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Introduction.

For an n-dimensional complete space-like submanifold M with parallel mean

curvature vector of Sp+P(c), it is seen by Cheng [3] that M is totally umbilic

if n―2 and H2<c or if n>2 and n2H2<4(n ―l)c, where H denotes the mean

curvature, i.e., the norm of the mean curvature vector h. On the other hand,

Aiyama and Cheng [1] prove the following

Theorem A. Let M be a complete space-like hypersurface in a Lorentz

space form M＼{c) with parallel mean curvature vector. If the Ricci curvature is

bounded from above by some number less than 3(c―H2), then c must be positiveand

M is congruent to a Riemannian 3-sphere S3(c').

Recentely we verified the following which is Theorem 1 in [2] as a high

codimensional version of Theorem A.

Theorem B. Let M be a 3-dimensional complete space-like submanifold with

non-zero parallel mean curvature vector h of an indefinite space form S3p+P(c),

p^2. If it satisfies

(1.1) ~c^H2^c and Ric(M)£8l<3(c-H2),

then M is totallyumbilic.

However, we get a more natural extending theorem. In this paper, we

verify the following theorem.

Theorem. Let M be a complete 3-dimensional space-like submanifold in an
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indefinite space form M|+P(c) with parallel mean curvature vector. If the Ricci

curvature is bounded from above by some number less than 3(c―H%), then c must

be positive and M is congruent to a Riemannian 3-sphere Ss(c').

Theorem B is included in the above theorem.

The author would like to express her gratitude to Professor Hisao Naka-

gawa for his useful advice.

2. Preliminaries.

Throughout this paper ail manifolds are assumed to be smooth, connected

without boundary. We discuss in smooth category. Let M%+P(c) be an (n + p)-

dimensional indefinite Riemannian manifold of index p and with constant cur-

vature c, which is called an indefinite space form of index p. According to

c>0, c=Q or c<0 it is denoted by Snp+P(c),R%+p or Hn/P{c). A submanifold

M of an indefinite space form Mp+P(c) is said to be space-likeif the induced

metric on M from that of the ambient space is positive definite.

Let M be an n-dimensional space-like submanifold of Mp+P(c). We choose

a local field of orthonormal frames elf･■■,en+P adapted to the indefinite Rie-

mannian metric of Mp+P(c) and the dual coframe <ou ■･･,Q)n+P in such a way

that, restrictedto the submanifold M, eu ･･･,en are tangent to M. In the sequel,

the following convention on the range of indices is used, unless otherwise

stated:

l<^z, j, ■■■<,n ; n+l^a, /3,･■･̂n + p .

We denote the second fundamental form a of M by

a = ― S hfj(DiWjea.
a.i.j

The mean curvature vector h and the mean curvature H are defined by

(2.1) h=-- 2 CS/≫&)≪≪, H=＼h＼ = -J^(^htty.
n a i n v a i

Let 5=S(/zf^)2 denote the squared norm of the second fundamental form a

of M. From the Gauss equation, the components of the Ricci curvature Ric is

given by

(2.2) RJk=(n-l)cdJk- 2 hauh%+ 2 h?kh?j.
a.i a, i

3. Proof of Theorem.

In order to prove Theorem, the following factsare needed.
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Proposition 1. Let M be a 3-dimensional complete space-like submanifold

with non-zero parallel mean curvature vector of M3p+P(c). If the Ricci curvature

of M is bounded from above by some number less than 3(c―H2), then M is pseudo-

umbilic.

This is proved as Proposition 4.1 in [2].

Proposition 2. Let M be an n-dimensional complete space-like submanifold

with non-zero parallel mean curvature vector of Mp+P(c). If M is a pseudo-

umbilical submanifold, then M is a maximal submanifold of a totallyumbilical

hypersurface Mnp±r＼c) of Mnp+P(c).

The generalized case of Proposition 2 was proved by Chen in [4].

Lemma 3. Let M be a 3-dimensional complete maximal space-like submani-

fold of M＼+q{c). If the Ricci curvature of M is bounded from above by 3c, then

c>0 and M is congruent to S＼c).

Proof. By using (2.2) and the assumpution that M is maximal, the dia

gonal components of the Ricci curvature are given by

Rit=2c- S h?jh?t+ 2 haijhaij=2c+S'^2c .
(t.j a,j

This combines with the conditionRti<3c to be c>0.

theorem [5], M is concluded to be a totally geodesic

Thus M is congruent to S3(c). a

Now, let us prove Theorem.

By means of Ishihara's

submanifold of S3q+q(c).

Proof of Theorem. First of all, we considerthe case which the mean

curvature vector h is zero. In this case,by virtue of Lemma 3, we can prove

that c>0 and Mis a totallygeodesicsubmanifold S3(c) of Szp+P(c).Next we

suppose that h^O. Combining Proposition1 and Proposition2, we have con-

cluded that M is a maximal submanifold of a totallyumbilic hypersurface

M*p+JTKci)of M3p+P(c),where cl= c~H2 and then i?≪<3ci. Thus it follows

from Lemma 3 that c>H2 and M is congruent to S%d). Now we have com-

pleted the proof of Theorem. ■
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