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LOGARITHMIC UNIFORM DISTRIBUTION OF

(an+filogn)

By

R. F. TlCHY and G. Turnwald

1. Introduction

A sequence co= (xn) =i of real numbers is said to be uniformly distributed modulo 1 if

the proportion ofindices n<Nsuch, that the fractional parts {xn} are contained in an inter-

val IQ[0, 1) is asymptotically equal to the length of /. Put x(x; y) = l for [y] <x and

x(x;y) = 0 otherwise; then cois uniformly distributed if and only if

1 N
(1) lim ― J)x(x;xn)=x for 0<x<l.

It is well known (cf. the monographs [1] and [3]) that (1) is equivalent to

where

lim Dn(co) = 0

1 N

denotes the discrepancy of the sequence co.The systematic study of uniformly distributed

sequences was initiated by H. Weyl [9]. Well known examples of uniformly distributed se-

quences are (an) with irrational a and {Jn); (logn) is known not to be uniformly

distributed, but Tsuji [8] proved that

(2) Mm

N-*oo

1

N
s

≪=1

-X(x;xn)=x (0<*<l)
n

lim DN(o))-0,

N I
5^

for xn=logn. A sequence co= (xn)with thisproperty is said to be uniformly distributed

with respect to the logarithmic mean. This is equivalent to
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where

R. F. TlCHY and G. TURNWALD

DN(co)― sup
O≪x<l

DN(o))<2-

1

N I
J]―x(x;xn)-x

log TV

" 1 .-1 n

denotes the logarithmic discrepancy of a> (cf. [5]). In a recent article E. Hlawka [2] in-

vestigated the sequence (an +fi log w)(/?=£0)with respect to the logarithmic mean. He pro-

ved upper bounds for exponential sums from which (by the inequality of Erdos-Turan) we

may conclude DN(an +fi log n)<c(fi)/ Vlog N. In [7] the firstauthor proved a theorem that

gives upper bounds for the discrepancy with respect to general weights and remarked that

these estimates in fact give DN(an +fi log n)<c(0)/log N. Unfortunately the hypotheses of

the theorem are not satisfied and it remains an open problem to prove this estimate (which

essentially would be best possible; cf.[5]). In the next section we prove DN(an+fi log n)

<c(a, /?)/logN provided a is rational or of finite approximation type. In §3 we obtain

DN(an +0 log n)^Ci(fi) (log log Nf/log Nby means of estimates for the exponential sums

N I
y Q2nih(an+0＼ogn) (h = ＼ 9 ･ ･ ･)

n = ＼
n

which are accomplished by a generalization of van der Corput's method.

Notations. As usual [t]denotes the largest integer <£ and the fractional part is given by {t}

= t―[t];furthermore we put i//(t)= {t} ―land ||?||=min ({t}, 1 ―{t}).In §2 we make use of

the notations |_*J = maximal integer <t and [t~＼= minimal integer >t. It is easy to see

that m = 11＼ +1 and [tl =-[-*].

2. Elementary Estimates

We try to establish an upper bound c/logN for DN(co), where co=(≪≪+/? log ≪)"=i.

Given j5>0we will prove that we may choose an absolute constant c=c{0) valid for a large

class of as.

Theorem 2.1. Assume that 0< {<*}<c0/log N (c0 a given positiveconstant). Then

Co+ 2 + B+l/B + e1"*

PROOF. Let /(≪)= {a} u+p log u - [a]. Then f(u) > 0 and uf'{u)= {a} u +0 is increas-

ing.

Let k be the largest integer such that ＼f~＼k)~＼<iV. Then we have for 0<*< 1:



-2<{a} logN+fi<Co+fi,
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The second sum can be estimated in the following way:

v
1

/ r< ~^N-f-＼k)
+ l^ N

^f'Kk+l)S -X(x;f(n))< j^-r < "-Irrr< ,
[/-'(*)!<n<N n 7 ＼R) J ＼R) 7 ＼R)

= e
(log/-i(*+l)-log/-1(*)) = e

= el/({<*)/-1(&)+i8)<el/j8

where £<&<& +1.

Since (forpositiverealsA<B)

we obtain

A<n<B

^=log

l/(/"1(6)/'(/-1(6))

^+4
(with |0|<1),

A A

Sj= S ＼x(x;f{n))= S ^

=iog/-1(i+x)-log/-1(i)+7=|^ (10,-Ki).

Hence, by the mean value theorem,

k-1 k-1

;=o

1

,tJo/-1(£c,,)/'(/-1(&,,))

for some &>; withy<£c;<y+l. Since

k-l
s

;=0

and

k-1
s

1

/-1fe,;)/(/-1(4,;))

j=OJ

1

HUf'if "x(4,/))

― I k

r'/t ＼
2-k

k-1

>-

0<

1

/'(I)

f du

0 y ＼ /

1

ftf-Wif-

1
f(N)

k-1

+e(1+ rw)

du

f-＼u)f{f-Hu))

1

ftf-V+Dfif^U+l))

1

&f-＼j)f<J-＼j))

f(N)

+ J

0

N

du

>-

f-l(u)f{f-＼u))

f'(t)dt

m+

1 f
V

k+1
I

0

―=―+logN,

du

f-x(u)f'{f-＼u))

>--+logN

N N

1 t {

we obtain
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Hence

k-1 N 1

;=0 n=＼n

R. F. Tichy and G. TURNWALD

1^1 1
<l + co+0+―+x J] log AT <2+co+P+― .

DN(a))<2DN(f(n))<2-
co+ 2 + B+l/B+e1/fi

n=＼ n

thus proving the theorem.

Remark 1. The above arguments essentiallyreproduce the proof of Satz 3 in [7].

(We want to note thatin the estimate for D%(P, xn) the integralshould be replaced by

＼fp'(u)f'(u)du.)

Remark 2. By Theorem 2.1.we have

DN

l

>.ogB;≪=l,..,iv)<2.2±^^,
TV J logN

sincelog N/N<l/e< 1 =c0.

In order to prove that DN(a>)<c(/?)/log Nuniformly for alla it would suffice to prove

this for allrational a's. This follows immediately from

＼DN(co)-DN(co')＼<e

where co―(xn),a)'=(x'n)such that ＼xn―x'n|<e (special case of [5], Satz 6).Unfortunately we

did not succeed in establishing the existence of such a bound c(fi)and we must content

ourselves with

THEOREM 2.2. Leta=plq (0<p<q; p,q integers)and p>R. Then for w={xn)=

{{plq)n+j}＼ogn)

and

N 1 N 1 2 e.2lp

DN(a>)£
l+K(B)+logq

logiV

(0<*<l)

Proof. Put 6=e1/^>l and let /,k be the largest integers such that b!<q, bk<N,

respectively.Then

Ns

n=q

1 1 k~1 1 1
― x(x;xn)=- £ ―*(*;*≪)+S 2 ~x(x;xn)+ 2 -^te^≫)

W 6'<m<≪n j=lb'<n<bi+1n bk<n<N n

= ―1+ 11+ 111.
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We have for the firstand the third term

I< 2 -<logb + l, III< 2 -<log6 + l.
*'<≪<*'+!

n

For the remaining term we proceed as follows:

**≪≫<i*+1 n

k-1
= E

OSr<?

k-1

+ E S

ft-1

0£r<?

s

OSr<o

1

36'g 1

=(k-l)xlogb+

1-
b

f

l-Dq(oj)<2(
n=l n ＼

-+

r
w+i-(?l

1

mq + rj

<mq + r<t≫+l

3b2

39"b2

)
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bi+i-R<mq + r<bi≫≪-q＼mq
+ r

O'^M
OSr<q

-Ti=x(logN-log q) + 6"log h+―― ,

where all0's are non specified numbers with 10 I< 1. Combining the estimates for I,II and

TTT wp obtain

N I / OU2 ＼
J]-X(x;xn)=x(logN-logq) + 6' 21og& + l+――
n=a ≫ ＼ b-lj

N 1 / Q/,2＼
=* 2-+0 2 log 6 + 2+-―- (!0|<1).

,tj≫ V 6-1/

To prove the second part of the theorem we note that

N ＼ N 1 q-l 1 q-l 1 N 1 AT 1

≫=1 W ≫=1 W ≫= 1 n ≫=1 W ≫=o W n=q n

<l+logq+2logb + 2 +

(for 7V>#,whereas the result is trivialfor N<q).

b-1

Remark 1. Taking co= {a} log q in the last line of the proof of Theorem 2.1. we have

{a} logq + 2+^+＼+e1/p)

P /
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Hence, instead of taking the trivialbound 1+log q, we may write

IS

n = l

― x(x;xn)-
n

<-+1]
^D,(w)<l

+ 2
f
{a} logq + 2+fi+j- + e1/p＼

This gives DN(a>)<2({a} logq + (3+p+l/fi+K(fi) + e1/ff))/logN.As a special case

we obtain a uniform bound for alla=p/q with 0<p/q<l/logq .

Remark 2. Since

N ＼ N
J]―x(x;xn)-x 2
~i n

we have

(1)

N

s

n = ＼

1

≪~ n
= T,-(x(x;xn)-x) < ^TZ(x(x;xn)-x)

Af-1 1 ＼ n N-l 1
+ Ti-ri＼-Iix(x;xj)-x＼<Z ―

DN(a>)<

1 ( JV―1

s

M = l

1

d:(w)+i)

<

<c"(a, E)-m"-1+e

d:(co)+i,

n + 1

>g(o!>e)
" qn+E

1

logN

where D* denotes the usual discrepancy with respect to the arithmetic mean. In the follow-

ing let a be an irrational number of finiteapproximation type n>l, i.e.for all£>0 there is

a constant c(a, s) such that

kail

for allintegers q>＼. For such as rather good estimates of Dtf(an) are known. In order to

utilize these we relate D%{a)) to D%{an). For every positive integer h we have

N N
p2nih(an+fi log n) _ V~< p2nihan ,p2nihfl log ≪ ^ X"1 p2mkan

n=l ≫=1

+ 2 2tt/jA log (n +1) - log w)
12

e2**"'

≫=i y=i

(l+2nfih＼ogN),

m
<c'(a, e)mr>+＼ Y,

1

2||*a||

n 11

fr{ |sin 7r/?c>;I 2＼＼ha＼＼

Now we use the inequality of Erdos and Turan (cf. [3], p. 112) together with the estimates

m 1

*ti*ll*a||*t! IIAall

(cf. [31, p. 123) to obtain
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Dn(co)<c0
＼m ,4} h N

<co(
1

_

m

1 m

N

n = ＼

1

r[2h＼＼ha＼＼

<ci(a,e,£)(-+
＼m

2nih(an+fi log n)
＼

N k＼＼ha＼＼

mn-i+e

N

log TV

N
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)

Choosing m = [Nn+i] we obtain for every g>0: D#(co)<c2(o:, e,fi)N n+i+E.Inserting this in

(1) yields

(2)

DN(a>)<
c3(a, B)

log N

provided that a is of finiteapproximation type.

The argument used in the proof of Theorem 2.1.may be refinedto give the following

rAciiif"1

Theorem 2.3. Assume f to be a twice continuously differentiable{real-valued) function

defined on ＼1,oo)such that

/(l)= O,O<co</'(≪)<c1, LT(≪)I<-(≪>1).
u

Then for 0<x<l

Z-X(x;f(n))=xj]-+ S piT^j
≪=1 W ≪=1 W ;=0 / Ui

w^re f^gO-constantonlydependson cQ,Cu c2.

+ 0(1),

Proof. Let k be the largest integer such that ＼f~＼k)~＼<N. Then

2

M = l

-x(x;f(n))=Z -*(*;/(≫))+ S -*(*;/(≫))･
;=o [f-lUY]<n<[f-Hj+i)-＼ n

The second sum can be estimated in the following way:

S -x(x;f(n))<

r/"'(*)l<"<N n

Applying the formula

N~f-Hk)+1

f-Hk)

1

f-＼k)f(f-KZk)

["/"Wl <n<N
n

f-Hk+p-f-W+l

f~Hk)

/

1

1

1

<-+l.
(*) Co

£1=r+logm+±+o( m2)
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we obtain
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-x(x;f(n))=
f/-l(;)l<≫< [f'Hj+Dl

n ＼f-＼m

1_

r/-H

+

s

<≫< ＼f-Hj+x)＼

l

_

1

_

n

+log ＼f-Hj+x)＼ -log [f-HjY]

2 ＼f-Hj+x)＼

1

2 ＼f-＼m

1

＼f-Kj)V

)

where the O-constants are absolute noes. We note, that the above formula is valid even if

＼f~HJ+x)＼ < [f'HJ)! ･ Next we observe that

(3)
00

s

i=0 1/ )J2
= 0(1).

Hence

S -*(*;/(*))= S a°g/-1(i+*)-iog/-1(/)

+
f-Hj+x) -f-Kj+x)

f-Hj)

■/

Hj)

f- Kj)
+ 0(1),

using Taylor's theorem, formula (3) and [t~]= ＼J]+1. The O-constants depend on c0,ch

c2.Since [7~|―1= ―[―t]-t= { ―t), the result may be written as

i=0 ;=0 J ＼J)

By Taylor's theorem,

logf-Hj+x)-＼ogf-Hj)

1
―X

f-Hj)fif-Hj))
4

(

+ 0(1).

/-l(a/"(/-i(a)+/'(/-i(a)

f-H&fif-HOf

)

(for some t,withy<<!;<y+#).The absolute value of the last expression is bounded above by

f-HOlfif-KOl+ci

/-navo

C2 + Ci

f-Kifcl

1

f-HJ)2

Hence (applying (3))we obtain by Euler's summation formula

S ttogf-＼j+x)-＼ogf-Hj))=x
;=o

A-l
J dt

)

f-Kt)f(f-Kt))
+ 0(1).

The proof of the theorem is now completed by observing that



k-1
j
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dt

f-Kt)f{f-Kt))
=iog/-i(*-i)-iog/-i(i)=i;-+o(i).

M=l n

359

Remark. The above theorem may be applied to the sequence cu=(an+p＼ogn)(a,

fi>0); we just have to consider f(u)=(l+ {a})u+fi＼ogu ―(1+ {a}). The existence of a

bound DN(a))^c'(B)/log iV(uniformly in a) is equivalent to

Ms

y=o

{-/-i(i+*)}-(-/-Hi)}

f-Hj)

and

<c(fi) for all M, a and x.

3. Exponential Sums

In the following we give a refinement of [2], Satz 1 in the case of the logarithmic mean.

Theorem 3.1. For reals a, fi(/J^O) and positiveintegers h we have

Vle2^(a≫+/nog≪) <C{p)
(JR+1＼

n=An ＼ A *Jh)

N

s

≫=1

_ e2nik(an+p＼ogn)<lOg/* + 1+ 2C( A
n

where A, Band N denote positiveintegers and C (/?)is a constant depending continuously on fi.

PROOF. We begin by showing how to deduce the second formula form the first.

N

s

n=＼

1 h 1 N 1
_ p,2nih(an+P log ≪) <-V1 ― 4- V ― f>2nih(an+0 log ≪)

<l+log h + C(fi)
(j^

+-^=) <l+log h+2C(0).
V A /

For the main part of the proof we require the followinglemma:

Lemma 1. Let A <B he positivereals.Then for arbitraryrealsa, B(B^O) we have

B
＼

A

Bi

A

_ Q2nih(au+P log

U

u)du <(l +
1 ＼ 16

Jn＼jT＼) Jnh＼b＼ '

for allpositiveintegersh.

Proof of the Lemma. We may restrictourselves to the case /?>0; otherwise we may
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take the complex conjugate of the integral.If au+Bi=0 for allu with A<u<B then

Bw

A

g2nih(au+0 log m)^ _

U

By the second mean value theorem we obtain

B
If

A

/~2xih(au+0 log u)＼

T―t-du <au + B

B
C (cos

A

+

B
If

A

B
＼

A

/Q2nih(au+fi log u)y

2nih(au+B)

2nh(au +0 log ≪))',
au

au+fi

(sin2nh(au+8 log u))'du

au + B

du

<23 max .
A<u<B ＼aU+fi＼

Assume that uo= ―B/a<A. Then for 0<e<l we have

since

Let

since

us

B
If

A

1

_

u

If1

A

e2mh(au+fi log u)J≪

(1+eM (l+e)B

<
f *+ [

J ≪ JA (l+e)A

<2 log (l + e) +

1
max

(l+e)A<u<(l+e)B ＼aU + B＼

e2nih(au+0 log u)^u

B
If

A

1
1+e

1log =log

1 ―£

<

A
I

a-e)A

<21og

(

1+

du

u

1-

2

1-e

4

Q2nih(ctu+Plog u)£u

U

1

_JL_

e2nih(au+P log u)/ju

+
f *

J u

+
f

―+
J u

(1+s)B

nhsB

＼a(l + e)uo+0＼ ep

now assume thatB<u0. Then for 0<£<l we have

{l-e)B
I

(l-e)A

4

1

_

u

e nhsB'

max 1
^

1 _ 1

ewith0<A<B, 0<e<lwe obtain

u 1―e nhefi

(l-e)A<u<(l-e)B jaU +fi ＼̂ ＼a(l+s)uo+fi ＼ Sfi

Hence for arbitrary A, B, s with 0<A<B, 0<e<lwe obtain

Choosing e= 1/ Jnhfi for h>4/nfi we obtain the upper bound 8(e+ l/nhefi)= 16/ Jnhfi,

sinr.f!

2s

1-e
<4e for 0<£<―.

/Li

For Kh<A/nB we choose e = l/2 and obtain the bound 8(1/2 + 2/nhB)
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<8(2/ 4nhp+2ln Jtifi).Thus the firstpart of the Lemma is proved.

For the second integrallet us start again with the case au+fi^O for all u with

A<u<B. Then, as above, we obtain

B
If

A

_ ~2nih(au+plog m)^ <;
U2 ^

――-24 max

1

a<u<b ＼u(au+fi)＼'

since 1/'u(au+ 0) consists of at most two monotone pieces.

If ≪0= ―fi/a<A, then for 0<£<l we have

B

＼

A

since

_ ~2nih(au+Plog u)^

U2

a+s)A

<J

A

<l+e
i+

1

a+s)A

8

1_
2nih(aU+p＼ogu)du +

(l + e)Anhefi

^

(l+e)A<u<(l+e)B ＼u((XU+fi)＼

■
l<

(1

2

(l+s)A

1 1

(l + e)A ＼a(l+e)uo+B＼

Lemma 2. Ifau+B*OforO<A<u<Bthen

B 1

n=A

If1

A

~2nih(an+f)
log ≪)_

n

e2*W≪u+f} log u)du ^_§_

Anh

J U
A

B

A

y/(u)

Q2nih(au+0 log u)^

(―;+―2nih

＼ ul u

1
max ―
A<u<B ＼aU+fi＼

＼ u

))

(-

1

Q2mh(au+P log ≪)M^

nhefi

(l+s)As8'

Similarly,for J?<m0 we obtain the bound 2/(l―e)A-(e+A/nhefi). Hence for arbitraryA,

B, s with 0<A<B, 0<g<l we may take the upper bound 4/(1-s2)A-(s + 4/nhsfi).For

h>8/nfi we choose g = 2/V7r/?/?<l/V2and obtain the upper bound 8/A ･4/Jnhfi;choosing

e=l/V2 for h<8lnp gives the bound 8/A-(l/^/2+4^/2/nhfi). Since (for Kh<S/nfi)

1+ j2/nfi> Jnhp/A V2+ j2/nhfi= Vnhji(1/^2 + 4 <j2/ith0)/4,thisyieldsthe second in-

equality of the Lemma.

In the proof of the previous lemma we have shown the following estimates

We continue now with the proof of the theorem. By Euler's summation formula

for some complex number 8 with 101 < 1. We may assume that K a < 2 and 0 > 0, since for

KOwe may take the complex conjugate of the exponential sum and the sum remains un-
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changed if we replace a /3£ot+ k for integral k. By Lemma 2

The trivialestimate

BIf

A

1 4
_ e2nih(au+0 log u)^u ^

Mm)|< 1/2 yields

B
If

A

VW' e2nih(au+p log u)^u

U2

Using the Fourier expansion of w(u) we obtain

Put

B

A

M2

2nih

V u

2nih

j e2nih(au+0 log u)^u

For

{-A

<2A

j ^2nimu Q2nih(au+Plog≪)^

(-+4)
e^((^)"+^≪)du]

＼u u2j J

) m

we nave <x+―
h

u+p (a +

tn＼ (

<4-4<o
h A

1

m＼

~h)

1

m

~h

A+p

^A+fi

u

B

"
I

A

M =

Thus Lemma 2 gives

For m e M2 we obtain

^To m

2nih
Im [Im= ＼

V A

/ m＼

J7o m

＼meZ:m<- (l
+ hta+jr) j orm>-ha + l,m*o＼

imeZ:
-
(l+h(a+j)

J <m<-ha +l＼.

1+h a+4
＼ A

and(a+m/h )A+0< ―A/h<0. Hence forthesem

1
max

For m>― ha + 1 (m^O) we have a+m/h>0 and

1
max ―■―

fa +

＼nh Anh

＼ 1 4(a+ 2£)

＼(a+j＼ A+p An m + h(a+j
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I/J< J2_ (1+4) ia+2fi)

by Lemma 1. As card (M2X3 + h fi/A, we derive

s
m ＼rn.U,

x (l + 7§)<aH

4(≪+ 2ff) 3 + hfi/A

/ fi＼ . ,+ ha/2
nA m + h a+-j

＼m＼
＼ A /

16

4nhB

J>{a + 2P) / 1
+8i^

+ h£/A}An

Put p = h(a+0/A), then

y I =

,■?,,＼m＼＼m+u＼

1

+ s
1

m£?+1m(m-ju) 0<m<ha-iMv-m)

<2 f.
1

wfr1w(w+/u)

We have u>l (since h, a>T), and so

Since

00 1

^mim+fi)

1

o<^≪-i'≪(r≪)

we obtain

Hence

and so

2nih

s

me Mi

<s
1

1

o<m<L-im(M-m)

+

^mitn + lfi])

=
i s (-

M 0<m<ha-l ＼M
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K))

+ v 1

- 1 yj 1<21+logA<

Wm'Ti^ ft

―m m) a

1

＼m＼ ＼m+u＼

l+lOgyil

1+logu
E -<2 ―

0<m<[fi]m M

i+iog(h(oc+m

ha

_
^8(a

+ 2fi) ( 1 + log (A(a+jg) , 8(3 +h0/A)An ( 4l ＼＼
Im < 6h ; 1 7= 1 -I―p=

£*o vn

B 1 14 1
y _ e2nik(an+0logn) <±_ ,__Z__ . f_

,8(<x+2ff) /.? 1+log (Ma+jS)) , W + hfi/A)An T
^

V2 ＼＼^^//n / Jh
_,_1 ＼

A ＼ ha a4hBn ＼ 4nB)) ＼ A fh )

where C{j5) is a constant only depending on /?.Thus the proof of the theorem is complete.
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Corollary. For reals a, /?(/?=£Q) we have

DN(an+fi log nXCAfi)

Proof. We choose m=[ log N ]+1 in the

logarithmic mean (cf.[4],Th. 1):

/I mDM)** (-+S

＼ *=i

_1

h

(log log Nf

logN

inequality of Erdos-Turan for the

1

N 1

≪=1 n

Ns

≫=1

1

n

e2mhxn＼ j

A simple calculation yields the desired result.

Exponential sums for functions of a similar type as an +/? log n can be related to the ex

ponential sums considered above by the following theorem.

Theorem 3.2. Let p(n) be positive weights and let(xn),(an) be sequences of real numbers

and assume that ＼an+i―an＼<c/n1+sP(n) (with positive constants c and 8),where P(n) =

Til=iP(k). Then we have for positive values h

fjfWe2***^
<2P(m)+

j]p(n)e2"ikx"
+2nc

j}
-^ 7^ J] P(k) e2≪ih*>

n=l M=l n=m +l n "W ≪=1

where m=[h2/s 1 + 1.

Proof. Since ＼eiu-eiv＼<＼u-v＼we have

I S#n)e**<*H <£/>(≫)+I S
(

M=l M=l n=m+＼ ＼

m
2 p(k) e2≪ihXk

<2%p(n)

m
<2j]p(n)

S P(k) e2nihXk) (e2nihan_e2nihan +1^

*=1 /

N

k=＼

+

+

N
s

n―m + 1

N
s

n=m + ＼

2 P(k) eMh** 2nh ＼an-an+11 +
I£ p(n)

e2^"

*=i ≫=i

k=＼ n ~＼n) 'n=l

thus proving the theorem.

Assuming ＼an+i―an＼<,cp{n)lP{n)instead of ＼an+x―an＼<c/n1+sP(n)we obtain (for

m = 0)

1 N 9irhr N 1 ≫ 1 N
P(iV) .41^( ^ j P(7V) h PW P(n) h PK) P(N) k PW
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Hence Mm P{NTl 2£U/>(≫) e27I^"=0 implies Mm P{NYl S£=i£(≫)e2≫tt<*-+8->=0
JV~>oo Af->oo

provided that Mm P(N) ―oo. Thus Weyl's criterion (cf. [1], p. 55) gives
N―oo
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Theorem 3.3. Letp(n) be positive weights with lim Ti≫=ip(n)=oo. If(xn) is uniformly

distributed with respect to the weights p(n) and if ＼an+1―an ＼= 0(jK≪)/2 *=i p(k) then (xn+an)

is also uniformly distributed with respect to p(n).

Corollary. For a>=(an +/?log n+an) with realsa, fi(fi&O) and ＼an+1-an＼<c/nl+d

(c,S positiveconstants)we have

DN(w)<C(B, c,d)
(log log 7V)2

logiV

where DN denotes the discrepancy with respect to the logarithmic mean. (C(0, c, 3) may be

chosen to depend continuously on B.)

PROOF. From Theorem 3.1.and Theorem 3.2.we easilydeduce (forxn―an+p log n)

≪ = 1
≫

As in the proof of the Corollary after Theorem 3.1.,the assertion follows from the inequali-

ty of Erdos and Turan.

Remark 1. In the specialcase of the arithmetic mean p(n)=l the resultof Theorem

3.3.can be found in [6].

Remark 2. From Theorem 2.3.and the corollaryafterTheorem 3.1.it follows that

(forN>2)

"-^h {-f-Hj+xti-i-f-Hj)}

;=o f-Hj)
<C(B)(loglogN)2

where/"1 denotes the inverse function of ax+filogx―a (Ka<2, /?>Q) and C{0) is a

constant only depending on fi.In the following we give an upper bound for DN(co*), where

cy*=(/-i(M))≫=1. We define e(v) by

y fi
x= log―＼-e(y),

a a

Since dy/dx=a+B/x , we obtain

e'(y)=
X

a a

a

1

ax + B log X =y + a.

fiax+p-y

y a y(ax+fi)

_fi fiQ.-＼ogx) + a

a y(ax+fi)ax+0
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0 filogx+fi+a
le'OOK-

a ax-y

<,<!+/≫(lU) l^iHl

(where we have used the trivialestimatesax<y + a< (a +fi)x).By the mean value theorem

we have

w≫+i)-£Wi</W!!^^<M

Applying the last corollary to the sequence co * = (≪/ a ―B/ a ■log n+6/ a ■log a+s(n)) yields

DN(co*)< max C
(

Ka<2 ＼ a I

(log log TV)2

logiV
=Co(B)

(log log N)2

logN
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