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SEQUENTIAL POINT ESTIMATION WITH BOUNDED
RISK IN A MULTIVARIATE REGRESSION MODEL

By

Tatsuya KUBOKAWA

For the coefficient matrix of the multivariate regression model,
consider the problem of finding an estimator with asymptotically
bounded risk. The paper proposes a sequential procedure resolving
the problem and investigates the asymptotic properties. Also it is
shown that if additional observations with the same coefficient
matrix are available, then the sequential estimator is improved on
by a combined procedure.

1. Introduction

Let x,, x5, -+ be a sequence of mutually independent random vectors, x;
having p-variate normal distribution N,(€a;, 2) where a; (rX1) is a known
vector and & (pXr), X (pXp) are unknown matrices. Denote Xp=(xi, xs,
o, xa), An=(a,, as, -, ay)and o=(&, X). Then X, (pXn)has Ny (§A4,; 2, I.),
being a multivariate regression model.

For a preassigned constant ¢>0, we consider the problem of finding an
estimator SAE of the coefficient matrix & such that

(L.1) R(w, E)=E [n"'tr Q6. —&)A, AL —&) 1<

for all w, where Q (pX p) is a positive definite matrix.

Throughout the paper, let m, be the smallest integer (=7) such that
rank(An,)=r. In the case where Y is known, for integer n (=m,), MLE of &
is given by

E(m) =X An(An AR
and from Muirhead (1982),

(1.2) R(®, &(n)=E,[n" {vec(E(n)—E)} (A2 A2QQ)vec (§o(n)—&)]
=n"'tr (A.A,RQ) Cov (vec &(n))
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=n"1tr(A, An@Q){(A, AR}
=n"ttr QY,

where the notation vec & denotes prx1 vector (&f, -, &) for §=(&,, ---, &) and
AR®B stands for kronecker product defined by (a;;B) for A=(a;). Hence we
get that R(w, &(n))<e if and only if n=rtr Q¥/e (=n*). Since X is unknown,
there is no fixed sample size rule to achieve the goal.

For the univariate case, Rao (1973, pp. 486-487) provided a two-stage rule
solving the problem (1.1) and multivariate extensions were given by Takada
(1988) and Kubokawa (1989, 90). When »=1 and a;=(l1, ---,1) for each g
Mukhopadhyay (1985) and Takada (1989) obtained three-stage and purely
sequential procedures satisfying

(1.3) lim,_oR(w, £.)/e=1.  (asymptotic consistency)

In the above multivariate regression model, we consider the purely sequ-
ential rule of the form
(1.4) N=Min{nzm; nz——tr QSa},
e(n—r)
where S,=X,([,—AL(A, A TA)X, and m (=Zmax {m,, r+1}) is the first sample
size. When & is estimated by '

Env=XyAN(Ay AW,

Section 2 demonstrates asymptotic consistency of &y and asymptotic efficiency of
N, that is,

(L.5) lim, . E[N]/n*=1.

The asymptotic expansions of E[N7] and R(w,&y) are also developed based on
Woodroofe (1977). These are extensions of the results given by Takada (1989).
In Section 3, we assume that additional observations Y (pX{) are taken
where Y has N, ,(6C;¥,I,) with known design matrix C (rX/), unknown posi-
tive definite matrix ¥ and the common coefficient matrix & Using information
of additional sample, we construct a combined estimator and prove, by the
method of Ghosh, Nickerson and Sen (1987), that it exactly dominates 5A A
second‘order asymptotic comparison of their risks is presented in Section 4.

2. Asymptotic properties

THEOREM 2.1. The sequential procedure &y is asymptotically consistent for
pm—r)=3. The stopping number N given by (1.4) is asymptotically efficient.
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To prove the theorem, we need the following lemmas.

LEMMA 2.1. For integer n (Zm=m,), the pXp matrix Sp=X.(In—
AALADTYANX,, is written as

@.1) S.=3Ts,

where Tn, -, Tn satisfy the following conditions:

(@) Each T; is a statistic based on only x,, -, x;, that is, independent of
Xit1, "y Xn.

(b)Y Tw, -, Tn are independently distributed as T,~W (3, m—r) and
Ti~W (2, 1) for i=m+1, -, n.

(¢) (T, , Ty) is independent of Xp,Ar.

ProoF. Let A,=(A,_1, a), An.1=A, ar,=a(AA")'a and

1 [A(AA)Y 'aa’(AA) A —A'(AAY 'a
. 1+a,,( —a/(AA)A 1 )
Then we can express S, as

Sn:Sn-l‘*‘XnDnXé .
Further letting Ap.1=(An_s,b), An_2=B, a,.,=b'(BB")"'b and

B(BB’)"'bb’(BB’)"*B  —B/BB" )b 0
1 i m Rl
D,,_I_HM_1 b'(BB’)"'B 1 01,
0 0 0

we have S,_.,=S,..+X.D,_,X,. By the same consideration, consequently, we
get

Sa= 3 X, DX
It can be shown that Di=D, D;D;=0 (i#j) and A,D;=0 for i=m, -, n
that rank (D,)=m—r, rank(D;)=1 for i=m+1,---,n. Letting T;=X,.D:X;

establishes Lemma 2.1.

LEMMA 2.2. Assume that p(m—r)/2>2>0 or A<0. Then (n*/N)* is uni-
formly integrable for 0<e<e, (specified).

Proor. Consider the case of A>0. We first have that for d,d>0,

(2.2) E[(n*/ NV tcneswoizar] Sd PEL(n*/ N Y+ ],
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where I;.; designates the indicator function, so that it is sufficient to show that
supo<s<50{E[(n*/N)‘“*‘”]}<oo. Lemma 2.3 of Woodroofe (1977) gives that for
0<O<],

PINZLOn*]=0(ePm-m12) as ¢—0.

[ Woodroofe’s notations ¢, ¢, m, a, B8, u, v%, Lo, 4 correspond to our &/r, N—v,

m—r, 2, 1, tr Q%, 2tr(Q2)?, r, n* respectively.] Hence for 0<e<e,,

(2.3) E[(n*/NYOPIK E[(n*/ NP [y gnag]4 672
§(n*/m)‘(‘+5>P[N§0n*]+0““+‘”
éKep(m—r)/Z—Z(lﬂi)_}_0-1(1-1—5)
éKeg(mw)/z—A(H&)_‘_0—1(1+5> ,

where K is a constant independent of e. The fourth inequality in (2.3) follows

from the fact that there exists a positive d satisfying p(m—r)/2—A1—3d)=0,

which always holds if p(m—7r)/2> 4.

When A<0, from Lemma 2.1, note that tr @QS,=>F, tr @T;. Here trQT;
=tr W;32QX"* for W,=X"12T, 3% W,~W(I,m—r) and for i=m+1,-- ,n,
W, ~W,(I,1). Denote diag(a,,,0,)=H'Z'"*Q3**H for some orthogonal
matrix H. From the Bartlett’s decomposition, we have

(2.4) A tr QT ;= ,él aWi;,
e

where W, -+, W;, are mutually independent random variables, W, ;~X%_, and
for i=m+1, -, n, W;;~%3. Then,

=

Il

n 14
(2.5) tr QS,= Em ; l"thjZ ]gl a,Q" ",
where Q" =3, W, having X2_,. Also from the definition of N,
7
(2.6) N<ér(N:—r——“lrj tr @QSyoilevamsnnt1+m.
Let r=—2A(140). In the rhs of the inequality (2.2), from (2.5) and (2.6), we can
see that for 0<e<e,,

BUN/n* I < BL{(er Q)™ 31 0 Q5= /(N—r —Dlwam i+ (L m)/ %))
< 31 C,BUQSY T /(N=r =D Tosram )+ Coch

»
<j§ CjEI:Supnzm{ ]('ndn/(n—”)}r]“i‘coss;
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where C,, Cy, -+, C, are constants independent of ¢. The Doob’s maximal in-
equality for reversed martingale sequence {Q{*""/(n—7#)}nzm gives that
Elsuppsn{Q§" 7 /(n—r)}*]1<oo. Therefore the uniform integrability of (n*/ N
is completely proved.

PrROOF OF THEOREM 2.1 Denote by &, the o-algebra generated by
Tp, -, Tn given in Lemma 2.1. Similar to (1.2), the risk function of £y is
represented as

R, éy)= 33 n™" tr (A, A@Q)E((vee &, —vee E)vee &u—vec §) Iey-a]
Since én and (T, -, T,) are independent by Lemma 2.1, we have
E[(vec &,—vec &)(vec &, —vec &) Try_ns]

=E[Ity-mE[(vec &, —vec £)(vec E,—vec ) |F,]]
=E[Ity-n1Cov (vec £,)]
={(4,A472)"' R} E[lty=n1],

which yields that

@2.7) R@, &x)= 3 rn” tr QT ElLyny}=eE[n*/N].

Since n*/N—1 a.s. as ¢—0, applying Lemma 2.2 with =1 proves that R(ew, éN)
/e—1 as ¢—0. The asymptotic efficiency of N is trivial from Lemma 2.2, and
the proof is complete.

Theorem 2.1 shows the first order asymptotic efficiency and consistency.
More detailed, the second order asymptotic expansions for E[N] and R(w, £v)
are presented based on Woodroofe (1977).

THEOREM 2.2. For p(m—r)=5,

_ y tr (Q2)?
2.8) E[N]—n*—l—tr 0s —Z(tr 03y +o(1),
5o &? tr (Q2)? y .
2.9) R, év)=e+ < QZ{4(tr O3y tr QZ}+0(S )

where v is defined by (2.4) in Woodroofe (1977).

The expansion (2.8) is from Woodroofe (1977). Note that n*/N=
(N—n*?*/(n*N)—N/n*+2 and that (N—n*)N"12-NO, 2tr (Q2)?/(tr Q2)*) as
¢—0. Hence (2.9) can be derived by combining (2.7), (2.8) and the following
lemma.
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LEMMA 2.3. Assume that 0<A<p(m—r)/2. Then (|N—n*|/N'*¥ is uni-
formly integrable.

Proor. First, observe that for d, 60,
EL(IN—-n*[/ NP 5 -ne1 517253501
SdAVE[(|N—n*|/N')iaro]
Ld-NE[(n*/NYPOD]EL{| N—n*|/(n¥)}/2}asD]pue,

From Lemma 2.2, (n*/N)a+® is uniformly integrable for some >0 under the
condition 0<A< p(m—r)/2. Also, Theorem 2.3 of Woodroofe (1977) demonstrates
that {(N—n*)?/n*}2*® is uniformly integrable under the same condition. Hence

there exists some constant M independent of ¢ such that
E[(n*/N)“”’”]E[{ | N_n*|/(n*)1/2}u(1+5)]<1\/1 ,

for 0<e< gy, which establishes Lemma 2.3.

3. Improving on the sequential procedure when an additional
sample is available

In this section, we discuss two-sample problem. Assume that for the prin-
cipal estimation of & sample x,, -, xy is obtained based on the sequential
sampling rule in Section 2, each x; having Nj,(éa;, 2). We further assume
that supplementary observations Y (pX{) are taken where Y has N, (&C; ¥, 1)
with known matrix C (rX{), unknown positive definite matrix ¥ and the com-
mon coefficient matrix & Using information of the additional sample, we want
to construct an estimator superior to &y.

The problem of estimating the common parameters in the fixed sample size
case has been studied by several authors. [For the brief bibliography, see Kubo-
kawa (1988).] Since MLE based on only Y is éy:YC’(CC’)‘l, we consider a
combined estimator of £y and éy of the form

3.1) Ev(a, D)=Exy+a(l+Ry)"Ev—En),

where
Ry=btr AyAN(CC') ttr QT /(rvn),

v:\":tr Qsl\’/{g(l\[ul)}:
T=Y(I,-C'(CCYy'C)Y,

and a, b are positive constants.
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THEOREM 3.1. Assume that a<min{l, 2(—r—4)b}. Then R(w, Exla, )<
R(w, &y) for all w.

PrROOF. By using Lemma 2.1, the risk difference is written as

(2)  A=R(w, év)--Rw, £x(a, b))

- E[ 77777 rQ3—

(I+RmN" <1+RN>2{ “QZ+ v i (AvAl )(CC’)*‘trQUfH

=artr QXE[N{2(1+ 05U )" —a(1+0 5)(1+0 U )% ],
where

(3.3) Oy=tr AyAN(CC) ' tr Q¥/(r tr QF), Un=b(tr QZ)tr QT)/(vy tr Q¥).
Here by the inequality (2.5) of Kubokawa (1988),

1+0xUy  (14+05Uy) +0

which yields that A>0 for all w if

(3.5) E [g(N)N“vN{Zb g g?f —a(g gg)zw/a}]go for all ,

(3.4)

H\/

—QRUy'—aUy?,
ya

where g(n)=(1+86,a)™ and ¢=tr Q2. Similar to (2.5),

3.6) Eltr QF/u QT] _E(Stawd™) {Etwﬂ}

' E[(trQ¥/tr QT Y]~ E[(Siimiw:) %] “1zizp \E[w77]
where wy, -+, w, are mutually independent random variables, each w; having
Xi., and 7, -+, 9, are parameters satisfying 3%,7;,=1 and %,>0, i=1, -, p.

Here the inequality in (3.6) follows from theorem 2.2 of Bhattacharya (1984).
From the condition a<2(/—r—4)b and the fact that E[w3']/E[wi*]=[—r—4,
the inequality (3.5) holds if E[g(N)N-vy(1—vxy/0)]=0 for all w, which is
rewritten as

3.7) 3 g(mE[n " va(l—v2/ ) ey—ny]=0  for all w.

To prove (3.7), the arguments used in Ghosh, Nickerson and Sen (1987) are
available. Let n, denote the smallest integer (=m) such that en(n—r)/{3r(n—1)}
=g¢g. It should be noted that n, is uniquely determined. Then we write

the lhs of (3.7)

3.8) ~2g<n>E[ Vall=va/ @) cx- n1]+g(no)E[ UafL=vag/ Dexangs]
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+n:2n., {g(n-I"l)E[*lﬂ Un+1(].—‘vn+1/a)IENzn+1]:|

n+1
g E[ 01 =0a/0)ewenso |}

where the first term in the rhs of (3.8) should be interpreted as zero if no,=m.
Note that for n=n,, on the set {N=n+1}, v,>en(n—r)/{3r(n—1)}=¢. Since
g(n) is nonincreasing,

third term in the rhs of (3.8)

@ 1 1
zngog(n%—l) E[{mv1b+l(l_vn+l/a)_ ;Un(l“‘vn/a)}[b’\’g;n+ll:| .

Note that Irys,41 iS @ F,-measurable function. Also from Lemma 2.1, v,.,=
(n—Dn"'v,+@n)'u for u=tr QTy,. Then,

B9 E[{pren=vn/ )= 200 =0/ exarsl Fa

1 (n—1 1
—IEAVgn-H][n—_H{_n—_Un"l_%E[u]}
_ L n—l ® e ,2,(?1_,_” 1, 2 l_l _L 2
n—}—1{< n )v"+ 3nt Z}"E[u]+9n?E[u ]}o' nvn+novn]
3n—1 , 8n—2 n—1
z“”%"*”[}{%nﬂ) VO St T) ”"+3n2(n+1)"]

since E[u]=¢ and E[u®]<3¢% Note that the multiple of Irysn+17 in the ex-
treme rhs of (3.9) is a convex function of v,, where the minimum occurs at
vp=04n—1e/{3(3n—1)} (<o). Here, recalling that on the set {N=n-+1}, v,>0,
it follows that

extreme rhs of (3.9)

=7 [ 3n—1  8n-—2 L n—1 77]0
=UVEL i +1) 3n¥(n+1) | 3n*(n+1)
=0.
Next, note that [;y.,3=1 with probability 1 and that
(3.10) Elv,(1=v./0)]=Elv,]—E[%]/e

m—r (m—r)(m—r+2)

“3m-1’T (Bm—1))
=(m—r)2m+r—5)a/{9m—1)*}
=0.
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Thus, if ny=m then the first two terms in the rhs of (3.8)=0. For n,>m, first
note that for n<n,—1, on the set {N=n}, v,<en(n—r)/{3r(n—1)} <e. Then
the first two terms in the rhs of (3.8)

ne-1
(3.11)  =g(n,) {ng‘,n Elnv,(1—v,/0) xani) +E[ng’v,,o(l-vno/a)I[Nmﬂ} .
Since vy, =(ny—2)(n,—1)" a1+ {3(n,—1)} 7 tr Q Ty, it can be seen that
(3.12)  E[n5ay(1=vny/ 0 inangil Frg-1]2 {@ngVng-17bagV3 o1/ 0+0CagHiwzng

zbnovno—l(l_vn(,»I/a)[[Nz ngl»

where  a,,=@n,—5)(no—2)/{3(ne—1no}, bn,=(no—2)"/{{no—1)n,} and c¢,;=
=(no—2)/{3n(no—17}. If E[va,-1(1—vny-1/0) w2011 =0, noting again that v,<¢
on the set {N=n} for all n<n,—1, we prove that the rhs of (3.11)=0. Other-
wise using the fact that b,,<1/(n,—1), we get from (3.12) that

the rhs of (3.11) ;gm){:é}:E[n-lvn(l—un/aﬂw:nﬂ

+E[(n0_1)_1vn0—1(1_vno-—l/o‘)I[N;no-ﬂ]-
Proceed inductively to get
the rhs of (3.11) ZgmyElm ‘vn(l—vn/a)]=0

as shown earlier, and the proof of Theorem 3.1 is complete.

4. Asymptotic risk expansion

Now we reveal the asymptotic risk expansion of £x(a, b) and asymptotically
compare the risks of &y and &y(a, b).

From (3.2), the risk difference is written as
4.1) A=—¢%a(r tr Q) 'E[(n*/N)Py],

where Py=N{a(14-05)(1+ 05U x)*—2(14+0,U ¥)"'}. Then the following lemma
is essential for our purpose.

LEMMA 4.1. Assume that n'A,A,—R>0 as n—oo. If pm—r)>8 and
[—r>8, then (n*/NYENQA+0O0x)14+05Ux)? and (n*/NENQ+0,U ¥)' are uni-
formly integrable for 0<e<g,.

PrRoOOF. Put Zy=N1+60y)14+605Uy)2 Observe that for d, §>0,
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4.2) E[(n*/NYZ yItcuniroz y>a1] Sd PE[(n*/ NP+ Z0]
—g_d—ﬁ{E[(n*/N)4(1+5)]E[Z%V(1+5)]}1/2 .

Since (n*/N)*@*® is uniformly integrable under the condition p(m—r)>8 by

Lemma 2.2, there exists some constant M, independent of e such that

E[(n*/ Nyt +d]< M, for 0<e<g,. Also,

N / 146y Vv N e,
1+0N\1+0NUN> é1+6?N<1+¢9N) Us*

Noting that #,—co and 6,/n—tr Q(CC)™ tr (Q¥)/(r tr Q) as n—co, We can
take a constant M, such that

(4.3) Zy=

(4.4) n(14+6,)" 1+ 03" <M, for all n=m.

Since vy=(N—#){3(N—1)}*22,0,{Q{¥ 7 /(N—r)} by (2.5), we obtain from (4.3)
and (4.4) that

(4.5) E[Zy+P]< jE: C,E[(tr QT)***P]EL Sgg{Q}""’/(n-—r)}““”’]

for constants C; independent of e. From the proof of Lemma 2.2, it is seen
that the rhs of (4.5) is finite for 0<e< e, under the condition /—r>>8. Hence
the uniform integrability of (n*/N)*Zy holds. Similarly we can show the uni-
form integrability of (n*/NXEN(1+60yUx)".

Note that (n*/N)*—1 a.s. and

rtrQ2 [ (tr QW)Z_thrQUf}

Py — @ occor ot N\ o) w07

as ¢—0. Then from Lemma 4.1, we get

THEOREM 4.1. Assume that n'A,A,—8>0 as n—oo. [f p(m—r)>8 and
[—r>8, then
R(o, &x(a, b)=R(w, &v)

r QU \2 r QU
+az(3—(7)'24&—'—970"0);itTQ—q,{aE[(ETg—T) |-evE[ g o).
From Theorem 4.1 and the inequality (3.6), we can see that éx(a, b) asymp-
totically dominates £y if a<6(—r—4)b. In the univariate case [p=r=1, a;=1l,
Q=1, Y=¢* C=(l, -, 1), ¥=¢?*], Theorems 2.2 and 4.1 give that

R(w, Xy)=E,[(Xy—8)]=e+e’0 *(d—vo™")F0(e") .

z _ oy zai{_a:égl_j@} 2
R@, Ex(a, D)=R(@, Xy +e! G2l ol
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