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ON THE EXCEPTIONAL SET IN GOLDBACH'S PROBLEM

By

HiroshiMikawa

1. Introduction.

Let E{x) denote the number of even integers not exceeding x that are not

representableas a sum of two primes. The Goldbach conjectureasserts E{x)

<1. Unfortunately thisis far from our reach. In 1923 G.H. Hardy and J.E.

Littlewood[4] showed, on assuming the extended Riemann hypothesis,that

(1) E(x) x1/2+£

for any e>0. After the fundamental work of I.M. Vinogradov [18], several

authors have unconditionallygiven the non-trivialbounds for E(x). The best

one of theseis due to H.L. Montgomery and R.C. Vaughan. In 1975 they [13]

showed that there existsa positiveconstant 8 such that

£(x)≪z14.

Chen J.-r.[2] gave an explicitvalue of d, which is very small.

In 1973 K. Ramachandra [161 proved that,for any A>0,

(2)

providing

(3)

E(x + x°)-E(x)<txd(log x)-A

I2<≪S1-

This bound 7/12 comes from a zero density estimate for the Dirichlet L-series.

In 1981 Lou S.-t.and Yao Q. [9] attempted to sharpen the inequality (2). Later

Yao [20] replaced, in the same range of 6 as (3), the right hand side of (2)

by xHl-8^ with some <5>0.

It is of some interest, from the point of veiw of (1), to demonstrate the

formula (2) for 6 less than 1/2. We shall present such a result.

Theorem. Let A>Q and 7/48<0^1 be given. Then we have

E(x + xd)-E(x) xd(logx)~A
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where the implied constant depends only on A and 0

This work is inspired by the article of D. Wolke [19]. On combining the

argument of [16] with the result of [19], one may prove our assertion for

0>(7/12)-(5/8), which is less than 1/2 surely. We appeal to the device of H.

Iwaniec and M. Jutila [7]. See also [14]. Using the method in our previous

papers [10, 11], we then conclude the bound 0>(7/12)-(l/4).

Our notation is standard or self-explanatory. For a real number t, we

write (b(x)=[x~＼― x + l/2, 2{x)―e2Kix and ＼＼x＼＼=minlx ―n＼. The convention

≪~AT means that N<n<N'<2N. p in 2 runs through the set of non-trivial
PCX)

zeros of L(s, 1). c/s denote certain positive absolute constants. For simplicity,

we write J?=logx. F in XF stands for a positive numerical constant, which

is not the same at each occurrence.

I would like to thank Professor S. Uchiyama for suggestion and encourage-

ment. I would also like to thank the referee for careful reading of this long

paper.

2. Lemmas.

Lemma 1. Let l^a^q, (a, q)=l. The Hurwitz zeta-function £(s,a/q) is

regular, except for a simple pole at s=l, of residue 1. Also, it satisfiesthe

growth conditions:

r( a

^+exp(c1(log log xf); l-c2(log x)-4/6<Re(s)^l + (log x)

Im(s)| ^x

Is-ll^(logx)-1

qW+xV'Qogx)', Re(s)=l/2

＼lm(s)＼£x

9Xci-Rew)/3(log x). i/2^Re(s)^l + (log x)-1

c3^＼lm(s)＼^x .

Lemma 2. Let N(a, T, 1) denote the number of zeros of L(s,1) in the

rectangle; Re(s)^<r,|Im(s)|^T. Let A>Q be given. If q^(logT)A and a^

l-c4(logr)-4/6 then

S N(a,T,X)=O.
Z(modg)

For Lemmas 1 and 2, see [15, Kap. ＼1Satz 5.3. Kap. IV Satz 5.3. Kap.

IX Satz 4.2. Anhang Satz 9.1. Kap. VDISatz 6.2.]. The following Lemma 3

is due to H.L. Montgomety [12, Theorem 12.1] and M.N. Huxley [51. Lemma
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4 follows from [12, Theorem 7.6] immediately.

Lemma 3. Let 1/2^<t^1. For any e>0,

S N(o, T, Z)<(^T)(12/5+6K1-ff)(log^T)14
Z(mod ?)

where the implied constant depends only on s

Lemma 4. For k=l, 2,

s

X(mod g)
^X(n)A(n)n-p＼2k<(QT+Nk)Nko-2a＼＼ogqNy2
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Let Q be a non-negative arithmetical function with a compact support, and

£Pa set of primes. For z>2, put

S{Q, <?,z)= 2 0(a)

where

P(-?)=n/≫.

Suppose that, for a square-free d composed by primes <=£B,

a = 0(mod d)
Q(a)=

a)(d)

d X+r{Q, d)

where X is an approximation of S$(a) and o)(d) is a multiplicative function

which satisfiessome conditions of regularity. Write

v{z)= n (l--f)

Lemma 5. Let z, D>2 and s=log D/log z. For 2£s^4 we have

S(Q, 3>,z)^V{z)X{ ^jf^+OWog log£>)-■)}+ *,

where y is the Enter constant and the remainder term R has the form

R= S Xd{D,z)r{Q, d).
<2|PCz)

Here, the weights {Xd)^={Xd{D, z)) satisfy that

;U=0 if d^D,

Moreover, on writing 2f=exp((log D)(＼oglog D)-i/10),if Xd=^0 for d>ZiZ then Xd

is decomposed into the shape
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(2.1)

where
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h= 23 S 23 ≪(/i, ≫≫)

TialogZ) m PhiP<Ph'

z2^Ph<D1'i, Ph'=Phz9 and ＼a{h,m)＼^l.

This is the Rosser-Iwaniec linear sieve [6, 14]. We explain the decompos

tion (2.1). It follows from [6, 14] that if Xd^0 then d is the form

d ―v or vpx ･･･pr.

Here,

v^*i D^piKDiZc,

v＼P(z2) pt＼P(z)/P{zt),

(Du ･■･, Dr) is a subsequence of C^/Wo such that

D^ ■■■^Dr,

Di-Dn^DifKD for all l^/^r/2.

i

Moreover, the coefficientof d depends only on v and (Du ･･･, Dr). And, the

number of (Du ■･･, Dr)'sis at most log D.

Now, if d>zxz then zlz<d=vpl ･･･pr1kZxZr, whence r^2. Thus, D24^

DXD2Z<D. Since Dt^z2, we obtain(2.1).

Next lemma is the combinatrialidentityof R.C. Vaughan [17].

Lemma 6. If Y<l<XY then

l = mn＼d 1m /
ra>F diX

Lemma 7. Let l<A<#/2. For arbitrary complex numbers an, put

Then we have

Hf)'J 1/2Z)
I S ane{Pn)＼2dp

-1/2J x<n^1x

2X|
S an＼*dt+A

X

Lemma 8. Under the assumptionof Lemma 7, we have

ff^A 2 |aJ2+2Re S
^<res2x 0<r S A

(A-r) S 2 ≪m≪n

^:<m, nS2x
m―n = r

<A S knl2+Asup| S S a≪an + rl+A3( sup |flB|)
i<ns2i tsJ 0<rs( x<ns2j: ＼x<ns2x /

Lemma 7 is [3, Lemma 1] and Lemma 8 follows from a familiar Fourier
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however, reproduce the proof. It is well known that

max(O, A― |#|) = ＼ K(y, A)e(xy)dy

Kiy.A)^*^)2.
＼ izy I

s>=

H
2x

2

,n<2x
amdn max(O, A― ＼m―n＼)

2 an＼2dt
x t<nst+d

R=AH sup ＼an＼)
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We shallshow S^£)+O(R) and £D7t<3,from which Lemmas follow immediately.

Now,

rzx-J
S^＼

=
J X

S S amdn measJf
x<m,ns2x

m―A<t<m ＼
n-A^t<n J

We note that meas. {t}=0 for ＼m―n＼^A. If x+A<ra, n^2x―A then meas.

{t}=A― ＼m―n＼. Otherwise, the number of (m, ri)is O(A2). Also, meas. {t}^ A

trivially. We thus have

Moreover,

s>
x +

s S aman(A-＼m-n＼) + O(R)

m,ns,2z―d
I m―n I s A

S 2

x<m, ns2x
amanmax(O, A―＼m―n＼)+ O(R)

=g+O(R).

#08, A) | S ane(Pn)＼2dp

|-Yl
S ane(Pn)＼*dp

= 3 ,

since K(y, A) ^ (A/2)2 for |j;|^l/2A.

ff reminds us of Circle method or Saddle point method. Also S),Dispersion

method or Kloostermania. S, Large sieve or Dirichlet polynomial methods.

This observation makes a feature of our argument below.
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3. Proof of Theorem.

Let x be a sufficientlylarge parameter. We take y = Y8l(＼/4:<d1<l/2) and

r = jc**(7/12<02<2/3), so that ;y= x9, 7/48<0<l/3. Put JC= (x, x + y~],JL=

(2Y, 4F] and ^ = (x―3F, x ―27]. Our aim is to give a lower bound of the sum

g=g(2k)= 2 log/.,
2£=p+p'
peiB

for 2k<=Ji. Moreover, define

S=S(2k, z)= 2 log/>
Zk=p+n

en, 2>(2*,2))= l

where

3>(2k,z)=np.
P<z
VX2k

Suppose that

(3.1) {AYyiz<z<Y1'2.

Since 2&eJC and £e.@ imply n=2k ―p^J, n counted by S has at most two

prime factors ^z. We thus have

S-Q= S Gog p)p＼n)
2k=p+npe£B

where

For any 1<=J,

n=pp'

zSpsp'

p'd)^
A(m)A(n)

l = mn log m log n

^ 2
A{m)A{n)

__l=mn log m log U

<2Y<nS4Y/*

<s
V"7^77TT

S A(m)A(n)
＼Og(Y/z) ＼OgZ l=mn

= 3p(l), say.

Here, J=(V2F, 4Y/zl. We thereforehave our fundamental inequality

(3.2) S-Q^S S (log p)p(n)
2.k=p+n
pe$

=Q, say.

We proceed to evaluate Q by means of Circle method. Define

Q=yQr*
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Q, = aoKY)D

M=
＼J ＼J

*lq,a *q,a―
^ >

I 7^
gsQja=i H Iq qQ q qQ

]
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m=WQ, 1+1/<?]W,

where D is a constant specified later, and * stands for the restriction(a, q)= l

Furtheremore.

For a

where

Then

T(a)=5 2

tieJ
p{n)e{an),

W(d)= S (logp)e{ap).

a/q+B^Ina, we write

F(a)=£2 (p(n)e(-n)-F-^)e(Pn)

Q=

r=

fl+l/Q
T{a)W{a)e{-2ka)da

h/Q

=
f
{T(a)-V(a))W{a)e{-2ka)da

JM

+
f V{a)W{a)e{-2ka)da

JM

+
f T(a)W(a)e(-2ka)da
.'m

(3.3) =0O-Sfti-Sft8, say.

We firstconsiderQn.

£_y ^JI/9Q ?r nig)

(^"to^MCf+'M)
Xe(-2k(±+p))dp

^TS -^ 23 (logp)cq(p-2k)- S
q£Ql<p{0 PeS n<=J

+o(Brji^±.＼'"＼x.v≪)＼w(

n + p-2k)fi)dfi

^) d?)

The above O-term is
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(3.4)
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qsQi

2k^JC and />e.R imply 2k ―peJ, namely

,?J

Hence the main contribution

1/2

-1/2

of

e((n + />-2fe)j8)d]8 = l.

Qo is equal to

<nQi <p(q)
(dfJ=1

r＼d/
<p{d)

＼ q<Q, (P＼Q) d＼q pe^

(3.5) +0(

cq(2k)

＼ogp-

)

s
as?-

Y

By Lemmas 2 and 3, the above O-term is

(3.6)

for any £>0. Put

(3.7)

<YX~E,

Then, by [15, Kap. VI p. 201],we see

(3.8) S sfio(2^)2≪3'F2gr1.

2*eJC

@(2*)=2n(i

p>2＼

Next we consider 5R,

I a,a then we find

Let Iq',a'

)+o(Qa*)
<p(d)

+Y2'4)

cq(2k).

In conjuctionwith (3.4)-(3.7)we obtain

(3.9) Q0=^(2k)Y3r-'3io + 0(YX-i)

where

(p-lf)lh＼p-2)

lq,a(ZM, a'/q'i-a/q. If a'e/,.,O' and og
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＼＼a'-a＼＼^
a a

7~7

J 1_

q'q Q'Q

U2Q,r＼

a
a

1

qQ

a
a

q

We therefore have

S 9fti(2£)2

≪f
[ ＼V(a')Wi.a/)＼W(a)W(a)＼mm(y,lr-^ )da'da

jmjm ＼ ＼＼a―a /

<qX[ ＼V(a)W(a)＼da)2+y^ 2*(f ＼V(a)W(a)＼da)Z

QA ＼V(a)＼2da[＼W(a)＼2da

+ y sup ( |F(a)P^(a)|da-( |F(≪)W(a)|rfa

<.Q12YlX-＼-yYi'iX sup ([ ＼V(a)＼2da)1/Z
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by Cauchy's inequality. Here we appeal to the following lemma. We shall

prove Lemma 9 in the next section.

Lemma 9. Let e, B, £>0 be given. If yi/i+s^A^Y1/2 and AY/z^Ys/lb

then

fl/2i /
n ＼ 2

A2 F(- + /3) dB A2YX~E
J-1/2A ＼q ' / r

uniformly for (a, <7)=1 and qti£(logY)B. Here the implied constant depends only

on e, B and E.

Now, we take 2A=Q and

(3.10) z=Y1"h+d

with a sufficientlysmall d>0. Then this choice of z satisfies the assumption

of Lemma 9, also (3.1). We thus obtain

(3.11) S 5R1(2^)2≪3;72^>-£

for any £>0.

We turn to 9t2. For 2A<.y, we have
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S W2(2kf<[
f

|TCa'MaOI I:T(a)PF(a)|mil/?, 1-^―-Ada'da

≪A(jjT(a)W(a)|da)2

+^( |T(≪W(a)|(f ITCaO^CaOlda'W
Jm ＼Jm /

l!a'-ai|Sl/2/l

<A( ＼T(a)＼2da[ ＼W(a)＼2da
Jm jm

^-^fsupf ＼T{a')＼2daf)ll＼[＼T(a)＼zda＼'2[＼W(a)＼*da

l!≪'-a||Sl/2z)

(3.12) <AYzX4+yYs'zXssup([UZj ＼T(a+p)＼2dp)U2,

since T(a) has the period 1.

We now use the following lemma. We postpone the proof of Lemma 10

until the final section.

Lemma 10. Let 1<A<F1/2. Suppose that ＼a-a/q＼<l/q2 with (a, q)=l.

Let E, s>0 be given. If 4F/z^F8/15-£ then

&2[m* ＼T(a+^)＼2d^<AYXF{Y1'i+Aq-l'2+(QAY'2}+A2YX-E
J-1/2J

where the implied constant depends only on E and s.

We take A=yQr1=QQ1. The assumption of Lemma 10 is satisfied,because

of (3.10). Foranyaem there exist a and q such that ＼a―a/q＼f^l/q2,(a, q)=l

and Qi<q^Q. Thus, Lemma 10 yields

sup A21

≪em J

1/2J
|T(≪+/3)|M/3≪ sup AYXF{Y1'4+Ag-l'i+(qA)1't}+AsYJ:-E

-1/2J Qi<qsQ

≪A*YXFQ1-1/2-

Combining this with (3.12)we obtain

(3.13) S mz(2k)2 yY2XFQ1-1<4

For any given £>0, we take D=4(E+F). Then (3.8),(3.11) and (3.13) become

(3.14) 2 2 Mi{2k)z<yY*j;-E

1=0 2AeJf

Finally we calculate ST. Because of (3.10)
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(log Y)sr=
(l/2)log(8≫2)-(logr)

log(Y/z)-logz

(1/2).(1/15)

(8/15)-(7/15)
+d

523

(3.15) <f+dlf

for sufficiently large Y and small di. In conjunction with (3.3), (3.9), (3.14) and

(3.15) we therefore have

Proposition 1.

a<Y+s'><ml£v -S5Rt + O(r(!ogF)-3)
1=0

Here, Sd/s satisfy(3.14).

In the next stage of the proof we use Sieve method. We remember

S= S log/>= S log/).

2k=p+n pe.3
peS Cik-p,S (2*,z))=l

fn.£l'(2*.2))= l

For d with (d, 2k)―＼,put

r($,d,2k)= S logp-

p^ik(d)

= S log/)-

Then Lemma 5 yields, on taking D=Yl~8>z＼

(3.16)

p<a <p(p)nj＼ log z

+ 2 hr(£, d, 2k)

(<2,2≪=l
d<D

= 11+2, say.

We firstconsider I

2= S X* 2 log/>-F 2

= 2^ 2 log p-Y

d<D 2k=p+ n

d|ra

+o( 53 UJ 53 log/))

Y

<p(d)

Y

<p(d)'

)+O((logX)-1)}

ip(rf)

Zj
―f 2j ―y~r-Cq＼6R)

a<D a q＼d(p(q)
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2kpMn i& q-Qiv(g)xffi d'

V Ci<≪</)<p{q)q q /

(3.17) =Z-Z1 + ms, say.

By [15, Kap. VI], as before, we see

(3.18) S m3(2^)2≪3;F2^4(?r1.
2k<E$

We next appeal to Circle method. Put

S(a)= S(S^Man).
neJ dInct<D

For a = a/q+B<=L a, we write

We then have

neJx d＼n ＼Q / ＼d<D
d<D a＼d

M

£))≪/>≫>

l+1'QS{a)W(a)e{-2ka)da

= f (S(a)-U(a))W(a)e(-2ka)da
JM

+ f U{a)W{a)e{-2ka)da

+ [ S(a)W{a)e{-2ka)da

jm

(3.19) =Z0 + 9ft4+ Sfl5,say.

By the argument similar to that for Q, we infer that

(3.20) Z0=Z1 + O(YX-3),

S n&kJ^QfYtJC'+yYWX* sup (f ＼U{a)＼2da)Ul

2*eJ{ (a,q)=l＼JIqa '
QiQl

/ClIlA ＼l/2
S 9i6(2^)2<AF2j:4+3'F3/2j:3sup( |S(a + /3)|2<i^)

2*eJC aem＼J-l/2i /

We now use the following lemmas, which will be proven later.

Lemma 11. In Lemma 9, replace the sum V and the condition 4Y/z^Ys'15

by U and D^Y1**, respectively. Then, the resulting assertion holds true.

Lemma 12. In Lemma 10, replace the sum T and the condition 4F/z<LY*/n~e
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by S and D^Yl~＼ respectively. Then, the resulting assertion holds true.

On taking the parameters as before, we find

(3.21) 2 2 ^i{2kf<yY2X-E
t=3 2*eJf

for any E>0. In conjunction with (3.17)-(3.20)we obtain

(3.22) S= I! Sflf+O(F^-3)
f=3

We turn now to II. By Mertens' theorem

n(i L
)= n (-^-^#)- n (f4)

/ 2<p<2＼ p {p ― l) / 2<p<;2＼j& ―2/

= n(i-|)-2n(i-7r1-

= n(i-＼)-2u (i-7

1T2~

) n (

2<B<2

_L_＼ n
(P-i＼

p-Vf) pi ＼p-2J
F ' 2<p<z y

@(2fc)(l + O((logz)

Thus,

(3.23)

2]og(logZVlog^-l)

logD /logY

?-!)-≪.

rr>

))

til
p-2

)

(l + OaioglogF)-1))

(l + OaioglogF)-1))

U v iogr "
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＼ogz

n=R(2k)Y
e~r 2er log(log£>/log-g-l)

lOgZ l()g.D/lOgZ

=R(2k)Y-K, say.

Since log ;t>l ―1/# for x>l, we see

(logY)K=

^21og(

> 4 ~§2'

for sufficientlylarge Y and small 82. Hence, (3.23) becomes

Combining this with (3.16) and (3.22) we therefore obtain

Proposition 2.
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S>(I-≪I)S(2*)i;£r +

Here mt's satisfy(3.21)

^^i+O(Y(logYrs)
1=3

In conjunction with (3.2), Propositions 1 and 2, we finally have

23 logp>S(2k)-Q(2k)

B65

>(i-

(3.22) >

J-^+8^h2khosY

10 log Y

+ ih$li(2k)+O(Y(logYy3)
i=0

+ R(2k),

for sufficientlylarge Y. Here, #(2fc)=2i=o9lf(2ife).

We shall derive Theorem from (3.22),(3.14) and (3.19). We first note

<5(2k)>cb, see [15, Kap. VI]. Let 8 denote the exceptional set in Goldbach's

problem. For all 2k^8, the left hand side of (3.22) is zero. If ＼R(2k)＼^

@(2fe)7/ll logF for some 2k^Ji={x, x + y~＼,then the right hand side of (3.22)

is posititive,whence 2k^8C＼Ji. Consecuently, it follows from (3.14) and (3.19)

that, for any A>0,

/
Y

#enJC(-%―=
Y≪

2 ＼R{2k)＼>

2SeJC

＼R(2k)＼z

or

E{x + y)-E(x)=#er＼X<y£~A,

as required.

This completes our proof of Theorem, apart from the verificationof Lemmas

9, 10, 11 and 12.

4. Major arc.

Let e＼ByQ be given. Throughout thissectionwe assume

(4.1) xll4+s'£A£x112, (a, q)=l, q£(log x)B

We use the convention

＼f＼i= [2X＼f(t,A,q, aWt, i=l,2

We call fit, A, q, a) "admissible" if for any £>0
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|/|2≪A2xX-£

where the implied constant depends only on s',B and E. An admissiblefunc-

tion is abbreviated to "A.R." in a formula. Under the assumption (4.1)we

shallshow Lemmas 9* and II1 below. By Lemma 7, Lemmas 9 and 11 follow

from Lemmas 9r and 11*,respectively.

Lemma 9t. Define

v=v(t, A, a, a; M, N)=

// xl'*^M<N^x8'16 then

v―
fKg)

S A(m)A(n)e(―mn)

t<mn<t + A ＼n /
M<n£N v

AlogQ+.4.ff..

Proof. The terms with irnn,q)>l contributeto v at most

2 A(m)A(n)< 2 yl(m)(―+ l)j:

xs m, n≪i'"£ Cm,gv>l

≪(Ax-£+l)J73,

which is admissible trivially. We then have

Here S

v= -~~ S l{a)t{t) S Z(fflnM(m)yl(n)+i.i?..
<P(Q) Z(g) t<mnst+J

=(M, AH. By the explicit formula [15, Kap. VIISatz 4.4.1

2 X(m)A(m)=E0 ―

where Eo

+ o(-^-(log<7*)2+(log<?x) 2 min(l
x/n

x*Mt+tA)/n＼＼
))

= 1 when 1 is the principal character and E0~0 otherwise. Thus,

v= 44-a s

1

A(n)

n^s n

(≫,g)=l

i (t+Ay
―r-r-S l{a)t{l) 2

r IIm(,o)ISar2 '

-t" , l(n)A{n)
Zj o

+ 0(v,(x'x-'+^iSi&min(l,-n..(tj^M)))+A.R.
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(4.2)

where

=^Ws)
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^SZ(fl)r(Z)( S + 2 )O(pWp,X)

+°(v" X＼S,M mi<^ -n-^AJ7^))+-4-R-

v.-iVi+v^+CXy^+A.R., say,

N{s, X)=J}l(n)A(,n)n-s

First we consider v->

d(s) = O(s, t, A)=
(H-A)'-f'

s

Iv31!< V q X2 2
f3Xmin(l,

1

＼＼t/n＼

p 3xI n /
<Vq X% S x^X minfnx

n<=J Jx/n ＼

-)

1
＼＼u＼＼

dt

)du

<VqX4.

Since y3<V q X2N trivially,we have

(4.3) ＼v*U<qNjC*.

Hence v3 is admissible.

We proceed to v%. We note that the number of p with T<＼lm(p)＼^T-＼-l

is O(log T). By partial summation and Lemma 4, we then have

＼v2＼2<x sf2x s

z<IIm(/≫

― N(p, 1)
2dt

Tl
+2Re(,o) 1

≪ie s ―7-1^-1n(p> *)i2 a ,, ,,-,

xl+2a

<J75 sup ―^ir-

<j:17sup

a

(qU + NW'-^X12

("m(n) +nm) )

(4.4) <qxz'2X11.

Because of (4.1),v2 is also admissible
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up-ldu-tp for ＼lm(p)＼^x/A. On

splitting the remaining range of |Im(|O)| into intervals ((x/A)2J, O/A)2i+1], we

use Cauchy's inequality. Thus,

J}O(p)N(p,X)＼t≪(^)' sup T

+£"" sup

X/ d<USX/2

I S uP-HPN(p,X)＼2di

pa)
ilm(,o)MxlA

rsx tP i
2 ―N(p, I) dt

jx Pa) p

^l+2Re(p)≪j:4 sup s ―――

Hence, by partial summation

(4.5)

<X6 sup ――

OS(7<1
ZC?)

＼N{p,X)＼*

Re (,o) so

llm(fl) I Si/

=X6 sup x1+2aU-2Ka(U), say.

x/dSUix

In case of O^a^l/2 Lemma 4 yields

Ka{U)<£F{qU + N)Nl-2a,

since 1 ―2a, 2―2(7^0. Moreover the supremum over U is attained at U ―x/A

This contributes to v, 2

<XF sup A2x2s

OS<rsi/2

(qj+N^N1-2"

(n / T＼2ff-1 / Y ＼2<7-2＼

VA x /

(4.6) ≪A2x3/4.

In another case l/2^a^l, Lemma 2 yields that the

over 1/2<;<7<;1―^(#) only, where ^(x)= c4(logx)~i/b.

3 and 4, we have

supremum may be taken

Furtheremore, by Lemmas

Ka(U)<(^ S lY'Ys S IM|O,Z)|4Y/Z
V>CC≪ pa) / ＼Z(9) p(≪ /

Re(p) ka

llm(p) ＼SU ReCp)£<TUmCp)＼&U

sup {qU + V2)V^1-2^)1'2

M<V<N
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Here &>12/5. We see the supremum over U is attained at U ―x/A again.

Then, since x/A^M2 and l―a^>Q, we have that the contributionto ＼vx＼2is

at most

(4.7)

We now note that

A*xqXF sup ((4-J -)

V1 4^5 4 +(b-O=-s

Hence, there exists a constant £>0 such that

Thus (4.7)becomes

(4.8)

for any £>0.

(t) ― ^* ･

<A*xqjCF sup x-^1-"*

<A2x?J7Fexp(

<A2xJ?~E,

c6(＼og x)-1'5)

In conjunction with (4.5),(4.6) and (4.8), vx is admissible. Combining this

with (4.2),(4.3) and (4.4), we conclude that v―v0 is also admissible, as required.

Lemma II1. Define, for arbitrary sequence (Xd) with ＼Xd＼<l,

u = u(t, A, g, a ; D)= S CEXd)e(― n)

t<nst+d d＼n ＼q /

For any s>Q, if D^x1~E then

Proof. Put

u = (^-^f)A+A.R..
q＼d

/(s)= S ( J}Xd)e(-n)n-

din ＼n /d<D H

which is absolutely convergent for Re(s)>l, since |/(s)|^C2(Re(s)). On writing

n ―dm, m=(d, q)l and q=(d, q)r, we eliminate n and m. Then the conditions

on / and r are

r＼q, (/,r)=l.

Thus, we have



(4.9)
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/(s)=
<£</> r |g 6 = 1

53
U-^L)(AgLYS

i>o ＼ a r A r /

2 2*(2*

r |g 6 = 1 ＼<2<Z> ＼ r / / V 2>o /

= ^S J1*d(s,-Y(s,-), say.

531

Hence /(s) is regular, except for a simple pole at s= l. By Perron's formula

ri5, Annans: Satz 3.1.1,

u =

2m

r

Jc

where c=l+(log x)"1. Now

+ix

-ix
f(s)d(s)ds + O((＼ogxy)

D(s,-)= S + 2 =£>!+/?≪, say.

Let the corresponding expressions be fx and f2, respectively. Put 7)=y)(x)=

c2(logx)~i/5.On moving the line of integration, we have

u=Res f(s)d(s)
3=1

+ i["MU/1(s)^)^+0([tliI ＼fi(s)O(s)＼＼ds＼)

Z7T2 Jl/2-ix ＼Jl/2±ix /

K[~V+iX
fz(s)d(s)ds + 0(＼C±lX ＼Ms)8(s)＼＼ds＼)+A.R.

+ 2m

(4.10) =u0 + u1+ut + O(ua)+A.R., say.

First,

(4.11)
3 = 1

=
A2a.D(i,±)=

n r＼q6=1 ＼ V /

Since ^(sX^61"-1 for ＼lm(s)＼=x,we have

w3< sup ＼fj(a±ix)＼x"-1
l/2g(TSC

< sup s
i]*^1"'7^: c(ff±^

l/2S(TScr|g 6=1 ＼

< sup q2X2(Dx-2/sy-a

1/2SCTSC

&)

7)1-

<q2x"6,

by Lemma 1. Hence, because of (4.1), uz is admissible.

We proceed to ux. Lemma 1 yields that



532

Wli2≪^2 sup (^y

<X> sup (yV
xiAaUix＼U /

(X ＼2

u /
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r fl/2 + iU / h ＼ /

S S * ^xfs, -)C(

2 2 *( sup

r |g 6 = 1 ＼Re(s)=l/2
llm(s) ISf/

≫u"iu+j)

<'-t)

s,

')

7)1'
Ids

ri/2+iU

)l/2-W

(4.13) ≪X5A2^(|-)4/3.

Since A^x1/4+£',ux is admissible.

We turn now to u2. As before,by Lemma 1, we have

w2|2≪j:2 sup x1+2(1-"(/-2SS*(
x/AsU&x r ＼q6=1 J

1-rj + W

1-1}-W

D1('･7)1'""

^A)C(S,1)
2＼ds＼

<(?j:4exp(2c1(loglogx)3)x3-2:' sup U-＼U + N)N1'ni-^

x/dsU&xx/JSNSD

<qX" exp(2d(loglog xf)A*x(―)*'

Since 7}= c2(＼ogx)~i/5,D^x1"5 and q<^(logx)B, we finallyobtain

(4.14) |w2|2<A2x exp(-sc2(log x)'1'6).

Thus, u2 is also admissible.

In conjunction with (4.10)-(4.14),we have

u = uo+A.R.,

as required.

5. Auxiliary results.

In this section we provide for the proof of Lemmas 16 and 17 in the next

section. For real numbers a, b and c, a<b, we set

0(a,b; c)=<J}{b―c)―<l>{a―c)

= [6-c]-[a-c]-(6-a).

Let a, jS,T and 8 be arbitrary sequences with modulus f^l. Moreover, let 1

denote the arithmetical function l(n) = l or =logn. We consider the following

linear forms involving 0.

F1= F1(Kf D, M, N; x, s, t)

, . s
^/

2i max(x, ds, mns)

d~Dm~M n^N ＼dmn dmn
W,1M)=]mnst

― V V V― Zj Zj Zj

0<ksK d~D m~M

(d, mn)

mn ＼
~d~)



<X su

ys2x
,1CLN

)

KDMN

It follows from the argument of [11, p. 37] that

p
(£+ s ± a ^

,2Af] (7J,d)=l

)/s mn

ne.4 T＼d d
(ra,d)=l

)

+^ o<£U h Vi+ DMN

e( ― hc)(5.2)

+ 0(min(l, l/H＼＼b-c＼＼)+mm(l, l/H＼＼a-c＼＼))

0<|ft|Sff
0(a.b: c)= S ^―-,

H +X x Vi+ DMN)

y(h)KM{D*i*+Dl>*N)

On taking H=DMN/x1-3e>2, because of (5.1),we obtain Lemma 13.

Lemma 14. For any s>0, if D, MN£x8'n~4sand N^x1'15 then

F2<Kx1~e.

Proof. We follow the argument of [11] with a minor modification. We

use a well known Fourier expansion. For H>2.

≪x

F2

On the Exceptional Set in Goldbach's Problem

= F2(K,D, M, N; x, s, t)

- V v V ^ n R r H <b(
2x max(x' ds> mns)

0<ksK d~Dm~M n~N ＼dmtl dmn
(d,mn)=i

mn<t

k

d

mn

)
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Here, l 'K,D, M, N x, MN<t and s<2x/D, 2x/MN.

Our aim is to prove F< Kxl~s,s>0. Since F^KDMN trivially,we assume

(5.1) DMNyx1'2'.

Lemma 13. For any s>0, if MN, DM^x2'3'4' then

F^Kx1-*.

Proof. We appeal to the Erdos-Turan inequality [8, Lemme 2], which

runs as follows. For arbitrary real numbers xn and H>2,

I S^)I≪h+ S -fI He(hxn)＼

Now, by partialsummation, we have

S l(n)0<X sup
(

S 4>(--fc^-)

n~./V yS2x/DM ＼ n<=S T＼n 0. '

(n,d)=l ^,,?C[A^,2Ar3 (n,d)=l
mn<£
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Also,

(5.3)

where

Hiroshi Mikawa

min(l, l/tf||jE||)=2 Ahe(hx)

hE-Z

. /logH H＼|.4J≪mm(-?-,^)

Now, 0 in F2 is expressed as a sum of the main part of Fourier series,

say @', and the tail part,say 0". On putting the resultinglinear forms to

Fz and Fz", we may write

Fa=Fsf+Ft".

First we consider F2". (5.3)yieldsthat

h ＼
v v v v o(2hx2j 2j 2j 2j 6{―

o<k£Kd~Dm~Mn~N
＼amn

(d,m7i)=i
/ V mn I

, v v v v J
h max(x> ds^nns)

i 2-i Zj 2Lj 2j @＼ 1
0<ksK d~Dm~M n~N ＼ dTTln

(d,mn-＼)

=H＼Ah＼S(h), say.
h

Summing by parts, we see

)j-hk-L))

S(A)<<.<£*J,≫?,(1+i^LfDpJ 2, <"ir)

By the same argument as thatin [11,(17)(18)]with q=l, we then obtain

F2"<Kx1-2s+Xsxi$K{(MNy<2+D(MNyi2} .

Here we have taken H=DMNx2e~1>2> because of (5.1). Since D, MN<x2/s-i£

we have

FS4ZKX1-.

We turn now to Ft'. By (5.2),

F,'= S S 23 23 aApnrJk

0<*sA" d~Dm~N n~N
(.d,mn)-l

mnst

C2x g Idmn
x S

o<| TilsHjmaxfi, ds.mns')gidm,n

(h e(-hk
_d_

mn

)

where g is arbitrary. After some elementary rearrengement, we reach the

inequality

(5.4) F8'<
X

(d,m)=l

2 2 23 B(h, k, n)e(hk-^~

0<hsH 0<k£Kn~N ＼ 77171
(d,n)=imn<t

)
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where the supremum is over all arithmeticalfunctionsB with ＼B＼^l. To

deal with the conditionmn^l, we use a lemma in Fourier analysis[1, Lemma

2.2.],which runs as follows. Let an be arbitrary finitesequence. If X<Y

then

resX J -oo n

Here, the kernel /2^0 satisfies

＼°°J(O,
Y)dd<log Y .

Now, applying thislemma with Y=t/M, we may remove the condition

mn^t in (5.4) with the cost of (log*) time. Thus, the method in [11, p. 38,

39] is applicable. We thereforehave

F2'<£x*t{(KDMy'tx1'2-t+Kx*≪＼D1>tM*'iN*/i+DMiiiNl/t)}.

Since DM <x*llh~4e■xlin-iz=x'-%°,the above firstterm is

<£x*'Kl/sx1-"

We may assume M^N, because of the symmetry of F2, so that M^>(MN)1/2.

Hence, the second term is

≪7fcceM01/WN)8/2~1/8+£(A/iV)1/8M1/4}

<CKxes)(x8i15~4s)xs/s-＼-(xB/15~4£)3/2(T1/15~4eYt4}

.Kxl-s.

We thus obtain Lemma 14.

6. Minor arc, preliminaries.

In this section we provide for the final section. We re-present the method

of [10] with a few simplifications. Let a(n), b(n) and c(n) be arbitrary arith-

metical functions which are bounded by

TcXn) (log nY*.

Also, l(n) = l or = logn. Furthermore, we put

jl{h; s)= S

h = dl
Us

ynr/z; d, v)
s

h―lmnmnsD
msK

l(l)a(m)l(n)
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jm(h ; D, U)=

;1V(/i ; U, V, S)

l(l)a(m)b(n)

S a{m)b(n)c(k)

h=mnk
V<msUmk(=J

Here, s, D, U, V's are parameters and 3 is an interval. We are devoted to

estimating the mean value of trigonometrical sums

Ji(*)=Ji(a, x,A; *)=A2f

under the assumption

(61) a ―

a

Q
<^

_1

Q2

1/2J

-1/2/J

I 23 ji{h; *)e((a+P)h)＼2dp
x<_h$Zx

(i= i, n, in, iv)

with (a, o)=l and l<q<A<x/2

Lemma 15. For any £>0

/ I (s)<AxXF{Aq-^z+(qAY/2} +A2(-JxF+A$x*

Proof. On writing wn―j I (n; s), Lemma 8 yields that

/I ≪AS ＼wn＼2+A sup | 2 e(ar)^wnwn +r＼+A＼sup＼wn＼)2

Ax£F+& sup 121 +A3x£,(6.2)

where

2= 2 e(ar)S 2 a(di)a(d2)#|
0<rs£ di d2 I

n

max(x, dx
n=0

s, d2s
(mod,

n = r(mod

Uo(A2x£)

The above simultaneous congruences are solubleif and only if (du d2)＼r.We

write di*=dil(dx, d2) and r*= r/(du d2). We then have, with the notationin

section 5, that

#{n}=#
f max(x, diS, d2s)

2x―max(x, diS, d2s)

U^~di＼

<r*T*+ls

+$(

=@o + 0, say.

If di or d2>2x/s then #{n}=0. Hence

(6.3)

_2x
d.l

2x }

Id,, daV

max(x, diS, d2s)

= So + Si + 0(A2x£), say.
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It follows from [15, Kap. IV Lemma 6.3.] that

So<* r , . -i― S e(ar)

<*2(≪ 2 J"£≫L)V'min(£, I-)

o<3sJ＼ ds2x/s a ' ＼o ao '
did '

<x(a(≪a-^il-Y≪-'y"(s

5!d

(6.4) <xxFA1/2(―

Also, since <P<1,

(6.5)

A . /A 1

Tmm(-=-, 1―^
o ＼o ＼＼ao＼＼

)l/2

2i≪≪ S l≪(rf)l)!
ds2x/S

≪-(t)!^-

In conjunctionwith (6.2)-(6.5)we obtain Lemma 15.

Lemma 16. For any s>0, if DV£x2/3~8ethen

JH(D, V)<Ax£F{Aq-ll2+{qAyi2}+A2xl~*+A*xs

Proof. We have, by the same argument as before,that

(6.6) J H AxXF{Aq-1/2+(qA)l>*}+A3x£

+A2XFx1-**+ sup |2, 11,
t&A

SiX1/2+£
where

s 2

0<r it

e{ar) S 2 w(d1)w(d2)

d1, d2imin(.2x/S,D)
(dj, dz)I r

x*([^
max(x, diS, d2s)

with

Write

We then find

w(d)= S a(m')l(n')

d=m' n'm' sk

(rfi, d2)=d,

d^―dmn, d=ef, m' ―em, n'―fn

dt=dd,

r^ ―k .

))"!

537
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S=S J}e(a8k) S S S S a(em)l(fn)w(8d)

0<5&se ef=8mn,dimin(.D/8,2x/Ss)
eiV miV/e

(mre,d)=l

^/2x/8
max(x/8, mns, ds) _ mn ＼

＼mnd' mnd ' d /

On breaking up the ranges for m, n and d into

shape [2＼2i+1], we conclude that

3gi la
u.

― y£V― X x i
did

s

0<rsJ/5

sup F,(T

MSV

O((log x)3) intervals of the

2 2 2 ≪diSml(n)r^

<Z~fl'm~Af n~A^
(d,m7i)=l

mresw

D'. M. N

where F, is defined in section 5. Since

Lemma 13 yields

DV D_<(x_＼2/z-8e

CAx1-*

A＼/xy-2£

TA≪7

Combining this with (6.6)we obtain Lemma 16

X ,,,)!

Lemma 17. For any s>0, if D^xSll5~l2e and U^x1'5 then

jm(D, U)<CAxXF{Aq-1/2+(qA)1/2} +A2x1~s+A3xE.

Proof. It sufficesto show

os A

When d>D*x2'

sup

u,D'
,MNSDIS

M,N>maxO7/S,l)
SSxl/2 + £

f(a D'. M. N

we use the trivial

Otherwise, we make use

Lemma 14 yields

of

bound

*≪T

Lemma 14

D <(x＼
8/15-12s

Dy
d) '

Since

j,s,uj CAx1-22

and y%)

F'<J>'-U
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We therefore have

as required.

s supif;i≪ s (4)x--+ a (4Yt)'

CAx1"2*

Lemma 18

jmu, v, j)≪:AxxF(u+~ +
~+q^

Proof. We may assume US A, for otherwise Lemma is trivial,

the ranges for m, n and k into O((logx)3)intervalsof the form

(iV,2iV] and (K, 2K＼ so that

x<MNK x and V^M^U.

Using Cauchy's inequalitytwice, we have

(6.7) JN XF sup
f 1/2J

M- S A2

?n~.＼ J-I/2J

x M NK x

<XF sup M-J, say.

By Lemma 8,

/≪ S A S (S Wn)c(fc)l)8

m~JlfNK<ls.iNK l =nk

0<rsJ r

(6.8)

AXFMNK

S *Eb(n)c(k)e((a+P)mnk)
mnk~x

mktpj

539

We split

(M, 2M],

2dB

＼b{n)c{k)b{n')c{k')＼-＼ 23 max(O, A-mr)e(amr)＼

+ NKXF S sup | S

0<rsJ J mEJ

<AxXF+NK£F S

max(O, A―mr)e(amr)＼

sup I

0<rsJ/J/ 3 me,?

0<mr & A

(A―mr)e(amr)＼

=AxXF+NKj:F-Z, say.

Summing by parts,we have

2~< S A min(―

<<A(7+S+≪)-

by [15, Kap. VI Lemma 6.3.]. Combining this with (6.7) and (6.8), we finally
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obtain
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JN XF sup M＼Ax + NK-&(― +
^+q)＼

x<MNK<x ^

<Ax.z:'(£/+! +
£+≫).

7. Minor arc.

In thissection we prove Lemmas 10^ and 12T below, which cover Lemmas

10 and 12, respectively. Throughout thissectionwe assume that

a ―
a

q

Lemma 10r. Put

<; with (a, q) = l and !<A<x2's

fl/2j
2 = 2 {a, x, A, N)=A*＼ 2 A{m)A{n)e{{a + &)mn)＼2d&

J-1/2J x<mn&2x
Jx'<n£N

For any E, s>0, // N<x8/lb~£then

cJ AxXF{x1'i-{-Aq~1'2+ (qAy'2}+A2xX-E,

where the implied constant depends only on E and e.

Proof. We may assume q^A, for otherwise Lemma is trivial.For x<

h<,2x, put

p(h)= S A(m)A{n), J=(Vx~, iV] .
h=mn

We shalldecompose p into 0(1) sums of the ji-type weight, which is defined

in section6. In order to apply Lemma 6, we introduce the prameters u, v

and w such that

u=2x1'i

v=Nx-1'4

Then, forx<mn^2x and nej,

X?

u<^<m^2Vx<u2

Lemma 6 yields that,for x<h<^2x,

£=20?

and v<Vx <n^N<uv .



A(n')＼

On the Exceptional Set in Goldbach's Problem

2 m Kd))A(m')CE fi(e))A(nf)

=mm' nn' dim emnn'e<i dsu esu

541

We now divide the range of variables in p as follows.

de(0, u]=H2＼jH3,

ee(0, u] = H^H3,

m'e(u, oo)=Hl＼H3,

n'<E(v,cX,)=H1＼(H3＼jHi).

Here, H1=(w, oo),H2=(Q, w~＼,H3=(w, u] and #4=(m, v~＼.Thus, we may write

P(/0= 2 ( + D S 2 (SM^W(SM≪Mn')-
5=2 3 h=Tnm'nn' dim e＼n
£=2,3

nn'EiS
li=l,Z (d,e,m',n')<EH§>:HsxHU*HV
v―1,3j4 ^

Let jO2and p3 be the sums corresponding to

£=2 £=2, 3

and

J£= l ^1= 1

y=l V=4

respectively. Moreover, let ^ denote the remaining sums, so that

p(h)=p2(h)-p3(h)+Pi(h)-

We firstconsider
|O4.

We easily see that at least one of 8, a, ft or v must

be 3. Namely, at least one of d, e, m' or n' lies in the interval (w, u]. We

therefore have that p4 is splittedinto 21 sums of the jN(h; m, m;,^)-type sum,

with 3―S or (0, 2x~＼.

We proceed to p2. On writing mm' ―df and nn'―eg, we have

h=mm' nn'
nn1 GJ

m, m'>w

E p(d))A(m')C2 fi(e))A(n')

dim. e＼n
dsw eiw

S 2 Sju^K 2 ^(m'))2Me)(

h = dfeg diw m'＼f esro re
egeJ m'~>w n

S22SM<0Klog/)-

h=dfeg
d,eiw

S A(n'))

a A(m')}ft(e) {(log g)- a

m'1/
n'＼g

m' &w n' &w

Thus, pz(h) is divided into 4 sums of the jTL(h; w2N, u;4)-typesum.

We turn now to p3.
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P,W= S S (S/i(rf)M(≫≫')(aM^(≫')

h=mm' nn' d＼m e Ire
■an'^lS (Jsw esti

771'>WU<71' St)

= SZH2W)≪log/)- S A(m')}CE/i(e))A(n')

h = dfnn' m' 1/ e＼ndsw m'iw eiu

u<rn's≪

since nn'<E:3 and u<n'<v imply n>l. Hence, p3(h) is a sum of two /III(/i;

ifW, w)-type sums.

We therefore conclude that

cI<JH(w2N, w4)+jm(w2N, u)+JN(u, w, 3).

We note that

u;2iV^x8/15-£+4^x8/15-12',

Thus, Lemmas 16, 17 and 18 yield

cI<AxXF{Aq-1!2+(qA)ll2}+A2x1-t+AxXF(u + ―+― + ?)

<Ax XF{x1"+Aq-1'2+(qA)1'2} +A2x^,

as required.

Lemma 12f. Let (Xd)=Ud(D, z)) be the weights introduced in Lemma 5. Put

S=S(a, x, A, D, z)=A2
fl/2J

IS (S^M(≪+/S)≪)|8rfi8

J-1/2J x<ns2i d＼n

For any E, s>0, if AKz^D^x1" then

S AxXF{x1^+Aq-1'2+(gAy/2}+A2xX-E>

where the implied constant depends only on E and e.

Proof. We may assume <?fSA. By Lemma 5, we have

<S≪/ I(x/z^+X'JNiD1'^, z2,(0, 2*]).

Here,

zt=exp((log D) (loglog Z))-i/10).

Lemmas 15 and 18 yield that

S AxXF {Aq-'^+iqA)1'2} +A(z1zfXF

+AxXF(Di<%+- +
^

+q)
V q Zz '
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AxXF {D'^Zv+Aq-'^+iqAY12} +A2XFz12D+A2xj;Fz2

AxXF{x1>i+Aq-1/2+(qA)l/*}+Aixj:-E,

for any E>0, as required.

This completes our proof of Theorem.
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