TSUKUBA J. MATH.
Vol. 17 No. 1 (1993), 1—33

LOCAL INJECTIVITY OF PRYM MAPS FOR SOME FAMILIES
OF COMPACT RIEMANN SURFACES

By

Katsuaki YOSHIDA

Introduction.

In this paper we consider some families of double coverings of compact
Riemann surfaces (or complete irreducible non-singular algebraic curves over C)
allowing ramifications, and we study the Prym varieties of these double coverings.

Let z: R—R be a double covering, where R and R are compact Riemann
surfaces of genera # and g, and J(B) and J(R) be Jacobians of R and R,
respectively, If x has 2n branch points, we have g=2g+n—1 by means of
the Riemann-Hurwitz relation. We denote by ¢ the generator of the Galois
group of R/R. Moreover we denote by the same ¢ the involution of J(R)
induced by that of R/R. The norm map Nm: J(R)—J(R) is defined by the
induced map on divisor classes given by D — n(D) (D a divisor on ﬁ). The
Prym variety P=P(R/R) of R/R (or (R, ) is defined by the conneted com-
ponent containing the origin of the kernel of Nm, and we have an isogeny
tx: J(R) X P—»](I?) naturally (see Mumford [5], Fay [5], Sasaki [7]). The
process taking Prym varieties defines the so-called Prym map P: R/R—P(B/ R)
from the family of (B, ¢)’s to the moduli space of polarized abelian varieties.

In case of unramified double coverings, Mumford [5] states some beautiful
results concerning the relative dimension of the Prym map. For double cover-
ings with ramification points, however, the contribution of those points to the
Prym map might be unknown.

In this paper we will caluculate the relative dimension of the Prym map
for some typical examples of B/R with 2n (n=1) ramification points.

We consider the following three families of compact Riemann surfaces
parametrized by t or t;’s:

(1) R.: y*=(x—1—1) (x*+x+1)  genus 3
R, v*=(x—1—1) (x*4+x+1) genus 1
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(I) R,: y'=(x—1—1t) (x*+x+1)  genus 4
R:: y*=(x—1—1) (x*+x+1) genus 1
(M) Ripeyey: v'=(x—1—1) (x—p—pt) (x—p*—p’ty)

tyty
X(x—p*) (x—p*) genus 6
Ri iyt y'=(x—1—1) (x—p—pt) (x—p°—p*s)
X(x—p%) (x—p*) genus 2,
where p=exp(2ri/5).
(1) is an example for n=2, and (II), () are for n=3.

Hereafter we write & and R instead of R, ﬁh,,ws and R, R:,i,., for the

sake of convenience occasionary.

In case (1) or (Il), the surface R has an automorphism T of order 4
(x, —y). In case (II), R has an automorphism 7 of order 6 defined by T':
(x, y)—(x, oy) where e=exp(2zi/6) and the involution T°: (x, y)—(x, — ).

(T> will denote the group generated by T and as usual R/<T> will denote
the surface obtained by identifying points on R which are equivalent under the
action of <T> on R. In case (I) or (M), R/<T?® is canonically isomorphic to
R, and in case (M), R/<T®> is canonically isomorphic to R.

s

Under these notations, we can give our main results as follows:

THEOREM 1 (Joint work with Sasaki). In case (1), the Prym variety P has
a period matrix of the form
i 0
I )
0 ¢

That is to say, P is isomorphic to the product [ X ] where J=C/<1, i).

THEOREM 2. In case () the Prym variety P has a period matrix of the
form (I, IT) where II is the following:

Jri 1 ((1fL o STy 042
T 21-0){2+0)+2} 5’ 2(1—;;(1+z> 20+2§(1—az)z)’

where z= (SBswl>/(gA3wl> is the modulus of the surface R, and
R: y*=(x—1-t)(x*+x+1) and o=exp(2ni/6).

THEOREM 3. In case (), the Prym variety P has a period matrix of the
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form (I, IT) where II is the following:

S —1/241/s 1/2—ip/s —iq/s (1—17)/2—ir/s\
r 1/2—ip/s i/2+ip*/s  (1—i)/2+ipqg/s  i+ipr/s

=
j —ig/s  (l—i/24ipg/s —QA—i)+ig/s —i+igr/s
\1—d)/2—ir/s  itipr/s —itigr/s it+irt/s
where
S Wy S [0} S Wy
p==" (U=t (1), g=0-DE— +6-1),
Lo Lo o

)& o ), —(1—i)—g‘5*wl—<1+z'>,

A P
Ay Ay Ay

s=—2p"—q*—2pg+4p—2r—2.

r=(1~1)

THEOREM 4. [In case (1),the Kodaira-Spencer map
£: Tso—> Hl(ﬁ, ) is given by
K((a/at)u):(gx)ﬂly‘iaz .

THEOREM 5. [n caie (1), the Kodaira-Spencer map k is given by

£((0/0)))=(1/3)x%05 .

THEOREM 6. In case (), the Kodaira-Spencer map & is given by

(0/aty)e 1 1 1 x*05
1 )
k| (9/0ts), == p* p* p* || x%0: |,
(0/0t3)q et o P/ \x%,

where p=exp(2ri/5).

(The above notations in Theorem 4, 5, 6 are explained in §2.)

OBSERVATION. In case (1), the parameter ¢ is not reflected in the Prym
variety as a variable, that is to say, the Prym is uniquely determined. In case

(1), ¢t is refrected as a variable, and in case (I), #,, ¢, and ¢, are refrected as
independent variables in the Prym.

In section 1, we find a canonical homology basis and we compute the period
matrix of J(F) in each case. Moreover, by the operation of a second order
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transformation, we obtain the period matrix of the Prym variety. In section
2, we caluculate the Kodaira-Spencer map and we give not only to prove the
independency of parameter t¢,’s but also to the explicit representation of influence
of parameters on the Prym variety.

I would like to express my hearty thanks to Professor T. Sekiguchi for
his advices and encouragement during the preparation of this paper. In pati-
cular, he informed and teached me the notion and method of Kodaira-Spencer
map and gave me some instructive suggestions. Also I would like to thank
Professor R. Sasaki for his stimulative suggestions in our conversations which
gave me the motivation of this paper.

81. Period matrices and Prym varieties.

In this section, we shall construct the period matrices of surfaces in cases
(1), (I) and (M), according to Farkas’ method [1], [9].

~

CASE (I). R: y*=(x—1-8) (2*+x-+1)
R: y*=(x—1—1) (x*+x+1)

where 1+t+# o0, exp(2ri/3), exp(dri/3).

Here we have an automorphis T': (x, ) — (x, iy) of R.

Then B is regarded as a double covering of R with the involution T?:
(x, ») —(x, —3).

Since we can easily examine the divisors of differentials, we obtain a basis
of the vector space of holomorphic differentials given by

w,=y"%dx, W=y *xdx, =y %dx.
Then we see
Tow;=iw, T w;=—w; (=1, 2)
(1)
T(U:g:‘ws, Tzw;:,:(l)g
that is to say, o, and w, are the anti T*invariante differentials and w, is T°*-
invariante differential. So, w, and w, are the differentials which correspond to
the differentials of Prym variety and w, is considered as a differential of R by
the natural projection R—R=R/<(T?.
Here we construct a canonical homology basis on R (cf. [6], [3]). We

consider the following closed curves @, B, v and & on x-sphere as illustrated
in Fig. 1.
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Fig. 1

¥ has four branches yi, y,(=iy.), ys(=—y1), ¥:(=—iy;). Let a, be the
lifting of a which is a path from y;-branch to y;,,-branch (=1, 2, 3) and a,
be the lifting of @ from y,-branch to y,-branch. In the same way, let 8, 7;
and 0, be the liftings of B, r and §, respectively.

Then we get the following relations

[ abantata0  Bit Bt Byt funl

! P Ta b Tt 7m0 8,8yt Bat-8.m0

([P SO S MY R S,
as+Bi+7.+0,~0 a+Bi+7:+0,~0

(2)

where a-+f§ denotes the composition of « and B8 by joining the final point of
a and the initial point of 8, and ~ means homotopic equivalence.
Then a canonical homology basis is represented as follows;

A1:a1_61*64+a4 B1=~az+52+73_,33
(3) Azzal’“ﬁ1 B2:'—a1+rl
A3:a3_483 By=—ay+7,.

Here A, and B, are considered as a canonical homology basis of R by the
natural projection B—R. We illustrate this homology basis in Appendix.
Then, from (2), we see the following

{ T?A, =~ — A, T?A,= A,
(4)
T?B,~—B, T2B,=B,
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Ay=—As;—B,—TA,—TB,
®) { Bi\=—TA;+B;—A,—B,
where =~ means homological equivalence.
We put SAjwizaij, SBja)i=bij.
From (1) and (4), we see that
A13=—0yy Gos=—0s, 030, ap=0as,

bis=—b1s, boy=—bsy, bu=0, b32=by.

We put
@y G\ (@
(¢’l):( 1 12) ( 1), ¢3:w3/a32
¢2 Ayy Qoo (O3
b, bl Ay G\ ' [bu b1
= ’ 7=b3s/ s .
by bis Qg1 Qo bor b
Then
10 0 woble —bl,
SquSi =10 1 -1} S8j¢i ={bs bl —bse|.
01 1 0 T

From (1) and (5), we see that

1:3A1¢1: -«SA3¢"gsngl_gngbl—gmzﬂbx:— 1o +ibls

or bl,=—Q1-+1/2.
By the same way, we see that
bu=14+:,  bu=—01479,  by=i.
We put
0:=¢y, =92, P:=(Ps—¢2)/2.

Then we see that

PROPOSITION 1. R has a period matrix of the form
[ 1+: —(1+9)/2 (A+43)/2
[ oo |, 0= 1n —a+iz @+ivz iz
45 B
(1+44)/2 (z—0)/2 (z+8)/2

where I, is the 33 identity matrix and t is the modulus of R with respect

to
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the homology basis on R determined by the natural projection R—R.

Recall that in general there are 2gx2g integral matrices (‘é g) which

act on Siegel space &, in the following fashion €,3x—(Arx+B)(Cx+D)'€8,
where A, B, C, D are gx g integral matrices, A‘B and C'D are symmetric and
A'D—Bt*C=ml. If m=1, the action is so called the element of the Siegel
modular group or linear transformation, while the more general type of trans-
formation is called an m-th order transformation ([1]).

PROPOSITION 2. There is a second order transformation of ©; which maps
the period matrix of R to the matrix

I o A+9/2  —1+5/2
( ) where H:( )(_@g.

0 = —144)/2 i
Proor. The proof is by computation. We takke ’é g) where
10 0 20 0
A=|0 1 -1}, D=|0 1 —-1|, B=C=0.
01 1 01 1

Then a simple computation gives above result.

PROPOSITION 3. There is a linear transformation of ©, which maps II to
the matrix (6 3)662.

PrROOF. We take (‘é g>esp(2, Z) where

-1 0 1 -1 —1 0
A= ), B:( >, C= ), D=0.
11 0 1 -1 -1
Z

Above matrix II or (0 ?) is the period matrix of the Prym variety. As

a consequence of this, we have

THEOREM 1. In case (1), the Prym variety P has a period matrix of the
form (12, 6 ?) That is to say, P is isomorphic to the product | X ] where
J=C/<1, 2.

CASE (II). R: y'=(x—1-—8)(x*+x+1)

R: y*=(x—1—t) (x*+x+1)
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where 1-4t+# oo, exp(2rmi/3), exp(dri/3).
Here T': (x, y) — (x, ay) where a=exp(2xi/6). Then B is regarded as a
double covering of R with the involution

T®: (%, 3) —> (x, —Y).

Since we can easily examine the divisors of differentials, we obtain a basis
of the vector space of holomorphic differentials given by
o;=y7°dx, w,=y*dx, wy=y *xdx, w,=y‘dx.
Then we see
Tw,=—aw,, Tw;=0w0;, To,=d'w,
(6) { (7=2, 3).
T w,=—m,* T 0w, =—w;, T'w=—w,
So, w;, w, and w; are the anti 7T°-invariant differentials and , is T*-invariant
differential. Hence w;, w, and o, are the differentials of the Prym variety and
@, is considered as the differential of R by the natural projection B—R.
Here we construct a canonical homology basis on B. We consider the
following closed curves a, S8, 7 and J on x-sphere asin Fig. 1. y has six bran-
ches yi, yi(=0y1), yo(=0"y1), ¥s(=—y1), ¥s(=—0y) and yo(=—a’y,). Let a; be
the lifting of @ which a path from y;-branch to y;,,-branch (=1, ---,5) and
as be the lifting from ye-branch to y,-branch. In the same way, let B; and 7;
be the liftings of B and 7, respectively. We must pay attention to the lifting
of 9, for the branch points over infinity are of order 1. Let §; be the lifting
of ¢ from y;brach to y,.sbranch (t=1, 2, 3) and &, be the lifting from y,-
branch to y;_,-branch (=4, 5, 6). Here we get the following relations

atastasta+as+a~0, Bi+Ba+Bs+ B+ Bs+ Be~0
| TvtTo et Tt T+ 760, 0,+0,~0,  0;+0,~0,  J,4+0,~0
o 1 @Bt Ts 00, At Tt 00, vt Bit it
it Bs+71e+0:~0,  astBet1i 00, @etBitratdi~0
Then a canonical homology basis is represented as follows;
Ar=1+T+7 0 By=0:—75—7:s—7:
(8) \J Av=artas+a,—0, B,=B:+B+Bi—as—ai—as
1 Ay=a,— B, Bs=7,—a,

A4:a4_ﬁ4 34:7’4—614.
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Here, A, and B, are considered as a canonical homology basis of R by the
natural projection R—R. We illustrate this homology basis in Appendix.
Then, from (6), (7) and (8), we get the following

T*Ay=—A, T*A=—A, T*A=A
) { T°B,=—B, T'By=—B, T°B;=B,
10) { Ay=—-TA—B,—TB, B,=+A:+B:+TB,
Ay=—T?*A+ B, B,=—T*A;—A,—TA,.
We put

gAjwi:aij) Sajwz‘:bu-
From (6) and (9), we see thaat
041:—_042:174121742:0, Q43— Qyq, b43:b44

A= —0qis3 bi4:—bi3 (lzl, 2, 3).

From (6) and (10), we see that

au:g (01:*’5 wl'—g wl_S C!h:S W=0y=—0qys
4, T4, B, T8, 4,

alz:S CU::—S 0)1+S (ULZ—S CU1+S 0 =a;;+by,
Ag T24, By 4, B3

bu:S (!)1=S w1+s (Dx“}‘gf W, =0a3+bi—by=ay,
B, Az B3 JreB,

bl'z:g wlz_g N (f)l‘—g (Ul—g W, =—0,.
B, T24, Ja, T4,

By the same way

Ay =—005+1—0%bys, A92=—0033+ Dy
5 =—003+(1—0%by, 32=—0033+Dbss
bar=as+ 1+ )by, bas=2a3;
b5 =33+ (1+0)bss, by=2a,;.

We put an=k, bis=!(, bis/a=r.

@, /¢1'
(@) | @2 |=| P2 | O/ Q3=
@3 ¢3:

Then
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VL0000 ] 200 265 bl —bld
S A 010 0 'S y Wiy 2 bl —blsl
4, 1)_10 0 1 —1| Do |26, 205 b —bi
\ ! \ l‘
\r\\()Oll}\e'/‘\OOT <
where
, (I4+a)k+! v op . (Ha)k
Vb“_ 1—a){@2+a)k+1} 2boy=2b1= Q2+ak+!
bk kD
(11) bax—bxa-* (1_0_) {(2+0‘)k+[} bsz—bza—— (2+0‘)k+[
ope 3k pom O kA=)
2T Q4 o)k +! BT A—a){@F o)kt

We put ¢;=¢; (=1, 2), ¢s=(¢:s+¢:)/2, ps=(¢.—¢:)/2. Then we see that

PROPOSITION 4. R has a period mairix of the form

‘;} /‘ 2b1,  2bi, 2 —bis
|
2bi,  2b;, bis —bss
g (Piig P = 14’ ’ ’
45 Bj bis bss (bas+7)/2  —(b3s—7)/2 |
1 J —bly —bry —(bh—1)/2 (bhtT)/2 |

\

l

where bi; is that in (11) and © is the modulus of R with respect to the homology

basis on R determined by the natural projection from R—R.
PROPOSITION 5. The modulus v is o* (w=exp(2ri/3)).

ProOOF. The proof is a direct calculation.

PROPOSITION 6. There is a second order transformation of &, which maps

the period matrix of R to the matrix (107 [82) where

1n bl bis
1= 12 b by |E68,.

’ ’
;3 b23 bas

PrROOF. We take a second order transformation M :(é1

B
D

) of &, where



Local injectivity of prym maps for some families 11

100 0 200 o0
’ A

010 0 020 0
A: s B:CZO, D: }:
001 —1 001 -1
001 1 0o 1 1

Summalizing above results, we have

THEOREM 2. In case (1), the Prym variety P has a period matrix of the
form (I, IT) where II is that in Proposition 6, that is

(1+0)+z 1—-¢° 2
. l 2
1= =)@t oEa] \ l1—0o —3(1—a) 21—0)(1+2)
2 20—-o)1+42) 20+4+2¢(1—0)z

where z:l/k:(gﬂ3w1> / <§A3“">'

PROPOSITION 7. z is corresponding to the modulus of the surface R: y*=
(x—=1-=8) (x4 x+1).

PROOF. ﬁ/<T2> is canonically isomorphic to ® and @, is the holomorphic
differential which corresponds to theodifferential of R and A, B, are the
homology basis on R determined by the natural projection from R—R.

CASE (II) R: y'=(x—1—1) (x—p+1p) (x—pX1+1)) (x—p°) (x— p*)
R: y*=(x—1—t) (x—pl+1) (x—p*(1+1s)) (x—p°) (x—p*)
where 141, p(1+t,), p*(1+ts), p°, p* and oo are distinct.
T: (%, 9) —> (%, 1y).
Then R is regarded as a double covering of R with the involution
T (%, 3) —> (x, —y).

Since we can easily examine the divisors of differentials, we obtain a basis
of the vector space of holomorphic differentials given by

o=y 'dx, w,=y dx, ws=7vy *xdx, W, =y *x%dx,
w;=v tdx, we=y ’xdx,

Then we see
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Tw,=—iw, Tew;=iw;, Te;=—v,
(12) (=2, 3, 4, j=5, 6)

T*w,=—w;, T?°0;/=—0;, T*0;=w;

namely, @, @,, @; and @, are anti T’-invariant differentials and w; and w, are
T?-invariant differentials. So @, ®,, w; and w, are differentials of Prym variety,
and @; and @, are considered as differentials of R by the natural projection
R—R=R/KT>.

Here we construct a canonical homology basis on £. We consider the
following closed curves a, 8, 7, 4, ¢ and { on x-sphere in Fig. 2.

Fig. 2.

y has four branches y,, y,(=iy,), y:(=—y,) and y,(=—iy,). Let «; be the
lifting of @ which is a path from y,-branch to y;,,-branch (i=1, 2, 3) and a,
be the lifting of a from y,-branch to y,-branch. In the same way, let 8, 75,
0;, &; and {; be the liftings of B, 7, 8, ¢ and {, respectively. Here we get the
following relations

atastas+a~0, ﬁl+[92+53+/94~0’ Y1+ +7s+7~0
54‘*‘53‘1‘524’5{”0, 51+52+53+54"‘0, C1+C2+C3+C4NO
as+By+7s+0.+&+8~0, az+Bs+7.:+0,+8,+L~0

a3+‘@4+71+52+51+C2'\’0; (14+,B1+T2+53+52+C3'\’0

13)

Then a canonical homology basis is represented as follows
A=CAC—TTs Attt A=ai—f
As=7,+0,, As=as—fs, As=73+0,
Bi=—7:+0;+¢e+ Bs—as+s, By=Bs—a;—L—7:+0,—¢,
By={,—a,, Bi=¢,—7,, B:={—as, Be=¢e:—7;

(14)
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Here, A, B, A, and B, are considered as a canonical homology basis of R by
the natural projection R—R. We illustrate this homology basis in Appendix.
Then, from (12), (13) and (14), we get the following

a5 { T*A;=—A, T!A=—A, T*A=A4; T*A= A,

T"B,=—B, TBy,=—B, T'B;=B; T'B,=B;

A= A+TA—-TA—A—TB;—TB,—2B;—TB;—B;
‘ A=24,4+T As— A —TAA+TA—TB;—B;

(16)
1 Bym—T AT A,— Ay+A+TB+B;+TB,+B,
By~ Ay—T Ai— Ay+T Ae—TBy—T B.—B;—B,
We put

®;=4a;j, S (l)izblj.
SA; Bj

From (15), we see that

(5= 05=05;=0,=0, A53=Ass, Q54 Gse, Ag3=0Ugs)
Ags= Qg A13=—0ys, A14=— Qg A33=— 0z, Q2= —Qgs,
Q33= — O35, A34=— 03z, Qy3=—0y5, Qy4= —Qyq.

There are same relations in {b;;}.

We put
Ay1 Qi Gy au‘\l/wl‘x ‘qﬁ”
| i :
il g
Q21 Qg Qa3 Gog | ‘0)2‘ 1¢2§
el
a3 Q3 Gss 034' \0)3) !¢s/‘
[ N N
Qs1 Qgp Guz Qus Wy ‘1954

Gss G5 \ 7' w5 &5 @ss Qs \ 7' bss bsa

= ) =(r)=n
Qgs Qo4 Ws ¢s Qg3  Qgs bes  bes
Ay Gy Qs 014“\_1 [biy bz b bul //Zb;l 2b1, bis b{"‘\.
bu e bus bu| 264 2% biy bi|
26 2l bl b

204, 2bi, bl bl

Ayy Qzz Q23 QAo

Q31 Gsz Gas Gsq| |bsy bse bss bas
/
Qs Quz Qus Qu by by by bay

where, from Riemann’s equation, b};=b};, m;;=m.. Then
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1000 0 0
0100 0 o
0010 —1 0

(Safﬁi):o 000 0 —1
0010 1 0
0001 o0 1

Wiy 2l bl b —bly —bix

Obly 2b% bl bh —bi —bis

|2k 26 b bi —bis —bis
(SBJQS")“%@ Wi bl b —bh —bl
0 0 7y 7w Wy i

10 0 Tz Ty Ty2 Tas
We put
¢i:Ciw1+§gi (=12 34

where gzzi are linear combinations of w,, w; and w,. Since C; is the i-th entry
of the first column of (@) 'i<i jses

anCi+a:Co+a:C+a,Ci=1.

We put

g W =ay=k - g w,=a,=!
A3 A,

S @ =b=m S o, =bnu=n.
By By

Then

STA3¢i=STA3(ciw1+¢?i>:2z'cik»—z'gA3¢i, I.. ¢i:2z'C,;[—z'5A &,

. )
STngii:Zz'Cim—inggbi, STquSi:Zz’Cm—iS&qSi.

From (16), we see that

1=Sm¢l :gA3¢l +STA3¢1ASTA4¢1 —gA6¢14STBg¢!—STB4¢I

2], =l 2L, 8

or
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1=2iC (k—[—n)+2b1s+1+2)bis.
We have the following relations similarly,
0=—2iC,({+m)+ 1A +2)bi,
2b1,=2iC\(—k-+{—m~+n)—(1—0)bjs— (1 +5)bl,
2b1,= —2iC,2l+m~+n)+(1+2)(b1s+b1s)
0=2{Cy(k——n)+2bzs+(1+2)bss
1=—2iCy(l+m)-+(1+2)bss
2b1,=2iCo(—k+{—m-+n)—1—D)bzs—(1+2)bz,
2b3e=—2iC,21+m+n)+(1+i)(bss+bzs)
0=1—)+2iColk —[—n)+2b35+(1+2)bss
0=2—=2iC(l+m)-+1A+0)bss
2b15=(1+0)+2iCo(—k+[—m~+n)—(1—2)bss— (1 +)bs,
2b35=2—2iC,2l+m+n)+(L+2)(bss+bis)
0=Q14)+2iCik—[—n)+2b3+(141)bis
0=—1—-—2:Ci({-+m)+1+2)bs,
2b=—1+)+2iC—k+I—m+n)—(1—0)bs—1+20)bis
2b34=21—2iC,2l+-m~+n)+ A+ (bsu+4-bid)
From the above relations, we have
200, =—142i/s,  2bL,=1-2ip/s,  bis=—ig/s
blu=01—1)/2—ir/s, 2b3, =142 p*/s, brs=(1—17)/2+ipq/s
bu=i+ipr/s,  bu=—01—0+ig%/s,  bu=-—i+igr/s
bi=i+irt/s
where p=k/l+1—Dm/l+1A—17)
g=—=im/l—(1—2)
r=Q1—dk/l—2im/l—1—in/{—1+7)
s=—2p"—q@*—2pg+4p—2r—2

V)

REMARK 1. In (17), p, g and » are represented as other forms.

we put

15

Indeed,
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Qgs Qys Qo \™' [ Gy i
A3y A3z Qg as; |=| ¢’
Ayy Qy3 Ay 1% r’

then, we can find p=p’, g=¢’ and r=7’ by means of concrete caluculation.
Furthermore, we put
Aoz Qo by Qo3 Qgs by
A4y, A, B)=det| au as by |, 44, A, B)=det| as as by
Qs Qg bas Qs Qus b
Q23 bos oy Qs by ba
A4y, By, By=det| as bss ba |, 44, By, B)=det| as by ba
Qys bz bu Ay by bu

Then, we see, by means of caluculation,
44, A, By

A(As, Ab 33)

44, Ai, By)
44, A, B
44, A, B,
A(4s, A, By)

p=010-0+

A(A4) BS) 84)

A(A,, A, By)
L d(A,, B, B,

—_ 1 1 — — 14 —
D74, 4, By

18) { g=—(1—)—-2 +(1+9)

l
| r=—i)+(1—d)

or from (17)

1A, A, By =k/l+1—i)m/!

7A(A€)WBS) 34)

I' A(/L, fL, B.;)
|

19)

A(Ag, A:Bg) ={1—k/l[—im/!
A4y, By, B) _
44, A, By

We put
(pi:¢iy (Pi+z=(¢i+z+¢~t+4)/2: 90i+4:(¢i+4—¢i+2)/2 (izl, 2) .

Then we see that

—in/l+(1—i)

PROPOSITION 8. R has a period matrix of the form
2L M —-M
(S ®i, g </>f)= I, M (z+S)/2 (z—S)/2
45 Bj
—M (&—-S)/2 (m+S)/2
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where

5 (—1/2+i/s 1/2——2'1)/3)
N\ 12—ipss if2+ipts )

( —iqg/s (A—2)/2—ir/s )

(1—d)/24+ipg/s i+ipr/s

( —(1—=+i¢*/s —i+igr/s Ty Tis

S= ) z:( )
—i+iqr/s i+ir’/s T2 e

Furthermore, m is the period matrix for R with respect to the homology basis on
R determined by the natural projection R—R.

PROPOSITION 9. There is a second order transformation of &, which maps
the period matrix of R to the matrix

T 0 L M
( ) where I[I= ( ) =6,.
0 = M S

Proor. We take the second transformation (A B ) of &, where

Cc D
L, 0 0 2, 0 O
A={0 [, =L | B=C=0, D={0 I, —I,|.
0 I, I 0 I, I,

THEOREM 3. In case (M), the Prym variely P has a period matrix of the
form (I,, IT) where II is that in proposition 9, that is,
. —1/24i/s 1/2—ip/s —iq/s (1—0)2—ir/s,
1/2—ip/s i/24+ip*/s  (1—d)/24ipg/s  i+ipr/s
—iq/s (1=0)/24ipg/s —A—i)+ig®/s —i+igr/s
A—2)/2—ir/s i+ipr/s —i+igr/s i+irt/s

REMARK 2. [T has three parameters p, ¢ and ». These parameters are
independednt, but the strict proof will be given at §2.

§2. Kodaira-Spencer map and local injectivity.

First we recall the Kodaira-Spencer map associated with a deformation
according to Sekiguchi’s paper ([8], [4]).

Let S be a k-scheme, ¢0=S a k-rational point and 7 : X—S be a smooth
and proper morphism. Denote X, the fibre over o=S.

We have a short exact sequence of sheaves on X ;
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00— Txis—> 9y —>a*¥Tg—>0

defining the relative tangent sheaf T y,s. By restriction this to X,, we obtain
an exact sequence

0—> Ty, —> TxQ0x, —> T5,8:0x, —> 0.

From the exact seqence of cohomology, we obtain the so-called Kodaira-Spencer
map
£: Tso—> H'(X,, Tx,).

From now on, we will compute this map exactly in our cases by Seki-
guchi’s method.

CASE (1). In the above general theory, k=C
X=R,: y"=(x—1—-t)(x2+x+1)
Xo=R,: yr=x%—1
S=Spec(CL11/(t%).

A smooth model of R, is given by

ﬁzzq}tUCVz
with
U, =Spec (C[t][X, Y1/(V*—(X*—1)—t(X*+X +1)))
=Spec(C[t][x, ¥])
v, =Spec(CLU, V1/(V*4+U*~U+tU*+U*+U"))
=Spec (C[t1[x, v])
and
VNV, =Spec(CLE1[x, y, x™*])=Spec(CL11[u, v, u™'])
J x=u"! X=U"!
where

ly=uw {Y=U“V

By using the Ceck cohomology over the covering {U,, <V} of R., we can
compute the cohomology groups Hi(ﬁt, g) for a coherent sheaf ¢ on ﬁ,. In
particular, we obtain the following:

LEMMA 1.
(i) A basis of HYE, Q3,) is given by

w,=y%dx, w,=y %xdx, ws=y %dx.
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(ii) A basis of H'(R,, Q%) is given by
Qi=w?=y"%(dx)?, 2,=w00,=y % x(d %), Qi=wi=y-*x%(dx)*,
Qi=wi=y*(dx), 2=w,0,=y%(dx)?, Qi=wws=y~°x(dx)?.
(iil) A basis of H\(B,, Qz,) is given by
§,.=x"y%,, #,=x"%y%,, f:=x"%y%,,
=271y, 0s=x"'y%,, Oe=x""y%,,
where @ is the derivation on C[x, y] defined by
0.(x)=1,  8.(y)=dy/dx.
PROOF. (i) is mentioned in §1. (ii) is asserted by Max Noeter’s theorem.
(iii) First, we have to compute H'(f,, 25). We see
(U, 23)=C[x, y1y~*dx and ', 2z,)=Cl[u, vIv-*du
(U, Qa)NC(V, 25)=C[x7, x~1y]y~*xdx.

Therefore x'dx is a basis of H!'(%,, 2z). From Serre duality theorem, cor-
responing to a basis of H“(ﬁ,, 2%, we obtain

H'(R., Qz)=(x"'9%3,, x7*y°3,, X700, X71Y%0,, x729%0,, 71949,
t

where Qz, coincides the tangent sheaf Tr, of R,
We look for derivations over C:

9: C[tI[x, y] —= C[{1[x, y] and 9: Clt1lu, v] — C[t1[u, v]

such that
D=1 and D@F)=1.

If 9 and 9 are such derivations, then we get the following; Since
y'=x"—1—#x%+x+1) and v‘:—u(us—l)—tuz(uz—l—u-{—l),

(1) 4y*D(y)=1{3x*—tQ2x+1)} D(x)—(x2+x+1),

(1) D)= {—4u’+1—tudu+3u+2)} Du)—u(u+u-+1).

Put

2) { D(x)=(A+By+Cy*+Dy")+(G+Hy+] y*+ Kyt
D(9)=(L+My+Ny*+Py")+(Q+Ry+Sy*+Ty*t

. [ P)=(A+Bv+Co*+Dv®) +(G + Bo+ Jor+ Rovye
@ { D@)=(L + Mo+ Ro2+ Bo®)+(§+ Bo-+ 52+ Ty .
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From (1), (2), 1") and (2'), we get
AM(x*—1)=3Ax*—(x*+x+1)
4N(x*—1)=3Bx*

4P(x*—1)=3Cx*

4L =3Dx*

—AM (x4 x+1)+H4R(x* —1)=—AQRx+1)+3Gx*
—4N(x*+x+1)+4S(x*—1)=—B@x+1)+3Hx*
—4P(x*+x+1)HAT (x*—1)=—C@x+1)+3] x*
4Q=D(2x+1)+3Kx*

(3)

(4N (—utu)=A(— 4w+ D -+t +u?)

4

| aB(—ut )= C(—dut+1)

AL (—ut+u)y=D(—4u*+1)

4N () HAR(—ut )= — Al +3u7+2u) + G (—4u +1)
—4ﬁ(u4+u3+uﬁ)+4§(—u4+u)=—§(4u3+3u2+2u)—17(—4u@+1)
—4ﬁ(u4+u8+u2)+47"(—u4+u)=—6(4u4+3u2+2u>+j(—4u3+1)

~

40 = — Ddu? +3u+2u)+ K(—4u*+1)

(—u4+u)=§(—4u3+1)

=2

(3)

In these equalities, we may put
B=C=D=H=]J=K=N=P=L=S=T=0Q=0
and B B = = R N P= L =3=1=G=0.
Then, we get
AM (2 —1)=3Ax*—(x*+x+1)
) {—4M(x2+x+1)+4R(x3-—1)=—A(2x+1)+3Gx2
" {41\71(*u"+u)=ﬁ(—4u3+1)-(u*+u3+u2)
ARt ut) AR (—wt w)=— Adu 3wt +2u)+ G (— 4w+ 1)
Here, we can put
(5) { A=(x*4x+1)/3, M=(x+1)/4
G=—(x*+x+1)/3, R=—(Gx+2)/12,
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5/ { {1:~u(u2—l—u+l)/3, 1\%=~—(4u2+4u+1)/12
C=u(u—D*+u+1)/3, R=@u*+u—1)/12.

Therefore, by (2), (2/), 5) and (5), we get

6) {—‘D(X)I(x2+X+l)/3—(x2+.x‘+1)t/3
Dy)=(x+1)y/A—(3x+2)yt/12

(61 {@(u)=*u(uz-l-u+1)/3+u(u——1)(u2+u+l)t/3
Dw)=—u@u’+4u+1w/12+@ut+u—1)pt/12.

Now we put
P=D (modt) P=39 (modi)
Then we get

I)=D(u)=—ud(w)=(u+1+u"")/3=(x+1+x")/3
IN=Pw v)=u*{ud@)—vd (W)} =Au)v=7y/4.
Hence on vU,Nv,, we get
- {(g”)—g?(x)z(x2+x+1)/3—(x+1+x-l>/3=(x2—x-l)/3=y4/3x
(D—=D)YN)=(x+1)y/4—y/4=xy/4=(y*/3x)(dy/d x)
Here, we notice that

£(8/3)0)=(D—P)= H'(R,, Tz,

and from (7),
D—F=(3x)"'9*9. .

Therefore, from lemma 1 (iii), we could prove the following

THEOREM 4. The Kodaira-Spencer map « : TS_DHH‘(ﬁO, Ir,) 1S given by

(8) £((0/00)0)=(3x)"'¥*.=6,/3.

21

REMARK 3. Theorem 4 is an alternative proof of the fact that there is no

contribution of the parameter ¢ to Prym variety (This is a direct result of

Theorem 1). Indeed, from Serre duality, 6, corresponds to £, which is a
quadratic differential for R, while Q,=w? does not corresponds to Prym variety

since w; is not a Prym differential.
CASE () X=R,: y’=(x—1—p)(x*+1x+1)
Xo=R,: yo=x*—1

S=Spec (C[t1/{?)
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A smooth model of R, is given by

kg’;CUp,UCVL
with
@J,=Spec (CLH1[X, Y1/(¥ *—(X*—1)+i(X*+X+1))
=Spec(C[t1Lx, ¥1)
ay,=Spec (CLILU, V1A= =U+t(VU+ VU +U®))
=Spec (C[t][u, v])
and
UMV, =Spec(C[t1[x, ¥, y*N=Spec(CL:1[x, v, u™'])
where
x=ut  y=u"'.
LEMMA 2.

(i) A basis of HYR,, 23,) is given by
w,=y*dx, w.,=y7%dx, w=y’xdx, o=y 'dx
(iii) A basis of H(R,, Q%) is given by
Q,=wi=y7%(dx)? Q,=ww,=y  (dx), Qi=0,ws=y " x(dx)’
Q. =wi=y ' (dx)? Qi=w.ws=y °x(d x)? Qi=wi=y 1"x*(d x)"
Q. =w,w,=y "(dx), Qi=ww,=y (dx), Qy=0w,=y*x(dx)
(ili) A basis of H'(R,, 2z,) is given by
0,=x%,, 0,=x°y%0., 0.=xy%.
8.=x%y*0., s=xy'0.,  0°=y'0:
6, =xy0., 0:=x%y%0,, 0,=xy%0,
PROOF. The proof of the above is the same as the lemma 1 and is there-
fore omitted.
We look for derivations over C
D: C[t)[x, v]—> C[t1[x, y1 and D: C[t1[u, v] —> CLlt]lu, v]

Since
ye=x3—1—i(x*+x+1) and v =ut+14+Hu+uv+ub),

we get the following
(9) 6y°9(y)={3x*—t2x+D} D(x)—(x*+x+1)

and
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(9 {3v*—tQCu*v+u*)} D)= {61’ +1ur+4uv+6u®)} J(u)+ @ +u'v+us).

Put

10 {@(x)=A+By+Cy2+Dy3+Ey“+Fy5+t(G+Hy+1y2+Jy3+Ky‘+Ly“)
DW=M+Ny+03*+Py*+Qy'+ Ry +t(S+Ty+Uy*+V y*+ W'+ Z y*)

D)= A+ Bv+Cor+1(D+ Ev+ Fv?)

D)=C+Hvo+ vt +t(j+ Ko+ Lv?)

From (9), (10), (9") and (10"), we get

(107 {

6N (x*—1)=3Ax*—(x*+x+1)

60(x*—1)=3Bx*

6P(x*—1)=3Cx?

6Q(x’—1)=3Dx?

6R(x’—1)=3Ex*

6M=3Fx*

D 6N+ 2+ 1) 46T (x'—1)=— AQx +1)+3G x*

—60(x*+x+1)+60(x*—1)=—B(@2x+1)+3Hx?

—6P(x*+x+1)+6V (x*—1)=—C(2x+1)+3Ix*

—6Q(x*+x+1)+6W(x*—1)=—D@2x+1)+3] x?

—6R(x*+x+1)+6Z(x*—1)=—E@x+1)+3Kx*

6S=—F@2x+1)+3Lx*

3A (b +1)=6Au+u*

3I(u +1)=6Bu’+ut

3G =6Cus+u?

(1) | —Gu+3Hus+ Tur(us+ 1)+ 3K (s +1)
=6Aut+2Bu(u+1)+4C u¥(u+1)+6Du®

—2Gu+2Au +31ut +3L (W + 1) =4 Auws+6 Bus+-2Cu+6 B

Huwr4-20iu' +3]=2Au+4But+6Cus+6Fus

In these we may put
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and

Moreover we can put

2 { A=(x*+x+1)/3, G=—(x*+x+1)/3
N=(x+1)/6, T=—3x+2)/18

a2 { Zizuv/e, B=us/6, ?:w/ls, N@Zuz/S
H=u%/3, I=u'/3, K=u%/9, L=2u'/9.

Therefore, by (10), (10", (12) and (12'), we get
D(x)=(x*+x+1)/3—(x*+x+1)t/3

{ D(y)=(x+1(y/6—3Bx+2)yt/18
) D(uw)=w"+u)/6+u'+2u’)t/18
(13) { )= +uv+uv?)/3+Quiv+uvit/9.

Now we put

Then, we get
F(x)=F(uv)=u"*{ud@)—20P(w)}=1/3
d(y)=—u"Pw)=—(x+1)y~*/6
Hence on U,NV,, we get
” { (@—D)(x)=(x*+x)/3
(D—P)(»)=(x*/3)(dy/dx)+(x/3)(dy/dx).

Here ((8/0.)s)=9 —J is determined by the part (x2/3)0, and (x/3)d, is a boun-
dary component from lemma 2, (iii). Therefore, we could prove the following
THEOREM 5. The Kodaira-Spencer map k: Ts, — HY(R,, g, is given by
(15) £((0/0.)0)=(x*/3)0.=0,/3.
REMARK 4. Theorem 5 shows that there is the contribution of the para-
menter ¢ to Prym variety. Indeed, from Serre duality, #, corresponds to 2,

which is the quadratic differential for R, and Q,=w} corresponds to Prym
since w, is a Prym differential.

CASE (1)



Local injectivity of prym maps for some families 25

X=Ri 1yt y'=(x—1—t)(x—p—pt)(x— p*— 0%s)(x— ) (x — ")
onﬁo,g_o: y4:x5—1
S=Spec(C[[t,, ts, t;]])

For our purpose, we may consider ﬁtl_o,o, Ry, 1,0 and ﬁo,‘,,tz separately. So
we reset

X:ﬁtl,‘m:ﬁtl: V= —1—t)(x* + x4+ x+1)
S=Spec (C[#,]/(tD)
A smooth model of ﬁ,l is given by

ﬁ[l:qj“UCth
with

CU“:Spec CLLILX, Y/ =X —D+6X + X+ X+ X +1)
=Spec(CL4,][x, ¥J)
W, =Spec(CLHI[U, VI/U—VHU+ UV +UVI LUV +UV +U")

=Spece (C[#,][«, v])
and
U, NV, =Spec (C[t,][x, ¥, y*])=Spec(C[t:I[u, v, u™*])
where
x=u"'v y=u""

LEMMA 3.
(1) A basis of HYX, 2y) is given by

o, =y 'dx, w,=y 3dx, W=y xdx
W=y *x%x, w;=y %dx, W=y 2xdx
(ii) A basis of HYX, 2%) 1s given by

Q1 =wi=y U dx)?, 2,=w,w,=y(dx)?, 2:=w,0;=y " x(d x)?

2 =ww,=y *x¥(dx)?, Qs=wj=y%(dx)?, Qi=w,w;=y *x(d x)*
2:=w,w,=y *x¥d x)?, Qi=w,w,=y~*x3(dx)?, Qy=wi=y*x'(dx)?
Qu=0,0;,=y7(dx)’, Qu=ww=y2dx)?  Qu=ww=y"dx)"
Q15 =wwe=y 3x(d x)?, Qu=wwe=yx%(d x)?, !215:(1)4&)6:y‘*”x;(dx)2
(i) A basis of HY(X, QX) is given by

60,=y7*x%0,, ,=x'0,, 0,=x%,, 0,=x%, Os=x'y%0 .
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0s=xsy23z, 07=x2y23z, szf‘fyzax, 0,=y0z, olo:y_lx4ax

01=y""'x°0s, 2=1'90z,  0u=x'y0:,  0.=x0,, 0,=x)0:
ProOF. The proof is omitted as lemma 2.

We look for derivations over C

D,: Ct1lx, y] — Clt:x, 1, D Cludlu, v] —> Clt][w, v]

such that
Ql(tl)_:‘ly @l(tl)zl.
Since

y4:(x5_1)__t1(x4+x3+xz+x+1)
and

vi=uwitutt,(uvtutiugp+utv+u’),
we get the following
(16) 4y°9,(v)= B5x'—t,@x*+3x*+2x+ 1)} Dy (x)—(x*+x°+x*+x+1)
(16" {5v*—1,(duvd+3ut® +2uv+u')} D) — (vt +uv* +uv’ +u'v +u)
= {Gu*+1)+t, @0 +2uv® +3utv* +4uv+5u')} D, (u)
Put
an {.CDl(x)zA+By+Cy2+Dy3+t,(E+Fy+Gy2+Hy3)
D()=1+]y+Ky*+ Ly +t:(M+Ny+Py*+0y")
az {@l(u)zﬁ—i—Nﬁv-i-6v2+ﬁva+ﬁv‘+t,(5+ﬁv+(~}vz+ﬁv3+§v4)
B,)=I+fo+ Ror+ Lo*+Wo* +1,(M+ o+ P+ Qv+ Zv*).
From (16), (17), (16") and (17’), we get
4] (x5 —-1)=5Ax"—(x*+x*+x*+x+1)
4K(x*—1)=5Bx"
4L(x*—1)=5Cx"
4/=5Dx*
(18
—4J(x*+ P+ 2+ s+ D HAN (-1 =— A@dx*+-3x*+2x+1)+5E x*
— 4K (x*4 23+ 22+ x+1)+4P(x*—1)=—B@x*4+3x*+2x +1)+5Fx*
—AL(x*+ 3+ x4 x+ D) +H4Q(xP—1)=— C(dx*+3x*+2x+1)+5G x*
4M=—D@x*+3x2+2x+1)+5Hx"
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1?1(5u4+1)+u5=5f(u5+u)
§(5u‘+1)+u4=5k(u5+ u)
6(5u4+1)+u3=55(u5+u)
Dut+-1)+ur=5W(u*+u)
RGu*+1)+u=51
SAu“—%—ﬁ(us—i-u)+26u(u5+u)+31§u2(u"’—|—u)+4ﬁu3(u"‘+u)+g(5u‘+l)
= —Tut+5]ub+ Ku(ub+u)+2L 02w+ u) +3W 0w (u®+u) +5 N(u+u)
18) (| 4Aw+5Bu+Cw+u)+2Duu®+u)+3Ru*(wt+u)+ FGut+1)
=—2Tus+ 4 ut +5 Kus+ L u(u+u)+2W u(u’ +u)+5P(us +u)
3Au+4Bw+5Cu* + D +u) +2Bu(ui+u)+G Gut+1)
=3 +3fu+4 Rut+5L wb+Wuus+u)+50 (w*+u)
Zﬁu+3§u2+4€u3+5ﬁu‘+ﬁ(u5+u)+ﬁ(5u4+1)
=—4Tu+2fut +3Ru +4L u* +5Wuws+57 (us+u)
A+2Bu+3Cu+4Du*+5Ru*+856u+1)
=Ju+2Ku* 430w +4Wu'+5M

In these equalities, we may put
A=(x'+x*+x+x+1)/5  J=x+x4x+1)/4

19) N=—10x*4+9x*+7x+4)/20 E=-2(x"+x*+x*4+x+1)/5
B=C=D=F=G=H=]=K=L=M=P=0Q=0

J=ut/4  R=ws4 L[=u/4 W=u/4 —u?

~
5

I=
E=u*/4 F=ut/2 G=3u%/4 H=u* 7=
§=0 M= —us.

[ﬁzuw B=u'/4 C=uw/4 D=u*/4 R=—u

(199

o

Therefore, by (17), (177), (19) and (19"), we get
D) =(x*+x°+x*+x+1)/5—2t,(x* +x*+x,+x+1)/5

@ { Dy(¥)=(x*+ x4+ x+1)y/4—t,10x°+9x°4-Tx+4)y /20

20 {g)l(u):(u5+u“v—{—u3v2+ugvs—4uv4)/4—%—tl(us+2u‘v+3u3v2+4u2v3)/4
D,W)=(—4u+uv+utv?+utv*+uvt)/4+1,(—4u’—3uv —2uvt—u%?®) /4

Now we put
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D,=9, 3,=3, (modt,).
Then we get
P1(x)=Duwv)=u"{ud,w)—vP, ()}
=y {(—dut+ulv+uvi+utvP+ut) — (Wt utv Hutvt +utvt —4unt)} /4
=—utuW=—u+u(utu)=1
P,(»=9,(u"Y=—uP(u)=—1+x+x*+x*—4x)y~3/4.
Hence on UyNV,, we get
(D —P)(x)=(x*+x2+x%/5+(x—4)/5
@1 (D1~ D))= +x*+x+1D)y/4+ 1 +x+x"+x°—4x)y /4
=(x*+x°+x)Gx )y /5+(x—4)Gx )4y /5

Hence x((@/0t)0)=2,—9, is determined by the part (x*+x°+x%d./5 and (x—
4)0./5 is a boundary component from lemma 3 (iii), that is

(22)  k((@/0t))=(x"+x°+x%0:/5=(0.+0:+6,)/5.
Next, we reset
X=Ro. 0= FR1,: y'=(x—1)(x—p—pt)(x—p*)x—p")(x—p").
This equation is obtained by setling
x=pX, y=Y and t,=t,

in the equation of ﬁ,l,o,g YV =X —1—t) (X—p) X —p?) (X—p%) (X—p"). Hence,
9, and P, which are corresponding derivations to ﬁtz must satisfy the following

(@:—9)(X)= (D, —F)(X)= @~ T)X)=p(X*+X*+X*)/5
=(p*x'+0*x°+p*x%)/5
(D= D)(N)=(D:— D)XV )=X'+X*+XH)EX)4Y /5
=(0"x"+p*x* +0*x) B4y /5
Therefore
(23) £((0/8)0)=(D>— D)= (0*0,+0*0,+0'0.)/5.
Next, we reset again
X=Roo,=Rey: y'=(x—1)x—p)(x—p*— 0°ts)(x — 0°)(x—p*)
This equation is obtained by setting

x:PZX: y:Y’ t3:t1
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in the equation of ﬁtl,ﬂ_o.
Hence, 9, 9, which are correspoding derivations to ﬁts must satisfy the
following

(D1—D)(%)=(D:1—D)(0°X)= p*(D1— D) X)=p*X*+ X'+ X*)/5
=(p'x*+px’+p°x%)/5
(@:—F3)(3)=(D,—I)V)=X"+X°+X*)/5
=(p*x*+px’+p°xH)(Gx)Ey*) /5.
Therefore
(24 £((0/0t5)0)=(Ds— D)= (p"0,+ p0:+00.)/5.
From (22), (23) and (24), we could prove the following theorem for the
family X:ﬁtl,

tg g

THEOREM 6. The Kodaira-Spencer map &: Ts o—H (X, Tx) is given by

(0/0t1)o 1 1 1 0,

1
@) 5| @ty |==| 00 0 o | 0
(0/0%35), ‘04 14 p3 0.

COROLLARY. & is injective.
PrOOF. It is clear since the matrix in (25) is nonsingular.

REMARK 5. Theorem 6 and Corollary show that ¢,, ; and ¢, are independent
parameters of Prym variety. Indeed 6, @, and 6, correspond to £2,=w,w,, £2:=
0w, and 2,=ww, where v, @, ®; and o, are Prym differentials and the in-
jectivity asserts their independency.
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Appendix.
1. A canonical homology basis of the Riemann surface defined by

y'=x~1-H(x"+x+1).

co exp(4ri/3) exp(2ri/3) 1+t

©®) @ () (a)
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2. A canonical homology basis of the Riemann surface defined by

ye=(x—1—t)(x*+x+1).

31

oo exp(4ri/3) exp(2ri/3) 14t
A, 5 As
8
Al Aa Ag
A, By ™~
Bl A1 Ai
B,
A; BZ A! Bz‘ A4
B, )
B, B, —
Ag B A4
A . B. A
B,
B,

@ ¢9) ® (a)
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3. A canonical homology basis of the Riemann surface defined by

yi=(x—1—t)(x—p—pt:)(x — p*— p*15)(x — p*)(x— p*).

ot o° 0 o'+t p(l-+ty) 1+,
As
Al A2 Bﬂ
B,
B,
< A B
B. A, <4, 7
B; B, ( :
) ()l
e A,

© (e @) (t9) ® (a)
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