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AN ASYMPTOTIC EXPANSION FOR A ONE-SIDED
RANK TEST IN A TWO-WAY LAYOUT

By

Taka-aki SHIRAISHI

Abstract. In the randomized block design with I blocks and two treatments, the
within-block rank test is considered. It is found that the test is asymptotically
efficient for a large number of observations per each cell and the asympotic ex-
pansion of that under the null hypothesis is obtained.

§1. Introduction
The model is as follows,
Xijp=p+pitrit+ei (L)
for i=1, .--,1, j=1,2, and k=1, ---,s;, where

‘Bi—':(), Z'1+‘L'2=O and {eijk: Z=1, "',I, j=1,2, k=1, "',Sj}

DM~

i
are independent and identically distributed random variables from a distribution
function F(¢) with density f(¢).

The null hypothesis is H:7,=t,=0 and the alternative is K:7, <. If 1=1,
(1) is the two-sample problem, the locally most powerful rank test exists and it
is asymptotically optimum. Then the exact table of significance levels for small
samples and special scores is given, the asymptotic normality is followed, and
recently Bickel and Zwet [1] and Robinson [6] derived the asymptotic expansion
of the test. In the present paper, we will propose the asymptotically optimum
rank test and extend Robinson’s result to the case of the model (1).

1

§2. Test statistic

In order to simplify the notations, we set s=s,, [=5;, s+{=n, p=s/n and g=
1—p. Here define the scores function @.(+) by a mapping from {1,2,---,n} to R

satisfying an(k)=—au(n—k+1) for k=1,2,--+,n and kﬁ}l{an(k)}zzl, and define within-
block rank Ri;x by the rank of Xi; among the i-th block {Xiw: 7=1,2, k=1,2,

Received April 8, 1983. Received July 25, 1983.



120 Taka-aki SHIRAISHI

-+, 8;}. Then we reject H, if Sz«/(n—l)/(]ﬁ;?)i‘,] Lian(R,;lk) is too large. Hence
if

anlh)= E{— X SO /o STE (X X, (2)

it is a locally most powerful within-block rank test and we find the following
proposition.

ProposiTION. Let

84

P(?g‘):i]f[‘ j]i jjlf(xijk’_fw“ﬁi> and Qm(z?) :iﬁ ]i kjlf(wijk_Il‘“ﬁi—dj/"/iﬁ)

=1 j
wheve 4,4+ 4,=0. Also suppose that a.(k) is defined by (2). If the sequence of the
Jjoint density functions of {Xip: i=1,---,1, j=1,2, k=1,2,---,8;} is {Qu.sx)} and
lim s;/n=p; where p;>0, then

lim Pr{Szs,}=lim Pr{log {Q..X)/PX)}=t.}, (3)
where s, and t. are upper a-percentage points.

ProoF. As our proposed tests are similar to ¢ and 8, we may assume p=p;
=0 in the model (1). Then from LeCam’s third lemma stated in VI 1.4 of [5]
and from theorem V 2.1 of [5], it follows that

log (QuCOIPX ) =log [[1, TT 11 7=, )11 (X |

i= k=
= N(—1(f)b*2, I(f)b*) under H
- NUI(fb*2, I(/b*) under {@,s(z)} probability,

where I(f) is the Fisher information number and

2

2 2
[)2221'17.1'(41‘ ZPkAk) -
Jj=1 k=1
On the other hand, from [5],
Xi=3 an(Rur)/~Bg —> NO, 1) under H
— N(I(f)[Ib,1)  under {@ns} probability.

Since {X;:1=i=n} are independent random variables, from theorem 3.2 of [2],
S —~ N(O,1) under H
—— N(WI(f)b,1)  under {Q,s probability.

Therefore the left and right hands of the equation (3) of the proposition are
equal to 1—@(k,—+I(F)b) where @(.) is the standard normal distribution function
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and %, is the upper a-percentage point of @(-). So the result follows.

The right hand of the equation (3) is the asymptotic power of the most power-
ful test for H versus Kn:t;=4;/+/ n as n—oo. Hence when r; is small and a.(k)
is defined by (2), the test based on S is efficient. Hajek and Sidak (5] refer to
the rank test satisfying this proposition as asymptotically optimum.

§3. Asymptotic expansion

In order to investigate the asymptotic expansion of the test based on S under
the null hypothesis, we need the following definitions. Let Aqn= 2|aa(k)[", ba=
k=n
max |a.(k)|, p=s/n, g=t/n and let the notation # denote the number of elements.
1sksn

Also we set Assumption (I).

AssumpTioN (I)

For any ¢>0, there exist ¢>0, ¢/>0 and 6 not depending on » and =z which
satisfy the condition:

for any z€eR’,

k| aa(R)t— 2 —2rr) >¢ for =0, =1, £2, --- and te(cby’, ¢’ A} =on.

Robinson {6] showed that Wilcoxon and normal scores satisfy Assumption (I).
Here we get the theorem.

THEOREM
If we set

Gns(@) =0(z)+D'O(){(1—6pg) Aun/(24pg] ) — (1 —4pq)/(8pgIn)}

and suppose that Assumption (I) is satisfied, where ®(z) is the standard normal
distribution function and D* is the fourth differential, then |PriS=z}—Gns(x)| <BAsa
for all x, where B is a function of p only.

Proor. The characteristic function of +/ (n-—l)/(h})ﬁij au(Ri) is from [3],
k=1
n —~1 . S
Fus)=(2) " Zexpliv (e=Dnpg)tlan(h)+ - - +an(k)}]
=[2ﬂan(p)]Ang ﬁ[q.}_pei(‘/(T:T)./—(%P_‘Dlan(k)+0)](iosd0
_xk=1
where 3 is the summation over all vectors (%, - -, k) with integer elements and

L=k <---k=n and Bu(p)=(")p'e"".

Here we transform
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TmpH/2 g

1/2 k]:[liok(g[” t)d(/, ’

futy =l “2sBupr |
where
(¢, 1) =qe P DTV poitenkPOTVEgnd g =072+ (n—1)]n taq(k) .
Hence the characteristic function of S is {fus(¢/v T )}!. Setting
gns() =" 1 +{(L—6pg) Ain/(24pq) — (1~ 4pg)(8pgm)}]

the distribution function with characteristic function {g..(#/~/ T )} is
I
Hal )= 0z)+ £ D00 , ){(1=620) Aunl (2AT*b) (1~ 4)/(8T*pan)}*

where D'% is the 4k-th differential.
Then from XVI. 3 lemma 1 of [4],

T

| Fos(2) — Has()| §1/TES r I{fws(t/‘/T)}I'“ {gns(t/“/T)}I/tldt"F24(1/(7TT)
T _ _
é]/rzS'Tlfm(t/«/ T gust/ ¥ T)lf|8\dt +24d)(=T"),

where d=sup {H,s(x)}.

Hence if we take T=c¢’A;,), from the similar way of getting the equations (17)
and (18) of [6], we find that

S_ +S | Fast/V T )= gast] v T)|/1t]dt = B, Asr
and
S :_ | Fust]V T )= gust/~ T)|/|t]dt < B Asn..

Here we get |Ful(x)— Has(x)| <BsAsn, where B, B, and B; are functions of p only.
Now from the Holder inequality, since A,,=#»"' and
A _ n . J n 2 173 n 5 2/3—- 23
o= 2 la®I'={ 2 la®} | Sla®l) =,
k=1 E=1 k=1
we have Ap/n=A%,=As.
Therefore we get the theorem.
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