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ON THE CURVES OF GENUS g WITH AUTOMORPHISMS
OF PRIME ORDER 2¢g-+1

By
Atsushi SEYAMA

Introduction.

Let & be an algebraically closed field, and let C be a complete non-singular
curve of genus ¢g=2 defined over % In [2], M. Homma showst hat if a prime
number ¢ is the order of an automorphism of C, then g=g+1 or g=2¢+1. He
determines all C in the case of g=2¢+1 as follows

(i) If ¢ is equal to the characteristic p of &, then C is birationally equivalent
to the plane curve

yi=xl—1z.

(iiy If ¢ is not equal to p, then C is birationally equivalent to one of the fol-
lowing plane curves

Y (y—1y =29, 1=r<m=g+1.

The case (ii) shows, in particular, there may be many isomorphy classes of curves
of genus ¢ which admit an automorphism of prime order 2g9+1+p. The aim of
this paper is to classify these curves.

Fix a prime number ¢=5 different from p. For a pair of positive integer (7, s)
such that any one of 7,s and r+s is coprime to g, let C(r,s) be a non-singular
model of the irreducible equation

Y (y—1F=a

over k. Then the genus of ((7,s) is (¢—1)/2 and C(,s) has an automorphism of
order ¢. In §1, we shall give a basis of the space o1 differentials of the first kind
on ((r,s), in forms suitable to our later use. In §2, we shall give a condition
under which C(r, s)’s are isomorphic in terms of » and s. This is our main result.
In particular, we see that the cardinality of the set of isomorphy classes is, (g+5)/6
if g=1 mod 3, and (¢+1)/6 if ¢g=2 mod 3. In §3, we determine the order of the
group of automorphisms of C(r,s) in the case of characteristic zero.
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Dr. M. Homma for their encouragement during the preparation of this paper.
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Notation.

Throughout this paper, we fix an algebraically closed field &, and a prime
number ¢=5 different from the characteristic of k2. All curves are considered to
be defined over k. We write | S| for the cardinality of a finite set S. The sub-
group of a group H generated by a family {/;, ---, in} of elements of H is denoted
by <A1, -+ -, hn>. As usual, Z, @ and € mean the ring of rational integers, the field
of rational numbers, and the field of complex numbers respectively.

§1. Bases of the space of differentials.

Let 7, and 7, be positive integers such that any one of 7,7 and r+r is
coprime to g. We consider a complete nonsingular curve C over k which is bira-
tionally equivalent to the plane curve

yo(y—1)n=z".
The curve C has an automorphism # of order ¢ defined by
*y)=y, 0%x)=La,
where ¢ is a primitive g-th root of unity in k. Consider the ramified covering
7:C—> P'=C[K0),

correceponding to the inclusion k(x, y)“”=Fk(y)Ck(z, 7). The degree of y is g, and
7 is ramified at excatly three points Py, P, and P, lying above 0,1 and ocoeP'=
kU oo} respectively with the ramification index g¢. Consequently the divisors of
rational functions v, v—1 and z, and that of differential dy are as follows:

div (y)=¢qPo—qP., div(y—1)=gP,—qP.,
div (2)=7Py+71Pi— (1o +71)Pe,
div (dy)=(g— 1) P, +(g—1)P,—(g+1)F..
In particular, the genus ¢ of C is given by (g—1)/2.
For any integer e coprime to g, we denote by e* the element of {1,-.-,¢-1}
such that

e=e* mod ¢.
Then we define a subset £ of {1,-.-,g—1} by

0=(a+b)g+q—Fot7)e—1, where}

FE=leell,---,q—1
{e { ¢l ree=(re)*+aq, rie=(re)*+bg

For each ecE with re=(re)*+aq and r.e=(re)*+bg, we put

To—1- (¢, _ 1\1—-1-b
At Vi

e —
z7e
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This differential is of the first kind. In fact, we easily see

div (@0)=(ree—aq—1)Po+(rie—bg—1)P, +((a +b)g+q— (ro+r)e—1)P..=0.
Lemma 1.1.  We have

©) B={eeft, -, g-1) (r°e>*+(m)*+<r"°e)*:q’}

where ¥o=—(r,+7)).
1) |E]|=g.
PrROOF.  Since (re)*+(re)*=(r,47)e—(a+b)g=1, we have ecE if and only if
1=(re)*+(rie)*=g—1. That is,
(roe)* +(rie)*=((ro+re)*.

Look at the equality (—c)*=g—c* for any integer ¢ coprime to ¢, and we see that
eeE if and only if

(ree)*+(rie)*+(rue)*=q.
On the other hand, the function
e —— (roe)* +(rie)* + (v.e)*
takes exactly two values g and 2g on {1, -- -, q—1}, edE is equivalent to
(roe)* +(re)* + (r.e)*=24.
That is,
g—o(—e)*+g—(r(—e)*+q—(r(—e)*=2q.
The last equality is equivalent to g—eeZ, and we have | E|=g.
PrOPOSITION 1.2. We have the following.
(1) Awedecz is a basis of the space of differentials of the first kind on C.
(&) For i=0,1,00, let G; be the set of gap values at Pi. Then the map E— G;
defined by e — (rie)* is bijective for any i=0, 1, co.
Proor. Since | £ |=g, and

div (0,)= > rx’((ne)*-— DE;,

7=0.1,

it suffices to show that the map E — G; is injective for each i. But this is obvious
because #; is coprime to gq.

REMARK 1.3. Let { be a primitive ¢-th root of unity in the complex number
field C, and let ¢, be an element of Gal (Q(()/Q) defined by ¢,(0)=C¢, for eeE. Then
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the proof of Lemma 1.1. shows that (@), {pe}ecr) is a C.M. type. This C.M. type
arises as follows. Assume 2=C, and let J be the Jacobian variety of C. The
automorphism 0 of C induces an automorphism # of order ¢ of J, and we have an
isomorphism i of @) into End (J/)®Q defined by #()=4F4. Then (J,7) is of type
(QL), {@pebecr)-

§2. Main results.
First of all, we restrict the equations of curves which we have to classify.
ProposITION 2.1. Let v, and 7, be positive integers such that any one of v, 1,
and 7o+, is coprime to q.
Then the irreducible equation y"(y—1)1=x7 is birationally equivalent to y"(y—1)=
x?, for some v=1, ---,g—2.
Proor. Let s be a positive integer such that »r,s=1+g¢b, and put
res=r+qa, r=1,---,q—1
Since 7,+7, and s are coprime to ¢, we have r+qg—1.
We shall show that the function field &(z,y) defined by the equation
yo(y—1)1=2"
is isomorphic to the function field (%, ») defined by the equation
v(v—1)=ul
But it is easy to see that
o(u)=2"[y"(y—1), 9(v)=v,
gives an isomorphism, ¢ : k(#%, v) — k(x, v).

For each #=1, ---,q—2, we fix a non-singular model of ¢"(y—1)=2% which is
denoted by C,. The curve C, is a special one of C in §1, so we use the following
notation ; the automorphism of order g of C, is denoted by 4,, three fixed points of
8. are denoted by Pr.o, Pr.: and P, the set of gap values at P,; is denoted by
Gr(i=0,1, c0), and the set

{ee{l, -+, g—1}|0=aq+qg—(r+1)e—1, where re=(re)*+ag}
is denoted by E..
ProprosiTION 2.2. Let C and C' be curves of genus g=(q—1)/2 which admit

automorphisms of ovder q,0 and 6" respectively. Then the following conditions are
equivalent.
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(1) C and C' are isomorphic.
(2) (C,<8) and (C',K0") are isomorphic, that is, there is an isomorphism
p:C—C
such that {0'>=epl{0>p",

Proor. Since {¢9’'> is a ¢-Sylow subgroup of the automorphism group of C’ by
Corollary A.4. in [4], the statement is trivial

The following lemma gives two sorts of isomorphisms among (C,, {6,»)'s.
LemMMA 2.3. For v and se{l, ---,q—2}, we have the following.
(1) If rs=1 mod q, then there is an isomorphism
r 1 (Cr, <07)) —> (G, <0s)
such that
0(Pr.0)=Ps1, 0/(Py1)=Ps.0, 04(Pr,00)= Py, o
2) If —(r+1)s=rmod gq, then there is an isomorphism
77 21 (Cr, (0r)) —> (G, <Os))
such that
tr(Pr.0)=Py0, Tr(Pr 1) =Ps, 0y To(Lr,0)=Ps 1.

Proor. Let &(z,y) (resp. &(u,v)) be the function field of C, (resp. C;) with the
equation y"(y—1)=2a? (resp. v’ (v—1)=u?).

For (1), we put

1 if 7 is even
=1+¢b,d=
rs=lte {0 if 7 is odd,
Then
oF(u)=(=1"* 5%y, o¥(0)= —y+1

gives a desired isomorphism o,.
For (2), let te{l, - -+, q—2} be such that

(q—r+1))t=1+qb.
Then ¢g—(¢+1)=s, and
¥ u)=xtly" "y —=1), o) =y/(y—1)

gives a desired isomorphism z,.
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DEFINITION 2.4, We define a subgroup S of the group of permutations of the
set (Z|qZ)*—{~1} by

S={a, ), 6(r)=1/r, 7(r)= —7[(r +1),

where (Z|qZ)* is the group of invertible elements of the field ZlqZ.

The group S is isomorphic to the group of permutations of three letters. In
fact, S is consisting of the following six elements :

l:v——7, 6 r— 1)y
Ti¥ > —7[(r+1), gro it —(r+1)
ot 17— —(r+1)/r, (o) i1 —— —1/(r+1).

Then the map = defined below gives an isomorphism of S onto the group of per-

mutations of {0, 1, co}.
01 oo 01 oo
11— 0 —>
01 oof, 10 oof,
01 o 01 o
T oTaq ——>
0 oo 1/, co 10/,

01 o0 01 oo
a'zw———y( (07) —
1 oo 0/, co 01/,

In what follows, regarding {1, ---,¢—2} as a complete set of representatives,
we use the notation C, etc. for re(Z/gZ)*—{—1}. By Lemma 2.3., we have,

CoroLLARY 2.5. For any re(Z{qZ)Y*—{—1} and for any ¢€S, there is an iso-
morphism
@r :(Cry <0r0) — (Coimrs {Opery))
such that
Oor(Pr.))=Poers, sy, 1=0, 1, co.
The following proposition concerning the action of S on (Z]gZ)*—{~1} is easy,

80 we omit the proof.

ProposiTION 2.6.

(0) For any re(Z|qZ)*—{—1)}, the order of the stabilizer S, is 1,2 or 3.
1) We have

re(ZjgZy*—{-1 115, |=2}={1, 9,201},
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(2) For any re(ZlgZ)*—{-—1},|1S,|=3 if and only if *+r+1=0. If there is such
an v, then

re(ZlqZ)y*—{-=1} || S, |=3}={r, 7"},

and this set is the S-orbit of r.
3y We have,

‘:{(CI+5)/6, if g=1 mod 3.

| S\(Z]qZ)*—{—1} (g+1)/6, if g=2 mod 3.

We see, in Corollary 2.5., that C, and C; are isomorphic if » and s are S-
equivalent. The converse is also true, this is our main result. To prove it, we
need a lemma.

For any r=1, ---,¢—2, we call E, primitive if E, as a subset of (Z/qgZ)* satisfies,

Yue(ZlgZ)*, ub,=FE, > u=1.
For example, if I, satisfies Y.erex0modg, then E, is primitive.
LemmMma 2.7, For any v=1, .-+, q—2, we have
—12¢(r+ 1)e€%e572+r+ 1 mod q.

Proor. By the definition of E,, we see easily,

L=U fee Z| (qa+Dr=e=(qla+1)~1)(r+1),

where the right hand side is disjoint. Furthermore, for ¢=0, --.,r—1,

{eeZ | (ga+1)r=e=(gla+1)—1)/(r+1)}
={eeZ|[ga/r]+1=e=[g(a+1)/(r+1)]},

since g(e+1)%0mod r+1, where [ ] is the Gauss symbol.
Note that the inequality [ga/r]=[g(a+1)/(r+1)], and we have,

(i) 5 e=LZE (ala+1)ir+ D)~ galrlt g+ DIr+1))+[galr] + 1
=1/23 (lgal(r+1)T+[qa/(r+ D) = 1123 {{gals F-+Tgalr].

On the other hand, for any s=1, ...,g—1, we see

{gb—I[qb/sls | b=1, -- -, s—1}={1, ..., s—1}

and then,
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(i) s bz: [gb)s]=—s(s—1)/2, mod g.
szzzj’ [gb/sT?=(s—1)s(2s—1)/6, mod g.
Our lemma is easily deduced from (i) and (ii).

THEOREM 2.8. For any v and se(Z|qZY*—{—1}, C. and C, are isomorphic if
and only if v end s ave S-equivalent.

Proor. Assume C, and C; isomorphic. By Proposition 2.2., there is an iso-
morphism

- (CT’ <07‘>) - (Cs, <0s>).

In particular, there is a permutation z of {0, 1, co} such that ¢(Py )= P;. ray(i=0, 1, c0),
and then

Gr,i=Gs.z(i)y l=07 1, co.

Assume E, is not primitive. Then neither is £, By Lemma 2.7., these imply
r*+7+1=5+s+1=0, and r and s are S-equivalent by Proposition 2.6. (2).
Assume E; is primitive. There are six possibilities of . For example, if

(Oloo)
7[:
1 oo 0/,

then, as subsets of (Z/¢Z)*, E, and FE; satisfy the equalities 7vE,=E;, E,= ~(s+1)E,
and —(r+1)E,=sE; by Proposition 1.2. (2), and

srE,=sE;=—(r+1E,.
Since F, is primitive, we have
s=—(r+1)/r=(ot)(r).
The other five cases are similarly treated, and the proof is completed.

As a corollary, we characterize hyperelliptic and trigonal curves in {C,}.

COROLLARY 2.9.
(1) The curve C, is hypevelliptic if and only if r=1,9 or 2g+1.
(2) The curve C. is trigonal if and only if v is S-equivalent 1o 2.

Proor. Both (1) and (2) are clear from Proposition 3.3. in [2] and the above
theorem.
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RemARK 2.10. Assume k=C and let /, be the Jacobian variety of C,. Taking
account of the theory of complex multiplication of abelian varieties [5], Lemma
2.7. shows that /, is simple if | S, |+3, and that J, is isogenous to the three fold
product of an abelian variety X of dimension (¢—1)/6 if | S, |=3. Furthermore, by
the results of [3], we see that J, and J, are isogenous if and only if » and s are
S-equivalent, and that X as above is simple.

§3. Orders of automorphisms groups.

As before, let C be a curve of genus g=(¢—1)/2 with an automorphism @ of
order ¢. Each element of Aut(C,<{¢)) induces a permutation of the set of fixed
points of ¢, Fix (¢), and we have a group homomorphism of Aut(C,<{#)) into the
group of permutations of Fix (¢).

LEMMA 3.1. The kernel of above homomorphism is {6).

Proor. If peAut(C,<#)) is identity on Fix (¢), then the induced automorphism
¢ of C/<0) is identity on = (Fix (0)), where = is the projection C — C/<#). Since
the genus of C/<#> is 0 and | Fix (¢)|=3, ¢ is identity on C/<¥)>. But the natural
homomorphism

Aut (C, {0y) —> Aut (C/K8)

has the kernel <{#), we have pel0.

ProrosiTioN 3.2. For any r=1, --+,q—2, we have
I Aut (Ch <0r>) i:q | Sy }

Proor. Assume |S,|=1. Then the cardinality of the set G,={Gs.o, Gr.1, Gr oo}
is 3. Hence any element of Aut(C,,<#,)) is identity on Fix (6,)={Pr.q, Pr.1, Pr. o).

Suppose | S, |=2. Then |G, |=2, so that there is no element of Aut(C,, {4,)
of order 3.

If | S, |=3, then it suffices to show that there is no element of Aut(C,,<#,>) of
order 2. Let ¢ be an automorphism of Aut(C,,<{¢,») of order 2. Then the genus
¢’ of C,/<i) satisfies

* 1=¢'<y,

because C, is not hyperelliptic. Since i induces a permutation of order 2 on the
set Fix (#,) of cardinality 3, i and ¢, have a common fixed point. Let H be the
stabilizer of this point in Aut(C,), and let p be the characteristic exponent of the
ground field &£ Since p-Sylow subgroups of A are normal and the quotient group
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of I by the p-Sylow subgroup is cyclic, we see that the order of i,i'0;' is a power
of p.
On the other hand, i normalizes {#,), so that i#,i"'0;'e{0,>. Hence we have

Wy =01

because of (p,q)=1. Consequently, 7. induces an automorphism of order ¢ on
C,/<&y with a fixed point. This contradicts (*).

Now, we consider the full automorphism group Aut (C) in the case of charac-
teristic zero. When the genus is 2 or 3, Aut(C) is well known. If the genus is
2, then all curves in question are isomorphic and the order of Aut(C) is 10. If the
genus is 3, there are two isomorphy classes, hyperelliptic one and non-hyperelliptic
one. In the first case, the order is 14. In the second case, the order is 168, and
the curves are isomorphic to well known Klein curve. In general, we have the
following.

TurEOREM 3.3, Assume the charactervistic of the ground field is zevo. Then for
any r=1, ---,q—2, we have

| Aut (Cr) [=q] 5|
except that C, is isomorphic to Klein curve.

ReMARK. By the result of §2,C, is isomorphic to Klein curve if and only if
g=3 and r=2 or 4.

Proor. Let C be a curve of genus ¢=(¢—1)/2 with an automorphism ¢ of
order g. It suffices to show that <{¢> is normal in Aut(C) provided g=5.

Put G=Aut(C). Assume () is not normal in G. Then the cardinality of the
set of ¢g-Sylow subgroups is at least ¢g+1, and we have

) @o+DE0+2)=qq+ D=6 |

On the other hand, let {@i, ---,®,} be a maximal set of inequivalent fixed
points of G—{l¢} and let m; be the order of the stabilizer of @; in G. We may
assume m; =-.--=m,. Since the genus of C/G is zero, Hurwitz formula gives

20-2=|G (n—2-51/m)
Using above formula, we see easily

@) |G |=24(g—1)

except the following two cases;
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2) n=3 and m,=2, my=0.
G n=3 and m;=7.

(For example, see [1].)

The inequality (1) contradicts (*) because of g=5. The case (2) does not occur,
since one of m,, m, and m, is divisible by ¢=11. For the same reason, we have
following inequality in the case (3),

|G |=(2¢—-2)[(1-1/2—-1/3—-1/11)<27(y—1).

This contradicts (*) again.
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