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1. Introduction

The investigation of invariant subspaces is the first step in the attempt
to understand the structure of operators. We will investigate bounded linear
operators on Hilbert spaces which have the simplest possible invariant subspace
structure. In this paper, we are going to study some strictly lower triangular
operators which are shown to be unicellular under certain conditions.

We introduce a simple but key result which transforms the problem of
establishing whether a vector is cyclic for an operator to that of determining
whether a related operator is one-to-one. We first introduce some definitions.
Let 4 be a Hilbert space and A an operator on 4. Let M denote a subspace
of #. M is invariant under A means that AxeM for all x&M. The collec-
tion of all subspaces of 4 invariant under A is denoted by Lat A. The operator
A is unicellular if the collection Lat A is totally ordered by inclusion. If X is
a subset of 4, the span of J is the smallest subspace containing KX and denoted
by span X. If x4 then span {x, Ax, A%x, ---} is easily seen to be invariant
under A. The vector x is cyclic for A if span {x, Ax, A%x, ---}=4 and M is
a cyclic subspace for A if span {x, Ax, A%x, ---} =M.

Let A be a bounded operator with |A|<1 on (%, and let {e,, e;, @, ---} de-
note the standard basis for /2. Let x be a column vector in /2. Then A"x is
a column vector in [* for each n=1, 2, --.. Then we have an infinite matrix
[x, Ax, A*x, ---]* which will be denoted by S.(A4). The matrix S;(A) is a
bounded linear transformation on /2.

Let A be a bounded operator with | A <1 on [ represented by a strictly
lower triangular matrix. Let M, be the subspace span {e., 1.1, @nse, -~} for
each n=0, 1, 2, ---. Then every M, is invariant under A4, and {M,|n=0,1,2, ---}
is totally ordered by inclusion ;
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12:M03M13M23 .

Hence A is unicellular if its only invariant subspaces are {0} and M,, n=0, 1,

2, -+, i.e. the collection Lat A of all subspaces of {* which are invariant under
Ais {{0}, M,|i=0,1,2, ---}. Let M be a subspace of /* and M*= {37, Cres:
N.terms

/_/"'H
D% scneneM}. If welet xy=(0,, 0,1, xy,y, )€l and M, ,=span{zy, Axw,
A’xy, ---} then Mz, =(Ker (S;,(A))* and always MiC(Ker S ,(A)*.

LEMMA 1.1. Let A be a strictly lower triangular operator on [*. Then
(U*N AUMUAN=U*N A*Py for every n, N=0, 1, 2, -, where U is the unilateral
shift on I* and Py the orthogonal projection on My.

PrROOF. Let N be a non-negative integer. For n=0, U*"=U*¥Py. We
assume that (U*¥ AUV U*N=U*¥ A»Py. Then
(U*N AU N+ RN = (U*N AUYYUY AUN U
=(U*¥ AUMU*Y A*Py, by induction hypothesis
=U*N APy A" Py
=U*¥ AA"Py, since A is strictly lower triangular

=U*N¥ Ar+1P, . [

LEMMA 1.2. Let A be a strictly lower triangular operator with |A|<1 on

N-terms
12, N a non-negative integer and let xy=(0, -, 0,1, Xy, ~)'EMy. My is a
cyclic subspace for A, i.e. My=M;,, if and only if Syav g y(U*N AUY) is one-

to-one.

PROOF. My=M,,, i.e. My is a cyclic subspace for A4, if and only if
(Ker S; y(A))*=My if and only if (Ker Sey(AN*CMy. Let yelr.

Sey(AF=| Axyt Mz

00 I xyp ¥o

0---0 0 = 3,

={0--0 0 0 = kD)
0
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S y(A)F=0 if and only if

1 Xyu 2%
0 % % | |Fnu
0= 0 0 * oo e
O . .
Ur¥xyt N
U*NAJ_CNL Inar
S\UN gyt | | Ivee|-

By Lemma 1.1, U*¥A"xy=U*YA"Pyx y=(U*Y AUMY"U*"xy for each n=0, 1,
2, . Hence (Ker S, (AN*C My if and only if Sysng y(U*¥ AU”) is one-to-one.
O

THEOREM 1.3. Let A be a sirictly lower iriangular operator with || Al
<1 and U the unilateral shift on (*. Then A is unicellular if and only if for
any x=(1, x,, )&, SLUN AUY) is one-to-one for every N=0, 1, 2, ---.

Proor. If A is unicellular, then Lat A= {0} U {M,}5=. Let x=(, x,, =)

N-terms

€/* and N be a fixed non-negative integer. Then U¥x=(0, ---, 0, 1, xy, --)*&l’
and Myv,=span{U%¥x, AU"x, ---} is an invariant subspace of /* for A and My~ .
=M, for some n. Clearly, Myv,=My. Hence My is a cyclic subspace for A
and U*¥U¥x=x. Therefore S.(U*Y AUY) is one-to-one.

Conversely, we assume that for any x=(1, x,, --)'el* S,(U*¥ AU¥) is one-
to-one for every N=0,1,2, ---. Let M be an invariant subspace of /*. We
need to show that M is {0} or M, for some non-negative integer n. Assume
that M={0}. Let N be the least index of non-zero entries of all elements of
M. Then 0EN<w, MCMy and M contains a vector x of form (0, ---, 0, 1,
Xysi, ', From the assumption S, (U*¥ AU?Y) is one-to-one. Hence My is a
cyclic subspace for A, i.e. My=M,CM. Hence My=M. O

Now we need some properties of strictly upper triangular matrices in oder
to determine whether they are one-to-one. The following Theorem leads to
results on unicellularity.

THEOREM 1.4 [6]. Let T and S be bounded operators on a Hilbert space I
represented by upper triangular matrices with respect to a fixed orthonormal

basis. Assume that all diagonal entries of T are non-vanishing, and that all
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diagonal entries of S are 0. If T is invertible and S is compact, then T+S is

one-to-one.

COROLLARY 1.5 [6]. Let C be a strictly upper triangular matrix on a Hil-
bert space I with an orthonormal basis {e,}5-.. Let Cy be an upper triangular
matrix whose first N super-diagonals are zero, and the other super-diagonals are
same as C. If each of the N super-diagonals of C has eniries converging to
zero, and Cy is a compact operator for some N, then I4+C is one-to-one.

2. Some Triangular Operators
In this section, we investigate the unicellularity of some strictly lower tri-

angular operator by using the results established in 1.

LEMMA 2.1 [4]. If A is the unilateral weighted shift operator with the
weight squence {a,}, then ||A*|=sup,|I1%= an.il, k=1, 2, ---.

LEMMA 2.2. Let A be the unilateral weighted shift operator on [* with the
weight sequence {a,} and m a non-negative integer. If a, |0, then U,(A)=
2in=1 ™A™ is a bounded operator on [*.

Proor. Let {¢;]7=0, 1, 2, ---} be the given orthonormal basis in /2. Then
0 j<n
A"ej:
(Wi/w;.n)ej_a j=n for each n=1, 2, -
where w,=T1t a, and w,=1. So
(A™)pj=<A"ej, er)
{ Wi Wj_y k=j—n=0

0 otherwise.

It follows from Lemma 2.1 that ||A*|=w, for each n=1, 2, ---. For a fixed
non-negative integer m,

fim PED Wan ("TH "lim 22t —0<1 .

T—sco nvway oo oo n
IUn(Al=] 3 amA)S 53 nm| A= 5 nmw,<eo .
So U, (A) is bounded operator on /2. []

LEMMA 2.3. Let A be a strictly lower triangular matrix on [* with respect
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to the orthonormal basis {e,} where the first lower diagonal entries are nonzero.
That is,

0
a0 O
A=| @20 @21 0 0

Q3o a3 Gs» O

where a;..,;#0 for each i=0, 1,2, ---. Then for i<j+n—1 (A");;=0 and for
iZj+n

akﬂ_l‘ kn-—z

i—1 kn-1-1
(An)ij: > ai,kn_l( >

kp-1=ijt(n-1) kp-9=j+(n-2)
k3-1 k2-1
(Emn( F o))
( <k2=2j+2 Far ko k1=2j+1 o biTheg
where (A");; is the (i, j)-component of A™ for n=1, 2, ---.

PrROOF. Since A is a strictly lower triangular matrix acting on %, A" is a
strictly lower triangular matrix acting on /* for each n. So (A");;=0 for :<7.
For /=741, using the induction,

Ayy=CAe;, €i>—'~< hZ:o Ak, @k, €i>

:kioakl,j@h, e )y=ay;
(A%)iy=<A%;, e;y=CA(Aey), >

=<A(k12=0akl,jekl), er)= 3 v, (Aer, e

:klz;oai,klakl,]‘ .
Since a.,, ;=0 for k,<j, and a,,,=0 for /<k,,
s i—1
(A )ij:k1=2j+lai,klalal.j-
Assume that

-1 kn—g !
(A" Y= > ai, Izn_z< >

kp-g=jt(n-2) kp-3=j+(n-3)

k3—-1 ko-1
(8 ann(E annan)) ).
( <k2=2j+2 kg ky [Py PR B R

akn—z- kp-3

Then
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(A")i ;=< A" ' Ag;, ei>=<f4""1<k12=0l1kl,jekl), 0i>

o
= kzod e KA e, e .
<

By the induction hypothesis,
A 1) i-1 ka-1 k3-1
[ N . ves -
(A% k§oak1'1<kn_1=§+m4)at’k""( (k3=2kl+zak4'k3<k2=zkl+1ak3'kzakz'k‘)) ))

i-1 k4-1 k3-1 ™
= > ai.kn_1<"'( > ak4,k3( 2 ak3‘k2( 2 akz,klalzl.j)))"'>-
kg _1=kp+(n-2) ka=k +2 ho=k +1 k1=0

Since Ay 1, =0 for ky<k,, and ar, ;=0 for ky=j, we have

ky_1=ki+tn-2 ky=k1+2 ko=k1+1

i-1 ka-1 k3-1 ka-1
= 2 ai’kn—l(“.( Py ah-k:s( aka-kz( > akz-klaklrf)))”)'
kp_1=j+(n-1) ky=j+3 ko=j+2 ki=j+1

Thus this proof is complete.

Consider a strictly lower triangular matrix A (A} <1) acting on [* with
respect to the orthonormal basis {e,}5-, which has the first non-zero lower

diagonal entries. That is,
0 ifiig;
Aij=
ai; if 1>7+1
where a;,, ;#0 for each =0, 1, 2, ---.

Let w,=1 and w,=]1{a;,1,.. By Lemma 2.3, (A™)n,r. e=Wn.s/w; for
n=1,2, - and k=0, 1,2, . For x=(1, x4, x5, --)'EL,

(A" X) 5= Eﬂ (A" s, p%p

$—1
= 2 (An)rus,pxp_*'&ﬂxs for all 320
p=0 Wy

So

Zi:—éiﬂ) (Ai)jkxk“‘

w; o
Xi_s <
w0 t=J

S z(A))ij:
0 otherwise.

Let D, be the diagonal operator with the diagonal sequence {w,},
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Wi
W; Wy
(I

0 otherwise,

Xj_s i=0,1, 2, - and 7>

and
(F e pa it S (Ai)jkﬁ 1<J
=

0 otherwise.

Then S (A)=D I+ C4+Fy).

From now on, we will express S,(4)=D,({+C4+F,) asthe above way, if
A is a strictly lower triangular operator such that each A,., . is non-zero for
n=0, 1, 2, ---, where A;; is the (7, j)-component of A.

LEMMA 2.4 [6]. {a,}<I? for 1<p<oo fixed, and a, | 0, then

1 ) wi n-1
Sup(—z) > <o for some K where w,= 1] a,.
k2R \WE/iSEv1 wio, k=0

LEMMA 2.5 [6]. If {a,}€I? for some p with 1<p< oo, and a, | 0, then the
above matrix C4 is a compact operator on [* where G, n=ay.

NOTATION. Let A and B be two matrices. B-<A means that b,;<a,; for
all 7, 7.

Let A and B be strictly lower triangular operators such that A,.; ,=B..1.n
#0 for all n=0,1,2, .- and B<A and let S,(A)=D I+ C4+F,) and S.(B)=
Dp(I4+Cp+Fp). Then for x=(x,, x,, x5, ---)€® such that x,=>0 for all ;=
01,2 -+, Chs=Cpand Dy=Dp. Since B<A, B"<A". Moreover,

Pyt i (A')jkjui 1<

(FA)ij:
0 otherwise
and
j—(i+n (giy. Xk <7
(Fg)i= Zi=TR(B )]kwi 1<
0 otherwise.
So »
Fp<Fy.

Thus we have the following Lemma.

LEMMA 2.6. Let A and B be strictly lower triangular operators such that
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B<A and Ayiy2=Bni.2#0 for all n=0,1,2, ---. Let S,(A)=DI+C4+F,)
and S(B)=Dg(I4+Cp+Fg). Then for x=(1, x\, xq, ---)*€I* such that x;=0 for
all i=1, 2, -+,

(@) Fp<F4 and

(b) Fpis a Hilbert-Schmidt operator if F4 is a Hilbert-Schmidt operator.

THEOREM 2.7. Let A be the unilateral weighted shift operator acting on [?
with the weight sequence {a,} and m a positive integer. If a, |0 such that

énza%<oo,
then V ,(A)=AI+A™" is unicellular.

ProoF. Let m be a fixed non-negative integer and let w,=TI?% a; and
wo=1. Since
LA+ Am]i= AT+ A
:Ai+miC1Ai+l+miC2Ai+2+ +micmi—1AMi+i_}+AMi+i;

w; . .

— when =1, k=j—|,
(AY;=1 W*

0 otherwise,

we have
wiCrionns  when 1<i<j—k<mi+1, k=0

(Vm+1(A)i)jk: k

0 otherwise.
Let x=(1, x,, x5, --)!<l®:. Then S,(V,..(A)=DU+C4+F), where D is the
diagonal operator with the diagonal sequence {w,}, C, is the operator described
in page 8, and
Wi

i;f;alx(i,j—mi—i]micj—k—iw w. Tk when j>7,
Fij: RV
0 when j=<17.
By replacing # by k47 we get
j—1 C wj I~
2i=max i, j-mitmiC i PRI when 7>,
F — Wy sW;
7=
0 when 5<i.

If F is a Hilbert-Schmidt operator, then F is compact. So, by Lemma 2.5,
F+C,4 is compact, and hence S, (V.. (A))=D{I+C4+F) is one-to-one by Theo-
rem 1.4. Therefore, we only need to prove that F is a Hilbert-Schmidt operator.
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We have by the Schwarz inequality that

Jj-1 Jj-1

i 2 IFiflzéi 2 > 'micg_k< Wp. 1w >M

i=1 k=max{i,j-m1)

[
[}
©
-.
I
-
<,
1
[y
-,

where M=312,]x,|?<co. By interchanging the order of summation we have

o j-1 . u)]. 2
S D IF =M S by S G (o)
Jj=2 i=1 J=2 max(l, (j/m+1)}<k<j max{l, (j—k/m))1sisk Wp_ Wy
o w] 2
:MZ 2 mi ?-k( )
k=1 k<js(m+1)k max{l, (j—k/m))<i<k Wyp_W;q

H
TMS
MR

2< w]+k )2
miJ
=1 max{l.(j/m)}sisk Wp_ Wy

by replacing j by j—k. Thus, in view of the fact that

w i 2 ij k o e 2
2 Jt+k k-1 k-1
o) = G B e ann)

max(l,(j/m))sigkm1 Wp_W; 7(] ') i Z3et
kaz] k m2i p2i ;
= Z a¥’ L,
G &%= g %
where L=3), al<oo, we get
@ 1 o mk PR
E 2 ]Fz]l2<LM2 2 2 2“7]
= ia =1 i=1 (7 D2ad
LMm* = mk =1y ,
g k? 2 T . ,13 2'7
= g El % 2 ]!( ap)t <o

which implies that F is a Hilbert-Schmidt operator. In fact, it follows from
the assumption that there is a positive integer N such that ke, <1 for any
k=N, so we have for any k=N

COROLLARY 2.8. Let A be the unilateral weighted shift operator acting on
[* with the weight sequence {ay}, m a non-negative integer, and n a positive
integer. If a, |0 such that 35-, n*ai<co, then

(@) V(n)=>%, A® and

(b) Wan)=22,i™A! are unicellular.

PROOF. (a) Let [x, V(m)x, V(n))*x, -] = Dymy({+ Cyny + Frmy). By
Lemma 2.3, Dymy=D,4 and Cyy=C,4 Let x=(1, x,, x,, ---)*l2. Without loss
of generality we may assume that x,=0 for all 7. Since V(n)<V.(4), From<<
Fy,w. So Fyu is a Hilbert-Schmidt operator by Lemma 2.6. Thus S.(V(n))
=D4(I+Cs+Fy)) is one-to-one by Theorem 1.4. Since U*YV(n)U¥ has the
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same condition as V(n), S.(U*V(n)U¥) is one-to-one for each N. Therefore
V(n) is unicellular by Theorem 1.3.

(b) Let x=(, x4, x5, --)'l* (without loss of generality, we may assume
that x,=20 for all 7), and S,W.(n)=Dw(I+Cw+Fy), and Sz(V m.(A)=
Dy(I+C4+Fy).

Wa(m)=AI+2mA+3™ A2+ -« +n™ A"
<A+ 7 1CiA+ 0 Co A+

At Gt AP et C o AT
=AT+ A=V na(4),

we have Dy=Dy=D,, Cy=Cy=C, and Fy<Fy,. Asin the proof of Theorem
2.7, we see that Fy is a Hilbert-Schmidt operator. Therefore Fy is a Hilbert-
Schmidt operator by Lemma 2.6. Hence S;(W,(n)) is one-to-one. Since
U*¥W ,.(n)UY has the same condition as W, (n), S.(U*"W ,(n)U¥) is one-to-one
for each N. So W,(n) is unicellular. O
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