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THE H.-WELLPOSED CAUCHY PROBLEM FOR
SCHRODINGER TYPE EQUATIONS
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§1. Introduction.

We study the Cauchy problem for a Schrédinger type operator
L=L{t, %, Dy, DA=Dit 3 (D,—ayt, 0)+et, %),
=

where a;t, x), c(t, x)e CX[0, T] ;'_@“(R")), (T>0), a;t, x)=a%t, x)+iait, x)
(a%(t, x) and ai(t, x) are real valued functions) for j=1, ---, n and D,=—id/dt,
D;=—id/0x;. Here B~(R™) denotes the set of C>-functions whose derivatives
of any order are all bounded in R™ and g(¢, x)e C¥[0, T]; X) (=0, 1, 2, --)
means that the mapping: [0, T]12t—gt)eX is k-times continuously differentia-
ble in the topology of X.

In this paper we give a sufficient condition for the Cauchy problem

@1 { L, x, D, Doult, x)=1@¢, x), ¢ x)€[0, TIXR", (T>0),

u(0, x)=u,(x), x=R"

to be H.-wellposed in [0, T] (T>0), where H; denotes the Sobolev space of
order s and H.=/"\_.<s< Hs.

We say that the Cauchy problem (1.1) is H.-wellposed in [0, T] if for any
initial data u,=H. and f({, x)eC¥[0, T]; H.) there exists a unique solution
u(t, x)eCi{0, T1; H.), and for any s<R* there exist constants C(s, T)>0 and
s’ R! such that the energy inequality

1.2 lut, No=Cs, T)‘{”“o”(s')—l-S:”f(T, ')H(s')df}

holds for t<[0, T]. Here, [u(®, )| denotes the H, norm.

Let us briefly recall some known facts. In [3], Ichinose obtained a neces-
sary condition of the Cauchy problem (1.1) to be H.-wellposed. The sufficient
conditions for the Cauchy problem (1.1) to be H.-wellposed are given by Ichi-
nose [2] and Takeuchi [6].

Received April 16, 1992. Revised May 24, 1993.



102 Akio BABA

The following theorem, which is the main result of the present paper, gives
a sufficient condition for the Cauchy problem (1.1) to be H.-wellposed.
THEOREM 1.1. Assume that the coefficients a,(t, x)=a%({t, x)+ialQ, x) satisfy

{ lajt, x)| SC<x>71,
|Dgaj(ta x)lgca<x>_l

1.3)

for (¢, x)e[0, TI1XR"™ and for any multi-indices a (|a|21) and j=1, ---, n, where
C and C, are positive constants and {x>=(14|x|%)'2.  Then the Cauchy problem
for (1.1) ¢s He-wellposed in [0, T].

REMARK 1.2. If there is ¢>0 such that a;{, x) satisfy

{ lajt, x)| SCLxH7e,
|Diat, )| £ Cal2>™

1.4

for (¢, x)e[0, T]XR™ and for any multi-indices a« (|e|=1) and j=1, -, n,
where C and C, are positive constants, then the Cauchy problem (1.1) is L*-
wellposed in [0, T].

REMARK 1.3. In the case of T<0, we can prove Theorem 1.1 in the same
way.

To prove Theorem 1.1 we modify the method given in [5], Ch. 7, §3.
Conjugating L by a pseudo-differential operator K(t, x, D) with its symbol
a(K)t, x, &)=exp A(t, x, §), where A(t, x, &) is a solution of the following
equation

(Dl'*'jé Sij>/1(t, x, &) EA&Z_O

(1.5) xy

A, x, =0,
we reduce L to K~'eL-K=D,—P(). Then taking a parameter M>0 sufficiently
large, we can make the imaginary part of P(t) nonnegative in L% R™) and there-
fore can obtain an energy estimate in L*-sense for the operator D,—P(?).

REMARK 1.4. If (1.4) is valid, we replace <x) in (1.5) by <x>'*¢. Then
K(, x, D,) becomes a bounded operator from L*(R™) to L*R™).

Let us sum up the contents of the paper briefly. In Section 2 we shall
prove that there exists the inverse operator of K as a pseudo-differential operator.
In Section 3 we shall give the expression of P(f) and prove Theorem 1.1.
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§2. Existence of inverse of o,

In this section we shall show the existence of inverse operator of K=
e(t, x, D;). We can solve the solution A, x, &) of (1.5) as follows

([t M<E>ds  <EH(vet Mds
@b A6, x, 5)—80 {(x—s& _Ego {x—swd
v@gtlel Mds
ey Vs—xr@) [ x[P—(x -0 +1
“§QSL|EI—1-<U Mds
e e VST xP—(x @)+
YA {x—tE)+tE|—x o
=M log{ (o—x-w }
. (x—t&)+té|l—x-w
~Mlog{ (XH>D—x-w }
<& {x—t6)+tié| —x-w
+M( (5 1) tog {2

=Mt x, )+ A, x, &) .
where w=£&/|£&| (§+0).

REMARK 2.1. If (1.4) is valid, we take A(, x, & as

e[t MG
2.2) Att, x, 5)_So<x——sé>”€ s
Then we can see easily |A{B(, x, §)| =C, pt'*" for any multi-indices a, 8, t€
[0, T] and x, é&R", where A{§@, x, §)=agDELAL, x, &).

LEMMA 2.2. One can find C>0 such that

2.3) A, x, = CM(1+log &)
for te[0, T1 and (x, &)= R*".

PrROOF. When <x)>=2t|£&|, we obtain

(MKBds (UM (ESds
) s gsomx}—tusl
MVIE
éSO i aszcm.

When <(x>=<2t|&]|, since
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1 _ {o+x-w
Gy—x-w  {xy—(x-w) SXKx,
we have
_ e (x—t)ttléEl -2
AG, % =M 7 log {1 - mE
(&) 1og {2V 2042 %]
gM|5|“’g{ —%-w b=CMilog ) .

This completes the proof.
LEMMA 2.3. One can find C>0 and positive integer | such that

{ exp A, x4y, =ML+ |y +tinh™*,
2.4)

exp A, x, E+n) e+ |y |+t p])*
for |x|=4t|&|, x, 3, & neR", t&[0, T] and M>0.

ProoF. When |x|=2|y!, since |x+y|=|x|—|y|=1x]/2=22t|§|, we obtain

L ME CVIME
2.5) A, 2y, 9= o F o dss| i AT e ds

_(VIME

:So e ds<CM.

When |x|<2|y]|, since |v|=|x|/2=2¢|&], (2.3) implies

(2.6) A, x+y, §<CM log &)< C'Mlog (y> .
When || <], it follows from (2.3) that

2.7 A, x, E+n)=CMlog <tE+n)><C'Mlog <ty .

When |&]|=]|9n|, we have

[t M&t [ 2VIME
2.8) A, x, $+77>—So<x_s(5+,7)>d3§501+|x1_t|s|—t|ni ds

¢ 2\/7M<$>
§S°—1+2t15| ds<CM.

This completes the proof of Lemma 2.3.

Now we put
3

2.9) fx, &=

LEMMA 2.4. One can find C>0 such that
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F(x7, )\t .
(2.10) ( e ) <C{p>

for | x| <4t|&], x, & nER™® and t<[0, T], where x'=x or x—I&.

PROOF. Since 1/3<f(x’, §)<3 for |x'|<1, (2.10) is trivial for |x/|<1.
When x/-£<0, we have

fG &ty xD—x"-(E)/1E+n]) K
f(x, 8 a—x-E/1ED T DT

From now on we assume that x’-£=0and |x’|=1. Using the Taylor’s formula,

(2.11) <2.

we may write
2.12)  f(x', +n)=f(x, 5)+2f5](x 5)7]:+2 Z S f‘“’(x E+0n)npdd,
where f¢;=0f/0§; and f‘©=0¢f. Since |x’|<5t|&|, we have

@.13) 2N row, e opgeao i, o)

=2Jo a!

/\

Sl Clx’| R 40
Kx">—x’(§/1€])) <E+0n>°

S Cx">+x"-(§/1€])) 1x/1<p>* 46
(x 3P —=(x"-(§/1E))P) <&+0n)°
S‘ C<x X! o< Ot
o EFOPDHOE T &

- CBE !
RS

'V\

H/\

=C«py?

and

fe(x', &) _ (2 -6)8,—x51E1HKa" >+ (x"-8)/1€1)
S, 8 1K —((x"-8)/1€1))

_ (@)@~ x>+ 1" )
e X P4 (x" @)

2((x" - w)wj— x;)<x">
{0 x| +x"o)(| x| —x" @)+ 1)}

2 hyx, @)
E (% =% @)1}

where ;=§;/1§| and h;(x’, @)=(x"-@)w;—x;. Since hjw, )=0, we have

(2.14)

A

A

Lx" | hjw, @)=h(]x'|o, ®=0. From the mean value theorem it follows that
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ho(x', @)=hi(x', @)= ho| 5’ |o, @)
= 33 hyay (¥ 40— |2’ 0), @)(xi— 2 [02).

Since hj(x’, w) is a homogeneous functions of degree 1 with respect to x’, there
exists: a constant ¢>0 such that lhjz;e(x’—i—ﬂ(x’—ix’]m), w)|<c. Hence we
obtain

[hs(x/, @) P2’ —o| x| P=c(] 2P =2(x" o) | x| + 0 |*| 27 |*)
=2¢*[ 2" [(|x"| =(x"-@)).
Consequently we have
(2.15) Lhs(x’, @) < v/2¢| x| 2(1 x| —(x" - @))"° .
Noting that 1<|x’| <5t|€|, from (2.14) and (2.15) we have

ez, S)g 2/2c(| " |(| x| —x - @)'*x"> .
fx 8 = eI (x| —=(x" o)+ D} T

By (2.11), (2.12), (2.13) and (2.16), we obtain

S &) s
f, g =t

Moreover if we put &é+n=z, it follows from (2.17) that

[ 8 FE 2= s
Fo, o) = f,a =clomi=stapt

This proves Lemma 2.4.

(2.16) -

(2.17)

(2.18)

LEMMA 2.5. One can find C>0 such that

fx+y, &)
@19 i o

) =Cky

for x, ¥, EeR™.

ProoF. (2.19) is trivial for |x|<1. When x-£<0, we have

f(x+3,8) _<x+y>—(x+y)-E/1€D)
fx, &) (xy—x-(&/1&D

S2<x+y>
= Lx

From now on we assume that x-£=0 and |x|=1. Using Taylor’s formula, we

(2.20)

2%y,

may write

Q2D Gty O=FC. 8+ B Fon, 09,42 3 [T @0 (x5, 0140,
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where f,,=0f/0x; and f(,,=D%f. If follows that

2.22) 20 e e, d0/5x,
! Clyl®
s, et Oy5ns—x- e Y
1Oyt 1 Clxiyy? s
ggo {x+60y> §50<x+0y><0y> dO=C<y),
and
2.23) f2%, 8 _ x—0x)> _ o+ 0)(x;—w0Lx))
‘ f(x, & <xof(x, 8 oX(|x|P—(x-@)*+1)
2|x—a<x>]  _2Alx—wlx]||+]|o|x|—wlx)])
TlxP—(xeP+1 7T (lxl+xo)(x]—x-w)+1
7 2p(x, w) i 2
Tlxl(xl=x-0)+1  <xd>+|x|
where w;=§;/1&| and p(x, @)=|x—w|x||. Since
p(x, )P=|x—o|x||*=|x|"=2|x|x 0+ |x]|?
=2(|x|—x-w)| x|,
we have
(2.24) px, @)=~2((| x| —x-@)|x|)?.
It follows from (2.23) and (2.24) that
fa/%, 8 _ 2v/2(1x](1 5] —x @)V 2
(2.25) 58 = xl(xl—ratl T orx=C
By (2.20), (2.21), (2.22) and (2.25), we have
]_lx_}_y’ SZ 3
(2.26) i3 SOy,

Moreover if we put x+y=z, it follows from (2.26) that

[, 8 _ f—3,8
fa+y, &7 I &

This completes the proof of Lemma 2.5.

(2.27)

SC=y>=C<y0.

LEMMA 2.6. One can find C>0 and a positive integer [ such that
(2.28) exp {—A@, x, §+9)+AE, x+y, O} <eM(|y |+t p|+1)*
for x, v, & neR, te[0, T] and M>0.
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PROOF. When |x|=>4t|€|, we have (2.28) from Lemma 2.3. When [x|=
4t|&|, it follows from (2.1) that

:{ Coy—x-(E+n)/1E+7D) <x—|—y——t€>+tlé‘|—(x+y)-($/lél)}M
(x—tE+g»+tl§+nl—x-((E+n)/I1E+7D) x+y>—(x+)-(E/1&D)

xexp{A.{t, x, E+p)+A:(t, x+y, &)}

:{<X>—X~((E+y)/|5+77 Dy x—tE)—(x—18§)-(§/1€1)
x>—x-(6/1€1) {x—t&)—(x—18)-(§+7m)/1§+7])

x—t&)—(x—t§)-(E+n)/1E+71) % xy—x-(&/1€1)
(x—tE+n)»—(x—t+n)-(E+n)/1E+7]) = <x+y>—(x+y)-(/1&])

X<x+y—i$>—(X+y—l‘€)'(€/IE!)
Cx—t&)—(x—18)-(&/1€1)

:{f(x, §+n) Sfx—t§, &) Joa—tg, E+y) o S5, 8

}MXexp {—A, x, E+p)+ A, x+y, &)}

P, & S Flatg, £+ Fa—tE+), E+1)  Fxty, &)

X_f(x+y—l‘$, &
Because A,(, x, & is bounded when [&|=1, (2.28) can be obtained by using
Lemmas 2.4 and 2.5.

V' xexp (— A1, x, E+p)+ A, 1+, §).

LEMMA 2.7. For any multi-indices a, B (la+B1=1), we have
(2.29) AR, x, §1=Ca,pt'™
for x, EER™ and t<[0, T].

PROOF. For any multi-indices @, 8 (|a+B|=1) we can estimate
aam( & )' C“”g<x—sE>““ﬁ‘+C”"g<x—s$>|a+ﬁn+1
%44 {x—s& o ERGE
- B x—sEyIFIT

for |a| =1,

IA

for |a|=0

Therefore we have

ABG, x, &) =|ozpe( ML | par

o (x—s&y |77

a0t

This proves Lemma 2.7.

Let o(K)(, x, D) and a(!?)(t, x, D) be pseudo-differential operators with
its symbols o(K)(t, x, & =exp (A, x, &) and o(K)t, x, H=exp(—A(, x, &)
respectively. Then the symbol of the product of I?(t, x, D;) and K(t, x, D) is
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given by
(2.30) a(R-K)t, x, &=1—a(R)t, x, §),

where

231 a(R), x, &= ElS:QS_SSe—zy.v{DEA(t, x, Edp)fe e ern
tri=
XA0L AW, x+0y, O)yet@2+0v0dydndl (dn=Q@2r)""dy).
Here an oscillatory integral of a symbol a(x, & means

OS*SSQ_“"”G(J’, ﬂ)dydeIiH‘}Sge'”"/X(sy, en)aly, p)dydy

for X=S§ in R?" such that X(0, 0)=1.

LEMMA 2.8. Assume that A(t, x, &) satisfies (2.28) and (2.29). Let R.(t, x,D,)
be a pseudo-differential operators with its symbol r.(t, x, €) satisfyving

2.32) 17288, x, )1 S Co, (&M =(x)Fr M0 2:0

for t€[0, T] and x, E&R", where m. and k. are real numbers. Then q(t, x, &
=0o(R_-R)(, x, & satisfies

lqu?(t, x, &I éca,p<5>m—+m+<x>k_+k+
for t€[0, T] and x, EeR™.

PROOF. ¢(¢, x, &) is written by
q(t, x, §)=OS—SSe'i”"7r_(t, x, §+nr.t, x+y, Hdydy .

Noting that (2.32), (2.28), (2.29) and e =LYyt D, Y me i — {p>72mLD e
e”'V'7 are valid, we get by use of integration by parts

968, %, 8]
= 2 (@ fiormeppe

AsB
XL ™D ™M) §3¢, x, E+n)(r )=, x+, &|dydy

gca,ﬁ, m<$>m_+m+<x>k_+k+SS<y>-2m+k+<77>—2m+m_
Xexp {—A(, x, §+9)+ A, x4y, Hldydy
< C::,ﬂ,m<$>m_+m+<x>k_+k+SS<y>_2m+k++Ml<77>—2m+m"+Mldyd'77 .

Taking m=max ([(k.+Mi+n)/2+1], [(m_+Mi+n)/2+1]), we get Lemma 2.8.
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Here [s] denotes the largest integer not greater than s.

It follows from Lemma 2.7 and Lemma 2.8 that a(R)(t, x, & given in (2.31)
satisfies |o(R){B(, x, &) =<tC,p for t€[0, T] and x, geR®. So we get the
inverse operator of K by the following Lemma 2.9.

LEMMA 2.9 (Ichtnose [2], Lemma 2). If T, (0<T\<T) is small, for te
[0, T,] the inverse operator (I—R)7'(t, x, D) of (I-R)t, x, D) exists as the
continuous map from H, to H, space (s€ER') and a((I—R)™O(, x, & belongs to
S8, uniformly in t<[0, To]. Moreover the inverse operator K-\t, x, D) of
K, x, D;) is given by

(2.33) K-'¢t, x, D)=(I—R)(t, x, D)-K(t, x, D2).

§3. Proof of Theorem.

We put u(t, x)=Kuv(, x), where a(K)(t, x, §)=exp (4(, x, &). Then noting
that A, x, & satisfies (1.5) we have

3.1 Lu(t, x)=L-Kuv(t, x)

:Ko(])t—%A)v(t, x)
_l_Seiz.e(DtA(t’ x, &)— ]'é ait, x)Ej—}—jé EijA)e/lﬂ(t, &dé

; 12
o1 3D HDse)—20,Di+ )= 5 AA et 2
xetp(@, &)dé

:Ko(Dt——;—A>v(z‘, %)

M " a2

ko (4 S0 o0, 06+ 3 K, 9=10, ),
where A=31, 0%/0x},
B2 oK), %, &)

(3 @0 %, 9P+ D, W)-20,DiA+a))— G A, e,
and
(3.3 o, x, = 3 [ 0s=[feretensmpo
a, MCES 7
x{Bakt, x+00Et posh dydndd.
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LEMMA 3.1. One can find C, g,y and Ch gy such that
lo(KD@E, x, ) =Cq g, ue” 59,
{ oK), x, §)| StCq 5, u<E){ x> e
for t[0, T] and x, EER™.

(3.4

Proor. By (2.28) and (2.29), the first estimate of (3.4) can be shown by
simple computation. Noting that (2.28), (2.29) and e V' 7=_y> 2D, >*™e V"7
={P>7E™(D,H*™e " 7 are valid, we get by use of integration by parts

20 B S0 e

HE B’/ ii=1Jo

)

R

Jﬁ‘“

IME }(a—n')

X{J_]a,(t O L

dydndé

<tCu.p.m- <E> ettt é’SS<y>‘2’"”<77>‘2"‘

xexp {A@, x, E+9)—Al, x, Ot dydy

@ At .z, & -2m+1 -2m+
gtc“,ﬁ,m<x>e { ’SSQ’) <y Mdydy,

where / is a positive integer given in Lemma 2.6. Taking m=max([n-+1)/2+1],
[(n+MD/2+17]), we get the second estimate of (3.4).

Therefore we can transform the Cauchy problem (1.1) to the following

problem
- { (Di—PWOWE, x)=7@, x), @ [0, TIXR?, (T>0),
' 200, )=vo(x) (=ug(x)), x&R"

where F(t, x)=K~'f(t, x) and

(3.6) P, x, DI):%A-%a'(t, X, Dx)——jZi}IK"lon(t, x, D).
Here
(3.7) (@), %, &= ’M<5>+ B a0,

x>
Then it follows from Lemma 2.7, Lemma 2.9 and Lemma 3.1 that ¢(K~1-K))
X(t, x, & and o(K~K,)(¢, x, & satisfy
{ |U(K—1°Kl)§a)(t: X, S)' gcllﬂ” s

[a(K 1K), x, §)|tCh g u<E{x)™

3.8
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for t={0, T,] and x, §ER".

THEOREM 3.2. Suppose (1.3) is valid. Then thereis 0<T =T such that for
any v,eH;,, and F(t, x)e CY[0, T,]; Hyy2) there exists a unique solution v(t, x)
of (3.5) which belongs to C[0, T.]; H)NCX[O, T+]; Hy.e) and moreover for any
SE R there exists a constant C(s, T)>0 such that

(3.9) 19, Mewen =CCs, DIl wep+] 17 aendef

for t[0, T4, 7=0, 1, 2.

The proof of this theorem is the same way as that of Theorem 4.1 in [1].
Following the idea of Kumano-go [4] we introduce the series L&)} as

3.10) t@=(vsin & . ysin 5—)
v )

Y

and define P,()=p,(, x, D;) as

@.1D) nlt, x, §)=p(, x, A8 -

We consider the following Cauchy problem

Lv y=Dt v_Pvt —=J{ t O,T s
3.1 { »=Dw,—P@v.=7®  (t€[0, T])

Vylt=o=1y .
We define the series of weight functions {4,(&)};=, as
_ _ n . éj 2y1/2
(3.13) AO=@@={1+Z (vsin Z)} .
Then {A,(&)}, satisfies
J i) 1=2,6)<min (K&, VI+m?),
i) 08,8 S A48,
3.14) ¢
FDM%%@ (v —> ) on RE,
(uniform convergence in a compact set).
Denote by ST ,s (0=d<p=1, 6<1) the set of symbols g(x, §)e C=(R?*") satis-
fying
(3.15) [g¢83(x, &)1 S CaplEmeiatrdihl

for any multi-index a, § and S%;=S%, ,.;. Then we get the following lemma
(Kumanogo [4], Ch. 7, Lemma 3.3).
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LEMMA 3.3. For q(x, §€Sq; (0=50<p<1, d<1), we put g,(x, &=q(x, L(E)).
Then q,(x, EST o5 (05d<p=1, 3<1), and for any a, B there is constant A, s
which is independent of v and q such that
{ 1o (x, E)| (A, plgl iRl p)AEm PI015018

qx, & —> q(x, & (uniformly) (v—oo) in R2XK

(3.16)
where K. is an arbitrary compact set of RE and |q]{”=maX,,,pi5: SUDPz, cern X
{lg{g(x, &)1}.

We get the following lemma (Kumano-go [4], Ch. 7, Theorem 1.6).

LEMMA 3.4. Q=¢q(x, D.)ES3, is a continuous mapping from L, to L, and
there are C>0 and a positive integer | such that

(3.17) 1Qull,<(Clgl{)lull,  for uc L(R™).
PROPOSITION 3.5. Suppose (1.3) is valid. Then there is T, (0<TETy) such

that for any v, L, and any f(, x)e CX[0, T\1; L,) and there exists a unique solu-
tion v,(t, x)€ CK[O, T.]; Ls) of (3.12) which satisfies the energy inequalities

(3.8) ool < CTo{iol +{ I 7@} ¢ero, T,

(3.19) |20l = CuT o4kl +{ | 47 @2} w0, T2,
620 |G amo|sera{iarm+ ) ari@l) eswo, 7.,
B20) A= DS CUTle=t 1AL w0l +max] 457701}

¢ tel0, T,
where Cy(T,), CoTy), Co(Ty) and C(T,) are constants which are independent of
v, and A,=4,(Dz), |-II=l"]z, 7=0, 1, 2.

Proor. 1) If we fix v arbitrarily, we have p,(¢, x, &= 8%[0, T]; B2(RZ).
Since B~(R%¥%:)=S},, from Lemma 3.4 it follows that Pt) is an L,-bounded
operator uniformly with respect to 7. Therefore there is a unique solution
v(t)eCH[0, T.1; L? of the integral equation

(3.22) v,,(t):vo—}—z'S:P,,(r)vy(T)dz'—}—zS: Fode

II) By straitforward computation we have
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(3.28) <x>_l°A,,:A,,*°A,,+B,,,
where a(A,)(E)=2(8), AF=AY2(x>7, A=A} and a(B,)(x, §)EST,

uniformly in v. If follows from (3.12) that

620 Liut, Hr=2Re( v 1)

4
di
=Re(iAw,, v,)—2M Re({x>™ e Ay, 1))
—Re(al(t, x, D2)v,, v,)+Re(iaft, x, Dov,, v)
— ReG(K o K),vs, v,)— ReGK o Ky),v,, v,)+2Re(f, v,),

where 0(A,)©)=—30: (v sin (&), o(a))(t, ¥, =2 ajlt, VG, and o(af)
t, x, =1 af(t, 1)C,(E). We put

Tt %, D)=CoVe A7 (K N Ko A% GOV
Then we have

(3.25) @, x, §)1=tCap

for te[0, T,] and x, &&R". In fact, it follows from (3.8) and Lemma 3.3 that
W.,=(K - K,), satisfies

(3.26) W8, x, &) StCa p wAEXxDT!
for t<[0, T,], x, £ER™ and v=1, 2, ---. Moreover we can express
Jt, %, ©=0s—{{e= TP et gy WL, 245, &)
X1;1/2(E+773)<x+§3>”2d})ldyzdysgﬁldﬂz(iﬁs ,

where 7% 7%=y'-9'+y%-9°+y*-p* and F=y'+ - +37 (j=1, 2, 3). By virture
of (3.26) we get (3.25) in the same way as the proof of Lemma 3.1. By (3.25),
Lemma 3.4, and the Schwartz’ inequality, we have

(3.27) Re((K 'Ky, v,)=Re(J(x, DXx>T V2N, <x)" 2 A}/*,)
ST (x, DY™A P IKx0 "2 A 20|
StCy | JIHOIKxD712 A 0,12
Since a%(t, x) (j=1, ---, n) are real valued, we have
Re(iaf(t, x, Do)y, v)<Clv*.
Putting My=supsero, 11, zern {<X>|a’(t, X)|}, we have

3.28) Re(al(t, x, Do)vy, v) SMi[[<x>7 AP0, [P+ Cllv | .
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Therefore by (3.24), (3.27) and (3.28) we get
‘ d -1/2 2 2
(3.29) d—tllvy(t, MES(=2MA-M+-tC o) [ AP0, (E, )l

+Coullvat, HE+CIFE v, I
We take M (>M,/2) and T,=min(@M—M,)/Cy, T,). Then
(3.30) —2M+M,+tCy=0
for t€[0, T.]. By (3.29) we get

d o
3.3h) E“Uv(t)”écl{HUu(t)H'l‘”fa)“} telo, Th1; v=1,2, --).
Therefore we get (3.18). Moreover from (3.12) we have
(3.32) %Aiv»:i(f’ﬁ-[/ﬁ, PIA) Av,+iAif

and moreover
(3.33) lo(LAL, PIAHBE, x, OI=Cap.n

for t<[0, T,] and x, é&R™ uniformly with respect to v. Here, [A, B] denotes
the commutator of operators for A and B, that is A-B—B-A. In fact, we have

a([4], P, x, &)

=0s——§§e-iv-m<e+n>&<r, x+y, &dydy—PJt, x, HAE)

= 2 | 0s={le 1@ mEtn ot +05, odydds.

o

=3 SS‘Os—Sge-iv-vuz)m(s+n>

iri=1JJo

x{7@)nt, x+03, 9= 2 oK KD)olt, 540, O} dydndd.

Repeating the same argument as in the proof of (3.25), by use of (3.8), (3.16)
and (3.26) we can estimate

(3.39) Lo (LAl PDEE, 5, )1 Cap s AE) .

This implies (3.33). Hence by (3.32) and (3.33), we get (3.19) similarly to (3.18).
On the other hand, noting

%A{v,zi{A:onA;j‘z} o A i AL ]

and g(AeP,o 47770, x, £)S3, for t<[0, T,] (uniformly in v), by Lemma 3.4
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we have

(3.35) Hd%/livu(t)“éCII/H”vaI-i-H/Hf .

By (3.29) and (3.19), we get (3.20). Noting v,,(t)——v,,(t’)zS:'(d/dr)vy(r)dz', we get
3.21) from (3.20). This completes the proof of Proposition 3.5.

From Proposition 3.5, we can prove Theorem 3.2 in the same way as
Kumano-go [4], Ch. 7, Theorem 3.2.

PrROOF OF THEOREM 1.1. By Theorem 3.2 we can see that there exists a
solution v(t, x)eCH([0, T,]; H.) of the Cauchy problem (3.5) and by (3.9) we
get the energy inequality

9, oS C6, Dluslio+ 17 e}

for any seR' and t<[0, T,]. Hence, we obtain the unique solution u(¢, x)=
Ku(t, x) of the equation (1.1) in [0, 7] and by using Lemma 3.4 we get the
energy inequality

12
(3.36) utt, o =Cs, THluolswses+ {175, lsannde}
for any seR! and t=[0, T,]. We can extend the existence interval [0, T,] of
the solution u(t, x) to [0, 7] as follows. Consider the Cauchy problem
Lw(t, x)=f( x) on [Ty, T.JXR%, w(T,, x)=u(T,, x).

Then, we get the solution w({, x)eC¥[T,, T,]; H.) where T,=min(2T,, T) in
the same way as in the construction of u(t, x)e Ci[0, T.]; H.). Define

u(t, x) for 01T,

a, x):{

w(, x) for T, Zt<T,.

Then #(, x) belongs to CY([0, T,]; H.) and satisfies (1.1) in [0, T;]. Repeating
this process, the solution u(t, x) satisfying (1.1) in [0, T] is obtained. The
energy estimate (3.36) implies the uniqueness of solution of (1.1).
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