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ALMOST-PRIMES IN ARITHMETIC PROGRESSIONS

AND SHORT INTERVALS
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HiroshiMikawa

1. Introduction.

In 1936, P. Turan [9] showed, under the generalized RIemann hypothesis,

there exists a prime p such that

p = a (mod 9), p^q (logq)2+£

for almost-all reduced classes a (mod q). The terminology almost-all means that

the number of exceptional reduced classes mod? is o{<j>{q))as q-*oo. Y. Moto-

hashi [6] considered the corresponding problem for almost-primes. Let P2

denote integers with at most two prime factors, multiple factors being counted

multiplicity. He proved that there exists a Pz such that

P2~a (mod?), P^q11'10

for almost-all reduced classes a modq. Moreover he remarked, assuming the

^-analogue of Lindelof hypothesis, the exponent 11/10 may be replaced by 1+e,

e>0.

It is the firstpurpose of this paper to make an improvement upon this

result. Let g{x) denote any positive function such that g(x)―≫coas %―>oo.

Theorem 1. There exists a P2 such that

P2 = a (mod?), P2£g(q)q(logq)5

for almost-all reduced classesa modq.

In 1943, A. Selberg [8] showed, under the Riemann hypothesis, there exists

a prime in the intervals

(n, n+£(n)(logn)2]

for almost-all n. Here almost-all means that the number of exceptional n's not

exceeding x is o(x) as x->co.

Several authors considered the analogous oroblem for P9. Thus D. R. Heath-
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Brown [3] proved that there exists a P2 in the intervals

(n, re+n1/11+s]

for almost-all n. Motohashi [7] replaced the exponent 1/11+s by s, by a

simple analytic trick. He noted that his method does not work on the above

mentioned problem in arithmetic progressions. D. Wolke [10] reduced the

length of intervals to the powers of logn. By refining Wolke's argument,

G. Harman [2] showed that there exists a P2 in the intervals (n, n+(logn)7+s]

for almost-all n.

Our second aim is to make a small improvement upon this result.

Theorem 2. There exists a P2 in the intervals

(n, n+g(n)(logn)5]

for almost-all n

In contrast to [7] [10] [2], we appeal to Sieve method which is used in [6]

[3]. Our treatment of the remainder terms from Sieve estimate is different

from [6] [3]. We use C. Hooley's technique [4] to deal with a bilinearform

for the remainder terms, which is due to H. Iwaniec [5].

We use the standard notation in number theory. Especially, F, used in

f q
either ― or congruence (mods), means that rr=l (mods). *in 2 * stands for

S a=l

the restriction(a,q)=l. ra~N means N^N!<n£N2^2N' for some iVi and iV2.

d and c2 denote certain positive absolute constants, s denotes a small positive

constant and the constants implied in the symbols < and 0 depend only on s.

I would like to thank Professor S. Uchiyama for encouragement and careful

reading the original manuscript. I would also thank the referee for making

thftnaner easier to read.

2. Lemmas.

Firstly we state the inequality for the linear sieve. See [5] and [1]. Let

J be a finite sequence of integers and £Pbe a set of primes. Put, for rf^l,

z>2.

P(z)=JTP, <Ad={n<=Jl: n=0(modd)}

and

S{JL,S,z)-＼{nzEJl: (k, P{z))=1}＼.

Suppose that ＼Jtd＼has the approximation
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MJ =
d X+r(JL, d)
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where X is some positive number independent of d, and a)(d)is multiplicative.

Moreover we assume that, for any 2<w<z,

and

n (1 *p)

£P<2＼ pwsp<z

<dta)

WSp<z≪22 V

)s

L

Iog3w '

1+
K

logw
■

with some constants K, L>1. Write

yw=n(1_.≪aL).

p<z＼ p /

Lemma 1. Let z>2, D>2. For any y>0 we have

S(Jl,SB,z)£V(z)X{F(s)+E}+R+

S(Jl, <?,z)^V(z)X{f(s)-E}-R-

where s=logD/logz, E=c7]-＼-0((logD)~1/3)with some constant c. The functions

F(s) and f(s) are the continuous solutions of some system of differential-difference

equations. In particular,

sF(s)=2er

sf(s)=l

0

(0<s^3)

(0<s^2)

2e1og(s-l) (2<s^4)

where y is the Euler constant. The remainder term R± has the form

#*= 2 WD, 7))r{Jl,d)

where the sequence {X%)={X%{D, w)) has the properties'.

and,for any M, N>1, MN=D,

if d^D,

X%= 2 , S 2 aLi(M,N, y)bli(M, N, V)
i<exp C8i9~3)msif mSiV

with ＼a^.i＼,|Mi 1^1.

In our simple cases, the above assumptions are of course satisfied. The

following Lemma 2 is well known. Lemma 3 is the C. Hooley's version of
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bounds for incomplete Kloosterman sums. See [4] for both lemmas.

Lemma 2. Let <p{t)=[t']―t+-^. For H>2, we have

where e(x)

with

#0= S -f^+0(min(l

0<|ft|SH Z7TZ ;m ＼ ＼

―eZ7cix and ||x||=min|x ― n＼. Moreover,

minfl

1

H＼＼t＼＼

)=HChe(ht),

' h<=Z

|CJ<min(-^-f-[^jT-)

Lemma 3. We have,for any s>0,

S e(a^-)<T(c)(a> d)lltd1't*{l+^-)

m~M ＼ a ' ＼ a '
(,m,cd)=l

3. Proof of Theorem 1.

In thissectionwe show the inequality(3.5)below, from which Theorem 1

follows by the routineargument. Our usage of the weighted sieveis standard

and the necessary theory is found in [1, Chapter 9]. So we skipp.

For (a, q)=l, q^x, put

Jl={n: x<n£2x, n = a(modq)}, S―{p: p X q)
and

r(Jl, d)=＼Jld＼
X

qd

Let a, u, v be the parameters such that

_

1

_

a
<u<v

Write D=MN=-(2x)a, y=(2x)u

-&£-, u<3

z―(2x)v. By Lemma 1, we have

n2(x;g, a)=|{P2: x<P2^2x, P2= a(modq)}＼

(3.1)

> S {l-tf-w)-1 2, (l-u-1^-) 23 l}- 23 23 1

n£J I 2/2<P=2*<y＼ [OgZx / pig J 2SP<y 7164(n,.P(z))=l ° max(P,2)sp<min(2P,y) pZ＼n

=S(Jl, SB, 2)-(3-m)-1s(i-m11^^-)s5(^, <?,^)-S SI
P ＼ lOgZX ' P V n

pJg &^3-≪)i/≪≪-}))(i-T)^H
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S UMN)r{Jl, of)―(3―
z/2<P<sA lOgZX / P elPC2) ＼
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MN ＼
/
,

-p―)r(Jl, pe)

-SSI

2Sp<2/ n<=Ap2＼n

= *{g) *~^z(l+Q((logg)-1)){C(gf
≪,v)-jB}+S1-(3-u)-1Si-S,, say.

By the factorization property of A%(MN), the following lemma may be

applied to the firstremainder term S^

Lemma 4. Let (Ad)―(A<i(D))denote any sequence such that

JLd=Q if d^D,

and, for M£x1/2~4s,N£x1/20, MN=D, (Xd) has the decomposition

*a= 2 S H am(l, M, N)bn(l, M, N)
JSClogO)2 mSilfnsiV

with ＼am＼,＼bn＼^l.

9

a = l

s

x<n<2x
re = a(g)

We have

**) -( ? -T-)7|1<x<l0gl)1+(7)xl~

In the second remainder term S2, with e―mn, we interpretepm as one

variable. Then, we may also apply Lemma 4 to S2. We postpone the proof

of Lemma 4 until section5. As to Ss, in section4, we shall show the

following:

with

// (―)<(logx)100, then we have

c ― yi ^o 1 _

n = a(.q)

2* I£,(*;?, a)|2≪(
a-l ＼

Now we choose a

11

20 u

― be
n /

1-s

-f*

)+Ex(x; q, a) (3.2)

+ x.

, ―=――-―-―£ then the conditions
v 4 80

(3.1)are satisfiedand Ss^Si. Put

E(x; a, a^S.-Ci-uY'S.-E,

Then, by the above argument, we see

2* I£(*;?, a)|2≪x(logx)3+(-V-£
a=i ＼q'
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Moreover,

ve-HC{a, u,v)-E＼

=ve~r
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log (ay―1)―aw log―＼-(au ―l)log ^^j-Cs+Oidogx)-1'3)

>-^(log3--^log-^-+-^-log30)-C2£+O((logx)1/3)>-^-

for sufficientlylarge x and small e. Therefore we have, provided

(~)<(logx)100, (3.4)

n*(x ; q,
fl)>

^iq)iog2x
(C+Odlogxy^+Eix, q, a) (3.5)

where C is a positive absolute constant and E(x; q, a) satisfies(3.3).

We shall derive Theorem 1 from the above inequalities(3.5) and (3.3). Put

x=-yg(q)q(logq)5. Obviously we may assume g(q)^(logq), so the condition(3.4)

is satisfied. Let @ denote the exceptional set of reduced residue classes,namely,

*£―I">(a,q)=l>1-*2･ P%s:a(modq) I 1& Ciiipuy/■.

By (3.5), we see a^@ unless

＼E(x;q,a)＼>~

Thus, by (3.3),we have that

X

6{q)＼og2x

or

as required.

X

<f>(q)log 2x

)*＼<&＼<E＼E(x;q,
fl)|2

/ asR

x;q,a)＼*

<x(logxf+
l-£

<j>{qYl|c|≪#?)(iogx)5x-1+-^-(logxfx-*

<g(q)-1+Q-s/2

4. Elementary treatment of remainder terms.

In this section we firstlyreduce the proof of Lemma 4 to an estimation of

R below. Next we prove (3.2).
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A(n)=
d＼n

(d,g)=i

A =
s

d

la

d

E{x;q,a)= 2 A(n)-―A

x<n£2x 0n = a(.q)

i}*＼E(x;q,a)＼>^
£

＼E(x;q,a)＼*
0=1 a=i

= 2 A(nf+

x<nS2x
2 S A(n1)A(n2)-2-A S J(n)+(-Y^2<7

x<niTtnoS2x
ni = nol,q)

0( S r(n)2)+2 S 2 -4(niM(na)-2-^( 2 ^

≫i=n2(8) * (d,g)=i

s

x<n£2x
d＼n

' Q

=2 S S A(n)A(n+ql)――A2+o(x{＼ogxT+-D(＼ogD))
0<JSx/gx<n&Zx-ql 0 ＼ Q

=D(x, q)- ―A2+O(x(logxy+-D(logx)), say.
q ＼ q I

We proceed to considerD(x, q)

D(x, g)= 2 23 S 23 W*2 23 1

2 S 2 S 2-dJ-do s

x/di<m£(.2x-ql)/di
d^m+ql/(.d1,d2)=0Up

where df=dj(d1, d2),dt=d2/(dlt d2). Hence we see

D(x, q)=M+2R

where

M=M(x,q)=2 S

0<lSx/q

R=R(x, q)=

-K

s

0<iSx/g

X

s

(did

+

2.g)=i

(dlf dt)q dt n

1

(dlt dt)
q

dt )

We now consider M. In the next section we shall estimate R

M= 23 23
rw'^'n2

S U~?/)

(di.dtf&xlq ＼_di,a2j 0<iSx/g
(d,d2,3)=l (.di,dz)＼l

39a

(4.1)

(4.2)

(4.3)
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&1,d2)&z/q [_di, dz~] (di, d2)
(.dldz,q)=l

+0(x S 23 lh]lXHi)

{( 23
4-)2+0(

S S -^jj]^-)}+O(x(logxy)
{＼,dd)= " / ＼(.di,dz-≫x/q did2 'i

2
A2+o(―-^-(log D)2+x(log x)3)

＼(J sC f

Thus, combining thiswith (4.1)(4.2),we have

i*＼E(x;g,
a)＼*£2R+o(x(.logx)3+-D(logx))

a=l ＼ q '

where R is given by (4.3).

Next we turn to the proof of (3.2). Put

A*(n)= S 1, ^*=s4r

P2＼n pel Ppel

(4.4)

where /={/>: xZs^p£x<1/2~£＼pXq}. Then, the left hand side of (3.2) is equal

S {(2l)-i(2

x<niZx V＼p2|n ' Q
＼pGl

ti= a (g) ^e/ n = a(g)

- 2 U*{n)--A*)+0((-)＼-A

x<n&2x＼ a J ＼＼n/ /
resa(o) ' y

=E1(x ; q, a)+0(^ j, say

Moreover we have

i^＼E,{x;q,
a)＼2^

±
＼El(x;q, a)＼2

a=l a=l

ni = no(,q)

f^X^<*>->)

≪ s U*(ny+(-)＼A*r＼-

≪-(s S 1+2 2 2 l)+(-)V-4£

P2|ra p＼p＼＼n

<-(2-£r+2 2 (1+-w))+;c

< ―xl-+x
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as required.

5. Proof of Lemma 4.
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In this section we estimate R by appealing to Lemma 2 and Lemma 3.

Write (dx, da)=8, df=vu df=v2, l=8k, then

R= 23 S 23 23

0<SftSx/g V! 1-2

(i<l,i/2)=l

, , fr/2x-dkq , u^ v, M

We firstlydecompose X3ll. Since u＼dv)=l, we may write

Thus,

where

/?=

<

X

dvxvz
+*£■)}

l*= S 23 23 adm{l,M,N)ben{l,M,N)

=1 dlel=§
doe2=o

0<SkS,jCl

(S,g)=i

m

m

s

2.iMI
(mis

2 adimi(li,M, N)beini(lu M, N)

do nv&Nleo

(m1nim2n2.9)=1
^2(n1)=^2(7i2)=l

≪,.//..M, N)bvi(U, M, N){<p(-£-^l-

*A dminimziiz
+ kg

2 S (logD)M<5)2

0<5*Sx/g

(

s s

(.mini,

j≪2(nin2)=i

(5.1)

(5.2)

m2n2 '

,/ x

^A dmiriimznz m2riz n

miWi_＼l

mzn2 n

S sup 1^1

Rl = Rl(d,k,q;Ml,Mt,Ni,Nt)

m2"2>=l . , w OT

Mi, M2, N1} Nz's run through the powers of 2, and the supremum is taken over

allsequences au a2,Bu Bz, such that |ax|,|az|,l/3il>l^l^l. Moreover,

i?≪ 2 S (logZ))M5)2j S sup|J?i|+ S , ,(M^^iivi

≪(log£>)8 S 2 r(5)2 sup |J?1|+-*1-

0<.dk&x/q "l.az.^l.H Q

M1MoN1No>x1-2*

Next we apply Lemma 2 to ^-function in i?x. Thus, we see

R1=R2+Rz,
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where

i?2 = S

mi

/?,=

77lo 7l＼

(TMjTl ＼,7712^2^

s

= 1

(.minim2nz,<i)―i

Hiroshi MiKAWA

(Xi(mi)a2(m2)^l(n1)^2(n2)

dmimoriino

C2x-dkq / ht X^

)x ＼dmimznin* >

s s s s

mi m.2 nj n2

(77lj7lj, 7712^2)―1

(m.i7iim2ra2'Q)=l

min/l,

＼ H

1

Xj , mxnx

bm-ji-jnin?. ^ men*

with %i=-x, xz=2x―dkg.

Now we consider R3. By Lemma 2, we have

i?3< 23 23

.7=1,2 l~Mx
U.r)

where

.7=1,2 r~

(r

S r(/)r(r)min/l,―

ar,?)=i y H

S S min/l,
t―＼

,9)=1 ≪.r)-l ＼ ii "5/F+ ^7" /

f^x* S S |C*||S(/≫)I

.7=1.2h&Z

S(h)=S(h ; Mu Mt, Nlt Nif

s s

(r,g)=l a,r)=l

/)

≪(&K"4)

We proceed to estimate S(h). Trivially,

SViXMMKNt.

For /i=£0.we set. bv partial summation and Lemma 3

S(h)≪ s (l+

r~*M2N2＼(r,g)=l

hxj ＼ l＼＼
g.. ..―) 2 eihkq―)

(I.r)=i

(hx1+ MMMN*
) 2 (hkg, ry/2r1/2+s/2(l+MlNl)

/r~M2Nz ＼ V t
(r,g)=l

≪(l+

≪(l+

hx

MiMtNM

hx
M.M.N.No

)

(5.3)

(5.4)

t£+*f
)

W( S (hk,r)1>irl'i+M1N1 S (/**'?X" )

)<jkJ^r{(rr+^-(?in
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≪(l+
hx

M1M2N'1N2

)xti(MtNt)i't+MlNl(MtNt)1't},

s

n~N

(m,

n

n)
<r(m)logN.

In conjunction with (5.3)(5.4) (5.5), we have

R$<xsM1MzN1N'J＼C0＼+ 2 ＼Ch＼)

+x2s{{M2N2)V2+M1N1(M2N2y<2}
0<＼K＼ZHM2N2 h V MiMzNiNZ '

x'M1M2N1N2(-^-+ S -S-)
＼ // h>HM2N2 h '

+x2£((M2AT2)3'2+M1iV1(M2iV2)1/2){ S -lgf^(l+
M

J^
,

)

+ s h(~

H<h,ZHM2N2 ＼ hi

x- )＼

hM1MiNlN2n

M2N2/

+M,WM,iV,)-"XlogH)-(l+ "* )

Now, we choose

H
M.MiN.N.

X
1-4S
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(5.5)

then we see H>2 since M1M2N1N2>x1~2s in (5.1). Thus, we have

Ri<x＼xl-u+MlN1)+xu((MaNt)>'t+M1N1(MaNt)1't)(log xfxis,

or

sup Ii?31^x^+x'MN+x^MNY'^x1-2*, (5.6)

since MN<x2'z~ls.

We turn to R2. We shall show sup|i?21Cx1"36'2, from which Lemma 4

follows. Actually, by (5.1) (5.2)(5.6), we then get

Now,

i?≪(logZ))8S S r^supd^l + l^sD+^^^c^1-5

(m1mo,9)=l

r2x-dkqldm1mo
2 2 2 jSiCnOiS.Cn.)

Jx/07Jiiro2 0<lftliH ni W2

(ni7i2,g)=l
≪2(nin2)=l
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<

S=S(t;q, k

=2
m2

s

= 53

0<fti

Put

where

n,n2 ＼

1

UN*

eihkq

h,

=1, say

Thus, we see

hr

)

dt

Hiroshi Mikawa

elhkq )dt

a a a pMfrfay^-'i

0<h£H 71! 712 71x712 ^
(77lj7Sj,Tn2W2)―1

(rein2>g)=l

2

― /i2(miM3)**

n3

ht

71,11,

)

(5.7)

minx , mxns ＼＼

i~~ " 2 ) J
m2n2 mtn. l>

ht

71x710.

Zj Zj

(mj, 7712) =

mln1 ＼

m2n2 /

_ 1 rzx/SM1M2

N,NZ Jx/4dMxMz mx m2

where ＼chninz(t)＼^L

We proceed to considerthe sum

; Mu M2, Nu Nt)

23 23 23 23

,h2.£,H ni Tig n3

<.ni,nz) = (.ns,ni) = l

(nira2n3n4,g)=i

then

mittiW3&=:/i1(m1ni)*miMi

n3 n4

(n2, ns) (nu n4)

ESS chninz(t)-e(hkq^^)＼dt

S 23 e(kq(h

(.mini,
m^n2,)=l

(mi7i3,m2re4)=l
(m2>g)=i

1 ≪2

(nu n4) (n2, n3)

―/i2(win3)**m1n37 ^―r , % ,
(≪i, n4) (nz> n3)

(mod mz- )
＼ (n2,n3) (nx,n4)'

ft.≫i w2 V m2n2 /

b=h1(m1n1)*- r--―*―r
(n2, n3) (nlt n4)

(miMi^miMi^l (modm2n2),

(mxnz)**mxnz=l (modra2n4),

n.

(n2, n3) (nu n4)

-h*
ni n2

(wi, "4) (n8, n.)

_,jn1n1_ =
11% ―4

m2n4
P^^-n (modi),

W2 (≪,nt) (nltnt)

mini
m2nz

Since fi2(nin2)=fi2(n3ni)=l, (mxnx, min^)―{mxn%, m2n^―＼. Therefore we may

write
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S= S 23 23

0<fti,ft2^^ nj 0 = 1. 2. 3, 4)

m2TC2ra4=(i (Tli, 7I4) (712. ra3'

ft.

S 23

=1,2,3,4) mohi ft2 ≫jW=i,2,3,4) m2

(ni,7l2) = (n3'n45=1

ft1713714―ft2nln2=^ (ni,B4)(W2>W3)

tn^nzn^―d (711,714) (712, ^3)

(d,g)=l

For /=£0,we apply Lemma 3.

s

<MXM2

a (m1m2)+xs/2 a
re,- fti

Chinin2(t)CHn3n4(t)S 2 ^(ife^-^^-)

53

(m1( d(nx,n^cn2, ns))=l

eikql mxnxnz

d

)l

23 S S (*$/, ^'･Wl+^t)

fto rij mo ＼ 0. 'h＼ h% iij m.2

23 r,{rf+x^ 23
r~HNiNz ftl

SJS S(&/, dY'2dltz+M1 S
{kl, d)1'2 }

d1'2 I§
d1'2
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<X'HMlMtNlNt+x"t a a (a a (**;rf))1/2{(a h^Y'+mJ s si)1/21

Here, by an elementary argument, we easily see that

and

Thus,

(kl, d)

<x'Nl

2 Hd*<{MiNlYN＼,

23 %KM2NlNh
n j Til2

S<x°HM1M2N1N2+xsH＼NKM2Ni)3<2+M1Ml>2N$N2)

<x£HHx1-is+NKMzNl)i/2+M1Mi'zN21N2).

Hence, in conjunction with (5.7)

i?2<

1 C2x/5M1M2/

Jxl48MiM2＼r>ii

(5.8) (5.9), we have

)l/2(sy2dt

<
%

3M1M2N1N2
{MlMt'X'Ht(xl-"+Nl(MiNl)"t+MlM1s'tN-lNa)}lit

<x9e'2{M1M2x1-ie+M1Mz(NKM2Nl)3/2+M1Mll2N21N2)}1'2

Since M^x1'2"4*, N^x1/Z0, we get

sup|/?a|≪;c9*'8(MV-"+M7'W6)1/2<*1"8*/2

as required.

This completes our proof of Theorem 1.
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6. Proof of Theorem 2.

In this section we give a brief proof of Theorem 2. We may easily modify

the proof of Theorem 1. Put

dm a a

where Xd's satisfy the conditions in Lemma 4. Moreover, for x^yf^2x,

A=A(x)>2, write

E(y,A)= S A'(n)-AAf.
y-h<nsy

Then we have

＼2X＼E(y,A)＼*dy

max(x.n) x-A<ni, 7i2S2x Jmax<x,≪i,n£)
nj9t7J2

Irei-raolSA

-2AA' S A'(n)＼ dy+A＼A'fx
x-A<nsix JmaxCx.n-)

= 01 S r(n)2A)+2 S S A＼n)A＼n + a)＼ dy
＼x-k<n&Zx / 0<aSA x-A<reS2x-a Jmax(i,n+ a)

-2AA'＼ S A'(n)-A+O( S r(n)-A)}+A2(^')2((*-A)+A)

Iz<ns2x-A x-A<raSx Jor2x―A<nS2

=O(Ax(log x)z)+2 SJS A'(n)Af(n+a)(A-a)
0<aaAIx<ns2x-A

+O( S r(n)r(n+a).A)}-2A2(J')ls^( S l)}

or2x―A<nS2x―a (Jin
+0{A%x*)+A＼A')＼x-A)

=O(Ax(logx)3)+Df(x, A)-A＼A')＼x-A)+O(A*D(logD)+A3xs), say.

The above D'(n, A) is essentially equal to the sum D(x, q) in (4.1). We

therefore see

[2X|
E{y, A)12dy <Ax(logxy+A^'-'+A'x'.

The other modifications are immediate. Hence we get Theorem 2.
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