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QF-3' RINGS AND MORITA DUALITY

By

R.R. CoLBY and K.R. FULLER

In [2] we proved that a one-sided artinian ring is QF-3 if and only if its double
dual functors preserve monomorphisms. Here with the aid of [3] we prove that
the double dual functor over an arbitrary ring preserves monomorphisms of left
modules if and only if it is a left QF-3’ ring. In view of this theorem results in
[3] and [4] provide an analogue for QF-3’ rings of the Morita-Tachikawa repre-
sentation theorem for QF-3 rings ([9], Chapter 5). Also we apply it to obtain a
characterization of Morita duality between Grothendieck categories that serves to
generalize Onodera’s theorem [7] that cogenerator rings are self injective, by show-
ing that injectivity is redundant in the classical bimodule characterization of Morita
duality for categories of modules.

We denote both the dual functors Homg(__, Rr) and Homg(__, zR) by ( )*
Recall that there is a natural transformation ¢: 1g_yea——>( )** defined via the
usual evaluation maps oy : M—>M**. An R-module M is called R-reflexive (R-
torsionless) in case gy is an isomorphism (a monomorphism). Also recall that R
is left QF-3’ if the injective envelope E(zR) of zR is R-torsionless.

1. THeoreM. For any ring R, the following arve equivalent :
(@) R is left QF-3';
(b) The double dual functor ( )** preserves monomorphisms in R-Mod ;
(c) If i: R——F is the inclusion of R into its injective envelope E in R-Mod,
then i** is a monomorphism.

Proor. That (b) implies (c) is immediate, and (c) implies (a) is easy (see [3],
Proposition 1.2). Assume that R is a left QF-3’ ring. Since E=FE(zR) is torsion-
less there is a sequence

i j
R—FE—RX
for some set X where 7 is the inclusion and j is a monomorphism.
Let p,: R¥——R be the canonical projections and let by,=pzojoi(l)eR for each
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zeX. Then if K=31(b.R: zeX} it follows that the left annihilator of K in R is

zero. Now suppose a: M-—-->N is a monomorphism in B-Mod and consider the
induced sequence

a* B
N¥—— M*—— Coker a*—0.
If feM*, then since F is injective there exists FeHomp(N, E) such that foa=iof.
Then considering the diagram

a
O—>M-—>N
oo f
bt Ps
R—sE——RY—5 R

it follows easily that
(}‘*(Z}Z',\j :\,f ) :1‘)10].”]—;”1!' ::pxojoi?;j‘:f])m_
Hence M*KC Im a* so (Coker a¥)K=fM*)K=p(M+*K)=0. Thus if e (Coker a*)*

we have ¢(Coker «*)K=g¢((Coker a*)K)=0 so, since the left annihilator of K is
a**

zero, ¢=0. But then since (Coker a*)*=0 we see that M**—+N** is monic.

The following theorem follows immediately from ((3), Theorem 1.4) and Theo-
rem 1.

b

THEOREM. For anv ring R, the following are equivalent :
(1) R is left QF-3 and its own maximal left quotient ving;
(2) The double dual functor ( )** is left exact on R-Mod ;

i j
@) If 0—>R——E,—FE, is exact with E, and E, injective in R-Mod then

i** $% ok
0— R—> Ey** —— Eo¥* {5 glso exact.
Let D:a—4d’: D’ be a pair of contravariant functors between abelian cat-
egories a and a’ that are adjoint on the right, i.e., there are isomorphisms
na, 4+ Hom, (A4, D'(A"))-—Hom.(4’, D(A)),
natural in Aecla] and A’¢|a’|. Associated with n4, 4 are the arrows of right
adjunction 7: 1, —D’D and ¢’ : lo—> D]’ defined by za=9""4, ncay(Lncay) and /4.
=9pcan, #(Lpcany), respectively. These satisfy, for each Aelal, Aeld]|,
D(z4)ot" peay=1pcay and D’(T/A’)QTI)'(A’):]D'(A')~
We recall that any pair of such functors D: a == a’: I’ which are adjoint on the
right are left exact ((8], Corollary 3.2.3).
We call an object A of a (A’ of o) reflexive (respectively, forsionless) in case

z4 (z'4) is an isomorphism (respectively, a monomorphism) ; and we note that (as
in [1], Section 23) D and D’ define a duality between the Jull subcategories of
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reflexive objects aySa and o/yCa’. Then as in [3] we say that the pair D:a 20’
D’ defines a Movita duality in case D and D’ are exact and the subcategories
w<a and a/ Ca, are closed under subobjects and quotient objects and contain sets
of generators for a and o', respectively.

According to ([3], Proposition 2. 3) the functors D and I of a Morita duality
are faithful as well as exact. We shall now show that these conditions imply the
closure condition for reflexive objects (as is well known if a and o’ are module
categories).

3. LemMma. Let D: a==a': D be a right adjoint pair of conlravariant functors
between abelian categovies. Then D and D' are faithful if and only if all objects

in a and o« are torsionless.

Proor. If D is faithful and 0—-—>K—f—>A—Ti>D’D(A) is exact, then since
D(z)ot' ety =1psy, D(f)=0 so f=0 also. On the other hand, if all objects of A
are torsionless and feHom.(A, B), f+#0, then D'D(f)oca=cgof+0 so D'D(f)+0,
hence D(f)#0, so D is faithfal.

4. PROPOSITION. A right adjoint pair of comtravariant functors D: a =o' : D’
between abelian categories defines a Morita duality if and only if a and o contain

generating sets of reflexive objects and D and IV are faithful and exact.

Proor. From Lemma 3 and exXactness we obtain a commutative diagram

0 0 0
! ! !
0—A4 —> B —> C—0
N ! )
0—> I D(A)—> D' D(By)—— D' D(C)—0
i
0

with exact rows and columns when B, is reflexive. Thus the Five Lemma apples.

We don’t know whether, in the presence of reflexive generating sets, the
closure properties for a, and a/ imply that D and D’ are exact and faithful. Of
course they do if a and o’ are the categories of modules over a pair of rings (or
even if they are functor categories [10]).

We now turn to the general setting of contravariant functors D: a—2a’: D/,
adjoint on the right, where a and o’ are Grothendieck categories. With a, and
a,/ as above we assume that these contain generators Vea, V’'ea,’. Then
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letting U=V@D'V’ and U'=V'@DV (so that DU=U" and D'U’'=U), R=End(U)
(=ZEndo(U")?), S=Hom(l/,.) and &' =Hom..(I,.), we have, as in (T6], Theorem 8.1)
and ([3], Theorem 3.1), functors

T
R-Mod 7— a
S

kR * ATy
) U( ) ‘,DUD
Mod-R %’ a
where 7°(7") is a left adjoint of S(5'), T and 7" are exact, and 7S and 7'S’ are
equivalent to the identity functors on a and «o’, respectively. Also, as in ([3],
Theorem 3.1), SoDoT'=( )* and SeD'oT'=( )* so DoT=T"( )* and D'=T"=To
(- )*. Thus Ker 7"cKer( )* and Ker TCKer( )*.

5. Lemma. Let D, D', a, o/, U, U’ and R be as above. Then the Sfollowing are
equivalent :

@ D and D' are faithful;

(b) U and U’ are cogenerators in a and o, respectively ;

(¢) Ker T=Ker( )* and Ker T'=Ker( )*.

Proor. If aeHom.(A, B), we have a commutative square

Hom. (A, U)—Homa(U7", DA)
Hom(a, U) T T Hom(U’, D(a)
Hom. (B, U)——»Hom.(U", DB)

Now D(a)#0 if and only if Hom(U”, D(«))#0 (since U” is a generator) if and only
if Hom(a, U)0. It follows that (a) and (b) are equivalent. Now since Do7T=T"o
( )% and D/eT"=T+( )* it is clear that if D and D’ are faithful, then Ker T
=Ker DoT=Ker T"o( )*cKer( )* and similarly Ker 7" CKer( )*. Thus (a) implies
(¢). Suppose Ker T=Ker( )*. If aeHom.(A, B) and D(a)=0, then (S(a))*=S' DTS(x)
=5 D(a)=0 so a=TS(e)=0, also. Thus (c) implies (a).

We denote the full subcategories of R-Mod and Mod-R whose objects are the
torsion modules, 1. e., those modules M with M*=0, by R-Tors and Tors-R, re-
spectively. Then, if R is QF-3, an R-module M is torsion if and only if
Hom (M, E(R))=0, and R-Tors and Tors-R are then localizing subcategories of R-Mod
and Mod-R, respectively (see [3], Proposition 1.1).

6. THEOREM. FEvery right adjoint pair of contravaviant faithful  functors
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D:az=a’ 1 D' between Grothendieck categorvies with reflexive generators defines a
Morita duality.

Proor. Suppose that D: ai=—2a’: D', U,U’,R, T, and 7" are as in Lemma 5
and that D and D’ are faithful. Then by Lemma 5, U and U’ are generator-
cogenerators, so by Morita’s ([6], Theorems 8.3 and 5.6) R is QF-3’ and its own
maximal quotient ring. (See also [8], Theorem 4.13.4 or [5], Proposition 4.3.1).
Thus by Theorem 2 the R-double duals are left exact. But by Lemma 5 we also
have Ker I'=Ker( )* so by ([8], Theorem 4.4.9) we may identify 7: R-Mod—
a’ and 7”: Mod-R——a’ with the canonical functors 7': R-Mod— R-Mod/R-Tors
and 7": Mod-R——Mod-R/Tors-R and conclude that (D, D’) define a Morita duality
by (3], Theorem 2.6).

Specializing Theorem 6 to the case of module categories yields the following
generalization of Onodera’s theorem that cogenerator rings are injective [7] and
provides a new characterization of Morita duality between categories of modules.

7. CorOLLARY. If R and S are rings and rUs is a bimodule with S=End(zU)
and R=End(Us) and if rU and Us are cogenerators, then rU and Us are injective.

Proor. Apply Theorem 6 to the functors D=Homz(_, U) and D’'=Homs(_, U).

8. REMARKS.

(1) One can apply the technique used to prove Theorem 1 to the sequence

U—Z—>E(RU)——]—>UX to give a direct proof that if xUs a balanced bimodule and U
and Us are cogenerators, then rU is injective.

(2) In ([4]), Theorem 1), conditions (i) and (ii) and the last part of (iii) easily
imply that R is QF-3’ so by Theorem 1, as we speculated in ([4], Remark (a)), we
can delete the first part of condition (iii) from the statement of that theorem:; in
view of Theorems 1 and 2 and ([3], Theorem 3.1) it now becomes an analogue
for QF-3’ rings of the Morita-Tachikawa representation theorems for QF-3 rings
({9], Theorems 5.3 and 5.8).

References

[1] Anderson, F.W. and Fuller, K.R., Rings and Categories of Modules, New York-
Heiderberg-Berlin: Springer-Verlag, 1974.

[2] Colby, R.R. and Fuller, K. R., Exactness of the double dual, Proc. Amer. Math. Soc.
82 (1981), 521-526.

[3] Colby, R.R. and Fuller, K. R., Exactness of the double dual and Morita duality for
Grothendieck categories, J. Algebra 82 (1983), 546-558.

[4] Colby, R.R. and Fuller, K. R., On rings whose double dual functors preserve mono-
morphisms, J. Pure Appl. Algebra 28 (1983), 223-234.



188

£51]
[6]
(7]
[8]
[9]

[10]

R.R. CoLy and K.R. FuLLER

Lambek, J., Lectures on Rings and Modules, Waltham-Toronto-London : Gin/Blaisdell,
1966.
Morita, K., Localization in categories of modules I, Math. Z. 114 (1970), 121-144.
Onodera, T., Uber Kogeneratoren, Arch. Math. 19 (1968), 402-410
Popescu, N., Abelian Categories with Applications to Rings and Modules, New York-
London: Academic Press, 1973,
Tachikawa, H., Quasi-Frobenius Rings and Generalizations, Springer-Verlag Lecture
Notes in Math., 351 (1973).
Yamagata, K., On Morita duality for additive group-valued functors, Comm. in Algebra
7 (1979), 367-392.
The University of Hawaii
Honolulu, Hawaii 96822 U.S. A.

The University of Towa
Jowa City, lowa 52242 U.S. A.



