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GLOBAL EXISTENCE FOR A CLASS OF QUASILINEAR
HYPERBOLIC-PARABOLIC EQUATIONS

By

Albert MILANI

Abstract. We prove that classical solutions of the dissipative wave
equation
eut£+ut"urx_(f(ur))1:0

are globally defined in time, regardiess of the size of the initial
data, if ¢ is sufficiently small.

§1. Introduction.

1.1. We consider the quasilinear dissipative hyperbolic equation

(1.1 eyt Ur— U e —(f(1,)),=0

where ¢>0, xR, u is a scalar function of (x, ) and f is a given smooth in-
creasing function on R. We study the global in time existence of classical
solutions of (1.1), corresponding to “large” initial values

(1.2) u(x, 0)=u,(x), wux, 0)=u,(x),

and show that such solutions are globally defined, regardless of the size of the
initial values, if ¢ sufficiently small. More precisely, given u, and u,, we find
£,>0 such that, if ¢<e,, the corresponding solutions of (1.1), (1.2) are defined
for all t=0; moreover, their derivatives decay to 0 as {—-4oo. This result is
somewhat complementary to our previous result of [7], where we considered a
first order system formally equivalent to the equation

1.3) eYutyi—(0(y)=0

(so that here f(r)=o(r)—r), and showed that if (1.3) is locally strictly hyperbolic
(i.e. if ¢’(0)>0 and ¢”(0)+0), then solutions of (1.3) corresponding to data with
small |y,.| do not develop singularities in their higher order derivatives if ¢ is
small. In contrast, here we assume that (1.1) is globally strictly hyperbolic,
i.e. f'(r)=z0 VreR, and show that no restriction on the size of the data is
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required to prove global existence of the solutions if ¢ is small. Although this
result may not be surprising, since the limitation on the size of |y.| is needed
only to guarantee hyperbolicity of (1.3), we believe it is worth of explicit con-
sideration, because of the simpler, very direct method of proof, and its possible
generalization to higher dimensions. Indeed, our proof is based on direct a
priori estimates on the time derivatives of u, and exploits the presence of the
dissipation term u, in the equation in a way similar to that of Matsumura, {6],
replacing his smallness requirements of the data with the smallness of ¢ (which
is equivalent to require that the dissipation is sufficiently large).

In the higher dimensional case, we were able to generalize our result of
[7] in [8], where we considered the equation

(1.4) EUy+U— i aij(Vu)aiju:O,
i,j=1

under the local strict hyperbolicity assumption 3 a;;(0)g'¢’=1q!%, and showed
that global existence of solutions in the Sobolev spaces H¥*YR™), s>(n/2)+1,
follows, if ¢ is small, under the sole assumption that Vuols, be small, where
so=[n/2]+1 (in which case [Vu,|==[Vuols). In [9] we tried to remove this
restriction, at least for equations analogous to (1.1), i.e. of the form

(1.5) Buu—i-u:——Au-—Ai‘ a; (Yu)d ju=0,

i, J=1

under the global hyperbolicity assumption 3 a.;(p)g'q’=0 for all p, g=R", but
that proof contains an error that, so far, we have not been able to correct.
Thus, by considering the simpler model (1.1), we have tried to gain a better
understanding of the mutual balancing effect between the nonlinear and the
dissipative terms in the equation, with the hope to be able to generalize this
global existence result to equation (1.5), at least if the nonlinear operator is in
the conservative form —div F(Vu), with F monotone.

1.2. One of our main motivations in this study stems from the associated
singular perturbation problem, consisting in considering equation (1.1) as a per-
turbation of the limit parabolic equation

(1.6) ut"‘“rr‘(f(“m))xzo .

Indeed, a lot of attention has recently been devoted to the general question of
the validity of modelling propagation phenomena by means of “parabolic” equa-
tions, such as the heat or the porous media equations, which give rise to such
inconsistencies as for instance the “instant propagation with infinite speed” of
the heat flow. Already in 1948, for instance, Cattaneo ([1]) proposed equation
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(1.1) as a better model for the nonlinear heat equation, with the remark that
the “thermal relaxation” parameter ¢ is very small, but not negligible.

A similar model is provided by Maxwell’s equations for the electromagnetic
potential A, which can be written as

(1.7) gAw+0 A +curl {(curl A)—Vdiv A=0;

in this model, ¢ and ¢ measure respectively the displacement and eddy currents.
In many situations, one has that ¢<o, so that the reduced equations

(1.8) g A;+-curl {(curl A)—V div A=0

are considered instead. The reason for this is of course that equation (1.8) is
much easier to study, both theoretically and numerically; for instance, when {
is monotone (so that (1.7) is of type (1.1)), a suitable weak solution theory can
be established for (1.8), with quite robust finite element methods for its numerical
treatment, while the same is not available, as far as we know, for (1.7), except
of course for its one-dimensional version (1.3). In this case, with the usual
substitutions y,=u, y,=v, (1.3) is formally equivalent to the first order system
sur=(0(v)).—u,
(1.9)
Vi=Ug

when ra”(r)>0 VreR, (1.9) represents a model, in nonlinear isothermal elastici-
tity, for the vibrations of an elastic string influenced by a linear damping term;
when o(r)=—r77, 1<y<3, (1.9) describes instead a model for the evolution of
a polytropic gas (in Lagrangean coordinates). In both instances, ¢ is a measure
of the internal inertial forces; note that, when =0 in (1.9), we formally derive
the porous media equation

(1.10) vi—(0(®))z2=0.

For this model, the singular convergence of weak solutions is described in [5];
for the general n-dimensional case, we refer to [10] where, however, the global
existence of smooth solutions of (1.4), at least when ¢ is small, is explicitly
assumed. Hence, we believe, the importance of global existence results of the
type we propose to present.
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§2. Notations and Results.

As in [9], by the change of variable t—t/¢ we transform (1.1), (1.2) into
the initial value problem

2.1) UeetUr—EUzz—6(f () =0,
(2.2) u(x, O=ue(x),  wulx, 0)=cus(x).

For integer m=0 we consider the Sobolev spaces H™=H™(R), with norm |-ln
and scalar product (-, *)n; we omit the index m=0 for H°=L*R); also, |-|
denotes the L= norm. Following Kato, [3], we look for solutions of (2.1) in
the space Xo(T)=Nts C¥([0, T]; H**'"*), where T>0 is arbitrary and s=2
an integer (to conform with Kato’s theory, which requires s>(n/2)+1 if xeR™:
here, n=1).

We assume that f: R—R is a C™ function, m=3, satisfying

(2.3 f(0)=0, f'(n=0 VreR,

and that, for =1, ---, m, there are continuous increasing functions h;: R*—R*
such that

(2.4) vreR,  |f9Mish(ir])

(as, for example, the one-dimensional version of the p-Laplacian considered by
Lions in Chapter 1.8 of [4], i.e. f(r)=|r|? %, p>2: then (2.4) holds with m=3
if p=4).

Under the said assumptions, a straightforward application of Kato’s results
of [3] vields the local existence result

THEOREM 1. Let m=3, and s be such that 2<s<m—1. Given any u,cH*",
w,CHS and £>0, there exist ©>0 and a unique u < X,,\(z), solution of (2.1), (2.2).

Our goal is now to show that, if ¢ is sufficiently small, such a local solu-
tion can be extended to any interval [0, T'] (and, in fact, to all of R*): setting,
for integer %, [,

CYRY; HY={f=CH[0, +oo[; HYIM>0 Vt=0, Vi=0, - k, |0if (D). <M},
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we claim

THEOREM 2. Let m=3, and s be such that 2<s<m—1. Given any ucH*
and u,E H°, there exists €,>0 such that, if e<s,, problem (2.1), (2.2) has a unique
solution u& X, (Fo0)=Nik CERY ; H%),

We remark that, as will be evident from the proof of Theorem 2, we could
consider equations of type (1.3) directly, provided we assume global strict hyper-
bolicity, i.e. that Jv>0| VreR, o'(r)=v.

As is to expected, such global solutions will be uniformly bounded as t—
+oo, and their derivatives will decay to 0 (although, as far as we can show,
with a rate of decay not uniform with respect to ). At least in the case s=0
(and, we believe, for s>2 as well, but we have not checked the details of the
proof), this is described by

THEOREM 3. Let s=2, e<e,, and ucX,(+0) be the solution of (2.1), (2.2)
assured by Theorem 2. There exists M >0 such that

25) ViZ0, 3 JGiuli=M,
(2.6) lim (LBl + 3 10tu(DlE-s)=0.

§3. Proof of Theorem 2.

We start by remarking that it is sufficient to extend the local solution to a
global one in X;: in fact, higher order derivatives can be bounded in terms of
the norm in X; by means of standard estimates (see e.g. [8] or [97). Given
then integers m, »=0 and a smooth function u(x, ¢), we introduce the functions

. 1
En(u, )=|07ulln+07 u, aluz)er?llafullfn-i-sllaluﬂl?n
(the “energy” norms), and the seminorms
Sm,o(, )=N0Fuclf+ell0fuz]b ;

indeed, by Schwartz’ inequality we easily check that, for instance, Sup:zo Eo o{u, t)
is the square of a norm in X,, and in particular

CRY ludll*<2Eo.o(u, -), [ul*<4Eqo(u, -), elluzlP<Eoou, -);

similar inequalities hold for the other norms E, ,.

Exploiting the different behavior of the time and space derivatives of u
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with respect to the rescaling t—t/e, we propose at first to establish a direct a
priori estimate on the norm

1
Bat, 0 Eo sty 0+ | (S0, 0)+Sustu, 0)d6

and then, by a sort of “elliptic” procedure, to use this estimate to provide an

analogous estimate for the norm
Ex o, 0+ 5 Su.u, 0)d8.
In the course of these estimates we shall also have to consider the functions
¢(u):SRF(u(x, Ndx, where F(r):S;f(s)ds,
Fo o, )=(f"(uz)070{u, 070[u);
note that (2.3) implies that F, and therefore ¢ and Fn, ., are all nonnegative.

We start from the local existence Theorem 1, from the proof of which we
know that

PROPOSITION 1. Let A2=FE, (1, 0)+e(2¢(toz)+Fa,o(u, 0)+Fs o(u, 0)). For all
A>A,, there exists T>0 such that

(3.2) viel0, T1,  Euo, t)+—;—5:32, o, 0)AO<A®.
(The proof is standard, and we actually obtain the estimate
1ce
(3.3) Eoo(t, 0 | Suow, 0)d0
+e(2¢(u (1)) + Fa, o(u, )+ Fs oy, 1))
t
£ 2B O)+ Fus(u, 0)+Fuilu, D204,
which, however, we shall not need). We now claim :

PROPOSITION 2. There exists M>A,, independent of e, such that, for all
A>A,, there exists exn>0 such that, for all e<es, for all T>0 such that 3.2)
holds,

(3.4) VIe[0, T,  Esou, t>+-;—§:sz. S, 0)dO<M?;

We shall prove this Proposition in the next section; assuming its validity.,
we choose A=2M and, by Proposition 1, we first find T,>0 such that Yie
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[0, T\1, E; ou, t)+%gt82_0(u, 0)d0<4M*. Then, Proposition 2 ensures that, if
[
1
eZe,y, we have in fact Vie[0, T,], E. o(u, t)+—;—8052,0(u, 0)d0<M? This

means that the energy norm does not increase in [0, T,], so that we can repeat
the same argument to extend the local solution to a global one in the usual
way. Thus, Theorem 2 follows from Propositions 1 and 2, with the choice

€o=6any. L}

§4. Proof of Proposition 2.

4.1. We shall obtain the a priori bounds on the space derivatives of u
described in Proposition 2 by means of analogous bounds on the time derivatives

of u, provided by

PROPOSITION 3. For all A>A,, there exists ea>>0 such that, for all e<en,
for all T>0 such that (3.2) holds in [0, T, for all t<[0, T],

(A1) Eu(, 4B, O+eFui, D4eFiau, 1)
1 ¢ . g (¢
) (Sonltts O)S0.s(u, )0+ ] (Fus(w, )+F,(a, 046
0 2 Jo
=Eo (1, 0)+E, o(u, 0)+eFy (w, 0)+eFy, o(u, 0)+e*.

Proor. We start by remarking that the right side of (4.1) is O(¢?): in
fact, from (2.1) and (2.2) we compute that
ue0)=(euzztef (U)zz—u)0)=cu.€H*,
and, from the differentiated equation
(4.2) Upert U —EU o — ([ (Ue)Uzt)e=0,
Ueer(0)=(et o+ e(f " (U)Uzt)s—Uu)0)=eusc L*.

Next, we multiply equation (2.1) in L® by 2u,, obtaining

(4.3) wel|* +ellus]*+2eh(us))+2/ul*=0;

Pl

from this we deduce that, for suitable K,>0 independent of e,
t

(4.4) (ﬂuaHZ—FsHuxIIZ+25¢(ux))(t)+ZSDIquII2§K%e .

Multiplying then (2.1) by u as well, adding to (4.3) and integrating, we obtain
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(4.5) E,, o(u, t>+25¢(u1<t))+S:(So.o(u; s)+e(f(uz), uz)(s))ds

<Eoou, 0)+25¢(u0z) 5

since VreR, r(f(r)=0 by (2.3), (4.5) means in particular that the norm of
{u, u;} in H*x L? is conserved.

4.2. Next, we multiply the differentiated equation (4.2) in L*® by 2u.+u,,
obtaining

) Tl el e e, e, w0+ o )

Hlueel®+elluzdllP+e(f (wa)uer, ue)=e(f"(Ua)lhzithar, Uz)=1 .

We estimate / by means of (2.4), using Nirenberg’s interpolation inequalities
and (3.2), (4.4), noting that, by (3.1), these imply that [u,.]|<24A, Ju...|< 24,
flu:)|< +/eK, and |ju,|<K,: we obtain that, for suitable constant C>0 indepen-
dent of u,

[z | S Clluzall'®lus?< C~2AK,,
(4.7)

Vo] S Cllugge]¥*ud /<29 CAK M,

and therefore, denoting here and in the sequel by K a generic positive constant
depending only on A,

(4.8) I<ehy(luz)usillusl* < Re®®lluql® .

Consequently, if ¢ is so small (in dependence of A) that

(4.9) Rel < % ,
we obtain from (4.6) that, in particular,
d 1
(4.10) E{Eo,l(u, H+eFi(u, i)}+-2—(50. (u, H+eF(u, 1)=<0;

and since Vr, Ys&R, f’(r)s*=0 because of (2.3), (4.10) means that the norm of
{us, use} in H'XL? is also conserved. In particular, (4.10) implies that there
exists K,>0, depending only on the norm of the initial values, but not on ¢
nor on A if & satisfies (4.9), such that

@.11) lal<Kee,  Jw<Kee  luad <Kaw/e,
4.12) S:nunuzglfze% [ heailirs Ko

note that estimate (4.11b) allows us to improve estimate (4.7b): indeed, we now
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have
(4.13) PEUIND ¢ Tl

In the sequel, we shall indicate by K; a generic positive constant with the same

properties as K; and K,.

4.3. We would now like to differentiate (4.2) once more with respect to
time ; however, if s=2, we are prevented to do so by the fact that, in general,
uree and wu,.ECY[0, T]; L®. Thus, we shall regularize by means of lkawa’s
mollifiers: denoting by * the convolution with respect to time, for «a>0 we set
w*=¢%u,, that is, as in [2],

w(x, t):Si:%gb(t—il)u,(x, T)drt,

where ¢ is a C= function with support in [—2, —1], such that ¢=0, Siwgzi(t)dt

=1; we recall that if ze L¥Q2x]0, T+a,[) for some a,>0, then for 0<a<
(1/2)a, ¢**xz=C=([0, T]; L?), and ¢*+ commutes with 6/6f. Applymng ¢ to
(4.2), we see that w* solves the equation

wHtwi—ewi—e(f (u)wg):
=e(@**(f' (U b ge)— /(U )WE), =eRE .

We can now differentiate this equation in time ; multiplying then by 2wg-+w§,
we obtain

(4.14) SRl el wsilte(p oz, wEo+Get, wot o s )

Hwgl el wgel*+e(f (uz)wse, we)

=e(f"(Uzuzwge, Ws)+2e(f" (Ut z2wE, WE)
2e(f (U zWiz, WE)+2e(f"(U)U oot 2w, WE)
—e(f"(u)uzws, wi)+e(Rge, 2wi+wy)

=A+B+B,+D,+D,+E+E,; .

We estimate A as in (4.8):

Asehus )zl WS ReMw]*;

again by interpolation inequalities, (2.4), and recalling that, as we have remarked,
luzeel <+/2 A, we have
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Bi=2ehs(lus Dl uzzel lwg I lwe
seR|willwgl<eR|ws " lws:("*| wel
<e’Rlwilllwsgal +pllwl*,

for any 5 >0; similarly, recalling (4.13),
Be=2ehy((uz]) | usel wizlllwgl SeRe ws.||wé
SR 2wl +plwgl®;
also, recalling (4.11c), for suitable ¢>0:
D =2ehy(Juz Dltzal | vzl |lwE | |wh]
=2cehy(lug D uzllineeel P luzedl 2w ¥ lwg 01w
SeRe VR | wil P lwgL Il wl
<e2R|willwsall+nlwél®;
Dy<ehy(luz ) uz: [willilws:l
Sech(lua Dtz uzel *lwzlliiws:|
<& Rlwglllwsll<e**Rllwz|*+nelws*;
E\=2e(R%:, wi) =R RE:*+nlwdl®,
2=6(R%:, wi)=—e(Rf, wi)=RellRE|*+ypelws.|”.
Choosing % small enough, we deduce then from (4.14) that
(415) S B0, DbeFs(we, D)+ S0, fbeFi (e,
< R we. P+ RevH[w | Re.|*+ Rel Re
from which, mtegrating,
@16)  Euswe, DbeFawn, 0+ 3 (S0aw, 6)+eFu e, 0)}d8
<o (e, 0k, 0+ R s, |
+Revn g+ R | Reulr+ Re I Re1

To estimate the right side of (4.16), we recall the following results on the
mollifier, whose proof can be obtained by adapting the arguments of lkawa, [2]:

LEMMA 1. Let ueXy(T): then, as a|0:
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t t ¢
@.17) [iReis—>o0, | wait—> | oz,
(4.18) Eos(w, ) —= Box(e, 1), Foawe, ) —> Fius, 1),
So. (W, 1) —> Sy, 1(uy, 1),

(4.19) 0SlipT{llwi(t)HH IRE®IT =0).
Thus, letting « | 0 in (4.16), we obtain

1
E, (us, BH4-eFi(uy, t)"‘gg {So.1(ue, 0)+eFy (ue, 0)}do

t
0
) [ [
< En s, O+ s, 0)+Re| a4+ Rev e,

t
and therefore, recalling (4.12b) and that (3.2) implies in particular that S Nt zzell®
0
=2A°%,

(419 Euslu, 0beF s, D | 10 lu, 0)beFsalu, 0))d0
<E, o(u, 0)+eFy o(u, 0)+Re*?2A*+Re**Kye .
Integrating (4.10) and adding to (4.19) yields then
Eoq(u, O+LEo o(u, )y+el (u, )+ o(u, t)
1 £
2 2
SEo(u, O+E, (u, 0)FeFy (u, 0)+eFy (u, 0)+Re**24°+ Re**Koe,

+ | S0, )4 S0.su, D10+

t
0

~l
| 1P, O)4+F,uu, 0)}do

so that we obtain (4.1) if ¢ is so small (again, in dependence of A) that, in
addition to (4.9),

(4.20) 20 R /e +K,Rv/e <1

this ends the proof of Proposition 3. [

4.4. In particular, (4.1) implies that, for suitable K;>0,
(4.21) el < Kae, el = Kse, Nzl SKsn/e,

(4.22) S:uumungssz, g:numnﬁms :

with these estimates, we are now ready to prove Proposition 2, for which we
still need to estimate

(PR PR
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NV P R S R T

From equation (2.1) we have

Uge+Us
EU = -

1+ (us)’
and since f'(u,)=0, recalling (4.11) we deduce that
(4.23) il Sluell+llul <2Kse .
From equation (4.2) we also have

_ UreetUee—f (U)U o2l 2t

(424) EUzzt=— 1+f/(uz> ’
from which
(4.25) el poel el Hlucell Fell f/ )z btz

Noting that (4.23) allows us to modify (4.7a) into |u,|<C~/2K,K;, recalling
(4.21) we proceed from (4.25) with

elltzael = ueeel +lueel+ei(fuz Dlusel uzell
<26 Ky +eCh(CV2ZEK K)ol [t oe |1z |
<2: K3+ eChi(CA2K Ky)e K32 U 4 oe]| V22K,
=2e K, -+ Ky(e]1tt ozl )2

§25K3+%6“2K3 +%ellumll ;

therefore, we obtain that
(4.26) el szl S4e K+ Ki<e K, .
From (4.24) we also have, using (4.23), (4.22a), (4.12a), that

t t t
| Itaael =2 Jucsert 20 o ot
0 a 0
¢ ¢ ¢ ‘
< e 4] e 42N el
0 0 0
t / t /
saier+aiGet+ 2N sl ) ([ Jueeed)
t 1 t
<4K e -4 K22+ CNZEZSOH Uze]®+ 5 & 50“ Uzzel®,

where N=4CK2h,(C v/2K,K,)?; thus, using (4.12b), we have
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(4.27) %52S:Humlegélesz—}—éleez—{— CN*K,e?< Kee?.
From (4.23), (4.12a) and (4.4) we also have

& | laalr=2l a2 =2k 4K
so that
(4.28) [ el <K
Differentiating equation (2.1) with respect to x we obtain that
(4.29) eI+ (Ua)eze=UeztUee—ef " (U)Uzrlhss;
from this we obtain, as before, that

eluere| Sluzeell Hluzel +el /(M) zota:ll
Slugeel+luzel+ehs(luzi) ez is

Shuzel+luedl+eChollus Diueal**lu ez

< VeK + ’\/57K2+5Ch2(c \/ZTIKZ‘)(ZKZYHZHuxrxH”g
f 1
g \/8K3+ '\/81{‘2"*—8(:1&'—'_ E‘elluxrrH »

for suitable Cx>0; hence,
(4.30) izl = VeKs.

Finally, from (4.29) we estimate

¢
|
0

Y e e O e e W Y e
SAKeH4K e+ 28°ChC VIR it
SaKs e+ C et el e,
and therefore, recalling (4.28),
(4.31) e 8K et Koe e C K=K,

Putting together estimates (4.5), (4.11c), (4.4), (4.23), (4.26), (4.30), (4.12b), (4.28),
(4.27) and (4.31), and recalling also (3.1), we deduce that

1t
Bos(tt, 0+ | Sty )OS Ey o, 0)+20(00)+ Kio =M.

To conclude the proof of Proposition 2, we only need to remark that M depends
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only on the norm of the initial values; finally, e, is defined by (4.9) and (4.20).
O

REMARK. Using the same procedure, it would be possible to prove more
than (3.4), namely (compare to (3.3))

Evolu, 0+ 5 | S, 040
+5(2¢<uz(t))+Fz. o(u, )+Fs o(u, 1)

+5 S:<2¢<ur<0>>+Fz,o<u, 0)+F, o(u, 0)dO<M®.

§5. Proof of Theorem 3.

For e¢<e¢, we consider the global solution # of (2.1) and (2.2) assured by
Theorem 2. At first we remark that, since ueX,(+ o), estimate (4.19) holds
uniformly with respect to T ; consequently, from (4.15) we deduce that, with the

same meaning of w*,
d
'd_t{Eo,l(wa: OteF(we, H}=Ce,

with C>0 independent of ¢ and a; adding this to (4.10) we have then that, in
particular,

4
dt

Alsg, from (4.1) we have that, for all {=0:

6.1 {Eo(u, )+ E, (we, H)+ekFy, (u, el (we, D} <Ce.

(5.2) Eo (u, )+ Eo o(u, )+eFy (u, )+eFi o(u, 1)
ZE, (u, O)+E,, ou, O)+eF; (u, 0)+eFy, o(u, 0)+e2=C,e®.

Next, we easily see that
¢ . 5 ce
[L(Ba s, 09+ En s, 00405 (Sutit, 0)4Suta, 040+ el
so that from (4.1) and (4.4) we have that for all =0

t
5.3 [ {Eostt, 0+ Eoalu, 0)+F, i, 0)+F, o, 0O4dOS57C, + 5 eKi=Cre.
Recalling (4.19), inequalities (5.1), (5.2) and (5.3) show that
im {E, (u, +E, (w*, )+eFy(u, 1)+eF (w*, D) =0;

t-too

therefore, since F; (u, t)+F; (w®, t)=0 and the convergence in (4.18) is uniform
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in ¢t because usX,(+<0), letting @ | 0 we obtain that

CEI}}Q {EO, l<u) t)+El), 2(u; t)} :0 ’

which in turn implies that

(0.4) Jim flue DI+ e i+ u Bl =0

Because of (4.23), (4.25) and (4.29), (5.4) also implies that
(5.5) ;ljﬂ {lu 22O+ 422D =0;

finally, decay of ||u.(-)| is a consequence of (4.3), (4.4), (4.5) and (5.4). [

REMARK. As we have stated in the Introduction, it should not be difficult
to extend this procedure to equations in the conservative form

(5.6) cup+u,—Au—div FVu)=0,

with F: R"—R" monotone ; on the other hand, however, extension to equations

in the divergence form

Ut U —Au— Zn} 9;(a(Vu)d;u)=0
=

i 1

seems to be out of our reach. Still, our method would clearly be applicable to
the initial boundary value problems corresponding to (1.1) or (5.6), with homo-
geneous Dirichlet boundary conditions.

References

(17 C. Cattaneo, Sulla Conduzione del Calore, Atti Sem. Mat. Fis. Univ. Modena 3
(1948), 83-101.

727 M. Ikawa, A Mixed Problem for Hyperbolic Equations of Second Order with Non-
homogeneous Neumann Type Boundary Conditions, Osaka Math. J. 6 (1969),
339-374.

r37 T. Kato, Quasilinear Equations of Evolution, with Applications to Partial Differ-
ential Equations, Lect. Notes Math. 448, Springer-Verlag, Berlin, 1975, p. 25-70.

T41 J.L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites non
Linéaires, Dunod-Gauthier-Villars, Paris, 1969.

57 P. Marcati, A. Milani and P. Secchi, Singular Convergence of Weak Solutions for
a Quasilinear Nonhomogeneous Hyperbolic System, Manuscr. Math. 60 (1988),
49-69.

671 A. Matsumura, Global Existence and Asymptotics of the Solutions of Second Order
Quasilinear Hyperbolic Equations with First Order Dissipation Term, Publ.
RIMS Kyoto Univ. 13 (1977), 349-379.

T77 A. Milani, Global Existence for Quasilinear Dissipative Wave Equations with Large

Data and Small Parameter, Math. Zeit. 198 (1988), 291-297.

, Global Existence for Quasilinear Dissipative Hyperbolic Equations with

M
o2}
[



496

9=

[10]

Albert MILANI

Large Data and Small Parameter, Czech. ]J. Math. 40/115 (1990), 325-331.

, Long Time Existence and Singular Perturbation Results for Quasilinear
Hyperbolic Equations with Small Parameters and Dissipation Term, III, Non-
linear Anal. 16/1 (1991), 1-11.

, Global Existence via Singular Perturbations for Quasilinear Evolution
Equations, to appear in: Adr. Math. Sci. Appl.

University of Wisconsin-Milwaukee



