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REMARKS ON THETA SERIES

By

Atsushi SHIMIZU

In this note we prove two propositions about theta series. The field of real
numbers will be denoted by R, the field of complex numbers by €, and Siegel
upper half domain of degree n by H,. And exp(2r+v/—1 2) will be denoted by

e(z). A theta series 8[ b ](zlx) of theta chararcteristic ( :,, ) is defined by
[ b }(ZI r)— Z e( ‘(r+k')z(r+le’)+‘(r+k’)(xfjrk”))

where ( z,, )ERZ" and (z, x)eH,XC"

One of the two propsitions is the follows;

PROPOSITION 1. Let fi(z, x)= 9[ ](zlx) be m theta series of theta charac-

k//

teristic( Z,, )(zgl 2, ,m). If (k” )SE( K )(mod Z®) forany 1, ] (1=i<j=m)
then fi, fa, -+, fm are linearly mdependent over C.

/
:t/ )‘( iy ) (mod @*™) for any i,j (1=i<j=m),

the result was given in S. Koizumi’s lecture at University of Tsukuba.
And the other is the following :

In a special case, when (

PROPOSITION 2. If 8[ 'Z,,

then 2k'=2k"=0 (mod-Z?") and 2'k’E"#0 (mod Z).

](zIO) 1S identically zero as a function of z€H,,

In case that ( k )EQ”, the result has been already known (Igusa [1], p.

B
174 Theorem 1). And we can see easily that the converse of proposition 2 is true.

Proposition 2 was proved first by A. Seyama [3] and later by the author
independently, but since the two proofs are quite different in principle, the
author believes that his proof is worth publishing.
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1. PRrOOF oF PrRoPOSITION 1. The proof will be by induction on m. The
result is trivial for m=1, so assume then that the result is true for m—1, and
consider the proposition as stated above for m functions. Suppose the result is
not true, and there exist m complex numbers a,, a,, -+, a, which are not all
zero, such that a,fi4a,f,+ - anfn=0. From the induction hypothesis, a;+0
for any i (1=<i=<m). Then, for any s/, s”Z" we have

0= é a;fi(z, x+zs' +s")= i aifiz, x)e<~‘s’x~%‘s’zs’-5k§’s’+lk§s”> .

Hence
:Zi aifiz, e(—tEls' ks =0.
On the other hand
g aifiz, X)e(—Rls LR, s)=0 .
Then we have
glai{e(_tk§/5/+zk§5”)—e(—‘Ieiﬁs’%-”kﬁ,,s”)}fi(z, x)=0.
It follows from the induction hypothesis that
e(—"ks'+'kis")=e(—"ki s+ kys”) for any s/, s"€Z" (1=i=m—1).
Therefore
e(—" (ki — ks’ + 1 (ki—ky)s")=1 for any s', s"€Z" (1=Zism—1).

This implies k/=Fk%, ki=Fk, (mod Z™) (1<i<m—1). But this contradicts the
hypothesis, so the proof is completed.

REMARK. let fi, fs -, fm be automorphic functions which respectively
belong to factors of automorphy p,, ps, -, pn which are different from one
another. Similarly to the above proof we can prove the following proposition :
if 0i/p; is a constant factor of automorphy for any i, j then fi, fu, -, fm are
linearly independent over C.

But in general 1y, fs, -+, fm are not always linearly independent. For ex-
ample, define a factor of automorphy p on C with respect to an analytic trans-
formation group G={1, —1} by p(1, 2)=1 and p(—1, z2)=¢°, and put p,=I,
p.=p, ps==p°. Then fi=-1, fy=1+4e"?, fy=—e* are automorphy functions which
respectively belong to p,, p,, p: and are apparently linearly dependent.
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2. Now in order to prove proposition 2 let us prepare two lemmas. Let
k'=[ki\, k"=[k{\€R", x=[x,\€C" and put kf'=[ k} \, kR"=[ ki eR™,
kR kY x k:’ kfr’b

ro

k;z k;z’ Xn

x;;__( X1 )ecm» and km’:( _;n+1 , Ry = _1"IIL")'1 eR™ ™, x%= < Xm+1 >Ecn_m,
Xm kb ky Xn

where m is some integer such that 1=m<n.

LEMMA 1. Let m be any integer such that 1<m<n. For any z,EHn,

(G )= o 5% : Jeemi 0] 3 ke .

LEMMA 2. Let u be any element of GL(n, Z). Then

[ Y ](ZIX) 3[ ;f/ ](‘uzu]‘ux).

ZZ?EHTL—WU

1

Hence if 19[ ](ZIO) is identically zero as a function of z€ H,, sois 8[ ub ](ZIO).

kl/
These two lemmas are easily proved.

PROOF OF PROPOSITION 2. When n=1, since

9] ¥, Jeto=] § Jelzer+rne(Ghat+ra7),

both 19[ b ](z]O) and 9[ ](zlzk 4+ k") are identically zero at the same time.
1

But «9[ ](<|x) is zero if and only if xe(»-—+/)z+(—2——rl>‘_{az+bla:?,
0 .. . . .

E (mod l)} Hence 3[ ](zlzk’-}-k”) is identically zero if and only if

'+ R (—-+7)z+< +£) for any ze H,. This implies that if 19[ b ](2[0) is

identically zero, k’Eé— and k”E% (mod Z) and the result is true in this case.

When n=2, by Lemma 1

9[ " ](( 28 2 )l()) - [ B! ] ‘IO)‘(}[ ¥ ](Zz|0) for anv z,, z€H,.

Since the result is true when n=1 it follows that



18 Atsushi SHIMIZU

k{sk’{z—é— or Ri="FY z (mod Z).
1 2 1 u -k’
7 fee M — H . (¢}
We may assume k{=k/= 5 Then putting u—( 11 ), by Lemma 2 d[ tyh” ]
I bt " "
(z]0) is identically zero, where u“k/:( #k};€+§2k; ) and '5uk”:( Zk]?jkk,; )
Then similarly to above we gain
ki—Ri=2R1+ ”=é or —ki+2 ;Ek’{+kg’5% (mod-Z),
therefore
k=0, ’2’:% or 2k=0, R%=0 (mod Z),

and in either case the result is true.

Now assuming n>2, we shall complete the proof by induction on n. Suppose
9[ z,, ](z]O) is identically zero.

Case 1) If there exists ¢ (1=1<n) such that 2k[z0 or 2k/%0 or 2'k}k/=0
(mod Z), we may assume ;=1. Then by Lemma 1

9[ P ](21[0)19[ kL ](N*]O) 0 for any z¥eH,, zicH,_;.

%7 17
Since 3[ :i/, ](2 |0) is not identically zero, 9[ z“’ ](Z*|0) is identically zero,
1
17
3[ :T” ](Z*IO) is identically zero hence we have 2kLi'=2k1"=0 (mod Z™ ') and
E3
2k RLY"=0 (mod Z) frorn the induction hypothesis. Then there exists an integer
JjZ2 such that k,_k”:‘ (mod Z) (if not, 2°ki{'ki"=0 (mod Z)). We may

assume j=2. Now by Lemma 1,

97
[ i ]( 5109 ZE |cs10=0 tor any stem, ieH, .,

Since Z‘ki’ki”EZ‘kJ"ki"—%EO (mod Z), 9[ ike;k/, ](ZiIO) is not identically zero.

This implies that 2k/=2%7=0 and 2k{k{=0 (mod Z), hence 2k’'=2L"=0 (mod Z%)
and 2°k’k”=2k{k|+2'ki kL"3£0 (mod- Z).
Case 2) Now we assume for any 1 (1=:1<n) 2k/=2k7=0, 2k}kY=0 (mod Z),

) . . k’
that is, ki= Q’E% (mod Z) for any i. In this case, if 8[

s identicall
b7 ](2[0) is identically

zero, n must be odd. In fact, if n is even by lemma 1
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kY
9[ k’.Z‘” ]( *10)19[ Y ](z*IO) -0 for any z¥cH,, zic€H,_,.

But from the induction hypothesis neither 8[ e ](27 |0) nor 19[ B ](2*10)

identically zero. This contradicts the hypothesis. Now if n is odd, clearly
2k'=2k"=0 (mod Z") and 2°k’k”#0 (mod Z). Hence the proof is completed.
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