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MAGNETOHYDRODYNAMIC APPROXIMATION OF THE
COMPLETE EQUATIONS FOR AN ELECTRO-
MAGNETIC FLUID

By

Shuichi KawasuiMa and Yasushi SHizuTA

§1 Introduction.

In this paper, we give a singular limit theorem for the system of equations
describing an electromagnetic fluid in two space dimensions, which was studied
in [2]. The magnetohydrodynamic equations are obtained as the limit of the
complete equations for the electromagnetic fluid at the vanishing of the dielectric
constant. It is customary to regard the limit equations as an approximation to
the complete equations. This approximation is usually referred to as the magneto-
hydrodynamics, and is equivalent to the neglect of the displacement current.

The system of equations for an electromagnetic fluid in three space dimensions
consists of 14 equations in 12 unknowns, namely, the mass density o, the velocity
u=(u', u’,u’), the absolute temperature ¢, the electric field E=(E!, £?, E?®), the
magnetic flux density B=(B', B?, B?) and the electric change density p.. We refer
the reader to [2] for the explicit form of this system.

We restrict ourselves to the study of two-dimensional motion of the electro-
magnetic fluid. Unfortunately, our method is not applicable to the three-dimensional
problem. The reason is as follows: When the hydrodynamic quantities (p, u, 8)
are regarded as known functions, the equations for the electromagnetic quantities
(E, B, p.) form a first order hyperbolic system, which is neither symmetric hyper-
bolic nor strictly hyperbolic in the three-dimensional case. For this reason, we
assume that all the unknowns (p,u, 8, E, B, p.) are independent of the third com-
ponent of the space variable (z,, x;, #;) and that

u=('«0), E=(0,0FE%, B=(B,B,0).

In this case, we have p,=0. We consider therefore the following symmetric
system of 8 equations in 7 unknowns (o, #, 6, E, B), where u=(u',u?), E=FE* and
B=(B', B%:
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pz+diV (Pu)=0 ’
o(tts+(u-Vyw)+Pp=div QuP+p'Idivu)+Jx B,

1.1 e +u-V0)+0py div u=div (V) +¥ + J(E+ux B),
eFy—(1/po) rot B+J=0,
Bi+rot E=0,

1.2) div B=0,

with the initial condition
1.3 (o, u, 9, E, B0, z)=(p}, u;, 0, Es, B)(x),

where z=(z,, z.)e R%. Here and in the sequel we use the notations for two-
dimensional vectors. (See (1.10);. below.) The pressure p and the internal energy
e are known functions of (p,8). We write p,=0dp/06 and e,=de/60. The deforma-
tion tensor P and the viscous dissipation function ¥ are given by

P:(Pij)lsi.jsz with Pijzé(uéj_{..uii ,
2
U=2p 3 (Piy)*+p'divau),
4, j=1

respectively. For an electrically conducting fluid, Ohm’s law applies, and hence
the current density J is given by the relation

J=e(E+uxB),

since pe=0. The viscosity coefficients z and y/, the heat conductivity coefficient
« and the electric conductivity coefficient ¢ are known functions of (p,§). The di-
electric constant ¢ and the magnetic permeability constant p, are positive constants.

The assumptions for the system (1.1), (1.2) are stated as follows: Let D=
{(e,0);0>0,6>0}. Let v=2pu+p'".

(1.4) p and e are smooth functions on ®. Both p,=0p/dp and e,=de/df are posi-
tive on D.

(1.5) g, ¢/ and & are smooth functions on ®. Furthermore, one of the following
four conditions is valid on ®.
(i) pyv, >0, (ii) p=v=0, £>0,
(i) g, v>0, £=0, (iv) p=v=£=0.

(1.6) o is smooth and positive on D.

We remark that, under these conditions, the system (1.1) (or (1.1), (1.2)) is re-
garded as a symmetric system of hyperbolic-parabolic type in each case (i)-(iii)
of (1.5), or hyperbolic type in the last case (iv).

Let ¢=0 in (1.1), (1.2). Then it follows from the equation for the electric
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field that J=(1/po) rot B. Combining this with Ohm’s law, we obtain

1.7 E=F(p,u,0, B)=—uXB+(1jop) rot B.
Eliminating £ from (1.1), (1.2) by using (1.7), we get the reduced system of
equations :
pe+div (ou)=0,
(1.8) o(ur+(u- V) +Vp— (1 po) rot BX B=div QuP+p/'I div u),
) pes(B:+1-V0)+0ps div u=div (cV8)+¥ +(1/o)(rot B)?,
B;—rot (uxX B)= —rot {(1jop,) rot B},
(1.9 div B=0.

These equations are called the magnetohydrodynamic equations in two space di-
mensions. We can see that, under the conditions (1.4), (1.5), (1.6), this system
is reduced to a symmetric system of hyperbolic-parabolic type in every case (i)-
(iv) of (1.5). The electric field £ is obtained from (1.7), which is regarded as a
defining equation.

Our aim is to show the convergence of the solutions of the complete equations
(1.1), (1.2) to the solutions of the magnetohydrodynamic equations (1.8), (1.9) at
the vanishing of the dielectric constant ¢. The results obtained are stated as
follows: We assume that the initial data (oo, %o, 0o, £o, Bo)x) are smooth and in-
dependent of ¢€(0,1], and satisfy div B,=0. Then the system (1.1), (1.2) for the
electromagnetic fluid has a unique smooth solution (o, o', 0°, E°, B*)(¢, ) on a region
[0, T1x R?, whose time length is independent of «. As ¢—0, the solution converges
on [0, T]X R* to a function (o°, u, 6°, E°, B°)(¢, x) with the rate O('?) in an appro-
priate norm. This limit function satisfies (1.7). Moreover, the limit function
(%, u°, 0°, B*)(¢, ) excepting E° z) is a unique smooth solution of the magneto-
hydrodynamic equations (1.8), (1.9) with the initial condition (0°, u°, 6°, B°)(O, )=
(o, ta, B0, Bo)(@). If, furthermore, the initial data for the complete equations satisfy
(1.7), then the rate of convergence is O(s). This is explained by the absence of
the initial layer for the electric field in this case. The proof is based on an energy
inequality for quasilinear symmetric systems of hyperbolic-parabolic type. The
uniform estimates in ¢ are obtained by using (1.6). Although the results are valid
for each case (i)-(iv) mentioned in (1.5), we give the proofs only for the case @)
and omit the detailed discussion for the other three.

In §2, we provide energy estimates for the linealized equations of (1.1) and
show the existence of solutions. Then in §3 we construct, in an appropriate
function space, a subset invariant under the mapping whose fixed point gives a
solution of (1.1). Although the map depends on the parameter &, the invariant
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subset is independent of ¢ except for the electric field. It is shown in §4 that a
solution of (1.1), (1.2) is obtained as the limit in uniform convergence of sequences
of approximating functions defined on [0, T']x R%, where T is a positive constant
not depending on . In §5, we discuss the convergence of the solution of (1.1),
(1.2) constructed in §4 to the solution of (1.8), (1.9) as «—0.

A paper by Milani [4] appeared, while the present paper is in preparation.
A similar singular limit theorem is proved there for the Maxwell equations.

Notations

In this paper, we use the following notations for two-dimensional vectors in addi-
tion to the ordinary ones: Let »=(2", v?) and w=(w"', w?). Let ¢ be a scalar. We write

(110)1 {wa:—wxvzvlwz_vzwl’
vXg=—gxv=(p0", —gv"),
(1.10), (rovio=Tc=ut,

rot =V X¢=(¢z, —Pz) -

We enumerate some function spaces used in the following. L*? is the space
of square integrable functions on R? whose norm is denoted by |i-||. For an in-
teger I, H' stands for the L*-Sobolev space (on R?) of order /, with the norm |||,
Let % be a nonnegative integer and 7T be a positive constant. Then C*0,T; H")
denotes the space of k-times continuously differentiable functions on [0, T'] with
values in H'. L¥0,7T:HY) (resp. L=(0, T; HY)) is the space of square integrable
(resp. bounded measurable) functions on [0, 7], valued in H".

§ 2. Linearized equations

In the following argument, we shall assume (i) of (1.5). The other cases
listed in (1.5) can be treated similarly. We consider the system of linearized
equations for (1.1), which is as follows.

potu-Vp=r,
@2.1) ptli— pdi—(p+p/ W div d=p(fo+g2),
el —xd6=pes f3+gs),
{EE,—(l/m) rot B+oB=f.,

-2 Y A
2-2) Bi;+rot E=0.

Here ¢€(0,1] and p,>0 are constants, and e, g, ¢/, x and o are given functions of
(0,0)e®. The functions (p,#,06), f; (j=1,---,4) and ¢; (j=2,3) are regarded as
known functions of (¢, x)€{0, T]x R®

First we define several families of functions for later use. Let (f,0)e® and BeR:
be arbitrarily fixed constants. Let s>2 be an integer and T be a positive constant.
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DerINITION 2.1. For positive constants nz,, M,, M, and M,, we define V*(T)
= VT ;m, M, M, M) to be the set of all functions (g, #,6)(¢, z) satisfying the
following conditions.

09 {az'(p—p)ea(o, T, H-).
: 3w, 0—8)eCoO, T; H-)N L0, T; ') for j=0,1,
(2.4), mo<p(t, x), 0(t, x)< M, for (¢, z)ef0, TIxX R?,
- L —
@.4), Go— 5, 2, 0—6)E)L: +§ at, 0— ) < Mz,
J O

t
@.4), S 160, 2, 0N de< Mz for te[0, T1.

0

DEFINITION 2.2. VXT)=V*T;me, My, M., M) is the set of all functions satis-
fying (2.3) with C%0, 7'; H") replaced by L=0, T; H") ({=s—j,s—2j), and also the
estimates (2.4);,0,5.

DerFINITION 2.3, Let ¢€(0,1]. Then, for positive constants N,, N, and N,, and
for an exponent 5¢[0, 1], we define W(T)=W3(T; No, N, N»,7) to be the set of
all functions (E, B)(¢, x) satisfying the following conditions.

(2.5) 3i(E, B—B)eC0, T; I*-7)  for j=0,1,

2.6), B+ < No,

2.6), 2, B-BY®li+ S |B@)|Ede<N?,

(2.6), o 2B, BYD| s + S D E@(ade<s N2 for £€[0, T

DEFINITION 2.4. W’;(T):Wi(T;NO, Ni, N, 7)) is the set of all functions satis-
fying (2.5) with C%0, T'; H*~7) replaced by L=(0, T'; H°~7), and also the estimates
(2-6)1'2'3.

Now we give energy inequalities for (2.1), (2.2).

LemMa 2.1. Suppose (1.4) and (i) of (1.5). Let s=>3 and le[1,s] be integers,
and let T be a positive constant. We assume that (p,u, 0)e V(T ; mo, My, My, M),
(f1, for f)eL™(0, T; H=YNL*0, T; HY) and (g, 92)eL=(0, T; H*Y). Let (p,@,0)¢, =)
be @ solution of (2.1) such that &ipeL=(0, T; H*9) and 34(#,8)eL>0, T ; H*) for
j=0,1. Then we have

2.7 peC0, T; HY,  (#,8)eC0,T; HYNLX0,T; H+).

Moreover, there exist constants Ci=Ci(mo, Mo)>1 and Cy;=Ci(mo, My, M1)>0 such
that the following inequality holds for any ae(0,1] and te[0, T].
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2.8) 166, X0+ 1@, D) e
<cieex I, XO+4{ 170l
+a 105 2+ s 0Ol
Here the constants C, and C, are independent of ae(0,1].

Proor. The first equation of (2.1) is regarded as a single hyperbolic equation
for . While, under the condition of the lemma, the second equation of (2.1) can
be regarded as a symmetric system of strongly parabolic type for #. Similarly,
the last equation of (2.1) is a single strongly parabolic equation for 4. Therefore,

(2.7) and (2.8) are shown by standard arguments. See [3] for details.

LemMA 2.2, Suppose (1.6). Let s>3 and 1[0, s] be integers, and let T be a
positive constant. We assume that (o, u, 6’)617‘(T s Mo, Mo, My, M) and f,e L0, T);
H-YNLXO, T; HY. Let (B, B)t,z) be a solution of (2.2) such that 3(E,B)e
L=, T; HY) for j=0,1. Then we have

(2.9) (E, B)eC0, T; HY).

Moreover, there exists a comnstant Cy=Csy(mo, My, My)>1 not depending on ¢€(0,1]
such that the following inequality holds for te[0, T].

2.10) I8, Boi+ | 1B has

gCé‘ I, E’)(O)HHSZ Hﬂ(f)H%dr} .

Proor. The equations (2.2) can be regarded as a symmetric hyperbolic system
for (E‘,E’). Therefore (2.9) is shown by standard arguments. Here we prove
(2.10). Since the argument using Friedrichs mollifier is applicable, it suffices to
prove (2.10) by assuming that f,eL=(0, T; H*) and 6{(E‘,B)EL°°(0, T; H*'-9) for j=
0,1. Let us apply Di={(9/0x)";|a|=Fk}, £=0,1,---,/, to both members of (2.2).
Then we get

(2.11) { B —(1/po) rot Bé+oEk=F¥ .

Be+rot E¥=0,

where (£*, B¥)=D4E, B) and F¥=—[D% o]E +Dif,. The bracket [, ] denotes the
commutator. Noting that (2.11) is a symmetric hyperbolic system for (E’C, B,
we multiply the first equation by E* and take the inner product of the second
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equation with (l/po)B’C. We sum up these equations and integrate over [0, #]X R*.
Then we obtain, by virtue of (1.6),

A A ¢ A
(2.12) lIs' 2B, B’“)(l)HzﬂLg [|E*(o)l[*dx
0
A N t
SCIH(S”“’E", B")(O)IIZ+S HFZC(T)IIZdT} .
0
Here C=C(m,, Ms) is a constant independent of ¢¢(0,1]. Observe that [|F{||=]| fill
and that HF,,"H=CHE‘||,C_1+HD’;f4H for 1<k</, where C=C(m,, Mo, M,) is a constant
not depending on e Hence, combining these inequalities with (2.12) and then

using the induction for £=0,1, ---,/, we get the desired estimate (2.10). This
completes the proof of Lemma 2.2.

Next we state the results concerning the existence of solutions of the systems
(2.1) and (2.2).

ProposisioN 2.3. Suppose (1.4) and (i) of (1.5). Let s=3 and le[2,s] be inte-
gers, and let T be a positive constant. Assume that (o, u, 0)e V(T ;mo, Mo, M, M),
(fu, fo, £2)€CNO0, T; HV-HYNLXO, T; HY) and (gz, 95)€C0, T'; H"). (Compare these con-
ditions with those of Lemma 2.1) If the initial data (p, 4, 0)0)e HY, then the Cauchy
problem for (2.1) has a unique solution (6, @, 0)(¢, x) such that

{ HpeC(0, T H7),

2.13 R . .
( ) (4, 6)eCN0, T; H*)NL¥0, T'; H*'~%)

for j=0,1. Furthermore, the energy inequality (2.8) holds.

ProPOSITION 2.4. Suppose (1.6). Let s>3 and le[l,s] be integers, and let T
be a positive constant. Assume that (o, u,0)e V(T ; mo, My, My, M>) and f,eC0, T,
H-YNLXN0, T; HY). (Compare these conditions with those of Lemma 2.2.) If the
initial data (E, B)Q)eH!, then the Cauchy problem for (2.2) has a wunique Solution
(E, B)t, z) such that

(2.14) UE, B)eC0, T; H-7)

for j=0,1. Furthermore, the energy inequality (2.10) holds.

We remark that Propositions 2.3 and 2.4 can be proved by means of Theorem
Il of Kato [1] (pp.658). We omit the details and refer the reader to [3].

§3. Invariant subset with respect to interactions

In order to solve the Cauchy problem (1.1), (1.3) by iterations, let us consider
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the following linear system:

petu-Vo=F,
oty — pdi—(p+p P div 4= pG¥
(3 1) pegég“’lfdézpeaG;k 5
eEy—(1/po) rot B+oE=F,,
B,+rot E=0,
with the initial condition
3.2) (6, 4,0, E, B)O, x)=(p, u, 0, E, B)0, x)

= (o5, 3, 0;, ¢, Bi)(x) -
Here the functions on the right hand side of (3.1) are given as follows.

Filp,u)=—pdiva,
F2(p? U, 0’ Ev B):(U/P>(E+MXB)><B ’

G351 o, u, 0, E, By=(olpes\ E-+ux By,
Fo,u,0,B)=—ouxB,
.ty { G0 D= DU 0T PO+ U Py i ),
YV Gulo, u, 0)= — (- PO+ (0p0]pes) Aiv 1+ (1 pea) Vic- PO+,

(3.5)  GYlo,u,0,E, By=Gyo,u,0)+F{p,u,0,F,B), j=2,3.

In (3.1), (o, u,0, E, B) are regarded as given functions on [0, 7]x R? Note that
¢€(0,1] and p,>0 are constants. Also, p, ¢, p, ¢/, ¢ and ¢ are known functions of

(0,0).
Let s>3 be an integer, and let (5,4)e® and BeR? be arbitrarily fixed constants

independent of e€(0,1]. We assume that the initial data (e, u, 0;, £y, B;)(x) may
depend on e€(0, 1], so far as the following conditions are satisfied :

(3.6) (0i—p, ui, 0:—0, Ey, B;—B)e H* and inf {oi(z), 6i(x)} >0  for every e.

(3.7): infinf {pi(x), Oi(x)}=ko>0 and sup sup {os(x), 0(x)} =Ko< + 0.

(37)2 sup ”(‘Oa_ﬁs u(‘]a 08_6_9 ‘51,2E05) Bé_B)HS:KI < oo,

Moreover, we assume the following conditions: There exist numbers >0 and g’
€[0, 1/2], both independent of ¢, such that

(3'8)1 sup 5_5”E05—E(P3, ugy 03’ BS)HS*I :K2< +oo N

(3.8): sup e“/#=#|[rot E(;HS—-IZK.'S\/ +oo,

where E(p, %, 0, B) is the function defined in (1.7). We give here some remarks

on these conditions. First we note that (3.7), implies (3.8), with /=0 and K;=
K,. Also, if (3.7);,. and (3.8), are true, then we have
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(3.9) [1ES]ls-1 <CK + Ky,

where C=C(k,, K, K:) is a constant independent of e. Next, we consider the simple
case where the initial daat (p;, ;, 6;, £, B)(x) are independent of e. In this case,
(3.6) implies (3.7)1,, (3.8); with =0 and (3.8), with #’=1/2. If, in addition, the
initial data satisfy the relation (1.7), i.e., the initial layer for the electric field is
absent, then (3.8); holds for any 5>0.

Now our aim is to show, under these conditions, the following: For a suitable
choice of positive constants 7, m,, Mo, M,, M,, Ny, N;, N;, and an exponent pe
[0,1], the set V(T ';mo, Moy, My, Me) X W(T ; No, N1, N3y 3) is invariant under the
mapping (o, %, 0, E, B)—~(p, &, 0, E, B) defined by (3.1), (3.2) with ¢¢(0,1]. The pre-
cise statement of the fact is given in the following proposition.

ProprosiTiON 3.1. Suppose (1.4), (i) of (1.5) and (1.6). Let s>3 be an integer
and let the initial data (o, us, 03, E, Bi)(x) satisfy (3.6), (3.7),. and (3.8),... Then
there exist positive constants T, mo, Mo, My, Ms, Ny, N1, Ny, and an exponent ne
[0, 13, which are independent of ¢c(0, 1], such that if

([0: u, 01 E9 B)e VS(T; Mo, MO? Mly M?) X WS(T; ]\]09 ]\71) N2’ 7/) ’

A A 5]

the Cauchy problem (3.1), (3.2) has a unique solution (p, 4,6, E, B)t, x) in the same
set V(T ;mo, Mo, My, Ma) X W3(T ; No, Ny, N, 77)-

Remark 3.1. (i) The parameters 7, m,, M;, N; (7=0,1,2) and » are chosen
as follows: mo=k/2, My=2K,. M, M, and N, are determined in terms of ko, K,
and K,. Also, T, N, and N, are determined by means of %, K, K|, K. and K.
The exponent 5 can be taken as

(3.10) p=max{1-28,1-28"}.

(i) In the simple case where the initial data are independent of ¢, we can take
p=1. If, in addition, the initial data satisfy (1.7), i.e., the initial layer for the
electric field is absent, we have 7=0.

Proor of Proposition 3.1. The existence and uniqueness of solution follows
from Propositions 2.3 and 2.4 at once. Therefore it suffices to show the estimates.
We apply the energy inequality (2.8) with /=s to the equations for (6—p, %, —0)
in (3.1). From the explicit form of the functions Fi, G¥ and G¥, and the assump-
tion that (o, #, 0, E, BYe V(T)X W(T) (we use the abbreviation in notation), we
obtain

{IIFIHSSC(MHrHDzuHs), 1y [s-1 <CM,,

3.1D WGE, GP)|ls-1 <C'(My+No+Ny) .
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Here C=C(m,, My, M,) and C’ =C’'(m,, M,, M,, No, N,) are constants independent of
¢. Combining these estimates with (2.8) (with /=s and a=1) leads to

(38.12) 1(p—p, &, 6—DOIli + So (@, 6 —0))| 31
< C2eoH I+ Co(My+No+ N1+t .

Here C,=C,(m,, M,, M,, Ny, N}) is a constant not depending on e. C,=C,(m,, M,) and
C,=Cy(m,, My, M,) are the constants appearing in (2.8). We choose a constant T
>0 such that

(3.13), e <2, CAM,+No+N)QA+T)T<K:.

Then (3.12) becomes

— t n -
(3.14) (o—p, &, 6 -0+ §0 (@, 6 —0)@)[sdr <4CPK?

o

for te[0, T].
Next we estimate the time derivatives (g, #,§). Using the equations in (3.1)
and the estimates in (3.11), we have

l1:plls-1 <C(|Daplls— + M),
1048, O)lls-1 CID(d, O)l[s-1 +C' (M +No+ No)

where C=C(m,, M,, M,) and C’'=C'(m,, M,, M,, N,, N,). If we combine these esti-
mates with (3.14), we obtain

t
(3.15) g 188, 4, )(2)||21dr KCHE 2+ Co(Ky + M, + No+ N, )t} .
JO

Here C;=Cs(m,, My, M) and Ce=C4(mmo, My, M,, Ny, N;) are constants independent e.
We make an assumption that 7>0 satisfies

(3.13), Co(Ki\+M,+Ny+N,)*T<3K?.

Then (3.15) implies

(3.16) SZ 106, &, B)(o) e <ACZK?

for te[0, T]. Consequently,

3.17) (g, )¢, ) (o, 5)()] SCoS: [10:(8, B)(©)lls-1dr <2C,CoKt' 2 .

Here C, is the constant in the Sobolev inequality sup|f(z)|<Collf|l.. By decreas-
x
ing 7>0, we may assume the following inequality.
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(3.13), 4C.C: K T * < koy=1nf inf {pi(x), Oy(x)} .

Then we derive from (3.17) that
(3.18) ko/2< p(t, ), O(, x)<2K,

for (¢, x)e[0, T]x R®. These observations show that we can take the constants
mo, Mo, M, and M, namely, the four parameters in the definition of V(T), as
follows.

(3.19) mo=ko/2, M,=2K,, M,=2C\K,, M;=2C:K, .
Note that C,=C,(mo, M,) and Cs=Cy(mo, My, M,) are the constants in (3.12) and
(3.15), respectively.

We intend to prove the estimates for (K, B). We shall apply the energy
inequality (2.10) with /=s to the equations for (E, B—B) in (3.1). From the
explicit form of F, we have ||F||;<C(M,+N,), where C=C(mo, My, M,, N,) is a
constant independent of e. Therefore, we obtain the following inequality.

-~ - - L -~
(3.20) [I(e'2E, B—B)(l‘)HHS E@dr <CHE?+Ca( M+ Ny )t}
0
Here Ci;=Ci(mo, Mo, M, N) does not depend on e¢. Cys=Cs(m, My, M) is the con-
stant in (2.10). By decreasing 7'>0 again, we may assume that

(3.13), C:(M,+N,)*T<3K:.
Then (3.20) becomes

3.21) (2, B—anuHS:|JE<r>r|§dfs4csz

for ¢te[0, T']. Therefore, the constant N;, one of the parameters in the definition
of Wi(T), can be taken as follows.

(3‘22)1 N1—_—2C3K1 .

Next we estimate the time derivatives (’J;(E, B). By differentiating the both
members of the equations for (£, B) in (3.1), we get

{ eEy—1/po) rot By+oE,=F,,

3.23 ~ .
( ) Bzc+r0tEg=0,

where Fy=—aE+(F,). We wish to apply the energy inequality (2.10) with /=
s—1 to the system (3.23) for 8,(E, B). For this purpose, we shall derive the es-
timates for the initial data, and for the right hand side. By using the equations
in (3.1) and the conditions (3.8),,, we get the following estimate for the initial
data.
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(3.24) 0.2 E, BYO)|ls-1 <& *C(K,+K),

where C=C(m,, Mo, M,) is a constant independent of ¢, and the exponent 7 is given
by (3.10). On the other hand, a direct calculation gives

(3.25) IE s <CU100, O)lls i1 E s+ 100, 2, 0, B ls-1) .

Here C=C(m,, M,, M,, N,) does not depend one. It is seen from (3.21) and (3.22),
that ||E|ls-.<|IE|ls<e™*N,. Also we know that ||3,B||;-;<¢"?N, by the assumption
(E, B)e W3(T). Substituting these estimates into (3.25), we have

(3.26) 1Flloos <= 2C 0o, 18, O)lls- 1+ N2)

Here we used €[0,1]. C=C(m,, M,, M, N,) is a constant independent of . Now,
applying (2.10) with /=s—1 to the system (3.23) and using the estimates (3.24),
(3.26), we get

Y -~ 13 ~
(3-27) o' £, BYB)Il5-1+ S 10 (D)5 -1de <eT'CH{(Ky + K+ Me)* + Nit}
0

Here Cy=Cs(mo, My, My, N,) is a constant independent of . We make the additional
hypothesis that 7°>0 satisfies

(3.13)s NIT<3(K,+K:+M.)*.
Then (3.27) implies

(3.28) 19" 2, B)(t)|[§-1+S: 10.E(@)|-dr <& Vs

for ¢e[0, T'], where we set N,=2Cy(K,+K;+M,).
We proceed to estimate ||£||;-;. By using the equation for E in (3.1), we ob-
tain
(3.29) NE@)ls—s SCCElGE)ls—1 + |1 Da BE) s + | Fa()ls-1)
<Co(M+N;+N»)

for te[0, T]. Here we used the estimates (3.28) and (3.21) with (3.22),. The
constant C,=Cy(mo, Mo, M,, N;) does not depend on e. Consequently, we can take
the parameter N, as follows.

(3.22), No=Co(M;+N,+N,).

Finally, we show the estimate (3.28) with ¢! replaced by ¢ 7. Substituting
the estimates (3.29) with (3.22). and ||9,B|ls-1<e 72N, into (3.25), we have the
inequality (3.26) with ¢~'/? replaced by ¢ 2. (In this case the constant C depends
on N,.) Therefore, as the counterpart of (3.27), we obtain
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(3-30) 19412, BY®)l3-+ g: 19: ()] -1dde

<e"CH{(Ke+ Ky + M)+ N2t}
<4e'Ci( Ko+ K3+ M,)?

for te[0, 7). Here we used (3.13)s. The constant Cyo=Cyo(0, Mo, M, Ny, Ny) is
independent of e. Consequently, we can take N, as follows.

(3.22)3 szcho(K2+K3+M2) .

Thus the parameters mo,, M, M, M, N, Ni, N, and n are all determined by
(3:19), (3.22),..5 and (3.10). The positive constant 7 is chosen so as to satisfy
the inequalities (3.13),-5. This completes the proof of Proposition 3.1.

§4. Uniform stability of solutions of the nonelinear equations

We wish to show that a unique solution to the Cauchy problem (1.1), (1.2),
(1.3) exists on [0, 7,]xXR? where T, is a positive number not depending on the
parameter ¢¢(0,1]. The construction of the solution is based on the successive
approximation. Let us define a sequence of approximating functions {(o", u", 0", E™,
B")(t, 2)lnso as follows: Let

(4‘1)0 (pa’ uo’ 60) Eo! Bo)(t7 x):(ﬁ, 07 6_7 0’ B) *

For n+1=1, let (o™, a™, gmt, B B (¢, 1) be a unique solution of the Cauchy
problem

pFH U Pph i =Fp

ptup =y Au™ — (" 4 ™MW div u™ = o (FR +GY),
(4. Dasy (0e0)" 07+ — " 40" =(peo) (F* +G2),

eEf ' — (1) po) TOt B™"* 1 4 g"E™H =Fp |

Bp+l4rot E™'=0,
(4.2)n14 (", ™, 0"t E™ 1 B0, 2)=(o}, us, 03, Eg, Bs)(z) .

Here we use the abbreviations such as p"= u(o", 6%, (pes)"=p"es(p", 0"), Fr=Fy(o", u™),
F; (j=1,---,4) and G; (j=2,3) are functions defined by (3.3) and (3.4), re-
spectively.
We shall show the uniform convergence of the approximating functions and
obtain the solution to the Cauchy problem (1.1), (1.2), (1.3) as the limit function.

TureorREM 4.1, Swuppose (1.4), (i) of (1.5) and (1.6). Let s>3 be an integer
and let the initial data (o;, u;, 0;, E;, B)(w) satisfy (3.6), (3.7)... and (3.8)... Then
there exists a positive constant T, independent of c(0,1] such that the Cauchy pro-
blem (1.1), (1.3) has a unique solution
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4.3) (P‘: u', 0, &, B)e Vs(To s Mo, Mo, M, M) X W3(To; No, N, N, 77) .

Ty is less than T, where T is the positive constant given in Proposition 3.1. The
parameters my, M;, N; (7=0,1,2) and 7 are defined in Proposition 3.1 and hence
are independent of c. If, in addition, the initial data satisfy div B;=0 on R? the
solution obtained also satisfies (1.2) and therefore is a unique solution to the pro-
blem (1.1), (1.2), (1.3).

Proor. From Proposition 3.1, we see that the approximating functions are
all well-defined on [0, T]x R? and are uniformly bounded in the following sense:

4.4) (0", u™, 0", E™, B"e V(T '; mo, Mo, My, M) x W(T ; No, Ni, Na, )

for ¢€(0,1] and #»>0. In order to show the convergence of the sequence, we
consider the difference (g" 4", ", E® BY=(o" " —p", u"" —u", 0" —6", "' —E",
B™'—B" for n>0. Subtructing (4.1), from (4.1)s::, we obtain for n>1,

o 4ut-Vpr=F7
g o — AT — (" M div 2= p™(F3 +G)
(pes)"dp — k" 78" = (pes) (F3 +G) ,
eEp—(1/po) rot Br+a"E"=F7,
Bp+rot E*=0,

(4.5

with the initial condition

(4.6), (", 4, ", E™, B0, z)=(0,0,0,0,0).

Here
Fr=—("—u"")-Fp"+F—Fr~,

(47) Fz =Fp—Fr1, Fanst"—Fan_ly
Pp=—(s"—g"E"+Fr—Fy-,
Gp=(u"p"— " o™ )du"+{(p" + /™) p"

(4.8) (o div W+ G — G
Gr=1{x"|(pes)" — "~ [(oes)" " 40"+ G5 + G5 .

We want to apply the energy inequalities (2.8) and (2.10) with [=s—1 to the
system (4.5), for (p", 4", 8", E™ B™. To this end, we estimate the right hand side
of (4.5),. By (4.4), we have

WE2Ils= < CUI™ lama H 1A ]1s)

4.9) (B2, Pl <Cll™, 47, 07 Y BYls-s
|E2]ls- < ClIGp™, 2", 67, B st
(4.10) G2, Glls-2< ClIE"*, 2", 6" ls-1 -

Here C is a constant independent of both ¢€(0,1] and #>1. Using the estimates
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(4.9), (4.10) and noting the initial condition (4.6),, we get the following estimate
from the energy inequalities: For any ae(0, 1],

~ ,\ ¢ N ~
(4.11) I, %, % B2, B0+ 1@, ol 1@ e
t
sCe“"C‘[tS 5™l

0

L o~ -~

+ “S (=1, an=s, 671, Bty By (ol ide
0

¢ Y
+{ Wt s o Bl ae
0

where C is a constant independent of ¢, @ and #>1. Now we fix ac(0, 1] in (4.11)
s0 as to satisfy aC<1/4. Next we choose To,>0 such that

(4.12) To<T, e 0nh<2,  Cl+T)T,<1/8.
Then, setting
Xaul)= sup li(a™, @, 8, 2 E™, B™(2)|2,
<<

+SZu(z2", YO+ 1B e,

we obtain the inequality Xu(7%)<(1/2)X,-4(T,) for #>1. This means that, for each
e€(0,1], {(o"—p,u"™ 6"—4,E™, B”—E)},m is a Cauchy sequence in C%0, T,; H*).
Consequently, there exists uniquely a function (o, #, 6, E, B)t, z) with (o—p,u,0—0,
E, B—B)eC(0, Ty; H*-") such that
(0"—p,u",0"—@, E", B"— B)~>(0—p, u,0—0, E, B—B)

strongly in C°0, Ty; H’') as m—oco. On the other hand, the uniform estimate
(4.4) shows that there are subsequences (still denoted by the same symbol) such
that as #n—oo,

(0"—p,u",0*—@, E", B"— B)->(o—p, u,0—0, E, B—B),
(u", 0" —0)—>(u,0—6) and E"-E
weak™ in L0, Tv; H®), weakly in L*0, T,; H*+") and weakly in L¥0,T,; H®) re-
spectively. It follows from these observations that the limit function (p, %, 6, E, B)
(¢, ) is a solution of the Cauchy problem (1.1), (1.3) satisfying
(0, 4, 0, E, B)eV*(Ty 5 mo, Mo, My, M) x W(To ; Noy Ny, Ny, 1) .

Hence, by Lemmas 2.1 and 2.2, we conclude that 3i(o— 5, E, B—B)eC*0, T, ; H*-7)
and 4(u, 0—80)eC*0, To; H*-%) for j=0,1. Therefor the solution (o, u, 8, E, B¢, )
of (1.1), (1.3) obtained above satisfies (4.3). The uniqueness of the solution follows
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from the energy inequalities (2.8) and (2.10).

Finally we prove the last statement of the theorem. Let us assume that
div B;=0 on R? Then, applying div to the both members of the equation for B
in (1.1), we get (div B),=0. Therefore the equality div B=0 holds on [0, To] X R?,
and consequently the limit function (o, %, 0, E, B)(¢, z) is a unique solution of the
problem (1.1), (1.2), (1.3). Thus the proof of Theorem 4.1 is completed.

§5. Convergence of solutions of the nonlinear equations as e—0

We consider the limit as e—0 of the solution (¢°, ', ¢, E*, B°)(¢, z) of the Cauchy
problem (1.1), (1.3) (or (1.1), (1.2), (1.3)) constructed in the preceeding section.
In addition to the hypotheses of Theorem 4.1, let us assume the following condi-
tion for the initial data (o}, 5, &, Es, Bi)(z): There exist a function (g}, 3, 8, Bi)(x)
with (o}—p, u}, 63—, Bi—B)e H® and a number 7>0, both independent of ¢€(0,1],
such that

(5.1) sup e~’||(ps — 03, sy —ul, 05— 03, Bi— BY)|[s—1 =K < +o0.

It should be noted that if the initial data are independent of ¢ and satisfy (3.6),
then (5.1) holds for any 7>0.

Under these hypotheses, we shall show that there exists a positive constant
T not depending on ¢ such that as «—0, the solution (o, «, 6%, E°, B)t, z) of (1.1),
(1.2), (1.3) converges on [0, T\]1x R* to a limit function (% #°, 6°, E°, B°)(¢, z). Also
it will be shown that this limit function satisfies the relation (1.7) and that the
function (e°, «°, 6°, B°)(¢, x) excepting E°(¢, ) is a unique solution of the magneto-
hydrodynamic equations (1.8), (1.9) with the initial condition

(5-2) (0°, u, 6", B°XO, ) =0}, us, 05, BO)() -

THEOREM 5.1. Suppose (1.4), (i) of (1.5) and (1.6). Let s>3 be an integer
and let the initial data (o}, u5, 05, E¢, B x) satisfy (3.6), (3.Th., (3-8)1,2 and (5.1).
Let, furthermore, (o, %", 0", E*, B)t, z) be the solution on [0, TJJXR* to the Cauchy
problem (1.1), (1.3) constructed in Theorem 4.1. Then there exists a positive con-
stant T, (<Ty) independent of ¢€(0,1] such that as e—0, the solution (o°, ', 0, E*, B)
(¢, x) converges on [0, T\1X R? to a Limit function (0%, u°, 6°, E°, B°)¢, x) which satisfies
the equations (1.7), (1.8) and the initial condition (5.2). In particular, (o°, u°, 6°, B°)
(¢, %) is a solution of the Cauchy problem (1.8), (5.2) satisfying

(o —p)eL=(0, Ty ; H*7),

(5.3) (u®, 0°—6)e L0, T, ; H*-2)NLX0, T\ ; H*+'-%),
(B —BYe L0, T, : H*-%*)  for j=0,1.
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If, in addition, the initial data satisfy div B:=0 on R, then (po° u®, 6°, BY)¢, x)
becomes a unique solution of the problem (1.8), (1.9), (5.2) satisfying
0(p*—p)eC™0, Ty ; H*),
(5.4) 3w, 6°—8, B°—B)eC%0, T} ; H*=2YNLX0, T, ; H1-%)
for 7=0,1.

ReMARk 5.1. (i) The solution (o, ', 6", E*, B)t, x) converges to a limit
function (p° #°, 6°, E°, B%)(¢, #) in the following sense: For any z€[0, 7],

.5) '~ =, 07— 0, B~ BYO)
+ =, -+ B - BN Raezec,

where C is a constant indesendent of ¢, and
(5.6) A=min {y, 1—79/2} >0.

Here 7€[0,1] is the number defined by (3.10).

(i) In the simple case where the initial data are independent of ¢, the exponent
2 of the convergence rate in (5.5) can be taken as 1=1/2 because in this case r>0
is arbitrary and =1 (by Remark 3.1 (ii)). If, in addition, the initial layer for
the electric field is absent, then we can take A=1 because of 7=0.

Proor of Theorem 5.1. First we prove the convergence of the sequence

(0", 0", 0", E%, BY¢, £)lewny as e0. Let 0<6<e<l and let (5, 4,6, E, B)=(0’—p",
w—u',0°—¢, E°—E*, B°—B*). Then we obtain

petu’-Vo=F,,
P d— P Al — (1P + /)W div = p"(Fy+Gy),
(5.7) (pes)’0,— k2 40 =(pes)*(F3+Gs) ,
OB, —(1/po) rot B+ E=F,,
B,+rot E=0,
(5-8) (:5’ a, (;v E’ E)(O» 90)=(ﬁo, o, éo, Eo, Bo)(x) ,
where (o, o, 0o, Eo, Bo)=(0}— o5, i —u;, 63— 0;, Ei— E¢, Bi—B:). The functions on the
right hand side of (5.7) are given explicity as follows.

== ~u)-Vp'+F—Fy,
=F7—Fy, F‘s:Fsﬁ—F;,
=—(0—e)E;— (o~ )E*+F/—F¢,
2 =(?] 0" — ' o) A" +-{(p® + %) 0
(5.10) — (=)W div ' +Gi— Gy,
s={x*/(pes)’ — " [(pes)} 40" + G} — G .

5.9

T
Il

()

[
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Here we use the abbreviations such as p'=pu(0’, 0°), (pes) =p'ep’, 0°), Fy=Fi(o",u),
The functions F; (j=1, ---,4) and G; (j=2,3) are defined by (3.3) and (3.4),
respectively.
We provide estimates for the initial data (5.8) and for the right side of (5.7)
that permit us to apply the energy inequalities (2.8) and (2.10) with /=s-1 to
the system (5.7). As for the initial data, we obtain from (3.9) and (5.1) that

(5.11) [|(Bo, o, B, 51/2Eo, Bo)“s—1 <3V:C(K,+ K,)+¢'CK,

where C is a constant independent of e and 4. Here we used 0<d<e<l. Next
we consider the right side of (5.7). Compare (5.9) and (5.10) with (4.7) and (4.98),
respectively. The only difference lies in that we have an extra term (d—e¢)E; in
the last equation of (5.9). Therefore, using the uniform estimate (4.3), we get
the following inequalities analogous to (4.9), (4.10):

E s C1Blls—1 115 »

A A A

(5.12) (Foy E)lls-1 <Cli(p, %, 6, B, Blls-1,
! HF41|3-1§CH((3, i, (9, B)Hs—l"‘eifatEé”s—l ,
(5.13) (G, Ga)lls-2 < ClI(0, 4, Olls-1 -

Here we also used 0<d<e<1. C is a constant independent of ¢ and 4.

Now we apply the energy inequalities (2.8) and (2.10) with /=s—1 to the
system (5.7). Substituing the estimates (5.11), (5.12) and (5.13) to the resulting
inequality and using the fact that the L*0, T,; H*")-norm of aE° is bounded by
¢"tN,, we obtain

G18) I 0,07E, B0+ 10 O HIE e
- cef‘w{aua LK 4 e (Kt N “St 15 e+ )

t - A ¢ A A
+“S (3, &, 0, E, BYD)lli-dr + So li(p, &, 8, B)()|ls-1dx
]

for any ae(0,1]. Here 2 is the number defined by (5.6), and C is a constant in-
dependent of ¢, § and a. Let us fix «€(0,1] in (5.14) so as to satisfy aC<1/4.
Then we choose T3>0 such that

(5.15) T.<To, eTen<2,  CA+THT<18.

Then, setting
.st)= supllp, 0, BXEN-s+ 16, X+ BB

we get the inequality
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(5.16) Y. o(T1)<OCK+ Kb +eMCK + No)?

where C is a constant independent of ¢ and 4. Since 1>0, we see from (5.16)
that Y. s(7:)—0 as >0 (hence 6—0). Consequently, there exists uniquely a func-
tion (o u’,0°, E°, B*)(¢, ) satisfying (o° — g, B® — B)eC0, T\ ; H*Y), (u°,6° — )¢
C°0, Ty ; H")YnL¥0, Ty ; H*) and E°¢L¥0, T, ; H*') such that as ¢—0,

(Ps“p: BS”E)_’(PO_@ BO_B) ’
(", ' —0)—>(u°,0°—F) and E*—E°

strongly in C%0,7T,; H*"), CX0,T,; H*")YNLX0, T,; H*) and L0, T,;H*"), re-
spectively. Combing this with the uniform estimate (4.3), we see as in the proof
of Theorem 4.1 that the limit function (o°, #°, 6°, B°, E°)(t, z) satisfies (5.3) for j=0
and E°eL~0,Ty; H"")NL*0, T,; [{*). Furthermore, we can see that the limit
function satisfies the equations (1.7), (1.8) and the initial condition (5.2). Hence
(5.3) holds for j=1. The estimate (5.5) is obtained from (5.16) by letting 6—0.
Thus the first part of the theorem has been proved.

Finally we consider the case where div B;=0 holds on R? Since this implies
div B°=0 by Theorem 4.1, we conclude by letting «—0 that div B°=0 on [0, 7:]X
R*. Hence the limit function (¢° «°, 6°, B°)(¢, z) is a solution of the Cauchy problem
(1.8), (1.9), (5.2) satisfying (5.3) for j=0,1. In order to prove the uniqueness
and the regularity (5.4), we recall the well known formula in vector analysis:

—rot {(1/epo) rot By =1fop)(dB—V div B)—F(1jops)Xrot B.

By this formula and (1.9), the equation of B in (1.8) can be regarded as a sym-
metric system of strongly parabolic type. Therefore, by the argument analogous
to that employed in the proof of Lemmas 2.1 and 2.2, we can prove the regularity
(5.4) and the uniqueness of the solution to the problem (1.8), (1.9), (5.2). Thus
the proof of Theorem 5.1 is completed.
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