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Abstract. We show that the category Convy of convergence spaces
over B is a convenient category for any BeConv. It is shown that
without any condition on spaces the category Convy and the category
ConvZ of sectioned convergence spaces over B hold various expo-
nential laws in a natural way. In Comnvy, we can construct expo-
nential object in terms of function spaces. Our fibrewise mapping
space structure generalizes the fibrewise compact-open topology in
some case.
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1. Introduction.

The fibrewise viewpoint is standard in the theory of fibre bundles. It also
has an important role to play in homotopy theory. Fibrewise topology, as a
natural generalization of topology, has emerged recently as a subject in its own
right with a rich potential for research. [.M. James has been promoting the
fibrewise viewpoint systematically in topology [13-19].

In homotopy theory, the category Top of topological spaces is not a very
good one to work in for many problems. Top is not cartesian closed. So is
not the category Topz of topological spaces and maps over a fixed space B.
So, many attempts have been made to find a suitable category, allowing a con-
venient category of fibred spaces. A convenient category means that it contains
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all the spaces of real interest, that it have all limits and colimits, and that it
be cartesian closed. So far, compactly generated spaces and quasi-topological
spaces have been main objectives. However, in a structural point of view, it
has not been completely successful to find a convenient category of fibred spaces.
P.1. Booth [4] obtained many interesting exponential laws for quasi-topological
spaces. However, quasi-topelogical spaces do not form a category, but a quasi-
category, which is illegitimate and hence not a suitable replacement for Top
(cf. [127).

In this paper, we will introduce a new approach to fibrewise topology using
the notion of convergence [3, 9] and develop a theory of fibrewise convergence,
mainly focusing on the adjoints of the fibre product and the fibre smash product,
respectively. In 1986, Adidmek and Herrlich [1] showed that a topological
category A is a quasitopos (=final epi-sinks in A are preserved by pullbacks)
if and only if, for each B< A, the comma category Az is cartesian closed.
Thus, to find a convenient category of fibred spaces, we must first choose a
quasitopos. It is well-known that the category Comv of convergence spaces
forms a quasitopos (cf, [1, 21]) and it is very useful category in various respects,
containing the category Top as a bireflective subcategory (cf. [3, 21]). So, we
work with the category of convergence spaces. We will show that the category
Conv; of convergence spaces over B is a convenient category for every BeConv.
In fact, it turns out that without any restriction on spaces the category Convg
and the category Coenv2 of sectioned convergence spaces over B hold various
exponential laws including the exponential laws for fibred section spaces and
fibred relative lifting spaces and homotopy versions of all exponential laws
mentioned above. We note that an exponential object in Coenvy can be con-
structed in terms of function spaces even though a constant map in Convy is
not a morphism (cf. 27.18,[2]). Our fibrewise mapping space structure generalizes
the fibrewise compact-open topology in some cases. Using those exponential
laws, we can obtain naturally improved versions of many interesting properties
concerned by many researchers [4-8,14,18,20,22-24]. The terminoclogy and
notation of [2,13] will be used throughout.

2. Convergence spaces over a base.

For a set X, we denote by F(X) the set of all filters on X and P(F(X))
the power set of F(X). A convergence space [3] is a pair (X, ¢) of a set X and
a function ¢ : X—®(F (X)), called a convergence structure, subject to the following
axioms: for each x= X,

(1) #%<c(x), where # is the filter generated by {x}.



Fibrewise convergence and exponential laws 55

(2) if Fee(x) and <S¢, then G&c(x),

@) if 4, g=c(x), then FNGsc(x).

The filters in ¢(x) are said to be convergent to x. We usually write F—x
instead of F&c¢(x). By a continuous map f: X—Y between convergence spaces
is meant a function f: X—Y such that f(F)—f(x) in ¥ whenever F—x in X.
The category Conv is formed by all convergence spaces and all continuous
maps between them.

Let X be a topological spaces. By assigning to each x& X ¢(x)=the set of
all filters on X, convergent to x, we obtain a convergence structure. Hence
any topology can be interpreted as a convergence structure. Let (X, ¢) be a
convergence space. A subset U of X is said to be open if it belongs to every
filter which converges to a point of U. The collection 7, of all open subsets
of X forms a topology on X. Note that (X, z,) is the topological reflection of
(X, ¢).

Given a space B=Conv, an object (X, p) of the comma category Convy is
called a convergence space over B and p the projection. As usual, (X, p) is also
simply denoted by X. A morphism f: (X, p)—(Y, q) in Conv; is called a con-
tinuous map over B. For topological space B, each ((X, ¢), p)Convy has the
topological reflection ((X, z), p). Hence Tops is a bireflective subcategory of
Convy.

It is easy to see the following facts; Initial (resp. final) structures in Conv
determine initial (resp. final) structures in Convy over Setz. The limit (resp.
colimit) in Conv of a natural source (resp. sink) in Cenvy is the limit (resp.
colimit) in Convy. Therefore, Convy has initial structures over Setz and, hence,
limits and colimits. Moreover, as does in Conv final epi-sinks in Conv, are
preserved by pullbacks and hence finite products of quotient maps are quotient
in Convy. From now on, B means any convergence space.

Note that, for (X, p), (Y, ¢)=Convg, the pull-back XX,V of p and g is the
product of X and Y in Convy. Since Convy is cartesian closed, the functor
XXpg-. Comvp—Convp has a right adjoint _¥, an exponential functor. An ex-
ponential object ¥'¥ is not necessarily a function space. However, in Cenvj,
we can construct exponential object in terms of function spaces.

For (X, p), (Y, g)Convy, consider the set

mapy(X, Y)=\U map(X;, Y,)
oeB
with the natural projection (pgq), where map(X,, Y,) denotes the set of continuous

maps of X, into Y, and we define a convergence structure ¢ on maps(X, V) as
follows; For a filter ¥ on mapp(X,Y) and femap(X,, V), Fec(f) if and
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only if
(1) for each xEX,, (FNANE)—f(x) in ¥ whenever A—x in X, where
F(A)=\Usep Fy(Ay) for FEFNf and ANz,
2) (pgXF)—(pg)[) in B.
By a routine work, we can show that ¢ is a convergence structure over B.
We note that if B is a singleton space, then ¢ is the continuous convergence
structure on map(X, Y).

THEOREM 2.1. For any convergence space X over B, mapp(X, .) is a right
adjoint of XXg-. Therefore the exponential object Y¥ is isomorphic to
mapg(X, Y) in Convp.

ProoF. Consider the evaluation map ev: XXzmaps(X, Y)—Y defined by
ev(x, f)=f(x). Then ev is a map over B. For the continuity of ev, let U—
(x, f)in XX pgmapp(X, Y) with (x, e X, xmap(X,, Y5). Then there exist filters
4 on X and F on maps(X,Y) such that A—x in X and F—f in mapp(X,Y)
and AXzF S U, where AXzF is the filter generated by {AXpF|Acd, FEF}.
Note that en(AX zF)=F(A). Hence (FNFIANL)Sen(AXpF)Sev(V). Therefore
ev is continuous. In fact, ev is a co-universal map for Y with respect to the
functor XXs_. Let (Z, r)eConvg and f: XXzZ—-Y a continuous map over B.
Define 7: Z—maps(X, V) by f(r)x)=f(x, 2). (f X,=0, then f(z) is the empty
map 0,: X,—Y,.) Then f is a map over B. Let #—z in Z with zeZ, and
A—x in X with xX,. Then

F(ANZ)YX g(ANENS(FINNF2NAN L)

and (pq)ef=r. Hence f(4)—f(z)in mapp(X,Y). Thus £ is continuous. Clearly,
evo(lyXgf)=F and such a map f is unique.

Since Conv; is cartesian closed, we have the following exponential law as
a corollary.

THEOREM 2.2. For X,Y, Z=Convy,

U maps(XXgY, Z) —> maps(X, maps(Y, Z))

is an isomorphism in Convg, where T(H(xXy)=f(x, ).

For X, Y=Convy, we denote by Mapp(X, Y') the convergence space of all

continuous maps X—Y over B, equipped with a subspace structure of map(X, Y)
in Conv.

LEMMA 2.3. For (X, p), (X, g)=Convs, consider XX B and XXY as objects
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in Convyg with projections w, and qeom, respectively. Then a: (XX B)XgY -»XXY
is an isomorphism in Convg, where a((x, b), y)=(x, y).

PROOF. It is immediate from the property of products in Cenv.
PROPOSITION 2.4. For X, Y <=Convy,

o: Mapg(X, Y)—> Mapp(B, maps(X, YV))

s an isomorphism in Convg,where a(f)b)=f,: Xo—Y, the restriction of f on X,.

PROOF. Using the cartesian closedness of Conv, Theorem 2.1. and Lemma
2.3., the following commutative diagram;

Xxsmaps(X, Y) —0s Y

Tl X pev Iev

XXp(BXMapp((X, V) = XX Maps(X, V)

Since XX_ is a left adjoint of map(X, ), we have a continuous map
ev: Maps(X, Y)—map(B, maps(X, Y)) such that eve(1y X&0)=ev. In fact, ¢ is the
corestriction of 2v. Consider the following diagram;

ev

XXmap(X, Y) _ Y
XX Mapg(B, mapp((X, Y)) Iev
‘S 1x X gev
XX g(BX Maps(B, mapp(X, YV))) ————> XX gmaps(X, Y)

Again, by the exponential law in Conv, we have a continuous map
B: Mapg(B, maps(X, Y)—map(X,Y) such that eve(ly X gev)=evef. In fact, ¢
is the corestriction of §.

REMARK 2.5. The space Mapg(B, mapp(X,Y)) is the space of sections of
maps(X,Y). So, usually it is denoted by secgmaps(X,Y). This proposition
shows that exponential objects in Convy may not be hom-objects in that category.

By combining Theorem 2.2. and Proposition 2.4., we have another ex-
ponential law.

THEOREM 2.6. For X, Y, Z=Convyg,



58 Kyung Chan MIN and Seok Jong LEE

@ Maps(X XY, Z) —> Maps(X, mape(Y, Z))

is an isomorphism in COnvy, where O(f)x)¥)=f(x, y).

PROOF.  Maps(X XY, Z)= Maps(B, maps(XXsY , Z))
= Mapy(B, maps(X, mape(Y, Z)))= Maps(X, maps(¥Y, Z)).

REMARK 2.7. Since, in Convg, BXzX=X in a natural way, Theorem 2.6.
implies Proposition 2.4, Therefore given the isomorphism in Theorem 2.2,
Proposition 2.4. and Theorem 2.6. are equivalent.

Mapping Spaces

We collect some interesting properties of mapping spaces in Convg.

1. Since Convy is cartesian closed, we can show the followings (cf. [2]);
(a) XXz preserves final epi-sinks, (b) map(X, .) preserves initial sources and (c)
mapy(-, X) carries final epi-sinks to initial sources. In particular. XXp(I1sY:)=
(XX 5Yo), mapp(X, Y Vi)=TLsmaps(X, Yi)and mapp(Y1sY:, X)=1Izmaps(Y:, X).

2. Given (X, p), (Y, g)=Ceonvy, if ¢ is quotient or Maps(X, ¥V)#0, then
(pq): maps(X, Y)— B is quotient (cf. Theorem 5.1. in [4]). If we take Y =25,

). D
then this shows mapg(X, B)=B. Let a be the compositon maps(B, ){)mfizj—)1

Bxsmaps(B, X)>X. Then a is bijective and the adjoint of m,: BXX—X is
a!. Hence mapp(B, X)=X.

3. For each B’=Conv and a continuous map &: B’— B, a functor &: Conv;
—Convp is defined, where £*X=XXpB’ and &*(f)=fXple. In fact, &* has a
left adjoint functor &, defined by &x(X, p)=(X, &-p) and &«(f)=f, and hence
preserves products. By Theorem 1.1. and modification of proof of Proposition
6.9. in [14], we can show that the natural map &, : mapg (§* X, §*Y )—E*maps(X,Y)
is an isomorphism in Convg.

4. For (Z, r)eConvy and a non-empty space F, define Or(Z) to be the
subspace of map(F, Z) of maps f: F—Z such that r- f is constant. Then, 05(Z)
=Convy with the projection ¢r()(f)=rf(x) and we have an isomorphism in
Convg a: Or(Z)—maps(FX B, Z), where a(f)(x, b)=f(x), using Lemma 2.3. and
exponential laws in Conv and Cenvp. Hence maps(FX B, Z) is embedded in
map(F, Z) (cf. Proposition 3.1. [7]).

5. Using the similar argument in Theorem 6.1. of [4], we can show the
following ; Given (X, p), (¥, ¢9)=Convp, if p and ¢ are Hurewicz (resp. Dold)
fibrations, then so is (pg).

6. Let B be a discrete topological space, X a locally compact Hausdorff
topological space over B and Y a topological space over B. Then maps(X, V)
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carries the fibrewise compact-open topology: Suppose F--f in mapg(X, Y) with
femap(X,,Y,). Since B is discrete, (pg)(F)—(pg)(f)=b in B implies map(Xs, Y )
€%. Let (K, V) be a fibrewise compact-open neighborhood of f. Then, for
each x€K,, Ve(FNf)9N,), where 1, is the neighborhood filter at x in X.
Since K, is compact, there exist x,, -+, x,& Xy, U, ET,, and F,,€FNf such
that F, (U)SV for eachi=1, ---, u. Let F=F, N - NF;, Nmap(X,, Y,). Then
FegnfandFS(K, V). Hence $— f with respect to the fibrewise compact-open
topology. Conversely, let 31, be the neighborhood filter at f with respect to
the fibrewise compact-open topology, where femap(X,, Y,). Let V be an open
neighborhood of f(x) in Y. Since X is locally compact over B, there is a
compact neighborhood K of x in X, such that f(X)EV,. Note that K is com-
pact over B, since B is T,. In fact, (K, V)e9, and (K, VXK)SV. Hence
JNe—f in map(X, V). In general, maps(X,Y) does not carry the fibrewise
compact-open topology. For example, let X=Y =B={0, 1}, the Sierpinski space
with the topology {0, {0}, {0, 1}} and the identity map as its projection. Consider
the filter g={{0, 1}}, where 0:{0}—{0} and 1:{1}—{1}. Then g—1 in
mapg(X, Y), but F-41 with respect to the fibrewise compact-open topology.
Note that {1}=({1}, V) is the fibrewise compact-open neighborhood of 1.

3. Sectioned space over a base.

A sectioned space over B is a triple consisting of a convergence space X and

continuous maps
s P
B— X— B

such that ps=1z. Usually X alone is a sufficient notation. The map p is called
a projection and the map s the section. Let X, Y be sectioned space over B,
with projections p, ¢ and sections s, ¢, respectively. By a map of sectioned
space over B, we mean a continuous map f: X—Y of convergence spaces such
that ¢f=p and fs=t. The category Convg is formed by all sectioned spaces
over B and all maps between them. By a similar argument in Cenvp, the
category Topf is shown to be a bireflective subcategory of Convi. Note that
products of sectioned spaces in Convp serve as products in Convi.

Let X, Y be sectioned spaces over B, with projections p,q and sections s, 1,
respectively. Consider the convergence space

XNBY = U (XX Vo) /((s(B)X Y o) U(X, X 1(B))}

equipped with the quotient structure with respect to the natural map ¢: XXzY
—XAgY. Then the triple (¢-(s, 1), XAgY, pAg) is a sectioned space over B,
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called the smash product of X and Y, where the map pAg is induced by the
projection for XX z¥. We note that the smash product is not the product in
the category Comv3. We denote by mapB(X, V) the subspace of maps(X, Y) of
pointed maps, where the base points in the fibres are determined by sections.
The space map3(X,Y) is a sectioned space over B: In fact, the projection is

iy t
induced by (pg) and the section is induced by the adjoint of XXzB—B-Y.
For any X<Conv3, mapi(B, X)=B via its projection. Denote /={0}II{1}.
Then mapi(Bx1, X)= X, since maps(-, X) carries coproducts into products.

THEOREM 3.1. For any sectioned space X over B, mapB¥(X, -) is a right
adjoint of XAp-.

PrROOF. Let Y=ConvZ. Consider the map e: XApmapi(X, Y)Y defined
by e([x, fN=f(x), where [x, f1=¢(x, ). Then e-¢=ev implies that e is a
morphism in ConvZ. In fact, e is a co-universal map for ¥ with respect to the
functor XAg-. Given Z=Conv2 and a morphism f: XAzZ—Y in Conv, define
f:Z-map¥X,Y) by f(z)(x)=f([x,z]). Then, using Theorem 2.1., it is easy
to see that 7 is a unique morphism in Convi such that e-(1xAzf)=f, since
mapi(X, V) is a subspace of mapp(X, V).

THEOREM 3.2. For X, Y, Z=Conv},
¢ map¥( XX Y, Z) —> mapf(X, map§(Y, Z))
is an isomorphism in Convg, where (f) x)y)=F([x, y1.

ProoF. Clearly, ¢ is bijective. Using Theorem 3.1. and a parallel method
in Theorem 2.2., we can show that ¢ is an isomorphism in Convf. We note
that the smash product Ajp is commutative and associative.

REMARK 3.3. If B is a singleton space *, then this theorem gives an ex-
ponential law of pointed convergence spaces. This type of exponential law
plays a central role on duality in homotopy theory (cf. [10, 11, 23]).

For X, Y=Convg, we denote by Mapi(X,Y) the convergence space of all
morphisms X—Y in Convg, equipped with a subspace structure of map(X, Y).
Clearly, MapB(X,Y) is a subspace of Maps(X,Y) in Convp.

PROPOSITION 3.4. For X, Y Convs,
o: Map¥(X, Y) — Map3(B, mapi(X, Y))

is an isomorphism in Convs, where o(f)b)=fy: Xo—Y s, the restriction of f on X,.
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ProOOF. Clearly, ¢ is bijective. We note that Maph(B, mapi(X, Y))=
Maps(B, mapi(X, Y)) and our ¢ is the restriction of ¢ in Proposition 2.4. Since
map(B, _) preserves initial sources, the result follows immediately.

By combining Theorem 3.2. and Proposition 3.4., we have another ex-
ponential law;

THEOREM 3.5. For X, Y, ZcConvi,
¢ Map§(XN\sY, Z) —> Map¥(X, mapy(Y, Z))

s an isomorphism in Convy, where o(f)(x)(y)=f(x, ¥).

REMARK 3.6. Using our exponential laws and modifying the proof in [7],
we can obtain in our context the exponential laws for fibred section space, and
fibred relative lifting spaces and homotopy versions of all exponential laws
mentioned above without any restriction on spaces.
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