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ON CERTAIN MULTIVALENTLY STARLIKE FUNCTIONS
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Let A(p) denote the class of functions f(z)=zp+

in the open unit disk£={z: |z|<l}.

iff

(1)

anzn which are analytic

A function f(z)<=A(p) is called 6-valently starlike with respect to the origin

Re
zf'(z)

ftz)
>0 in E

Ozaki [2, Theorem 1] proved thatif /O)ge.4(1)and

1+Re
zf{z)

<2
in E

then f(z) is univalent in E.

Moreover, Umezawa [6] proved that if /(z)e^4(l) satisfiesthe condition(1),

then f(z) is univalent and convex in one direction in E.

Recently, R. Singh and S. Singh [4, Theorem 6] proved that if /(z)Evl(l)

satisfiesthe condition (1), then f(z) is starlikein E.

Ozaki [2, Theorem 3] proved that if f(z)^A(p) and

(2) 1+Re
zf＼z)

f＼z)
<p+＼ in E

then f(z) is />-valentin E.

It is the purpose of the present paper to prove that if f(z)^A(p) satisfies

the condition (2), then f(z) is ^-valently starlike in E.

This is an extended result of R. Singh and S. Singh [4, Theorem 6].

In this paper, we need the following lemma.

Lemma 1. Let /(z)e^4(l) be starlike with respect to the origin in E.

Let C(r, 6)-{f{teid): O£t<r<l＼ and T(r, 6) be the total variation of

2irgf{teie) on C{r, d), so that

Then we have

T(r, 0)=H-|-arg/(*≪'≪)

Received April 12, 1989. Revised October 11, 1989.

dt



276 Mamoru Nunokawa

T{r, 0)<n.

We owe thislemma to Sheil-Smali[5, Theorem 1]

Main theorem. Let f(z)sEA(p)and

(3)

where 0<a^l.

Then we have

1+Re
zf"(z)

2/'Marg^uT

or f{z) is p-valently starlike in E

Proof. Let us put

(4)

where g(z)=z+ 2 bn
n=2

<p+2

<f-

From the assumption (3),we have

Re
zg＼z)

in E

in E

zg＼z)

g{z)

>0 in E

This shows that g{z) is starlike and univalent in E.

From (4) and by an easy calculation(see e.g. [1]), we have

Since

we easilyhave

(5)

nz)=pz'~'(^f-)
-all

f'(z)±O In 0< z＼<l,

f1

"Jo

ntz)

f'(z)
dt

ri / a(fr(>id)＼-a/ztp-1+alig{, J) dt

Jo ＼g(re%0) /

where z=rei0 and 0O<l.

Since g{z)is starlikein E, from Lemma 1, we have

(6) ―7r<argg(trei8)―argg(rei0)<7z

for 0<^l.

Putting



then we have

(7)

On Certain Multivalently Starlike Functions

S~* ＼g(reie) ) '

a /g(treid)＼
args=-2-arg(-^-T)

From (6) and (7), s lies in convex sector

f I ^u 1U: |args|^y≪|

and the same is true of its integral mean of (5),(see e.g. [3, Lemma 1])

Therefore we have

or

f(z)

arg^)

zf'jz)

This shows that

Re
zf'{z)

f(z)

<f≪ in E,

in E

>0 in E

This completes our proof and thisis an extended
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result of [4, Theorem 6].

comments made by the
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