A]=[AL*
4) [Vx3F(x)]=inf{ [F®)] | é€D, }, [3xF(x)]=sup{ [F(E)] | €D, },

where x is a bound variable of type p.
5) If x is a bound variable of type p. Then [AxF(x)] is the mapping
[AxF(x)]: D, —> L
defined by putting

[xF(0NEO=[2 )]
for all é€D,.

COROLLARY 1.

1) Let f(a, b, ---) or F(a, b, -+-) be a term or a formula, respectively, and
a, b, - be all free variables contained in it. If é€D(s), n€D({), ---, and if
fE 7, ) or FE 7, ) is an L-term or an L-formula, then

[f(gy 77’ )]ED(f(S, t: )) or [F(é) 7]‘; )]EI(F(Sy t: '“))y

respectivel?y.
2) If & and &, are L-constants of one and the same type and if f(&) or
F(E) is an L-term or an L-formula, respectively, then

(&, E)=LF(EN], [AEID
(&, ENIFEINI=IF(ED].

or

ProOF. By mathematical induction on the number of the occurrences of
logical symbols (including 2) in the term or the formula, in the induction step
of which we use Theorem 3.2 and relations

5(771; ﬂz)ma(Ch Cz)m'f]l(CI)éﬂZ(Cz),
(o, * aZ)m(ﬁl * ﬁz)m(alﬂﬁx)échm,@z;
(ay * a:)N(B1 * BN UBDEa.\UBs,
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(as ¥ @ )N(B1* Ba)N\ @y * B)<as + B,
ay x ay=(a,*) * (ar*),
inf{ (&) * &) | €D, }Ninf{ ¢:(&) | €D, }
sinf{ ¢«8) ! €D, },
inf{ ¢.(&) * ¢8) | £€D, }Nsup{ ¢:(&) [ €D, }
=sup{ ¢o(§) | §€D, }.
COROLLARY 2. If &, &&D, and p>0, then
D [&=&]=0¢, &),
2) [&=&IN[FENI<[FE0,
where a=b means the formula
Vx[(a(x)Db(x)NDb(x)Da(x))].

THEOREM 3.3. Let A and B be .L-formulas obtained from formulas A and
B, respectively, by respective substitutions which coincide with one another for the
free variables common to A and B. If the sequent A — B is provable, then

[A1<[2].
THEOREM 3.4 (Main Theorem). If a sequent A — B is provable, then
m(AY<M(B).

PrROOF. By 1) of Theorem 3.1, we can choose an element & of D(a) for
every free variable a. Let 4 and @ be the .£-formulas obtained by substitut-
ing & for every free variable a in A and B, respectively. By Corollary 1 of
Definition 3.4, we have

[Alel(A) and [8]<I(B).
Accordingly, if A—B is provable, then by Theorem 3.3

m(A)Z[AIS[B]<M(B).

§4. Proof of Cut-Elimitation Theorem by use of the Main Theorem
4.1. The complete lattice L.
DEFINITION 4.1. For a sequent I'— @, M(I" — ©) means the set of all

sequents 4—/ having the property that I", 46, A is provable without use of
cuts, i.e.
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MI'—-0)={ 4—A T, 4-6, A is cut-free provable }.

However, in the intuitionistic case, let the succedent /4 of any sequent belong-
ing to M(I"—®) be always empty.

DEFINITION 4.2. A set a of sequents is said to be closed, if @ satisfies the
condition
a=N{ MI"—=0)| acM{I'—6) },

where N is the set-theoretical intersection operator. And £ is the complete
lattice consisting of all of the closed sets a, f, --- of sequents, and the ordering
of £ is defined by the set-theoretical inclusion.

COROLLARY.

1) M{I"—6) is closed, i.e. an element of L.

2) When I'—0 is cut-free provable, then M(I'—@) is the greatest element 1
of L and consists of all sequents (whose succedents are empty in the intuitionistic
case).

3) M(—) is the least element O of L and consists of all cut-free provable
sequents (whose succedents are empty in the intuitionistic case).

4) The lattice-theoretical infimum in L is the set-theoretical intersection.

5) The lattice-theoretical supremum a\JB or sup; a; in L is not the set-
theoretical union, in general, but

aUB=n{rle BCr}

and
sup; a;=N{ 7| DlaxCr] }.

THEOREM 4.1. .L is relatively pseudo-complemented, and
axp=nN{ M, 4-6, 4)| '-0<ca, BCM(d-4) }.
Proor. We put
ro=N{ M, 40, 4) | '-0<ca, BCMd-1)},

and we shall show the following two properties:
1) any.CB.
2) If anycp, then rCro.
Proof of 1). If '-»8<any, and CM(4—1), then

r—-ecesMI, 4-6,4),
that is to say I, 4, -0, A, © is cut-free provable, accordingly
I'-0csM(d-A).
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Therefore, we have any,CS.

Proof of 2). We assume that aNyCpB, and II->3<y, and we shall prove
II-3cy, For the purpose it is sufficient to prove II-SeMI, 4—6, A)
under the assumptions aNyCB, II-3<y, '-0ca and fCM(4—4). By the
last four assumptions,

I II—- 06, YsanyCcpCM(d-A),
accordingly 4, I, II— A, ©, X is cut-free provable; hence
I —-YeMT, 46, 4).

COROLLARY. a*=N\{ M{I'—-0) | '-BOca }.

LEMMA 4.1. In the classical case, if aCM(4—A), then d—~A=a*. (When A

is empty, the lemma holds also for the intuitionistic case.)

PRrROOF. By the corollary of Theorem 4.1, it is sufficient to prove 4 — A<
M((I’'—®) under assumptions I'—=0ca and aCM(4d—A). By the assumptions,

we have
I'—-0csMd—A),

that is to say 4, '— A, O is cut-free provable; hence

d— AeMI'—6).
THEOREM 4.2. In the classical case, .L is a Boolean algebra.
Proor. We prove aUa*=1. If aa*CM(4d— 1), then by Lemma 4.1
4d— Asa*CM(4—A),
accordingly 4, 4—A, A is cut-free provable; hence
M(4—A)=1.

Therefore, we have alUa*=1.
4.2. The mappings m and M from F into .C.

DEFINITION 4.3.
) m(A)=nN{ a! Aosa }.
2) MA)=M(-A).

COROLLARY.
1) m(ACMI'—0), if and only if A, -0 is cut-free provable.
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2) '—-B=M(A), if and only if -6, A is cut-free provable.

TEEOREM 4.3. The above defined mappings m and M satisfy the conditions
2.20-2.28.

PROOF. As examples, we shall prove only 2.23 and 2.25.

The former in 2.23. According to 1) of the corollary of Definition 4.3, the
rule of “introduction of V in antecedent” means the fact that

m(FE)CM{"—@) implies m(VxF(x)CMI —0);
hence
m(¥xF(x)CTm(F (),
accordingly
m(VxF(x))Cinf, m(F(t)).

The latter in 2.23. According to 2) of the corollary of Definition 4.2, the

rule of “introduction of V in succedent” means the fact that

I'-»60sM(FG@) for all teT, implies ['—»>OcM(VxF(x));

hence
inf, M(F@)cCM(NxF(x)).

The former in 2.25. The rule of “introduction of DO in antecedent” means
the fact that

I' - 0=M(A) and m(B)CM(4—A) imply m(ADB)CM, 4-6, A);
hence, by Theorem 4.1,
m(ADB)CM(A) * m(B).

The latter in 2.25. The rule of “introduction of D in succedent” means
the fact that

A, I'-0=M(B) implies [ —-0OcM(ADB).
On the other hand, I'—=@<m(A)* M(B) implies

A I - Ocm(AN(m(A) * M(B)CM(B).
Therefore

' > 6=m(A)* M(B) implies I' - O@<=M(ADB);
hence
m(A)y* M(BYCM(ADB).

4.3. Proof of cut-elimination theorem.

THEOREM 4.4 (Cut-Elimination Theorem). If a sequent A—DB is provable,
then it is cut-free provable.
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PROOF. Let A—DB be a provable sequent. Then, by Main Theorem (2.3)

and by help of Definition 4.2, Theorems 4.1, 4.2, 4.3 and 2) of Definition 4.3,
we have

m(A)CM(B)=M(—B);

hence, by 1) of the corollary of Definition 4.3, the sequent A — B is cut-free
provable, q.e.d.
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