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ON THE ANTI-SELF-DUALITY OF THE YANG-MILLS
CONNECTION OVER HIGHER DIMENSIONAL
KAEHLERIAN MANIFOLD
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Young Jin SuH

1. Introduction.

Let M be a Kaehler manifold of complex dimension n=2, with a Kaehler
form @, where @ is locally expressed by @=+/'—1 3g,5dz* Adz? and a Kaehler
metric g=3g,3dz*®dz?. A connection A on a principal fibre bundle P over
M with the structure group G is said to be Yang-Mills when it gives a critical
point of the Yang-Mills functional. It satisfies the Yang-Mills equation d4*F,=0
for the curvature F,. Thus with the Bianchi identity d4F.=0 Yang-Mills
connection is a connection whose curvature is harmonic with respect to the
covariant derivative d .

When M has complex dimension 2, i.e., Kaehler surface, the Hodge *
operator determines a decomposition

AT*M=A35 A2

of the space of 2-forms, where /4% denotes the eigenspace subbundle of x of
eigenvalue 1. Thus **=/d implies that the adjoint bundle gr=PX 4.4 valued
2-form F.=dA+Q1/2)[ANA] splits into F* = (1/2XF4++F4) and F~- =
(1/2)(F4—=F,), which are called the self-dual part and the anti-self-dual part of
F, respectively, where g denotes the Lie algebra of G. Thus a connection A
on a principal fibre bundle P over a Kaehler surface M being Yang-Mills is
equivalent to d4F*=0 or d,F~-=0.

But for a higher dimensional Kaehler manifold these formulae give us no
meaning. Thus instead of using Hodge * operator let us introduce another
operator #, which is defined in section 2 such as #=x%"1' L"-®/(n—2)!, where L
means the multiplication by @. Then a connection A on a principal fibre bundle
P over higher dimensional Kaehler manifold M being Yang-Mills is equivalent
to dy#F,=0 (cf. Proposition 3.1 (ii)).

Also let us define an operator # such that # is equal to # on F2°4F%24
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F§?, and #=#/(n—1) on F'Q®, where F?¢ is the (p, q)-component and Fi!
means the primitive (1, 1) form and F° is O-form. Then we can consider the
self-duality and anti-self-duality of F, in the sense of #F*+=F* and #F =—F-,
where the self-dual part is F¥=F*'4F%24 F°Q® and the anti-self-dual part F-
is a form of type (1, 1) orthogonal to Kaehler form @, that is, Fi'.

Then our anti-self-dual connection minimizes the Yang-Mills functional, and
then is a Yang-Mills connection (cf. Theorem 4.2).

Now we can state main theorems which give the curvature form conditions
for a Yang-Mills connection to be anti-self-dual, and which generalize some
results of M. Itoh for Kaehler surfaces [3].

THEOREM A. Let M be a complex n-dimensional compact Kaehler manifold
with the sum of any two distinct eigenvalues of the Ricci tensor is positive. Let
A be an irreducible Yang-Mills connection. If [F2°AF%*]=0, then A is anti-
self-dual.

REMARK. M. Itoh [3] obtained the above result for a compact Kaehler
surface with positive scalar curvature.

With another commutative curvature condition we also have the following.

THEOREM B. Let M be a compact Kaehler manifold with the same condition
as in Theorem A. If [F*°AF'1=0and [F°AF>*]=0, then A is anti-self-dual.

The author would like to express his hearty thanks to Professor Mitsuhiro
Itoh for his valuable suggestion and encouragement to develop this paper and
to the referee for his kind comments.

2. Self-duality and anti-self-duality.

Let M be an n-dimensional compact complex manifold with a Kaehler
metric g. Let @ be its Kaehler form. When M is a compact Kaehler surface,
the Hodge = operator is involutive. Thus naturally we can consider self-dual
2 form (or anti-self-dual 2 form). But in a higher dimensional manifold it gives
us no meaning. However H.]J. Kim [4] defined the involutive operator # as
follows.

We denote by A’'=33A? the exterior algebra of all smooth real valued
forms on M. Now let us define the Lipschitz operator L by Le=¢AD, = A’
and the operator A : A’—A’ which is the adjoint of L. Then it is well known
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that =, L, and A satisfy the following relations

2.1) A=L*=s"eLox, (AL—LA)| gjo=n—k, A@)=n.
@2 #] ge=(=DF0,
(2.3) (D EN=0"*Ff(n—k)!,  k=0,1, -in.

We denote also by A?:¢ the space of C*(p, q) forms on M and by AZ?? the
space of primitive (p, ¢) forms, that is,

A i={ac= AP 1| A a=0}.
Then

LEMMA 2.1 (R.O. Well [7]). Let k=p-+q.
(1) if kzn, then AZ-9=0.
(ii) if k=n, then ADi={ac AP L" *+1q=(}
={ac AP C, +L" Pa/(n—k)I=a},
where Cp, ,=(—1)P+/—1)P*2,

The space A? of 2-forms is decomposed as
AZ:AZ,O_L_AO,2+A(1),1+A‘§),1

where Aj' denotes the space of (1, 1) type propotional to @. And let us now
consider the operator # which is defined by H. ]J. Kim:

L@-2/(n—2)] ¥ = _
#1 A? Arn-D AP, de, #=x1o LMD /(n—2)I

Then we have the following from the definition of # and Lemma 2.1.

LEMMA 2.2. (i) Al'={asA?|#a=—a},
(ii) A*°'+ A ={acA®|#a=a)},
(ili) Ap'={a=A%|#a=(n—1Da}.

Now we define an operator
- { # on A»°+ A%+ ALY,
' #/(n—1) on Ay'.

Then we get #°=/d which implies that A? is decomposed into the self-dual
part A2=A%°+A"*+ A§' and the anti-self-dual part A}'. Hence the curvature
form F, also can be splitted into the self-dual part FAr=F>'"4+ F%2 4L F'Q® and
the anti-self-dual part F-=F}", i.e., #F+=F* and #F-=—F-,
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3. Anti-self-duality of Yang-Mills connection.
Let P be a principal fibre bundle over a compact Kaehler manifold M with
a compact semi-simple Lie group G. Let A be a connection on P. Then we
get:
PROPOSITION 3.1. The following conditions are equivalent.
(i) A is Yang-Mills i.e., d xF,=0,
(ii) da#F4=0,
(iii) 204F% '+ nd (F'QR®P)=0,
(iv) O0%F%°=—nid F°/2(n—1).

PROOF.
(i)e(ii) It is well known that a connection A being Yang-Mills if and only

if the curvature satisfies Yang-Mills equation d4+«F,=0. With 0,0 *=0 the
Yang-Mills equation d,+F,=0 implies

wd ) #t Fy=04(F4NO"2)/(n—2)1=0,
that is, d,#F,=0, where §, means the formal adjoint of d4 such that 04=

—#d g*.

Conversely xd  #F, =0 gives (0.F)AP"2=0 because §,@"*=0. Since the
nondegeneracy of ®"? is invariant by taking an orthonormal dual basis, we
can assert that (6,F)A®@"2=0 implies d,F4=0, that is, d,+F,=0. From this
fact a connection A being Yang-Mills is equivalent to d,#F4=0.

(ii)=(iii) From Lemma 2.2 it follows that

#F4=F*"+F"*—Fp'+(n—1)(F'Q9P).
Then by the assumption (ii) we have that
0=d st Fa=04+0)(F> "+ F**—F{' +(n—1)F°'RP)),
from which it follows that
(3.1) 0uF =3, Fy H(n—1)34(F'@®P)=0,
(3.2) J4F*°—0 4 F} +(n—1)04(F'®D)=0.
On the other hand, the Bianchi identity gives that
3.3 04F 2+ 04(F'QD)+04Fy =0, (resp. d4F*°+04(F°RQP)+04Fi'=0).

Summing up (3.1) and (3.3), we obtain 20,F° 4 nd(F°Q®)=0.
Conversely, it suffices to show that (3.1) holds since (3.1) and its conjugate
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part (3.2) is equivalent to ds#F4=0. Thus the left side of (3.1) becomes
—(04F" 240, F} ' +3(F°Q®D)) because of the assumption (iii). Thus it vanishes
from the Bianchi identity (3.3).

(ili)e(@iv) The invariance of F*° by # gives that

1 0 n-2__ 2,0
(3.4) = 2)1(6‘*F2 IND —xg4F?
Since #(F'QOP)=(n—1)F'Q®P), we have that
0 — n-1 1 : D n- 2
(3.5) #04(F°'Q0)= l),*aA*(F @Qj )=— D1 (G5F°QPIND

where we have used the definition of # and 0%=—%04*.

Now we suppose the assumption (iii). Then (iii) implies —#d,4F*°=
(n/2)#04(F*Q®), from which, and using the invariance of the nondegeneracy
of "% to (3.4) and (3.5), it follows that

GEF>0 =— FHF@O)=— 5 i0(F°.

2( 1) (n iy
Conversely, the condition (iv) gives —*34F? °=(n/2)+04(F°*®®P) by virtue of
(3.4) and (3.5). Thus the condition (iii) holds immediately.

Note. M. Itoh obtained the above results for the case n=2 in the paper [3].

DEFINITION. A connection A is said to be irreducible when it admits no
nontrivial covariantly constant Lie algebra valued 0-form.

By using the above proposition we get the following.

COROLLARY 3.2. Let A be an irreducible Yang-Mills connection and its cur-
vature is (1.1) type, then it is anti-self-dual.

PROOF. Anti-self-dual Yang-Mills connection is characterized by the self-
dual part Fr=F2'4+F%?+ F'Q® vanishes. Since F is of type (1,1), F*° and
F°? wyanishes. By Proposition 3.1 (iii) 0,F°Q®P)=0 (or 0.(F'Q®)=0), which
implies F*Q®@=0 by the irreducibility of A. Thus the self-dual part F*
vanishes.

Using Proposition 3.1, we also obtain the following Lemma*

LEMMA 3.3. Let A be a Yang-Mills connection. Then DO4F*°=

i[F°AF?°], where O4 means 040%+0%04.

n
2(n—1)
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_n
2n—1)
this and the formula d d,F°=[F4AF°’] we obtain the above fact.

PROOF. By Proposition 3.1 (iv) we have O4F?."= 10404F°. From

Applying Ricci formula for the gg-valued (2, 0) form &, then we obtain ([12])

(36) (D Aw)pu: —‘Zgarvavrw‘uv—zg&t[f?‘ui; gp‘rv]‘!“zgh[Fuﬁ, w.r;z:l
+2(Rpswev‘—Rvew'eﬂ) .

With this formula and Lemma 3.3 we will show here Theorem A in the
introduction.

Proor oF THEOREM A. For the component F?° of type (2, 0) the above
formula (3.6) becomes

(3-7) (DAFZ'O)yu:(vﬁvAFz'o)yyﬁzgarEF‘uE- Frv]"_EgETEFu&y ny:|+(2y+)~v)F‘uw

where 1, means the eigenvalues of the Ricci operator R.
Computing the inner product of O4F*°and F*° then under the assumption
[F2°AF°?]=0 we obtain the following integral formula

[ TaF 2124 SRyt 20) | F321 )0 =0.

Here we used Lemma 3.3 and the fact that (([F°AF?"], F2)dv={[F°AF?Y]
AxFO 2 =(F° [ F*°AF*?]>=0. Thus F*° vanishes because of 3} ,,(2,+4,)>0.
So is F°2% Hence Proposition 3.1 (iii) and the irreducibility of Yang-Mills con-
nection implies F°Q®=0. This means F=F}*' That is, A is anti-self-dual.

Since F''=F'Q®+F§!, where F°'=(1/n)}<Fs*, @>, Lemma 3.3 and the
formula (3.7) give that

5n—4 .
(vﬁvAFZ'O)‘u»—KTn_’f)—Z[FO; F/lv]+(2y+2y)F/w+20'([(F0)pEy Fd/z]

—[(FO);LE; Fov]):() .
Applying this formula, by the similar way as in Theorem A we have Theorem B.

DEFINITION. A connection on a complex n-dimensional Kaehler manifold
is said to be with harmonic curvature if F?2:° is harmonic, i.e., 0%F2°=0.

Then a Yang-Mills connection with harmonic curvature by Proposition 3.1
(iv) satisfies that F°=0 and F''=F{! From this fact and Theorem B we can
also assert that
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COROLLARY 3.4. Let M be a compact Kaehler manifold with the same as-
sumption as in Theorem A. Let A be an irreducible Yang-Mills connection with
harmonic curvature. If [Fy'AF*°]=0, then A is anti-self-dual.

4. Another characterization of anti-self-dual connection.

Let P be a principal fibre bundle over compact Kaehler manifold M with
structure group G=SU(»). And let A be a connection in P. Then it is well
known that Yang-Mills functional 99R(A) is given by

p=3| ~TrEnsm=1{ 172

where @"/n! is the volume form of compact Kaehler manifold M.
Now we assert the following formula.

LEMMA 4.1.

n-2
—TrFAxF=Tr FAFA @ 2)'—}—ZIFZ S+ FO22p0lp+n| F'QP|2voly,

where voleg=@"/n!.

PROOF. Since the curvature is decomposed as F=F%°4+F"2LF'QP-+Fi?t,

n-2
Lemma 1.5 yields #F:*(F/\ (:11)—2) ‘):F“%—F” 2+ (n—1)F°Q®—F{*. Then we
get
(P prty=(For Py A -2 G PR =(P@O)A D
@n—z
=R g
Thus it follows that
*Fﬂ(F2.0+F0,2)/\ @nr-2 +F0® Qr-t Fll A n-2
B (n—2)1 (n—1)! (n=2)t"
Then by a direct calculation we have
@r-2 1
— 2,0 0,2 2,0 0,2 0 0 n
4.1) FAsF=(F2"+ FOOAN(F2 4+ F22)A (n—2)!+(n—1)!F RQFD
@n 2
—_— 1,1 1,1
Fe AFYA 51
(4.2) Tr FAFN———— i =Tr(F*°+ F*")A(F2 -+ FOHN i
' ' (n—2)! (n—2)!
@n @n 2
0 0, 1,1 N
+Tr F°QF°. I 2)'+T7’F ANF§? ,\< oy
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Thus, combining (4.1) and (4.2), we obtain Lemma 4.1.
From the above Lemma 4.1 we obtain

THOREM 4.2. Let M be a compact Kaehler manifold. Let A be a connection

in the principal fibre bundle P over M with structure group G=SU(r). Then
n-2

‘QEJR(A);—%—SMC(P)/\ %_7)' where C(P)=Tr FAF=8r*cy(E), E=PX sy C".

The equality holds if and only if A is anti-self-dual.

REMARK. H.J. Kim showed that the Yang-Mills functional is bounded be-
low by a topological constant and this minimum is achieved if and only if the
curvature is Einstein ([4]).
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