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ON SOME CLASS OF INITIAL BOUNDARY VALUE

PROBLEMS FOR SECOND ORDER

QUASILINEAR HYPERBOLIC SYSTEMS

By

Andrzej Chrzeszczyk

Summary We consider some class of initial-boundary value problems

for second order, quasilinear, hyperbolic systems containing the

Neumann and Dirichlet problems. Using Shibata's ideas we prove

the existence of an unique local, smooth solution. In the separate

paper [4] we show that the presented results can be applied to

elasticityand generalized thermoelasticity.

Introduction.

In recent years we can observe an interesting progress in the theory of the

existence of local solutions to the initial-boundary value problems for second

order, quasilinear, hyperbolic systems. The Cauchy-Dirichlet problem was in-

vestigated in the papers [3], [6], [11] and the Cauchy-Neumann problem was

solved in [16], [20], [21]. In the paper [10] an abstract, semigroup approach

was presented which allows for solving the both types of mentioned problems.

Although the semigroup approach is very elegant, it seems that from the point

of view of applications the concrete and elementary energy methods used in

[20] are more adequate. Furthermore, using the energy methods one can con-

sider the systems with coefficientsdepending explicitelyon t and on the deriva-

tives of the unknown function with respect to t (cf. (1.1),(1.2) below). In the

present paper we demonstrate an unified approach to the mixed problems with

Neumann and Dirichlet boundary conditions. We assume that some components

of the unknown vector-function satisfy the Neumann boundary conditions, while

the remaining ones the Dirichlet conditions. Since we do not exclude the situa-

tion in which all components satisfy the same type of boundary conditions we

obtain generalization of the results presented in [3], [6] and [20]. In a con-

sequence our theory can be applied to such problems of elastodynamics as the

traction or presure problem as well as to the problem of place. On the other
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hand, our results allow for some new applications. There are, namely physi-

cally important theories for which the Neumann end Dirichlet boundary condi-

tions are considered at the same time. For example, in generalized thermoelas-

ticity the components of the displacement vector can satisfy the Neumann con-

ditions and the temperature difference the Dirichlet one (or reverse). Since the

present paper is relatively long we have decided to present the mentioned ap-

plications in a separate article[4] (cf. also [7], [8], [15]).

1. Formulation of the problem.

In the present paper we consider the initial-boundary value problem

(1-1) 2 au(t, -, D'uWJMV+artt, ■,Dlu(t))=fQ(t)

in (O,T)XQ,

(1-2) S malt, -, Dlu{t)) + ar(t, -, Dlu(t)) = f r(t), uD(t)=0

on (0, T)xF,

(1.3) u(0)=uo,dtu(0)=ul inQ,

where Q is a domain in Rn with a compact and infinitely smooth boundary F,

(nu n2, ■■, nn) denotes the unit outer normal to F (for simplicity we assume

that ni^C (Rn), i―l, ■■■, n), do=dt, dt, i=l, ■■■, n denote the differentiations

with respect to t and xt respectively, u ― ＼ux, ･･･ um) is the vector-valued unk-

nown function on (0, T)xQ, (£(-) denotes the operation of transposition). The

real matrices au=(afj), I, J=0, ■■■, n, a, b=l, ■■■, m and the real vectors

ao^Xah, ■■■, afl), ai = t(a＼,■■■, a?), i = l, ■■■, n, ar = £(af, ･■･, af) are given

functions of the variables £e[0, T], x=(xu ･･･ , xn)^Q and

(1.4) U{t)=Dlu{t)={dtu(t),lxu(t), u(t)).

The real vectors fa=t(fh> ■■■
>
fo)> fr = t(fh

"･ ≫
ff) are given functions defined

on [0, T~＼xQ and uk = ＼u＼,■■■, uf), k=0, 1 are defined on Q.

Remark 1.1. In (1.1)-(1.4)and in the sequel, the dependence of vector or

matrix functions on x=(xlf ■■■, xn)^Q is allowed but usunally omited for

brevity.

To describe the precise meaning of the boundary conditions (1.2) let us

assume that two subsets MD and MN of the set M―{＼, ■･･, m] are given, such

that

(1.5) Mvr＼MN ―0 and MD＼jMN―M
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and for arbitrary vector-valued function <j)=l(<f)＼■■■, 0m) let us define the func-

tion <j>D:

f <j)aif a^MD

(1.6) fo^tyh, - , 4>d), where <f>aD=＼

{ 0 if a^MN.

We shall assume that

(a.O) aai= af=ff=Q if a(EMD and z= l, -.,n.

Thus the second part of the boundary condition (1.2) indicates that some com-

ponents of the unknown function satisfy the homogeneous Dirichlet boundary

conditions while the first part of (1.2) is simply the Neumann boundary condi-

tion (roughly speaking) for remaining components. Let us note that we do not

exclude the situation MD=0 or MN ― 0. Thus the usual Neumann or Dirichlet

boundary conditions are allowed. In this sense our considerations generalize

the results proved in [3], [6], [11], [16], [20], [21]. Note also that the in-

homogeneous Dirichlet boundary conditions can be reduced to the homogeneous

ones by replacing the unknown function by the difference between it and the

function having appropriate traces on the boundary (cf. for example [5]).

Let us list the basic assumptions of the present paper. Let u%, w? and

u%+u f=l, ･･･, n, a = l, ･･･, m denote the independent variables corresponding to

dtua, dtua and ua respectively. Let Uo and To be given positive constants. Put

(1.7) D(U0)={U^R<n+2>m: ＼U＼<U0}, U=(u$, w?, uan+l).

First of all we shall assume that the coefficients of the system (1.1), (1.2) are

smooth. To be more precise, we assume that

au(t, x, U), alt, x, U), av(t, x, U)(eB°°([_-T0, To]xQxD(Uo)),

(a.l):

/, /=0, 1, ･･･, n, i=l,-,n, V^{Q,r},

where B°°denotes the space of vector functions with continuous and bounded

derivatives of arbitrary order. In the case of unbounded domain Q we assume

additionally

(a.l)2 alt, x, 0)=av(t, x, 0)=0 for (t, *) e[-To, To]X0, ≫= 1, ■･･, n,

v<={Q,n,

Now, let us introduce the mXm matrices

bvi

(1.8)

=(&"/), where b$=

bij=(tn), where MJ

da%

_daai

duK

/, /=0, ･■･, n + 1

a. b= 1, ･･･, m

i― 1. -. n
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As our second assumption we take the following one

lajj(t, x, U)=aJ1(t, x, U), I, J=0, ■■■, n ,

-b?f(t, x, U)=afl(t, x, U) if a(EMN,

(a.2) b=l, ■■■, m, i, j ―l, ■■■, n ,

'bnit, x, U)+bn(t, x, U)=0, i=l, ■■■, n,

for arbitrary (t, x, t/)e[-T0, To]xQxD(Uo).

Next we assume that there exist positive constants d0, 8U 82, such that

aoo(t,x, U)>80I for (t, x, £/)<e[-T0, To]XQxD(Uo),

- S (a^t, -,U)djV, dtv)+ S <bn(t, ■,U)diV> v)
(a.3) *>=1 i=1

^5,||y||f-32l|y||o for arbitrary fe[-T0, To],

v<=HUQ) and U<= H"-HQ, D(U0)).

Here and hereafter HS(G), sei? denotes the Sobolev space of scalar or vector

functions on G with the norm ||-|I*,g-In the case G ―Q we write IHI≪.g=1|-II*-

Similary ||･||sr = ((-))sdenotes the norm of the Sobolev space HS(F) on the

boundary F of Q. The brackets (･, ･) and <-, ･> denote the inner products

of L＼Q)=H＼Q) and L＼D=H＼r) respectively. The symbol HSO(G) denotes

the closure of the set C {G) of infinitelysmooth functions with compact sup-

port contained in G, with respect to the norm IHI*,g. In (a.3)and in the sequel

we use also the following spaces

(1.9) m(Q)={u(EHs(Q): uD^H＼(Q)) if s^l, (cf.(1.6)), H&Q)=L＼Q),

(1.10) H-＼Q, D(U0))= {U(=L~(Q, i?cn+2)m): ＼u(x)＼<Uo for x(Elq}} cf. (1.7)

Our fourth assumption is of the form

(a.4) S nt(x)bn(t, x, U)=0 for (t, x, U)^-To, TolxQxD(Uo)
i=l

and the final one is the following

SJ-i S n^Xaoi+aioXf, x> U)+bo(t, x, U)^-^O

(a.5) for arbitrary (t, x, £/)e[-T0, T0]xrxD(£/0) and

^(P, ■■■,£m)(ERm such that ^a=0 if (keMd.

In (a.5)we have posed S{A}=l/2(A+lA)
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bo= 2 riibio+bro, (cf. (1.8))
i=i
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and the dot denotes the usual inner product in Rm i.e.

(1.12) £-9=£y+-+£"V for £=<(?, ■･･, £m),? = f0?S ･･■, f]"1)

To formulate our main result,let us introduce the following notations. For

an interval J of R and Hilbert space X we denote by Ck(J, X) and Lip(/, X)

the spaces of all .Y-valued functions of class Ck or Lipschitz-continuous on /,

respectively. If L is non-negative integer and M a real number we put

(1.13) XL-MU, G)=
A

CN{J, HL+M~N(G)).

N =0

Using these notationswe can state

Theorem 1.1. Let Q be an open domain in Rn, n^2, with Cx and compact

boundary F, To a given postive number and K an integer ^[n/2]+3. Assume

that the conditions (a.0)-(a.5) are valid and the data u0, uu fa, fr satisfy the

following hypotheses

u^HRQ), u^HS-＼Q), f^XK-^＼＼j), To], Q),

(1.14) /r^x-u'2([0, To], n, af-2/fleLip([0, T0], L＼Q)),

5f-2/reLip([0, To], H'i＼F)),

(1.15) the compatibility condition of order K―2 is satisfied

(cf. sect. 3 below)

(1.16) (Ml(-), D＼u£.))<=H-(Q, D{U0)), (Dlxu=(!xu, u)).

Let B be a positive constant such that

IIW oilA'+ 11Mi||tf_i+ |f q＼A'-2,0,[0,rn]+＼fr＼A'-2,l/2,[0,r0]

(1.17)

+ess suplldf-VflOllo+ess sup≪3f-lfr{t)))ll2<B
≪eco,ro] ≪e[0,r0]

where |･ U-2,o,co,r0] and ＼■＼k-2,u2,lo,toi are norms of XK-2'°([0, To], Q) and

^x-2,1/2^0, To], F) respectively which will be defined in formulas (2.3), (2.4)

below. Then, there exist Te[0, T°] and /f>0 depending only on K and B such

that the prablem (1.1)-(1.3) admits a unique solution

(1.18) u(t)<BXE-＼lO, T], Q), (cf. (2.5) below)

satisfying the conditions

(1-19) u＼K.0,l0.T1^A,
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(1.20)
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Dlu(t)^H°°-＼Q, D(U0)) for fe[O, T] .

Remark 1.2. Since we have assumed that i^[n/2]+3, by Sobolev im-

bedding theorem we have w(£)eC2([0,T]X42), thus the theorem 1.1 gives the

existence of classicalsolutions to the problem (1.1)-(1.3).

The present paper is organized as follows. In Section 2 we introduce basic

notations. In Section 3 we formulate the compatibility condition for (1.1)-(1.3).

In Section 4 we define the iteration procedure leading to the solution of (1.1)-

(1.3). In Sections 5 and 6 we present some results from the theory of linear

ellipticand hyperbolic problems. These results are used in Section 7 where

the convergence of our iteration scheme is proved. In the Appendix we su-

marize some facts concerning the estimates of nonlinear terms.

2. Notations.

For v―＼vx, ■■■,vk) where vu ･･･, vk are real functions and for a=(au ■■■,

ak) where au ･･･, ak are nonegative integers we put va―v1l---Vkk, |a|=≪H―

-＼-ak. We use the following notations concerning differentiations

3x=(3i, ･･･, 3≫),d°=daxi-dax>, d{dxv=＼d{d°vu - , 3^-t;*),

DLDfv=(d{daxv: j+＼a＼^L+M, j<L), DLv=DLD°xv, D%v=D°Dx{v.

Put

(2.1)

v＼coL=su.p＼D%v(x)

＼v＼co,LiT=snp{＼DLv(t,x)＼: (t, x)e[-7＼ T]Xi2}

For time interval / and Hilbert space X, let L°°(/,X) denote the set of all

X-valued, measurable and bounded (everywhere!) functions defined on /. For

s^R put Y°'＼J,G)=L°°(/,H＼G)) and for an integer L^l put YL-%J, G)=

{u(t)<=XL-u'U, G): d?u(t)EiLrU> HL+s-M(G))nUp(J, HL+t~M~＼G))for O^M^

L-l}. Note that YL-saYL-M's+M and ZL-SCI XL~M-S+U for Q£M<L. The

space YL'S{J, G) is endowed with the norm defined as follows

＼v＼0s j G=sup||i>(f)||(ja and if L is an integer^1

(2.2)
i-1

＼v＼l,s,j,g=＼v＼0,l+s,j,g+ S sup

If v{t)^XL's{J, G), then

(2.3)
V＼ L.s.J.G ―

Kd?vXt)-@?vXt')＼＼L+.-M-i

＼t-t'＼

L

S sup＼＼dfv(t)＼＼L+l-M.G

M=0 i&A

Hence we also use ＼-＼l,s,j,gas the norm of XL-S(J, G). In the case G = Q we
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(2.4) ＼V＼l,s,j=＼v＼l,s,j,qand <y>L_Sit/= ＼v＼l,*,j,r･

For Z = X or Y we define the subspace Z%＼J, Q):

(2.5) Zb-V, Q)={u{t)^ZL'＼J, Q): uD(t)&Hl(Q)} (cf. (1.6)),

endowed with the norm ＼-＼l,s,j-

Remark 2.1. If the vector function is replaced by the scalar or matrix

one we use analogous notations.

Remark 2.2. In the paper we shall use the same letter C to denote dif-

ferent constants depending on the same set of arguments. C(---) denotes a

constant depending essentially on the quantities appearing in the parentheses.

By using the subscripts 1, 2, ･･･ we distinguish the important constants.

For a sufficientlysmooth function Fit, x, v) we put

(dktdaxdhF){t, x, vXwu ■･■,wh) Trad(3SJ
(2.6) for d=($u-,Oh)

(F＼(t, x, v)= F(t, x, v)-F(f, x, 0)=[

%F)(t,x,v+heiW)]＼e^

＼dFXt,
x, 6v)vdd

0

Observe that (F)x(f,x, 0)=0 and F(f, x, v)=F(t, x, 0)+(FUt, x, v). The remain-

ing part of this Section is devoted to some estimates of bilinearforms connected

with firstorder linear differentialoperators on the boundary F. To be more

precise let us assume that R＼x) is a mXm matrix of functions in B＼Q) such

that

(2.7) S nt(x)R＼x)=O for xeT

We shall describe some bilinear forms Si(/?)[v,w~＼on {Hl{Q)}z and Sz{R)[y, w~]

on Hh(Q)xL＼Q) such that

(2.8) (itiRidiv,w＼ = S1(R)[y,wl + Si(R)tv,w'] for v^Hl{Q), w^H&Q),

where R=(R＼ ■■■, Rn). The bilinear forms Sk(R)[>, ･] k = l, 2 will be useful

in the investigation of linear problems connected with our iteration procedure,

cf. Sections 5, 6 (for example (5.5) or (6.6),(6.8)). To define these forms let

us note that since F is a compact and C°°hypersurfaceof Rn we may select a

finitenumber of open sets Gt in Rn, positive numbers ot and C°°diffeomor-
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phisms Wi from G[ onte Gt, 1=1, ■■･, p, such that G[={y=(yu ■■■, yn)^Rn:

1/1 = 1(3/1,-, y≫-,)I<^and ＼yn＼<oi}, Qi^Gi=Wl({y^G[: yn>0})and Tnd

=Wi({y<EGi: yn=0}). Let 0t=(0llt ･･-,0Jre)be the inverse maps of Wt. If

we put YUy)=(d0u/dxiX＼l(y))and Ji(y')=＼(YUy', 0),■･･, Yfn(y＼ O))|we have

Wi(^)=-r?t(y, 0)/y,(y) and drx=Ji(y')dy' for x^^/.OjeCnr where

d.T.zis the surface element of F. Using the assumption (2.7) we see that

(2.9) 'ERi(W.l(y',O))YUy/,O)=O for (/,0)gG{
i=l

Let ^eC^Gi), 1=1, ■■■, p be the partition of unity on F and put <pi(y)=

^>i(Wi(y))(EC^(G'i). By the change of variables x―Wi{y) and (2.9) we obtain

(2.10)

( S R%v, w)= 2 S f faMRKt, x)dXiv{x)w{x)dFx

= S gl^.^/, 0)7?':a,̂(j', 0)9,,/C^',OXd0lq/dXiXy',0)

lsL

≫-i^(:y/'
0)S'(i?j y'Mv'(y/'o)Xw'(y', O)/,(/)d;y'= 2 2

1= 1 q = l

Xw'(y',O)dv', where 35=5/5v,, v'(y)=v(Vi(y)),w'(y)=w(Wi(y))

and S＼(R, /)= 2 R＼Wl{y', O))Y%(y', O)Ji(y')
i=＼

If we put

(2.11)

(2.12)

Sl(R)lv, wl =

S2(/?)|>, u;]=

where R+ = {y=(yu

V
s

1=1

BS
f

Ji(y){SS(R, y')d'nv'{y)'d'qw＼y)
9=1JR+

-S＼{R,y')d'vXy)-dW(y)}dy

P 71- 1 C

Y1 V ― I
Zj Zj ＼ J^iyXd'.SMR, y'))d'nv＼y)-w'(y)

+
-(d'nfaiyVSKR, y')d'qv'(y)-w'(y)}dy

yn)^Rn: yn>0}, noting the formula

(s r%v,
w)= s

ns-f

rea;{^(^)svi?,
y^'c^-^'c^irfj'

＼t=l / 1=1 g=l JK

we obtain (2.8) integrating by parts. Furthermore using Schwarz's inequality

we can prove that for v, w^HUQ)

(2.13)

(2.14)

S^Rftv, w;]|^c{|]||/?i|U.o}bllillu;||1,

S*(R)lv, u/]|^c{si|/?1...i}lMlilMlo,

with some constants C independent of R＼ v and w
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3. Compatibility conditions.

Let us introduce the following notations

M
d?(au(t, D'u))={dfau){t, Dlu)+ S S

h=l
*a?AnMt, Dhi)

X{Dl:dtu)a1l---{Dld1u)ak^＼u)^--idtl+xuyh

= afj(t,u,dtu, ■■■,df+1u) for /, 7=0, ･■･, n. M=0. 1. ･･■

df(av(t, D'u^idfavXt, Dlu) + 2 ^aMv

X(Di3{u)ai--(Di3tftM)aA(9fM)^i--(5tfc+1M)^

*hoh(t, Dlu)
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= a$(t, u,dtu, ■■■,df+lu) for V(= {Q, F, i, ■■■, n), M=0, 1, ･■･,

where af/ah5h, af^^h, and in a consequence afj, aft are uniquely determined

functions of their arguments, ah―{a＼, ･･･ , ah),
i8ft=(/3^, ■･･

, fin) are sets of

multiindices and the summation 2* is taken over all (ah, flh) such that

HU＼<x?＼ + ＼P!＼)s = h.

Now we can define the vector functions uM+2, O^M^/C―2 by the recursive

formula (u0, ux are the initial values from (1.3))

aUO, u0, uJuM+^idffXO)

(3.3) ― S'( ,
)fl*j(O,

u0, uu ■■■, uk+1]dsIIds/uM+2-k-si-sj

― a#(0, u0, ■･･, uM+i)

where 2' denotes the summation over all indices &=0, ･･･, M, I, J=0, ■■■, n

such that (k, I, /)^(0, 0, 0) and where s7=0 if /=0 and s7=l if 7^0. Let

us note that due to (a.3) the matrix gjJo(0,u0, ux) is invertible and the equality

(3.3) allows for determining uM+2 if we know u0, uu ■■■, uM+i-

Using Theorems Ap. 1, Ap. 3 from the appendix we can prove

Lemma 3.1. // u0, uu fg are the functions and B, K the constants from

Theorem 1.1, then

(3.4) uM^HK-M{Q) and WumWk-m^C^K, B) for 2^M^K.

We shall say that u0, uu f q, f r satisfy the compatibility condition of order K―2 if

S niflffO, Mo, ･■■, uM+1)+a?(0, wo, - , uM+1)=d?fr(Q)-
(3.5)

i =

for 0£M£K-2 and uMD=R for O^M^K-1 on F

Recall that for arbitrary(j>,6D is definedin (1.6).
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4. Iteration procedure.

Since the boundary condition (1.2) is fully nonlinear, the usual (Picard's)

iteration technique is not applicable to the problem (1.1)-(1.3).It leads namely

to the so called derivative loss. To omit this dificulty we use Shibata's idea

presented in [16], [20], [21], which roughly speaking consist in reduction of

the problem (1.1)-(1.3)to a "hyperbolic-elliptic" coupled system for unknowns

u and dtu. To describe precisely this iteration scheme let us differentiate eqs

(1.1)-(1.3) once in t and put dtu ―v, U(t)=(v(t), Dlxu(t)). Using the notations

introduced in (1.8),(1.11),(1.16) and (3.3) with M=0 we obtain

(4.1)

S aI.j{t,U{t))dIdJv{t)+dQ{t,U{t))=dtfQ{t) in (0, T)xQ,
I,J =0

2 ( 2 ≪<M*, U(t))+brj(t,U(t)))dMt)

+ dr(t,U(t))=dJr(t), vD(t)=O on (0, T)xf,

v(0)=uu dtv(0)=u2 in Q.

In (4.1) we have posed

ad!, U(t))=(dtaQXt, U(t))+ llbQl(t, U(t))dMt)
7= 0

(4.2)

where

(4.3)

L z=o I

+
ns

t,./=l

UdtdijXt,
U(t))+n-Z aiJL(t,U(t))dLv{t)]dfiMt)

L=0

2" denotes the summation over all pairs of indices /, J=0, ･･･, n

such that /=0 or /=0, the functions dju1, /^Oare identified with

djv, the functions 8°$,dn+l(f>are identified with 0 and w2 is iden-

tified with dtv, furthermore aIJL=dau/d{dLu) for /, /=0, ･･･, n,

L=0, ･■･,n + 1,

ar(t, f/≪)=(|nAB+1ft U(t))+hrn+i(t, U(t)))v(t)

(4.4)

+ 23 nt(dtatXt,U(t))+(dtar){t, £/(*))

With the use of the new notations, the original problem (1.1)-(1.2) can be

written as follows
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^"au{t, U(tWds/u2-SI-SJ(t)+

+ adt, U(t))+Xu(t)=fdf)+x(uo+＼ v(s)ds) in Q
0 /

S niai(t, U{t))+ar(t, U(t))=fr(t), uD(t)=O on T
i=l
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for £e[0, T], where X is a constant determined in Theorem 5.3 below. Since

(4.5) is stillfully nonlinear with respect to u(t) we shall reduce it to an equi-

valent problem as follows. Let u°(t)be a function in Zf~2>2(/?,Q) such that

(4.6) dfuo(Q)=uM in Q for O^M^K-2,

(4.7) ＼＼DK-2u%t)＼＼2^C2(K,B) for t<=R.

The existence of u° which satisfies(4.6),(4.7) is proved in Theorem Ap. 5b.

Put u(t)=u＼t)+w(t) and U＼t)=(v(t),Dxu＼t)). Noting that U＼0)=(uu Dlxu,) we

can rewrite (4.5) as an equation for unknown w{t). In this purpose let us put

U(0)=(v(t), D^uXV + Owit))) for O^^^l, and adopt the formula (2.6) with k=0,

a=0, h = l, 2, v=Dlu°(t) and wlf Wz=Dlxw{t). Using the notations introduced

in (4.3) and Taylor formula we obtain for 7=0 or /=0

aiJ{t, U(t))d*IId'/u*-II-tJ(t)=aIj(t,U＼t)W^jJu%-aI-tJ{t)

+ daIj(0,UX0))Dxw(t)dfIds/u2-SI-sJ

(4.8) +daIj(O,U＼O))D1xw(t)dyd*Aua-'I-IJ(t)-ui-II-tj)

+ [dau(t, UXty-daUO, UMftDlwitWd'/ii}-'1-'^)

+
[d2au(t,

U{d)XDlw{t), Dxw(t)Wds/u2-SI-SJ(t)dd,
Jo

for

(4.9)

i
J = 1. ･･･ , n

a,/*, U{t))didj{u＼t)+w{t))=aij{t,U＼m3}u＼t)

+ a,/0, ^"(O^^u/CO + Efloa, UXt))-attf, UXOmdJMt)

+ daij{<d,UXQWlw{t)didju0+daij{Q,UXQ))Dlxw{t)didj{uXt)-ii*)

+ [daij(t,UXt))-datJ(0, UXOmDhwfflidjuV)

+ daUt, UXtWlwiDdidjwit)

+
f
d2ao<£,U{d)XDlxw{t),DlwitWdjiuXV+wWdO

and for Fe{i2, T, 1, - , n＼
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av(t,U(t))=av(t, U＼t))+ dav(O, U°(O))Dlxw(t)

(4.10) + ＼_dav(t,U＼t))-dav(0, £/°(0))]£>M*)

+
[1d2av(t,

U(d)XD1xw(t), Dxw{t))d6.
Jo

Combining the relations(4.8)-(4.10)we can check that the problem (4.5) can be

written in the form

(4.11) pQxlw{ty]=gdf) in Q, prxlw(ty]=gr(t), wD(t)=Q on T,

where

(4.12)

pQx＼_W＼ ― S a,/0, £7°(0))3i3>M;+
Bi!1flf(0,

£/°(0),w2)d^ + ,U

n+1 /
s(

7 = 1 ＼

prx＼_w~＼= S

1=1

and for 1=1, ･･･, n + 1

(4.13)

(4.14)

S ntbtl(Q, U＼O))+bn(O, £/°(0))W-, (cf. (1.8))

I,J =0

+bm(Q, UXOWiw, (cf. (1.8), (4.3))

gv(t)=Gvi(t, v(t))+ 23 GVk(t, v(t), w(t))
k=2

vee{Q, r＼

where the terms GVk, k = l, 2, 3, V<={Q, F) are defined as follows

GQl(t,v{t))=fQ(t)- S au(t, U＼tWd'/ui-'l"J{t)

I,J=0(4.15)

-ao(t, U°(t))+x[＼v(s)-dsu＼s))ds,
Jo

GQz(t,v(t),w(t))=

/

n

s

. ,7 = 0

(4.16)

n

daIj(0,U＼0y)Dlxw(t)ds/ds/(u2-SI-SJ(t)-u2-SI-sj)

ldau{t, U＼t))-dau(O, U%O)y]D1xw(t)dllId'/u*-'I-tJ(t)

-Idadt, U°(t))-dadO, £/°(0))]/)MO

- 2 ＼_at](t,U＼t))-atJ(O, U＼OmdtdMt)

GQ3(t, v(t),w(t))=

-^"[^aud, U{d)){Dlw(t), D1xw(t))dtlId'/ui-tI-tJ(t)d0
Jo
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(4.18)

(4.19)
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d*atJ(t, U(d))(D'xw(t), D X*))dA(M°(O+u>(O)d0

[ldladf,
U(d)XDlTw(t), Dlxw{t))dd

Jo

-^da^t, UXtWlwifjdtdMt), (cf. (4.3))

Gri(t, v{t))=fr(t)- S ntat{t,U＼t))-ar{t, U＼t)),

Gr2(t, v(t),w(t))=- S n^dcit(t, U＼t))-dat(Q, U＼O))]D
i=l

-Ida At, U°(t))-dar(O, U%Q))~]Dlxw(t),

lw(t)
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(4.20) Gnit, v{t), w{t))=- S nXd'a^t, U{d)){Dlxw{t), Dlw(t))dO

1= 1 JO

-[d'arit, U(6)){Dlw{t), Dlxw{t))dd.
Jo

The problems (4.1), (4.11) form a coupled "hyperbolic-elliptic" system with unk-

nowns v and w. To solve this system we shall use the method of succesive

approximations. To this end, let us introduce the functional spaces Z and Zc.

By definition Z is the set of all pairs (v(t), w(t)) such that

(4.21) W), w(t))<=YE-l-＼[Q, T], Q)xY$-*-＼[0, T], Q), (cf. (2.5)),

(4.22) dfw(0)-0, O^.M^/T-3, d?v(0)=uM+1, 0<M^K-2f

(4.23) | V | K-1,0,L0,T1^S-/1h> I W | K-2,2, [0,Tl^-^-E) ＼W I K -3,2,CO,r] ^ ££,

(4.24) {v{t), Dlu＼t)) and (v(f), Dl(uo{t)+w(t))y~H--＼Q, D{U,))

for fe[0, T].

Here and hereafter T, yf#, yJ£, s£ are constants determined below, which depend

only on K and B essentially and Ul is a constant e(0, UQ) also determined

below. We shall assume that

(4.25) 0<T<min(l, To) and 0<s£<l.

Analogousely we define the space Zc as the set of pairs (v(t), w(t))^Z such that

(4.26) (v(t), u<f))G^'-u([0, T], i3)xZ#-2-2([0, T], Q),

(4.27) Sfw(0)=0, 0<M£K~2, dfv(0)=uM+1, O^M^K-l.

The iteration scheme used in this paper can be described as follows. Let

(v＼t), wHt)) be an arbitrary element of Zc (cf. (7.1)). For p^2 and (vp-＼t),
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ivp ＼t))^Zc we define vv{t) as a solution of the following linear "hyperbolic"

problem

2 aIj(t,U*-Xt))didjv≫(t)=dtfa(t)-aQ(t,U'>-＼t)) in(0,T)xQ,
I,J=0

(4.28)

S ntbtJ(.t,Up-＼t))+brAt, Up-＼t)))djVp(t)

=dtfr(t)-ar(t, Up~＼t))

vp(O)=u1 dtvp(O)=u2 in Q

on (0, T)X/＼

where

(4.29) Up-＼t)=(vp~＼t),Dl(u＼t)+wp-＼t)))

and the function wp(t) is defined as a solution of the linear "elliptic"problem

(4.30)

where

(4.31)

pQxlwp(t)-]=gUt) in Q

Prxlwp(m=gpr(t), wW)=O on f

for fe[0, T]

gW)=Gvi(t, vp(t))+ S GVk(t, vp(t), wp-＼t)), Fg {Q, F＼

k=2

It is clear that to prove the convergence of the presented iteration procedure

we have to investigate the linear problems corresponding to (4.28) and (4.30).

5. Auxiliary theorems from the theory of linear ellipticproblems.

In the present section we consider the boundary-value problem

(5.1) qQx[w~}= hQ in Q, qrx[w~＼= hr, wD=Q on F,

where wn is defined by the use of formula (1.6) and where

(5.2)

(5.3)

n n+1
qax[w~＼= S qQiJdidjw+ S qjoiw+kw,

i,j=l 1=1

<7r;M= S
( 23

niqru-]-qri)diW.

We assume that the mXra matrices qXj=(qXjlb), q＼―{q＼ab),qJii―{qrnh)and m-

vectors hv=＼hv, ■■･, hf) are functions of x<=Q. Here and in the sequel we

shall assume that

(5.4) i,j = l,-,n, 1=1, ■･･,n + l, a, b=l, ■■■, m, Ve{Q,r＼, dn+4=(j).

Taking into account the relations (5.4) we may list shortly our assumptions
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concerning the ooeratorsam, on :

(a.5.0)

(a.5.1)

(a.5.2)

(a.5.3)

(a.5.4)

qtfb=q{ab=ht=O if a^MD, (cf. (1.5)),

q%=q^r+QQi!, qSi=qK+tft, qvt=qvr+qvis,

q?~,qru, q{-<EB*-＼Q), ??~e£*-(£),

q?f,qru＼q{s^HK-＼Q), q?'<=HK-＼Q),

qij―qji> qi-rqi―v> ―qu ―qu ir a^MN,

there exist constants d,,5≫>0 such that

for arbitrary xv-H&Q), (cf.(1.9))

Sn^=0 on F.
i=l
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To investigate the problem (5.1) we shall adopt the well known method of

coercive bilinear forms (cf. for example [2], Sect. 8). First let us discuss the

uniqueness of solutions in H%(Q) and the existence of weak solutionsin Hk(Q).

Assuming w^H%(Q), multiplying (5.1) by v^H&(Q) and integrating by parts

we obtain

n n
(tffliM, v)=― 2 (.Qijdjw,diV)+ 2 intqtjdjW, v)

£,)=! i.7=1

(5.5)
.^(diiq^djw, v)+n-Z(qfdlW, v)+X(w, v)

<Qrx

+((
I

ntffB+1+<?£+1)u/, v) (cf. (2.8) with R=qr^(q{, ...
f
qr))

In a consequence

(5.6)

where

(5.7)

(qoxl.w'], v)+(qrx[w~＼, v)>=qx[w, v~＼

qx[w, v]= - 23 (q?jdjiu,dtv)+ S Sk(qr)[w, v＼+ X(w, v)

- .2 (Utfitijw, v)+
n±＼g9dlW,

v)+(( S n^fn+1+^+1)^, v＼

Applying the trace theory (cf. Theorem Ap. 4b) one can prove that there exist

a constant C(d,. liyi?=i≪,-o^4.i+oC+ilL≪.F) for which
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(5.8) <q£+iW,w)^

Assuming that J

n
(5.9)
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jdMl+cfdu S fliQin
+ l^TQn +l

i = l

is a constant such that

2 l|S*^IU.o+S1|l9flU.o+
i.j.k=l J=l

,
r)＼＼w＼＼i

00,0 /

S ntq^n+i+Qn+i ^r°°
i =l oo.0

using Schwarz's inequality and (a.5.3) we can show that

(5.10) +(x-8t-c(dlt s^B+1+^+i

for some constant uo=ao(8u J^,F) for which

(5.11) fto^C[8u
n

r r

1=1

, r)-3?ri)＼＼w＼＼i
00,0/ /

00,0 /

If we choose X>0 so that

(5.12) X>fto+ds,

then the uniqueness of solutions from the space Hl(Q) holds. Furthermore

from the Schwarz's inequality, the inequality (5.10) and the density of the space

Hd{Q) in Hd(Q) it follows that the bilinear form qx[w, v~＼is continuous and

coercive on Hh(@)xHh(@) if (5.12)is satisfied. Thus, applying the Lax-Milgram

theorem (cf. for example [2], p. 99) we can show the existence of weak solu-

tions of the problem (5.1) in the space Hv(Q). Usual methods of considera-

tions (cf. [2], Sect. 9, [13], [191) lead to the regularity theorem.

Theorem 5.1.

such that2^L^K.

(5.13)

Assume that(a.5.0)-(a.5.4)are valid. Let L be an integer

Let yK be a constant such that

.23 (II^IU.jf-i + ll??/IU-i)+S1(s(lkfi"IU.iC-i+II^IU-i)

M＼＼Q?m＼UK-2+＼＼g?S＼＼K-2)MUm＼U,K-l + ＼＼q{S＼＼K-l))^rK.

Then, there exist xo>O depending only on yK, 8U 82 and F essentially,such that

for A^Ao and given ho^HL~＼Q), /i/-e//L"3/2(/1),the problem (5.1)admits a unique

solution wei/fj (Q) satisfying the estimate

(5.14) ＼＼w＼＼L^C{K,Jk, r, du 82, n, m, ;0{||Mk-2+IIMU-3/2} ･
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If the data depend additionally on £e[0, T] we have the following
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Theorem 5.2. Let (a.5.0)-(a.5.4)be valid, X be the same as in Theorem 5.1,

T>0 and /=[0, T]. // hQ(t)(EXK-2-＼J, Q) and hr(t)^XK-2'1'＼J> D then there

existsa unique iv(t)&X$~2-2(J,Q) which is a solution of the problem

(5.15) qQ,[_w(t)-]= hQ(t)in Q, qrx＼_w{ty]= hr(t), wD(t)=0 on T for t<=J.

The theorems 5.1, 5.2 can be proved in a similar way to the corresponding

theorems in the paper [19]. The detailswillbe given in the author's separate

paper.

The main theorem of the present section we can formulate as follows.

Theorem 5.3. Let (a.0)-(a.5)be valid and u0, uu fg{t), fr(t) be the same

as in Theorem 1.1.

( i ) Let (v(t),w(t))^Zc and pox, gait),pn, grit) be the same as in (4.12)-

(4.20). Then there existsa X depending only on K and B such that there exists

a unique 2(0gId"2p2([0, T], Q) satisfying the conditions

paiWy] = gdt) in Q, pntz(t)] = gr(t), zD(t)=Q on /＼
(5.16)

for every fe[0, T] ,

(5.17) dfz(O)=O for 0£M^K-2,

(5.18) ＼Z＼K-2,2,[0,Tl'^^-E, ＼Z＼K-3,2,[0,Tlt^SE ,

for some T, AE, £e depending only on K, B, AH.

(ii) Let (v(t),w(t))^Z. Then there exists a T depending only on K, B, AH,

AE such that for the present X the inequality

(5.19)

i
S (atj(t, U(t))djz, dtz)+ S (bn(t, U(t))dtz, z}+X＼＼

{

%ntbin+1(t, U(t))+bm+i(t,
U(t))}z,z＼

+
nil{bQl{t,U{t))dlz,z)-

S {dididsz, z)^±r
a
ilkllf

-,112z＼＼o

is valid for fe[O, T] and z(eH2d{Q) {recall that U{t)={v(t), Di(u(t)+w(t)))).

In the proof of Theorem 5.3 we use the following

Lemma 5.4. Assume that (a.0)-(a.5) are valid and that u0, Ui are the same as

in the Theorem 1.1. For indices satisfying (5.4) let us put U°=(uu Dlu0) and
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(5.20)
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^=fli/O,O), tff^atjUQ, U°),

qfr=bti(O, 0), qti= (buM0, W),

q?-=bOl(0, 0), ^s=af(0, t/°,m2),

^"=^(0,0), <7p=(&ri)i(0,t/0),

(cf. (2.6))

(cf. (4.13)),

Qij―Qa -TQij > Qii―Qn -vQu > Qi―Qi ~rQi ･

Then, the present q%, qru, q＼, satisfy (a.5.0)-(a.5.4). Furthermore, the following

inequality is valid

(5.21)

s {s cii^iu.x-i+ii9?/iiir-i)+sWrik^+ii^iU-o}

+
"S(ll9?-|U^-2 + ll9f'llx-8+ ll9f0Ollc=^-1+ ll9r'IU-i)^C8(A:, B)

Proof of Lemma 5.4. Since the initial data u0, ux belong to the space

n*°'＼Q, D(U0)) (cf. (1.7), (1.10), (1.16)) we can see that (a.k) implies (a.5.k), k =

0, 2, 3, 4. Applying Theorem Ap. 3, (Ap. 1), and accounting the relations

(1.16), (1.17), (3.4) we obtain (a.5.1), (5.21).

In the investigation of the right-hand side of the equation (5.16) we shall

use the following.

Lemma 5.5. Assume that(a.l) is valid. Let u0, uu fa(t),fr(t) be the same

as in Theorem 1.1. Let (v(t),w(t))<=Zc and go(t),gr(t) be the same as in (4.14).

Then the following two assertions are valid:

(5.22) (dfgfl)(O)=O on Q, (3fgr)(0)=0 on F, for 0^M£K-2

gQ(t)^XK-2'°(l0, T], Q), gr{t)^XK-^'＼[S), 7], D and

(5.23) l<gflU-2,o,co,r3+l5rrk-2,i/2,[o,r3^C1(/f,B, AH)

+ C2(K, B, AH)TAE+CS(K, B, AH)TA2E+Cl(K> B, AH, AE)sE.

Proof of (5.22). From (4.22),(4.6) and (3.3) it follows the equality

df{fQ(t)- S aIJ(t,U＼t))dtiIdt/ui-'I-'J(t)-aa(t,UV))XO)=O

on Q for 0£M<K-2. It is also clear that (df
r(i;(s)-3,u°(s))rfs)(0)=0

for the

same M. Thus (df Gfll)(0)=0 on Q for O^M^K-2. Analogously, from (4.18),

(4.22) and (3.5) it follows that (df GnX0)=0 on T for O^M^K-2. The defini-

tions (4.16),(4.17) and (4.19),(4.20) together with the relations (4.22) give

(dfGK*)(0)=0, O^M^K-2, V^{Q,r＼, 6=2,3. In consequence, (5.22) holds
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true.

Proof of (5.23). First let us note that due to (1.14), (1.17), (4.7), (4.23),

applying Theorem Ap. 3 and (Ap. 1) we obtain

G.Ql(t)^XK-2-%[0, T], Q), Gn(t)^XK-2-1'2([0t T], T)

(5.24)

GQi(t)＼a--2,o,[o,m+ I Gn(t)＼K-2,1/2,no,ti^C(K, B, Ah).

Applying an analogy of (Ap. 2) with G(t, u(t))=djIds/ui-SI-SJ(t), v(t)=

daiAO, U0(0))D1xw(t) and next (Ap. 1), and using (3.4), (4.23) we get

- 2 daIJ(O,U＼O))D1xw(t)dtIIdtAui-<I-*J(t)-ui-tI-gj)
I-J =O K-2,0,10,Tl

n

£ 2 C(K, B, AH){T＼daij(O, £/°(0))£>iu/(Olff-2.i.[o.r]
(5.25) /"/=0

+ |dfl//(O,f7o(O))Z?XOk-3.i.co.n}^C(/f, B, AH){T＼w(t)＼K-*.*.u>.Ti

+ ＼w(t)＼K-z,2,to,Ti}^C(K,B, AH){TAE+eE＼.

Similary, using (Ap. 2) with G(t, u(t))=da7j(t, U°(t))and Theorem Ap. 2 we

have

/,j=o x-2,o,[o,r]

(5.26) ^C(/T, 5, yiff){T|Z)XOU-2,1,co,r3+I^XOU-3,1,to,r]}

X S |a!Ww2-s/-SJ(OL-2,o,co,n^C(^ 5, J^IT^+s^}.

In the same manner we obtain

＼-＼_dadt,U°(t))-daQ(0, f/o(O))]i?i≪'WU-!..,[o.r]

(5.27) ^C(AT, 5, |t/°|if-2.i.co.n){T|£)XOU-2.i.:o.n+l^iw(Ok-3.1.ca.n}

<c(^, 5, jw)iryi£+£E},

S lau{t, U＼t))-aij(O,UX0mdidjw(t)＼K-2.o,io.T2
i,j=i

(5.28) £C(K, B, AH) S {T＼didjW(t)l*-2,o.co.r3+ 13,5^(01^-3,0,to,n}

£C(K, B,AH){TAE+zE}.

From the estimates (5.25)-(5.28)and the definition(4.16)it follows the relations:

GQ2(t,v(t),w{t))^XK-2-＼[S),T], Q),
(5.29)

＼GOt(t,v{t),w(t))＼K^.0.L0.T,£C(K,B, AH){TAE+eE}.
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Now, let us estimate all terms of Gq^. Applying Theorem Ap. 2, the estimate

(Ap. 4) and using relations (4.7),(4.23) we get

S" [d'ajM, U(d)XDlw(t), Dlw{t))dWu2-SI-SJ(t)dd
Jo

n

V

Zj jVaytf, U{d))(Diw{t),Dl w(t))didj(uXt)+iv(t))dd
K-H.OA0.T-]

(5.30) ^^[id'auit, U{d)XDlw(t), D'xw(t))＼K-2,≫So,Tidd
Jo

X|5f73s/M2-s/-SJ(OU-2,o,[o,n

+ 2 [id'aaV, UWXDhwit), D1tw(t))＼K-i.o.zo.Tidd
i,j=lJO

X|9A<Mo(O + w(O)U-2,o,[o,r]

£C{K, B, AH, AE)＼D1xw(t)＼K-2,o,to,Ti＼D1xw(t)＼K-.3,lSo.Ti

£C(K, B, AH, Ae)se

and similary

~
＼yaQ(t,

U(d)){Diw(t), D'xw{t))dd
K-2,0

(5.31) ^C{K, B, AH) i£)|D^WIif-u,[o,nlfl

£C(K, B, AH, AE)eE.

xW

[0,

(t)

Ti

K-3. 1,10.T1

Applying Theorem Ap. 2, (Ap. 2),(Ap. 1) and (4.7),(4.23) we obtain

- S datl{t,U＼t))Dlw{t^}wif) k-2,o,lo,ti

(5.32)

^C(K) S {T＼datJ{t,U＼t))D1Mt)＼K-2.i.zo.Ti

+ ＼daiJ(t,UXt))Dlxw(t)＼K-*A.Mi) |3i3M')lif-≪.o.co.n

^C(K, B, ^^{TIDiu/COIx-g.i.co.rj+l^iwCOI/f-s.i.co.r]} Ii*U-u,[o,r]

^C(/f, B, AH)TAl+C(K, B, AH, AE)eE.

Thus from the definition(4.17) and relations(5.30)-(5.32)it follows that

G0*(t, v(t),w(t))^XK-≫'%i0, T], Q),

(5.33)

＼GOi{f,v(t),w(f))＼K-2.0,lo,Ti^C(K,B, AH)TA2E+C(K, B, AH, AE^E.

Now, let us estimate the boundary terms Grk, /?=2, 3. Due to the Theorem

Ap. 4a we have
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＼GFk(t, v(t), w{f＼)＼K-2,llz.L0.Ti£C(K,
r)＼GFk(t, v(t), u;(O)U-2,i.[o,r]-

Applying (4.19), (Ap. 2), (4.7), (4.23) we obtain Gf2{t, v{t), w(t)) EXK-2-1([_0> T], Q)

and

＼Gr,{t, v(t), w(t))＼K-2.i.ro.Ti

(5.34)

£C(K, P){＼%ldat(t, U°(t))-dat(O,U°(O))WxMt)＼K

+ ＼[dar(t,U°(t))-dar(Q, t/°(O))]i)^(()k-U[≫,r]

£C(K, B, An){T＼w(t)＼K-2.2,ia,T,+ ＼w(t)＼K-?,,2,io,T,}

£C(K, B, AH){TAE+sE}.

Applying (4.20), (4.23) and (Ap. 4) we get also Gf3(t, v(t), w(t)) e

^/f-2.i([0> T]; Q) and

＼Gr&, v(t), w(t))＼K-2,i,io,ti
(5.35)

£C(K, B, AH, ^)|w(OU-2.2.co.rj|w(Olx-3.2.[o.r]^C(A:, B, AH, AE)eE.

From (5.24), (5.29), (5.33)-(5.35) we obtain (5.23).

Proof of Theorem 5.3. First we prove (5.19). Put U(t)= (v(t),Z>Km°(0+

w(t)))for (v{t),w{t))^Z. By (Ap. 9) we have

(5.36)

S ＼＼dkaij(t,U(t))＼U,0+
n
~E＼＼bai(t, U(t))＼＼≫.o

1=1

+
(Sn46in+1+6rB+1)(f, U(t)) <C1{1 + T＼U＼k-2.1.io.ti]

＼l=l oo.0

^dU+TCCC/C B)+AH+AE)} for t<E[0,T].

Choose T>0 so that

(5.37) T(C2(iC B) + ^7/ + ^E)^l.

If we put (fi―bau q?j=aij, qrin+i―bin+l,qrn+i= brn+u then the estimate (5.9)

is valid with 7＼X,=2C1. Hence we can choose the constant ^o from (5.11) in-

dependent of K, B, AH, AE, be and T. If ^2>juo+d2 then by (5.10) we have

(5.19). In the sequel fi0 will allways denote the constant determined in the

just prescribed way.

Now we prove the firstpart of Theorem 5.3. Let qTu,q%, q＼,j,i―l, ■■■, n,

1= 1, ■■■, n + 1 be the same as in (5.20). By (5.21) we may put yK = C%{K, B)

(cf. (5.13)). In the view of lemma 5.4 we can apply theorems 5.1, 5.2. Thus
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we can chose A^fio+d2 depending only on K, B such that there exist unique

solution ^a)e^£-2■2([0,T], Q) satisfying (5.16)for fe[O, T]. By (5.22) we have

/>flj[9fz(0)]=0in Q, />r[df*(0)]=0, d?zD(0)=0 on F, for 0£M^K-2.

Hence by (5.10) and (5.12) we obtain (5.17).

Finally we prove the estimate (5.18). Differentiating (5.16) M-times in t

and applying (5.14) with L ―K―M we get

(5.38) ＼＼d?z(t)＼＼K-M^CA(K,B){＼＼d?[gdt)＼＼K-2-M+ ((d?gr(t)}K-s/2-M}

for £e[0, T] and O^M^K―2, where we have used the fact that the present

JK and ?,depend on K and B only. Combining (5.23) with (5.38) we have

＼z＼k-2,,,lo,t^C4(K,B){C1(K! B, Ah) + C2{K, B, Ah)TAe
(5.39)

+ CS(K, B, A^TAl+C^K, B, AH, AE)sE} .

If we choose Ac. £pand T so that

(5.40)

(5.41)

(5.42)

then we obtain

(5.43)

AE=Ci{K, B)
＼ilCk(K,B,AH)+l＼

U=i J

C,{K, B, AH, AE)sE^l

TAE, TAE^sE£l

rt
Furthermore, since dfz{t) ― ＼

Jo

(5.44)

＼ZIK-2,2,lO.Tl^-^-E ･

df+lz{s)ds for 0£M^K-3, we have

Wzit)＼＼K-,-M^＼＼df+iz{s)＼＼K^Mds
Jo

From (5.44) it follows that

(5.45) ＼2＼k-3,2,10,T1^T＼Z＼K-2,2,10,TI^TAe^Se-

Thus (5.18) is proved and the proof of Theorem 5.3 is complete.

(6.1)

(6.2)

6. Auxiliary theorems from the theory of linear hyperbolic problems.

Let us consider the oroblem

I,J = 0
idMt) = hQ(t) in (O,T)xQ,

RAt)[_v{t)-＼=Sn( S ntR^{t)+Rrj{t))dMt) = hr{t), vD(t)=O
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on (0, T)xf, (cf. (1.6)),

y(0)=v0, (dtv)(0)=Vi in Q,
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where R%=^{R^b), R&=(Rttb), Rrj={R'jab) are mxm matrices depending on t

and x (cf. Remark 1.1, Sect. 1). In the present Section we assume that the

indices satisfy the relations

(6.4) /, /=0, -,n, i,j=l,-,n, a, 6=1, ･･･, m, Ve{Q,r}.

The functions

(6.5) hv=＼K, ■■■, hf), vk = ＼v＼,-,vT＼ 6=0,1

are given vector functions and v=l(v＼ ■■■, vm) is the unknown one.

We assume that for all indices satisfying the relations (6.4) and arbitrary

teLl-Tu 7＼],7^(0, To],

(a.6.0) RJj＼t)= R5ab(t)= har(t)=0 if a^MD (cf.(1.5)),

R?j=R??+R?J, R$j=RrtT+W$, Rrj=-Rrr+R]js where

(a.6.1) R?T, RrJ, Rrr^BK-＼V-Tl> 7＼],Q)

R?J, Rri!,RptEYK-i-'il-Tu T,], Q)

(a.6.2) R?J=-tRQji,lRri-VRri^, -Rtfb=R?jab if a^A4N (cf. (1.5))

Roo(t)^dol (I denotes the mXm unit matrix),

(a.6.3) - S (RUt)djW, dtw)+ S <R{(t)dtw, wy^dAlwWl-dtWwWl

for some positive constants d0, du d2 and arbitrary w^HUQ).

(a.6.4)

(a.6.5)

Jlni(x)R{(jt,x)=O for xgeT

ni(x)(Roi+ Rio)(t,x)+2R,{t, x)}$-^0 for xsf and

for arbitrary $=t(l1, ■･･, fm) such that fa=0 if ogMj,

where i?0= S n<i?£≫+flo'-
i=＼

Let us define the energy norm

(6.6)

E(R(t))lv(t)-]= ＼＼(RMYriv(t)＼＼l- S (RUt)djv(t),diV(t))
i,7=1

+s1(i?(O)[v(O, y(O]+dllv(OII2o,

where Si(R(t)) is the bilinear form defined in the formula (2.11) with R
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{R{, ■■■, RTn) and d is a constant determined in the following way. Let S2(R(t))

be defined by (2.12) with R=(R{, ■■■, Rrn) and let M(K, 7＼) be a constant such

t-hat-

(6.7)

n

2j_ (I ^/J°|cx>,K-1.7-J+ I■/?/,/Ii<:-2,i.[-r1,r1])

re c ?i

i
vJ V/l Z?/'00I _i_I PTs ＼

n~ Zj 1 Zj U -f^t./loo, X-l.TiT" I K-iJ K-2,1, L-T1,T1V

+ ＼R5°°＼~.K-l.T1+＼RP＼K-2.1.l-T1.Tll}^M(K, Tx).

Using (2.8) and (a.6.3) we can prove

E(R(t))tv(t)l + St(R{t))Lv(t),v(t)l

(6.8)

^doWdtvitni+dMtm+id-djwvani.

Thus, by (2.14) and (6.7) we have

E(R(t))lvm^8o＼＼dtv(t)＼＼2o+8i＼＼v(t)＼＼lMd-82)＼＼v(t)＼＼l

(6.9) -CM(K, TOIIvCOIIillyCOL^^ollStyCOIIS+^lbCOIIf

+ (d-dMv(t)＼＼l-(8i/2)＼＼v{t)＼＼t--((CM(K,T1)r/(2d1))＼＼v(t)＼＼l

If we take

(6.10) d=82+(CM(K, T1)Y/(281),

then we obtain

(6.11) £(/?(0)[v(0]^^oll3tv(OII§+(5i/2)||y(Ollf for v{t)^Hl{Q).

This is the manner of choosing the constant d.

Now, we describe the compatibility conditions for the problem (6.1)-(6.3)

Let vm+i―vm+2^), O^M^AT―3 be defined by the recursive formula (we use the

same notations as in (3.3")")

(6.12) /??o(O)i;Jr+,=(3f^)(O)-23'(^)(3J^)(O)5}Wfir+.-≫-./-^.

We shall say that v0,vu ha{f),hpif) satisfy the compatibility condition of order

K-3 for (6.1W6.3) if

(6.13)

2 (*?){ 2 [ 2 n,(#/?f,)(O)+(dt/?ft(O)
]d'/vM+1-k-,j}={d?hr)(O)

for 0£M£K-3, iW0)=0 for O^M^K-2, on r

The solvabilityof the problem (6.1)-(6.3)is described in the following.
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Theorem 6.1. Assume that (a.6.0)-(a.6.5)are valid and Te(0, TO.

( i) Let

vo<=H$-*(Q), vx^H$-＼Q), M0eF-"([0,T],fl),

(6.14) hr(f)^XK-*^'＼[$, T], D, df-8M0eLip([0, T], L2(£)),

5f-3/ir(0eLip([0, T], Hl'＼D),

v0, Vi, ho(t),hr{t) satisfy the compatibility condition
(6.15)

o/ order K-3 for (6.1)-(6.3),

then (6.1)-(6.3)admits a solution t;e^-u([O, T], 12) iw7/z f/ieproperty

(6.16) dfv(O)=vM for 2<,M^K-l.

(ii) Lef ye,Y|,-o([0,T], fl),/ifl(O= i?fi(Orvm], MO^HOIXOl ^n

(6.17)
llD'vmt^C^iD^mi+^QlhQisW.+ihKsm^ds}

for f<E[O, T], C = C(7＼, M{K, Tx), 80, dlt d2, n, m, F)

(iii) // vg^-1'°([O, T], fi) ano( /ifl,/ir satisfy (6.14) £/zen

(6.i8) EmNdr^m^ttEmudr^mit-o+ct^Fit)}

for t<=[0, T], where C = C(TU M(K, Tx), 80, 8U 82, n, m, F) and

Fa) = ||(^if-1y)(0)||g+|/i0|2^-3,o,[o,n+ </^>2A--3,i/2,co,n

(6.19)

+esssup||5f-2/ifi(s)||^+esssup<(af-2/2r(s)})f/2.
ossst ossst
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Remark 6.1. Theorem 6.1 can be proved exactly in the same way as the

corresponding theorem in Shibata's paper [19]. The details will be given in

the separate author's paper. Let us remark only that in Shibata's approach it

is essential that the coefficients of the operators Rg(t), Rr(t) are defined for

arbitrary *e[―7＼, Tj]Z)[0, T] and the assumptions (a.6.0)-(a.6.5)are satisfied

for all such t.

The next theorem describes the properties of the linear hyperbolic problems

of the type (4.28),which are used in our iteration scheme.

Theorem 6.2. Assume that (a.0)-(a.5)are valid and u0, uu fa, fr are the

same as in Theorem 1.1. Let (v(t),w(t))<=Z and U(t)= (v(t),Dlx(u°(t)+ w(t))). Let

us consider the linear problem

(6.20) S aIJ{t,U{t))dldjz{t)=dlfQ{t)~aQ{t,U{t)) in(0,T)xQ,
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(6.21)

(6.22)

n

2

,/=0

Andrzej Chrzeszczyk

(tnAAt, U(t))+brAt, U(t)))djz(t)=dtfr(t)-dr(t,U(t)),

zD(t)=O on (0,T)xF,

z(Q)= uu (dtz)(0)= u2 in Q,

where the notations (4.2),(4.4) are used. Then.

(i) There existsa 7＼e(0, To] depending only on K, B, AH, AE, such thatfor

any Te(O, 7＼) the problem (6.20)-(6.22) admits a unique solution z(t)e

^-'･°([0, T], 0) with the property

(6.23) (3f^)(0)= Milf+1 for O£M£K-1.

(ii) // z*(O<e^°([O, T], !2), ^ = 1,2 safe/^ (6.20)-(6.22) ?/zen 2,(0= ^2(0

/or fe[0, T].

(iii) Let (v(f),w(t))^Zc. Then there exist T and AH depending only on K

and B such that the solution z(t)of (6.20)-(6.22)satisfiesthe estimate

(6.24) ＼z＼k-u*,io,t^Ah.

We shall prove Theorem 6.2 using Theorem 6.1. In this purpose we have

to extend the operators from (6.20)-(6.22)to a wider interval (cf. Remark 6.1).

From the theorem Ap. 6 it follows the existence of functions V{t)^YK~l-a(R, Q),

W(t)^YK-2'2(R, Q) such that

v(t)= V(t), w(t)=W(t) for feTO, Tl,

(6.25)

＼V＼K-1.0,R^CiK)＼＼v＼K-1,o,l0.Tl+K£＼mv)(0)＼＼K-l-L＼
v L=0 J

^C(K){4 + C,(if,B)}

＼W＼K-2,2,R<C(K)＼＼w＼K^,2,[n,T,+
K±S＼mw)(0)＼＼K-L＼

I £=0 J

£C(K)AE,

where the relations (3.4),(4.22),(4.23) are used. Since the function (V(t),

Dlx{ua{t)JrW{f))) must be substituted into nonlinear functions defined on

{U: ＼U＼<U0＼,let us choose 7＼>0 depending only on K, B, AH, AE, such that

(6.26) ＼＼(V(t),Dl(u＼t)+W{t)))＼U,^Ur2+(T1yC2(K, B, AH, AE)<U＼

for t<=[-Tlt TJ, where Uu U2 are the same as in (7.4),(7.6) below, (cf. the

argument leading to (7.4),(7.6)). Let us also introduce the following notations

U(t)= (v(t),Dl(uo(t)+ w(t)))> U'(t)= (V(t),Dl(u°(t)+W(t))),

R?At) = aiAt, U'(t)), RUt)=btAt, U'{t)),
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(6.27) R5(t)=brAt, U'{f)), with indices as in (6.4),

Vo―Ut, v1= u2, hQ(t)=dtfQ{t)―dQ(t,U(t)),

hr(t)=dtfr(f)-dr(t,U(t)).

One can check that the coefficients(6.27) satisfy the hypotheses (a.6.0)-(a.6.5)

More precisely, we have the following

Lemma 6.3. Assume that (a.0)-(a.5)are validand u0, uu fa, f r are the same

as in Theorem 1.1. Let (v(t),w(t))^Z and let R?At), RiAt), Rrj(t)be defined by

(6.27). Then the present RfAt), R£At),RRt) satisfy (a.6.0) and (a.6.2)-(a.6.5).

Furthermore, if we put {for indices as in (6.4))

R?T(t)= aIAt, 0), R?Kt)=(ajMt, U'it)),

(6.28) RrT(t)=btAt, 0), RD(t) = (bMt, U'it)),

Rrr(t)=brAt, 0), Rp(t) = (brMt, U＼t)),

then (a.6.1)is valid and

(6.29)

Zj i^IJ oo,A'-l,TjT" -rt/7|a:_2,i,[-Tj,T{]

j=o u=i : x

+ |/?5>ool=o./r-i.r1+|/?^l/f-2.i.c-r1.rl]}^C3(/r, B, ^, A)

Proof. Since (6.26) is valid (a.6.k) follows from (a.k) for k=0, 2, 3, 4, 5.

Applying Theorem Ap. 3 to (6.28) we obtain (6.29) and (a.6.1).

Now we shall show that the data v0, vu ha, hp, defined in (6.27) satisfy

the hypotheses of Theorem 6.1.

Lemma 6.4. Let the assumption (a.l) be valid and u0, uu fa, fr, be the

same as in Theorem 1.1. // (v(t),w(t))^Z and v0,vu hg, hr are defined by (6.27)

then v^HZ-HQ), v^H^HQ), hQ(t)eiXK^＼[_0, T], Q), Ar(OGF-u'!([O, T],

F) and (6.14)

(6.30)

(6.15) are valid. Furthermore, if vM is defined by (6.12) then

Vm ― Um +i for 2^M£K-1.

Proof of Lemma 6.4. By (1.14) and Lemma 3.1 we have va―u^H^-＼Q)

and Vi―uz^H§-2(Q). From (1.14) it follows also that to obtain the needed

regularity of ho, hr it is sufficientto prove that (cf.(4.2)-(4.4))

(6.31) ao(t,U(t))^YK-2-°([_Q,T], Q), dr(t, U(t))(EYK-*-＼[0, T], Q).
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Since (v(t),w(t))^Z we have U(jt)^YK-i'1([Q, T], Q). Applying Theorem Ap. 3

we obtain (dtaQ)(t,U(t))^YK-2-＼[0, T], Q). Applying (Ap. 1) and the relations

dMt), 5A-(M°(0+ ^(0)er^-2'°([0, T], Q) we can check that the first relation

(6.31) is satisfied. The second part follows from the relation v{t)<E

YK~2'＼＼jd,T], Q) if we use again Theorem Ap. 3 and (Ap. 1).

Now we shall prove (6.30) and (6.15). We have

dt( S aIAt,D1u°(t))dIdJu0(t) + aQ(t,D1u＼t)))
＼/,/=0 /

(6.33)
2 R?At)dIdJdtu＼t)+ aQ(t,£V(0)

I,J=0

dt(S ntat(t,Dxu＼t))+ ar{t,D'u＼t)))

= t(tnMAt) + Rrj(t))djdtu＼t)+ ar(t,Dlu＼t))

where R?At) = aIAt, DWtf)), RtAt)=btAt, Dxu＼f)),R$(f)=brAt, £>V(0). Using

the fact that from (4.22)and (4.6) for O^M^K-3 the following equalitiesfollow:

(6.34) d?U'(0)=d?U(0)=d?(v, Dl{ua+w)m = {uM+l, D＼uM),

we have

Q?R?j)(0)=Q?R?j)(0), (3?/?f,)(0)=(3?/?£,)(0),

(6.35)

d?(av(t, U(t))＼t=o=d?(av(t,Dlu°(t))＼t=0,

for indices satisfying (6.4). If we compare the equation (6.12) where ha―dtfa

―do with the equation (3.3) written in the following way

aoo(O,Z)1M°(0))MJf+,=(3f+1/fl)(0)-Sf+1(flfia,0V(O))|t=o

(3.3)

S/(M^1)5?(a/./a, DV(O))U=odfds/^+3-*-s/-s.., i<M+l<K-2

and using (6.33),(6.35) we obtain (6.30).

Differentiating both sides of the second part of (6.33) M-times with respect

to t, putting t=0 and using (6.34),(6.35).(6.30) and (3.1),(3.5), we can check

that (6.13) is valid and in the consequence (6.15) is true. The proof of Lemma

6.4 is finished.

Proof of Theorem 6.2. Using lemmas 6.3 and 6.4 we can check that

Theorem 6.2(i) follows from Theorem 6.1(i) for Te^O, T,). Similary The-

orem 6.2(ii)follows from Theorem 6.1 (ii). To prove Theorem 6.2(iii)we first

check that the following estimate is valid
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＼z＼tK-i.oso.Ti<C6(K,5) + TfC4(#, B, AH, AE)

(6.36)

+ T*Ch{K, B, AH, ^)|2|2*-i,o.co.r],0<s<

If we obtain (6.36),then choosing T and AH so that

It >!
n

~2~
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T'C4(K, B, AH, AE)£1, T°Cs(K, B, AH, AE)^-,
(6.37) 2

(4)^2{CS(/(,B) + 1},

we get (6.24). In the proof of (6.36) we shall assume that (v(t),w(t))^Zc. Let

us note that the constant M(K, 7＼) from the estimate (6.7)is in the present

case equal to the constant CS{K, B, AH, AE) from the estimate (6.29) and that

7＼ depends only on K, B, AH, AE (cf. (6.26)).

Applying the energy inequality (6.18) to the problem (6.20)-(6.22)we obtain

E(R(tWr2z(m^(expC6t){E(R(t))[.dr2z(m＼t=o

(6.38)

+ C1T1'＼＼aQ(t,£/(O)l*-2,o.[o.r]+l≪r(f,U(t))＼K-2,lSo,T2+B2}

where Ci ―Ci{K, B, AH, AE), 1=6, 7 and where Theorem Ap. 4a is used. Re-

peating the argument leading to (6.31) we can prove that

(6.39) ＼aQ(jt,U(t))＼K-2.o.to.Ti+＼dr{t,U(t))＼K-2.i.io.Ti^Cs(K,B, AH, AE).

In (6.39) and in the sequel we use the fact that

(6.40) ＼U＼K-2.lS0.Ti?ZCi(K,B) + AH + AE, (cf. (4.7),(4.23)).

If we substitute (6.39) into (6.38) and use (6.6),(6.8) we get

≪.l|Sf-1z(0l|S+≪x||3f-≫2(0li;^(expC.0||(/?,,(0))1/≪Of-1z)(0)||g

(6.41)

where

(6.42)

+ S/*W+52||af-2z(OI^+(expCeT)C7T1/MC8+52},
k=1

/1a)=d{(expCe0ll3f-M0)||§-||3f-M0IIS}

/s(0= (expC80{- 2 (RUO)djd?-2z(0), didf-'ziO))

+ S1(i?(0))[df~2z(0),df-22(Q)],

d=ds+(CM(K, T1))V(251)= C9(/r, 5, AH, AE), cf. (6.10).

We shall estimate all terms of the right hand side of (6.41). First let us note

that
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(6.43)
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(exp CeOII(/??o(0))1/2(af-^)(0)||20^(l+ C6T(exp C6T))

XURgm^idr^mWl^MAK, B) + TM2(K, B, AH, AE)

Here and hereafter we use the letter My (resp. M2) to denote various constants

depending only on K, B, (resp. K, B, AH, AE). Using the inequality

(6.44)
UDX-'zYMl-KDX-zXmWl ^1

Jorfs

^T ＼z＼|r_i,o,[o,r:

and the estimate

(6.45) ||(Dx-^)(0)||§^C8(/C,B), cf. (6.23) and Lemma 3.1, we have

/1(0=d{(expC,f-l)||3if-^(O)||S-(||3ic-M0IIS-ll3f-'2(0)IIS)}

(6.46)

^C9{CsT(expC8T)||3fr-MO)||§+Tk|^_1,o.[o.rD}.

If we choose T so that

Ct(K, B, AH, AE)C9(K, B, AH, AE)T^1,
(6(47)

Ce(K, B, AH, AE)T<1,

then we obtain

(6.48) /i(^M1+M8T|z|2*_1,o,co.n.

From (6.44) and (6.45) it follows also the inequality

(6.49) M^-2>o.co.n^M1+T|z|k_1,0.:o.n.

To evaluate h let us note that Rrt(t)=bri(t,U(f)) for fe[0, T], cf. (6.27)

and that the inequality (2.14) with /?*= /?£holds true. Since ||i?{(0-^(0)IU,i^

M2{T+T£} as follows from Theorem Ap. 7 and since ＼＼Rri(0)＼Ui= ＼＼bri(0,uu

D1xu0)＼＼oo,1^M1>we have ＼＼R{(f)＼＼a,,1^M1+MiTs,(note that 0<T<l, cf. (4.25)).

Substituting this estimate into (2.14) and using (6.49) we obtain

(6.50) h{t)<{dJ2)＼＼d^zm＼+M, + T^M,＼z＼＼.UQ,la,T,+T^M,

with s as in (6.36),(we may assume additionally that s<l/2).

To evaluate the term 73 itis sufficientto note that i?o(0)= ai;(0,uu D1xUq),

Rr(Q)=bn(0, uu Dluo) and to apply (1.16),(2.13),(6.45),(6.47). In consequence,

we obtain

(6.51) /sCO^Ml

Combining (6.41),(6.43),(6.48),(6.50) and (6.51) we get

(6.52) 50|iaf-12r(rt||g+(31/2)||a/ir-22r(0llf^M1+ reMo+TeMa z ^.o.ro.n-



On Some Class of Initial Boundary Value Problems 473

Now we shall evaluate ＼＼dfz(t)＼＼K-i-Mfor O^M^K―3, using the elliptic

estimate (5.14). In this purpose let us rewrite (6.20), (6.21) in the form

(6.53) .J^MO, uu D1xu0)didJz(]t)+ ftz(jt)=dtfQ(t)+ fiz(t)+HQ(t) in Q

(6.54)
S(S ntbtl(O,uu D1xuo)+ bn(O, uu Dxu0))dlz(t)=dtfr(t) + Hr(t)

zD(t)=O

for £e[0, T], where ^ is a constant determined below and

HQ(t) = -a0(.t, U{t))-HQl{t)-HQS),

#fli(0=2"a/.,(0, m,, Dlxu*)didMt), cf. (4.3^

^/28(0= S (au&UW-ajAO.UmtfidMt)

(6.55)
Hr(f) = -dr(t)U(t))-Hr1(t)-Hr2(t)>

Hri(t)=bo(O, uu DlujdtzR, cf. (1.11)

Hri(t)= SJSn^, U(t))-btAO,£/(0)))
J=0I1=1

+ (brAt, U(t))-brAO, U(0)))}d,rz(t).

on F

If we define q＼jand q＼as in (5.20) and if we put qii―qItn+i=Qn+＼= f̂or indices

satisfying (5.4), then we can see that (6.53),(6.54) has the form (5.1). Using

Theorem 5.1 and Lemma 5.4 one cah check that (5.38) is valid in the present

case with K replaced by K-l and gQ{t)=dtfQ{t)+piz(f)+HQ(f), gr{t)=dtf r(t)+

Hr(t). Thus we have

＼＼dfzmK-,-M^MA＼＼drifQit)＼＼K-.-M+ {drifr{t)))K-,i,-M

(6.56) +＼＼d?z(t)＼＼K-3-M+＼＼d?dQ(t,U(f))＼＼K-a-M+＼＼d?ar(t,U(t))＼＼K-2-M

+ 2 {WHQk{t)＼＼K_^M+WHrk{t)＼＼K^M)}.

We shall show that the following estimates are true:

＼＼dfaQ(t,UmiK-s-u^M. + TMt,
(6.57)

＼＼d?ar(t,U{t))＼＼K-*-H^Ml+ TMl,

＼＼d?HQM＼K-*-M^MA＼＼d?+lzmK-*-M+W+*m＼＼K-z-M},
(6.58)

＼＼drHri(t)＼＼K_2_M£M1＼＼df+lz(t)＼＼K-,-M,
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||3fHfla(O||Jr-s-*^A/1 + TMa|≪|K_1,o.[o.r:,

＼＼dfHrS)＼＼K-^M<Ml+TMl＼z＼K^,(sSa,T1.

To prove (6.57) let us remark that ＼＼d"aQ(t,U(t))＼＼K-*-M^＼＼d?ao(Q,U(0))＼＼k-≫-x+

(£||3f+1≪/?(s,
U(s))＼＼K-a-Mds. Using (6.39), Theorem Ap. 3 and the relation (Ap.

Jo

1) we can obtain the firstpart of (6.57). The second one can be proved in a

similar way. If / or ./=0, using Theorems Ap. 1, Ap. 3, we obtain

||(fl/7)i(0,uu DiuotfjdjdfzmK-i-M^MauW, uu Dlxua)＼＼K-,

(6.60)

X||3/3J3fz(0ll/r-3-jr+./+.^M1||3f+M0lk-2-if + M1||3f+M0llir-s-3f

and similary

l!a/l7(OJO)3/a,/3MOIU-3-if^M1||3f+^)IU-2-if

(6.61)
+M1＼＼dr2z(t)＼＼Ks-M.

Thus the first part of (6.58) is proved. Similary we prove the second one.

Using (Ap. 3A), (Ap. 3B) and the relations (6.40),(1.17) we have

WdfZiauit, U{t))-aiA0, U(O)))didjz(m＼＼K-*-M

(6.62) ^KajAt, U(jt))-aiA0, U(0)))didjz(t)＼K-3,0,i0,T,

^M1+M2T|eU_1,o.co,r]

and similary using (Ap. 2)

WdfMbiAt, U(t))-btA0, U(0)))dMm＼＼K-2-M

(6.63)

^M1 + M2r|z|*_1.o.[o.r:i.

In an analogous manner the remaining terms of Hr2(t) can be estimated. Thus

all relations (6.57)-(6.59) hold true. Substituting (6.57)-(6.59)into (6.56) and

using (6.40) we obtain

iisMoiu-i-if^Mx+M^iisr^oiu-s-if+iisr^coik^-if}

(6.64)
+ TM2+TM2|^U_1,0,[0,r] for O^M^i^-3.

Repeated application of (6.64) gives

^iidfzm^-i-M^My+MAiidf-'zmi+iisr'zmi}
(6.65) M=o

+ T2M2+T2M2k|^_1,o,[o,r] for O^M^K-3.

Substituting (6.52) into (6.65) we obtain
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K-l
s

M=0

＼dfz
I 0, K-l-M, lO,Tl^Mi-＼-T''M2 ＼Z Iif-i.o, [0, Z*3~l~T 'M2
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Since in the present case z(t)<^XK-l-°([Q,T~＼,Q), then the left hand side of

(6.66) is equal to the square of the norm ＼z＼k-＼,o,lo,ti,(cf.(2.3)). If we note

that Ml = C{.K, B), M2=C(K, B, AH, AE), then we can see that (6.66) implies

(6.36) and in a consequence (6.24). The proof of Theorem 6.2 is complete.

7. The convergence of the iteration procedure.

To show that the iteration procedure defined with the use of (4.28)-(4.31)

is convergent we shall prove that there exist constants AH, AE, £E and T such

that the following conditions are satisfied.

The set Zc of the pairs of functions (v(t), w(t)) satisfying

(7.1)

the conditions (4.23), (4.24), (4.26), (4.27) is not empty

(7.2) (vp(t), wp(t))^Zc for p = l, 2, ･■･,

＼vp―yp~1li.o.co,r]+|M'p―u/p-1|o.8.co.n

(7.3) !

^2-{|vp-1-vp-2|1,o.co.n+|M'p-1-u;p-2lo.2.[o.n}.

First we prove (7.1). From the assumption (1.14) we have (uu D^uo)(^H^-＼Q)

with K― l^>[n/2]+2>n/2+l. From the Sobolev imbedding theorem it follows

that ＼Dlx(ul(x),D*uo(x))＼^O as |#|―>0. Thus from the asusmption(1.16) it follows

the existence of a positive constant U2<U0 such that

(7.4) ll(Mi,^M0)||≫.i^£/2.

Let (v(t), w(t)) satisfy the conditions (4.22), (4.23) and U(t)=(v(t), Dlx(uXt)+w(i))).

Applying Theorem Ap. 7 with F(t, x, U)=U and the relations (7.4), (6.40) we

obtain

H£/(Oli-.i^l|(u1,£>iM0)lki + CT*|f/k-2,i.[..n

(7.5)

^U%+CT＼C2{K, B)+AH+AE), fe[0, T]

with some se(0, [n/2] + l ― n/2). Let Ux be a constant such that t/2<£/1<Z70

and choose T so that

(7.6) U2+CT%C2(K, B)+AH + AE)<U1.

For such T we have the second part of the relation (4.24). The first one can

be proved in an analogous way. Since ＼dtu°＼K-lt0iZ0jT1^C2(K, B), cf. (4.7), if

AH is chosen so that
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(7.7) CIK,B)^AH,

then (dtu°(t),O)eZc. Thus the proof of (7.1) is complete.

Now let us review the way of determining the constants AH, AE, sE and

T. First we choose AH so that (7.7) and (6.37)2 are valid. It is clear that AH

depends on K and B only. Second, let Ae be chosen so that (5.40) holds true.

Thus, AE depends only on K, B. Third, we choose 7＼ so that (6.26) is valid.

7＼ depends only on K and B. Fourth sE and T are chosen so that 0<T<Tx

and (4.25), (5.37), (5.41), (5.42), (6.37)x,(6.47), (7.6) hold true. Since AH, AE depend

only on K, B, sE, T have also this property.

Using Theorems 5.3, 6.2, we can show that if (yv~＼t),wp~＼t))(EZc then

(vp(t), wp(t))^Zc. Thus (7.2) is proved. It remains to check that the presented

iteration procedure satisfies the condition (7.3). Let us introduce the following

notations: vp-p-＼t)=vp(t)-vp-＼t), wp-p-＼t)=wp{t)-wp-＼t), Up(t)=(vp(t), Dl{u＼t)

+ wv{t))). In the first step of the proof of (7.3) we shall show that

(H Q＼
,.jD,p-1I ^ A//T1/li)P-!'P-2 -Lli/iP-1'?-2 I

(/.o) vH |li0,[o,T2^M1 ＼＼vH i,o,[o,r]+1 w y o,2,[o,r]f-

Here and in the sequel M denotes various constants depending on K, B, AH, AE-

Since AH> AE depend on K and B only, M also depends on K, B only.

Subtracting side by side the equations (4.28) taken for p and p ―1, we

obtain

(7.9)

(7.10)

(7.11)

where

(7.12)

S au(t, Up-＼i))dIdjvp-p-1(i) = hUt) in (0, T)xQ,

I,7 =0

y$P-l(f)=O

i;P-P-1(O) = O,

on (0, T)XT,

d£yP.p-i(0)=0 in Q

hpo(t)=-{aQ(t, Up-＼t))-aQ{i, Up~＼t)))

S (ajAt, Up-Ki))-au(t, U^mdidjv^it)
I,J=0

hpr(t)= -(dr(t, Up-＼t))-af(t, Up~2(t)))

S riiibtAt,Up-l{t))-btAt, Up-＼t)))

+brAt, Up-＼f))-brAt, Up-＼t))＼djvp-Kt)

Let us extend the coefficients of the operators in (7.9), (7.10) to the interval
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[ ―Tlf Tx] as in the proof of theorem 6.2, cf. (6.25). Applying the energy

estimate (6.17) we obtain

(7.13) |vp>p-1|1.o.co.n^MT{|Hlo,o.co.n+|/iprlo.1.co.n}.

Using (Ap. 1) and (Ap. 5) we can prove

(7.14) ＼＼dv(t,Up-＼t))-dv(t, Up-＼t))＼＼jlv>

^M{＼vp-1-p-i＼1.o.zo.Ti+＼wp-1-p-2＼0,2,zo.Ti}

whprp

(7.15)

1

0

if v=r

if V=Q

Similary, using (Ap. 6) we can check that the norms:

UajAl, U'-Wdjdjv'-KO-aTAt, U'-Wfadjvf-KVh,

＼＼bn(t,U*-Kt))diV*-l(t)-bri(t, £/p-2(0)d/vp-1(0lli,

＼MbiAU U'-Wdjvf-KV-biAt, Up-＼t))djvv-＼t)＼＼x

can be estimated by the right hand side of (7.14). In consequence, we have

(7.16) |/ipfl|o.o.:o.n+|^lo.i.co.n^M{|i;p-1-p-1!|1.o,[0.n+|u;p-1-P-i!|o.2.co.n}.

Combining (7.13) and (7.16), we get (7.8).

In the second step of the proof of the relation (7.3) we shall show that

(7.17) |u;p-p-1lo.2.co.n^M{|t;p-p-1|i.o.co.n+ (T + eB)|^p-1-p-2|o.2.[o.n}

In this purpose let us subtract side by side the relations (4.30),(4.31) taken

for p and p ―1. We obtain wp^p-1(f)=0 on F and

PvxLwp'p-＼t)l= lGVl(t, vp(t))-GVi(t, v*-1R)!

(7.18)

+ 2 IGvkit, vv{t),wp-Kt))-Gvk(t, vp-＼t),wp-＼m on V
b=9.

Using the ellipticestimate(5.14)with L=2 we get

(7.19)

where

(7.20)

Ilu^-HOIU^MS {l.Qk(t)+Irk(t)}

lvi(t)= ＼＼Gv1(t,vp{t))-Gvi(.t,vp-＼t))＼＼jiv>,cf. (7.15),

Ivk(t) = ＼＼GVk(t,vp(t), wp-Kt))-GVk(t, vp~l(t),wp-＼f))＼＼Jm, k=2, 3

Let us note that if we get the estimates
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(7.21) /Ki(O^M|t;P-P-1(Olo.i.co.n,

(7.22) /K≫(O^M{T|u;p-1-p-1!(Olo.≪.[o.n+ e^|vp'p-1(Olo.i.co.r3}

(7.23) Mt)^MeE{＼wp-1-p-*(t)＼o.s.zo.T1+＼v1>-J>-1(f)＼i.o.i°.Ti},

then substituting (7.21)-(7.23)into (7.19) we obtain (7.17).

One can check that (7.21) follows from (Ap. 5). To prove (7.22) let us

estimate separately all terms of IV2, cf. (7.20),(4.16),(4.19). Using (Ap. 10)

we obtain

S dauQ, U%O))[Dixwp-1(t)dsIIds/(ul-SI-SJ(t)-u^st-sj)

I,J =0

xwl (i)Oi Oj yUp-i ＼i)― u2-si-sj)j
0

(7.24)

where

(7.25)

C{K, B)(＼D1xwp-l'p-＼f)＼o,1,to.TiT S ＼d＼d*/(u
I,J =0

)＼k-2,o,:o,r]+ ＼Dlxwp 2(t)|/r-3,i,[o,n

2

V
SI-SJ(t)

X 2-1 ＼OlOj {Up {I) ― Up-1 {I) O.O.lO.Tl)
I, J = 0

<M1{T＼wp-1'p-*(t)＼0.2,zo.Ti + eE＼vp'p-1{t)＼i.o.Lo.Ti}

ul=dtvp, did0Up=d0diUp=divp, u°p= u°

Applying (Ap. 7B), we get

(7.26)

S Ida zAt, vp(t),Dhu＼t))-dajAO, U^OmD^-^Odi'd'/ul^-'^t)
I,J =O

-idajAt, vp-＼t),Dlu'W-dajAO, U＼O))WxWp-sRdyd'/uifJr*J(t)＼

<M {iDiu/^COIojr-acon 2 |aj/35'/(Ml-'/-'l/(0-M|-V-''a))lo.o.[o.r3
I 7,7=0

+T|Diu;p-1'p-2(Olo.i(co,r3+l^iwp-2(Olo.K-≪.co.nlvPiP"1(Olo.i.co,r]}

^M1{＼vp-p-1(f)＼l.o,zo.TiSE+T＼wp-up-＼f)＼o,t.LO.T1}

Using (Ap. 7A), we can check that

＼＼ldaQ(t,vp(f), Dlu＼t))-daQ{0, WmWlw^ij.)

-ldaa{t, vp~＼t),Dlu＼t))-daQ{Q, t/0(0))]^M;p-2(Ollo

(7.27) ^MJT|Diu;p-1-p-2(Olo.i ro.n+IAiwp-8(≪ln v-8.ro.n
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X|yp'p-1(Olo.ll[o.n}^M1{T|M;p-1-p-2(Olo.2.[o.n

+ ££|yp'p-1(Olo,,,co,n}-

In the same way, we obtain the analogous estimates for Irz(l)- Applying (Ap.

7B) we obtain

(7.28)

! n

{Mt, vp(t),z?iM°a))-ao(0,uomtftdjw*-1R

-(aij((t, vp-Kt), Z?iM°(0)-ai>(0, [7°(O)))5A-u;p-2a)}|o

^M S {riS^^-^^COIoocon+l^^-HOIi.o.co.n
t.7=1

X|9t3>u;p-2(0!/f-s,o.[o.n}^A/1{T!u;p-1-p-z(Olo.2.[o.n

+ ££|i;p-p-1(Oli,o,[o,r]}.

Combining (7.24)-(7.28),we get (7.22).

From the relation: ||£/pl0)||oo.i^C||£/p(0)||x-,^M,where the notation W＼d)

= (vp(t),Dix{u＼t)+ Owv-＼f)) is used and from (Ap. 8A), (Ap. 8B) with A=eE

follows (7.23). As a consequence of (7.21)-(7.23),we obtain (7.17). Combining

(7.8) and (7.17), we get

l^'p"1li,o,[o,n+l^Pl^Ilo,2,[o,r]
(7.29)

where C

£Cl0T＼vr>-up-'i＼h0,[0,Ti+ Cn(T + sE)＼wp-up-2＼0,2,L0iT,,

= Ct(K, B, AH, AE), 1=10, 11. If we choose T and eE so that

(7.30) Cltt(K,B, Au, AE)T^j, Cn(K, B, AH, AE)(T+sE)^^,

then we obtain (7.3).

Using (7.2), (7.3), one can prove the existence of a pair (v(t),w(t))<^Z

satisfying (4.1),(4.5). In fact, from (7.3) it follows that the sequences {vp}

and {wp} are Cauchy ones in ^°([0, T], Q) and Z&2([0, T], Q), respectively.

Applying the interpolation inequality, cf. [20], Lemma 7.1

＼D"Dl{wv-wnU.w.Ti<C＼D%(w*-wn＼U%^ia)＼D%W

(7.31)
<C＼Dl(wp -wnihToftifc" VAE)MKK-%＼ Q^M^K-3,

we can see that {wp} is a Cauchy sequence in X$-3-2([0, T], Q). In the same

way one can prove that {vp＼is a Cauchy sequence in Zf~2>0([0,T], Q). In con-

sequence, there exist y(0e*£-2-°([0,T], i2) and w{i)^X^2{[Q, T], fl) such

that
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lim|y/; ― v U-2,0, co, r] lim| u^-^ltf-s , [0,n=0

Let us recall that the sequences {vp}, {wp} are bounded in the spaces

rg-^CCO, T], Q) and F£-2'2([0, T], 0), respectively, i.e.

(7.33) |yP | K-＼,0,10,T1^.Ah, ＼WP＼K-2,2,lO,Tl^kSlE, ＼WP ＼k-2,2,10,T^^zZe

for />= 1, 2, ･･･. Using (7.32), (7.33) and repeating the standard argument, cf.

[20], Lemma 7.2, one can prove that the obtained limits v, w satisfy the rela-

tions (4.21) and (4.23). Since (4.22) is valid for every vp and wv, from (7.32) it

follows that the limit functions v, w also satisfy this condition. Since (4.24)

follows from (4.22), (4.23) and (7.6), we have proved that the pair (v(t), w(t))

satisfies all conditions (4.21)-(4.24), i.e. (v(t), w(t))^Z. Letting p->oo in (4.28),

(4.30) and using (7.32), (Ap. 5),(Ap. 6), (Ap. 7), (Ap. 8), we can check that the

present v(f), w(t) satisfy (4.1) and (4.11). If we put u{t)―u＼t)+ w{t), from the

manner of deriving (4.11) from (4.5) we see that v(t) and u(f) satisfy (4.1), (4.5).

Now let us check that the present functions u(f), v(t) satisfy the relation

dtU(t)=v(t) for fe[0, T]. From the relation (4.21) we have U(f) = (v(t),Dlxu(t))

eK£~2ll([0, T], Q). Applying Theorem Ap. 3 we see that (depending on U(t))

coefficients of the equation (4.1)j belong to the space F*~2>0([0, T], Q) c

Z*-3-°([0, T], Q) and the coefficients of (4.1)2 belong to YK-2'＼[_0, T], Q)d

^-^([O, T], Q). The inequality A"-3^[n/2]^l shows that we can dif-

ferentiate (4.5)i with respect to t. Subtracting the obtained equation and

equation (4.1)! side by side and putting z(t)=dtu(t) ―v(t) we obtain

(7.34) S aij(i,U(t))didJz(t)+"s afa,/7(0)a^(0+M0=0 in 0,

where we have posed

af(t,UWdtzit^baiit, UitydtzM+^audt, U(t))dLz(t)

(7.35)
xds/ds/u2-SI-SJ(t)+2 atjt&UitydtzWdidMt).

i,7=1

Similar considerations on the boundary give

(7.36) sY S ntbuit,U{t))+bn{t, tf(O)W(O=O, zD(t)=O
i=i＼i=i /

on F

Since z(f)eHg(Q) for *e[0, T], then multiplying (7.34) by z(t) and integrating

by parts we obtain, that the left hand side of the inequality (5.19) with bgi

replaced by af is equel to zero. Thus lk(0lli―0 f°rt^[Q, T], which implies

dtu(t)=v(t) for £e[0, T]. If we substitute the last relation into (4.5) we see

that u(t) satisfies(1.1)-(1.3).
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In the final step of the proof we shall show that m(0g^'°([0, T], Q).

Let us observe that the function v{t) may be regarded as a solution in

Xy°(lO, T], Q) to the linear problem (6.20)-(6.22). Applying Theorem 6.2 we

see that since iv{t), w(t))^Z, the solution v(t) belongs to the space Xd~U0([Q, T],

Q). Since dtu{t)=v(t), to get u(0£Ag-0([0, T], £) it suffices to prove that

M(0eC°([0, T], H$(Q)). In this purpose let *,s be two different elements of

[0, T]. Let us put U(f) = (v(t), Dlxu(t)), V(0) = 0U(!) + Q.-d)U(s) and apply some

elementary calculations to (1.1) and Taylor formula to (1.2). We obtain

(7.37)
±

q?jdidJ(u(t)-u(s))+ft(u(t)-u(s)) = h0 in Q
i,,7=1

(7.38)

where

(7.39)

n

j―]

r " ]dj(u(t)
― u(s))= hr, (u(t)― u(s))D=O on F

hQ=fQ(f)-fa(s)+fi(u(jt)-u(s)) + l1 + h,

h = -H"a,j(s, f/(s))3?W(u2-s/-s/(0-"2-s/-SJ(s))

h=- Uuit, U(t))-au(s, U(sWrdMt)

-(aQ(t,U(t))-aa(s,U(s))),

hr=fKt)-fKs)-bo(s,U(sMv(t)-v{s))+h + li

la=-[d2( S mdi + arYs, F^))(/)1(w(O-w(s)),D＼u{t)-u{s)))d6
Jo ＼i=i /

h = - S nMiit, U(t))-at(s, U(t)))~(ar(t,U(t))-ar(s, U(t))),
i=l

qtj=Qir+Qij, qrl=tf°°+q?, q?r=aij(s, 0),

qrir=btj(s,0), qF=brj(s, 0), q?f= (aMs, U(s)),

qrt!= Q>Ms, U(s)), 9? = (6r>)i(s,U(s)).

The problem (7.37),(7.38) is a special case of (5.1) (with ??=0). Applying

Theorem Ap. 3 we can check that the coefficientsgiven by (7.39) satisfy the

condition

S S (lltffIU.*-i+Wllff-i)+ S (II^IIco^m + II^IU-i)
(7.40) v&iQ.r)i,j=i j=i

^C12(K, B, AH, Ae) for i, sg[0, T] .

Thus in the present case the constants y^, yK in the inequalities (5.9),(5.13)

are of the form
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(7.41) r* = C12(/t B, AH, AE), T~=Cl3(K, B, AH, AE),

and are independent of t, se[0, T]. Hence, there exists a ft depending only on

K, B, AH, Ae and independent of t, se[0, T] such that the inequality (5.14)

with L ― K and with w replaced by u(t)― u(s) holds true:

(7.42) ＼＼u(t)-u(s)＼＼K<M{＼＼hQ＼＼K.2+((hr))K-s/2＼ for f, se[0, T].

Let us estimate the right hand side of (7.42). Using (Ap. 1), we see that

||/1||isr_2^MS/re=o||97(y(O-y(s))|U_2. Applying (Ap. 1), the mean-value theorem

and Theorem Ap. 3, we get ||/a||*_8^M{U-s| +＼＼v(f)-v(s)＼＼K-a+＼＼u(t)-u(s)＼＼K-1}.

Combining Theorem Ap. 1 and the estimate (Ap. 1) we can check that ||i3|U-2

(^(2?=!
n^ + arXs, V(d))(D＼u(t)-u(s)),DKu(f)-u(s)))dO

A'-2

£M＼＼D＼u(t)-

m(s))||≪-2 M̂{||M(O-M(s)||^-i+||v(f)-y(s)||^_a}. Finally, from the mean-value

theorem we obtain ＼＼h＼＼K-i^M＼t―s＼.Substituting the obtained estimates into

(7.42) we get

＼＼u(t)-u(s)＼＼K<M{＼＼f0(t)-Ms)＼＼K-s+((fr(t)-fris)))K-3,2

(7.43) + U-s|+ 2 ＼＼dI(v(t)-v(s))＼＼K-z+ ＼＼v(t)-v(s)＼＼K..2+＼＼u(t)-u(s)＼＼K-l

7 = 0

+ ＼＼v(t)-v(s)＼＼2K-a+ ＼＼u(t)-u(sWK-1}, for s, t(E[_Q,T] ,

with a constant M independent of s and t. Recall that we have checked that

v{t)^XK-＼＼jd,T＼Q) and u(OeF£-2'2([0, T], Q)a C°([0,T], H^＼Q)). Using

the hypotheses (1.14) we can see that from (7.43)it follows that M(f)eC°([0,T],

Hg{Q)). The proof of Theorem 1.1 is complete.

Appendix. Estimates of some nonlinear terms.

In this appendix we present some facts which follow from Sobolev imbed-

ding theorem (cf. for example [1], p. 97) and are frequently used in the text.

We omit the proofs since they are similar to those given in sections 7.2,7.3 of

the monograph [14] and in the Appendix of the paper [20], (the only exception

is the proof of Theorem Ap. 5b).

Let Q be a ≪-dimensional domain with a smooth boundary and /C^[w/2]+3.

Theorem Ap. 1a. // a, /3 are real numbers, and T an integer such that a,

ft^Y^O and a+(3―r>(n/2) then the relations ux^Ha{Q), u2^H^(Q) imply MjU2g

Hr(Q) and ＼＼uxu2＼＼r^C{n,r)l|M1||a||M2||j9.

Theorem Ap. 1b. It ru ･･■, rk, k^2 and S be nonnegative real numbers
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and L a nonnegative integer such that S>n/2, S^r^ ＼-rk+ L and Uj<El

Hs~rj(Q), / = 1, ･･■, k, then the product u, ■■■uk belongs to HL{Q) and ||m1"-m*||l

<C(k, L)|!Wl||S_ri---＼＼uk＼＼s-rk.

Theorem Ap.2. Let ] be an interval of R and L, M integers such that

L, M^O and L+M>n/2. If uj^ZL'M{J, Q), j=l, ■■■, k and Z=X or Z = Y

then their product ux ･･･uk belongs to ZL-M(J, Q). Furthermore if Z ―X then

WDHu, ･･･uk)＼＼M£C(k, L, M)＼＼DLuA＼M ■･･＼＼DLuk＼＼Mfor tsEj.

Theorem Ap. 3. Let L, M be as in Theorem Ap. 2. Let F(t, x, u) e

B°°(JxQX{＼u＼£u0}), F(t, x, 0)=0 for {t, x)eeJxQ and u£eZl-m(J, Q), Z=X or

Z=Y, ||m(OIU.o^Mo for t(Ej. Then F(t, x, uii, x))^ZL-M(J, Q). Furthermore,

when Z=X, ＼＼DLF(t,■,u(t, ■))＼＼M^C(L,M, F){l + ＼＼DLu(t)＼＼M}L+M-1＼＼DLu(jt)＼＼M.

Remark Ap. 1. When uh u, F do not depend on t,Theorems Ap. 2, Ap.

3 are validif we put L=0 and ZL-M(J, Q)=HM(Q).

In the followingestimates we always assume that / = [Q, T], G{t,x, u)e

B~(JXQX{＼u＼<u0}),H(x, u)^B°°{Qx{＼u＼^u,)).

(Ap. 1) Let K, N be nonnegative integers such that K― 2£N-＼-M^K― 1.

If u{t)<=ZN'M{J, Q), v(f)^ZN-MU, Q), Z=X or Z=7 and ＼＼u(t)＼＼°°,o^uofor /e/

then G{t, u(t))v(t)^ZN-M(J, Q). Furthermore, when Z=X, ＼＼DN(G(t,u(t))v(t))＼＼M

^C{M, N){＼＼DNG(t,0)＼LM + ＼＼DN(G(t,u(t))-G(t, 0))||.v}IIDMOIU-

(Ap. 2) Let u{t)<=XK-*-＼J, Q) be such that ||u(Olko^wo for t^J and v(/)g

XK~2-N(J, Q), N=0, 1. Put l(f)={G(t, -, u(f))-G(0, -,m(0))}v(0. Then 7(f)e

XK-2-N(J, Q) and

(Ap. 3a) If u(t),7(0 are the same as in (Ap. 2) and v(f)(=XK-*-＼J,Q) then

/gF-!J(/, i2) and

＼1＼k-3,o,j^C(K,B, ＼u＼K-2,uj)T＼v＼K-%i0,j.

(Ap. 3b) If u(t),7(0 are the same as in (Ap. 2) and v(t)^XK-2-a{J, Q) then

l{t)^XK-2-＼J, Q) and

I/U-s.l^C^, |M|,-2iU)TMff.u;+C(i(I l!7?x-2M(O)||1)klK-3.o.^

(Ap. 4) Let u(t) and v(t) be the same as in (Ap. 2). Put I(f)= G(t, -,u(t))

Xv(t)v(t). Then l(t)^XK-2-NU, @) and
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＼1＼k-Z,N,j£C(K, ＼u＼K^uj)＼v＼K-2,N,j＼v＼k~3,1,J

(Ap. 5) Let N=0 or 1, H(x, 0)=0. If u}<=HK-＼Q), ＼＼Uj＼Ua<u0, j = l, 2

then [|tf (-, Ul)-H(., u2)＼＼N<LX{K, ＼＼uA＼K^, ||m2|U_8)II≪i-m2|U.

(Ap. 6) Let JV=O or 1. If Uj, vjgHk~2(Q) and !|^|U,0^w0, y=l, 2 then

||#(-, U1)v1-H(-> U2)v2＼＼N^C{K, HWiJU-2, ||M2|U-a){||Vi ―V2|U+ IMtf-all^ ― ttJiv}.

(Ap. 7a) Let 7V=0 or 1 and Uj(t)<=XK-2'＼J, Q), vj(t)(EXK-2'N(J, Q), /=1, 2.

Assume that ||w.,-|U,o^Wo for t(Ej, j = l, 2 and m!(0) = m8(0). Put I{t)=l1(jt)v1(f)-

lS)vz(t) where lj(t)=G{t, -, Uj(t))-G(0, -, m/0)). Then |/|o,.v,^C(Jft:, UJa'-s,

1./>
I W2 I

K-Z, 1,j)
{^ If

I" f2
I
0,JV, J+

1^2 1
0,K-Z + N, J

I Mi ― W2 I
0,1,j] ･

(Ap. 7b) Let uj{t), Ij(t) be as in (Ap. 7A) and Vj{t), Wj(t)^XK-2-＼J, Q) for

7=1,2. Put I(t) = ll(t)v1(t)w1(t)-h(t)v2(t)w2(t). Then ＼I＼o,o,j^C{K, ＼Ui＼k-2,i,j,

＼U2＼K-2,1,J, ＼Wi＼k-2,0,J, ＼w2＼k-2.
O.j)

{＼V1＼o,K-2,j＼Wi
~ W2

I
0,0,J

+ T ＼
Vx ~ V2＼0,＼,J

+

1^2 I
0,K-2,J

I U1 ― U2＼
0,1,j} ･

(Ap. 8a) If My, vj<=Hk-2(Q), ||m,-!U,o^Wo and ＼＼vj＼＼K^£A<l for y=l, 2, then

||//(-, MOViVi ―//(･, M2)V2V2|U^C(jFC, ||Ui||jr_2, ||m2||x_2)XA{||Mi ―MalU + Ibi ―V2||;v}.

(Ap. 8b) If additionally Wj^HK-＼Q), then

||//(-, u^ViViWy ― Hi-, u2)v2v2w2＼＼N^LC(K, ||wi|U-2, I|m2|U-2, II^IU-bJXA

X {||Wi ―^alU + llfi ―y2iiv+!|w1―If2||iv}-

(Ap. 9) Let u{t)^XK-2-＼J, Q), ＼＼u(t)＼＼oo,0£u0for ^g/. Then ＼＼G{t, -, w(0)IU,0

^Ci + CaTlMU-a,!,,/ for t^J, where d=sup{|G(/, x, m) I : (t, x)(=JxQ, ＼u＼^

u0}, C2=sup{＼dtG(t, x, u)＼ + ＼dG(t, x, u)＼ : (t, x)(eJxQ, ＼u＼^u0}.

(Ap. 10) If Uj, vj(eXk-2-°(J, Q), y=l, 2 then HmjCOwiCO-MsCO^WIIo^

C(K){＼u1 ― U2＼o,i,jT＼Vi＼K-z.o,J+＼Ui＼K-3.i,j＼v1 ― Vi＼(>,o,j}.

Theorem Ap. 4a. There exists a constant C = C(r)>0 such that

≪m≫i/2^C||m||1 for all u<=H＼Q).

Theorem Ap. 4b. For any s>0 there exists a constant C(e, F) such that

≪M≫§^e||M||? + C(e, F)＼＼u＼＼l for u<=H＼Q).

Theorem Ap. 5a. // uM&HK~M{Q) for O^M^K, then there exists a v(/)g

XK-°(R, Q) such that (dflv)(0) = uM in Q for 0<M<K and
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＼＼DKv(f)＼＼<C{K)Jb＼＼uM＼＼K-Mfor t<=R.

Theorem Ap. 5b. // uM^Hg-M{Q) for 0<=M<,K, then thereexistsa u(t)&

Xg~2-＼R,Q) such that(dfu)(0)= uM in Q for 0£M^K-2 and

＼u＼K-22.R^C(K)Jb＼＼uM＼＼K-M for t<=R.
M = 0

Proof. If a<£MD, then we define ua{t) as va(t) where v(t)is the same func-

tion as in from Theorem Ap. 5A. It remains to define the function uD(t) (cf. (1.6)).

In this purpose let us consider the elliptic boundary value problem

(*) AuD(t)=AvD(f) in Q, uD(f)=0 on F, for t<=R.

In the same way as Theorem 5.2 we can prove the existence of an unique

uD(t)(=XK-2-z(R, Q) satisfying (*). Let us note that the functions uMD, O^M^

K―2 satisfy the conditions

(**) Ad?uD(0)=Ad?vD(0) in Q, 5fMD(0)=0 on F,

obtained from (*) by differentiation with respect to t and putting £=0. From

the uniquenes of solutions to the problem (**) we have dfuD{0) = uMD in Q for

0<^M<sK― 2. Using known estimates for Dirichlet problem we can prove that

＼uD(t)＼K-i.2,R^C＼AvD(t)＼K-2.o.R^C＼vD{i)＼K-2.2.R^C(K)^=0＼＼uM＼＼K-M- The proof

is complete.

Theorem Ap. 6.

u(t)^YL-M([0, T], Q)

?<e[0, T] and

Let T>0 and let L and M be nonnegative integers. If

then there exist v(f)^YL-M(R, Q) such that v(t)= u(t) for

v＼l,M,R<C{M, L)＼＼u＼L,M,l0,T,+
L?2＼＼d?u(Q)＼＼L+M-N}

Theorem Ap. 7. Let F{t, z, £/)efl°°([0,T]xi2x {＼U＼<U0}) and let w(f)e

YK-2-1([d, T], Q) be such that ||m(0IU.o<£/o for fe[0, T]. Then ＼＼F(t,-, u(t))-

F(0, ■,M(0))||co.i^C(/r, |w|A'-2,i.[o,r]){T+C(£)T£} /or fe[0, T], u;/zere e ≪ a

constant in (0, [n/2] + l ―w/2). /n the special case F=U, ||i/(O-i/(0)IU,i^

C(/On£/U-2,i,[o,n.
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