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ON THE EXCEPTIONAL SET IN GOLDBACH’S PROBLEM

By

Hiroshi MIKAWA

1. Introduction.

Let E(x) denote the number of even integers not exceeding x that are not
representable as a sum of two primes. The Goldbach conjecture asserts FE(x)
«1. Unfortunately this is far from our reach. In 1923 G.H. Hardy and J.E.
Littlewood [4] showed, on assuming the extended Riemann hypothesis, that

(1) E(x><<x1,'2+e

for any ¢>0. After the fundamental work of I.M. Vinogradov [18], several
authors have unconditionally given the non-trivial bounds for E(x). The best
one of these is due to H.L. Montgomery and R.C. Vaughan. In 1975 they [13]
showed that there exists a positive constant 4 such that

E(x)gx!0.

Chen J.-r. [2] gave an explicit value of 9, which is very small.
In 1973 K. Ramachandra [16] proved that, for any A>0,

(2) E(x+x"—E(x)<x%log x) 4
providing

7 _
(3) E<0;1 .

This bound 7/12 comes from a zero density estimate for the Dirichlet L-series.
In 1981 Lou S.-t. and Yao Q. [9] attempted to sharpen the inequality (2). Later
Yao [20] replaced, in the same range of ¢ as (3), the right hand side of (2)
by x?¢-® with some §>0.

It is of some interest, from the point of veiw of (1), to demonstrate the
formula (2) for @ less than 1/2. We shall present such a result.

THEOREM. Let A>0 and 7/48<0<1 be given. Then we have
Ex+x9—E(x)<x%log x)™
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where the implied constant depends only on A and 0.

This work is inspired by the article of D. Wolke [19]. On combining the
argument of [16] with the result of [19], one may prove our assertion for
0>(7/12)-(5/8), which is less than 1/2 surely. We appeal to the device of H.
Iwaniec and M. Jutila [7]. See also [14]. Using the method in our previous
papers [10, 117, we then conclude the bound #>(7/12)-(1/4).

Our notation is standard or self-explanatory. For a real number #, we
write ¢(x)=[x]—x+1/2, e(x)=e**** and I}xH:TEirZﬂx—nl. The convention
n~N means that N<n<N'=Z2N. p in P%) runs through the set of non-trivial

zeros of L(s, X). c¢;’s denote certain positive absolute constants. For simplicity,
we write L=log x. F in .£¥ stands for a positive numerical constant, which
is not the same at each occurrence.

I would like to thank Professor S. Uchiyama for suggestion and encourage-
ment. [ would also like to thank the referee for careful reading of this long

paper.

2. Lemmas.

LEMMA 1. Let 1<a<q, (a, 9)=1. The Hurwitz zeta-function {(s, a/q) is
regular, except for a simple pole at s=1, of residue 1. Also, it satisfies the
growth conditions :
gt+exp(c,(log log x)%); 1—ex(log x)"**<Re(s)=1+(log x)™!

Im(s)| =x
|s—1{=(log x)™*!

C(s, _a_)<< g'*+xY%(log x); Re(s)=1/2
I | Tm(s)| <=

qxC-ReO(log x); 1/2<Re(s)<1+(log x)!
e=lIm(s)i<x.

LEMMA 2. Let N(g, T, X) denote the number of zeros of L(s,X) in the
rectangle; Re(s)=zec, |Im(s)|ET. Let A>0 be given. If ¢<(logT)* and o=
1—cy(log T)~*® then

> )N(o‘, T, %)=0.

Z¢mod g
For Lemmas 1 and 2, see [15, Kap. Vil Satz 5.3. Kap. IV Satz 5.3. Kap.

X Satz 4.2. Anhang Satz 9.1. Kap. Wl Satz 6.2.]. The following Lemma 3
is due to H.L. Montgomety [12, Theorem 12.1] and M. N. Huxley [5]. Lemma
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4 follows from [12, Theorem 7.6] immediately.

LEMMA 3. Let 1/2<50<1. For any ¢>0,

2 Mo, T, H)K(@T)**+» = "(log ¢T)*

2 (mod ¢)

where the implied constant depends only on .

LEMMA 4. For k=1, 2,
> EVX(n)/l(n)n"’l”<<(qT+N’*)N’*“—2°>(log gN ).

X (mod X
D Rep(p) 20
1mcey 1T

Let £ be a non-negative arithmetical function with a compact support, and
P a set of primes. For z>2, put
S, e, 0= 3 La
(a,P(z))=1

where
Pz)=T1Ip.
p<z
pEP

Suppose that, for a square-free d composed by primes =@,

Q)= w(d)

a=o0(mod d) d

X+r(2, d)

where X is an approximation of 32(a) and w(d) is a multiplicative function
which satisfies some conditions of regularity. Write

V(z):ggf}@— 3’;—1’)7).

LEMMA 5. Let z, D>2 and s=log D/log z. For 2<s<4 we have

2e7 log(s—1
s

5@, @, 92V ()X ! +0(log log Dy )} +R.

where 7 is the Euler constant and the remainder term R has the form

R= 3 2.(D, 2)r(2, d).
a1P(z)

Here, the weights (15)=(A4(D, 2)) satisfy that
A:=0 if d=D,
[ 221 =p*(d).

Moreover, on writing z;=exp((log D)(log log D)=%/%%), if 2,#0 for d>z,z then i,
1s decomposed into the shape
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Ll
h=logD m Ppsp<Pp’
d=mp

where

2, P, <D, P,=Pyzy, and la(h, m)|<1.

This is the Rosser-Iwaniec linear sieve [6, 14]. We explain the decomposi-
tion (2.1). It follows from [6, 14] that if 1,0 then d is the form

d=v or vp,- p,.

Here,

vz, D;<p; <Dz

v| P(z,) p:| P(2)/P(z,),
(Dy, -+, D) is a subsequence of (2,z,"),-, such that

Dyz--=D,,
Dy Dy_\Dy2<D for all 1<i<r/2.

Moreover, the coefficient of d depends only on v and (D, ---, D,). And, the
number of (D, ---, D,)’s is at most log D.

Now, if d>z,z then zz<d=vp, - p,<z,2", whence r=2. Thus, D)<
D.D,*<D. Since D;=z, we obtain (2.1).
Next lemma is the combinatrial identity of R.C. Vaughan [17].

LEMMA 6. [If Y<ILXY then

A= 3 (=

l=mn\dim
n>Y d=<X

() Aln).

LEMMA 7. Let 1<A<x/2. For arbitrary complex numbers a,, put

7=(S)1" 1 5 awtmizag.

~1/24 z<ns2zx

Then we have
2x N 3 2
5<|71 2 elrat+2( sup lanl)’

t<nst+ zns2r
LEMMA 8. Under the assumption of Lemma 7, we have

ggA 2 |an}2+2Re0(ZA(A_r) 2 2 amdn

r<n<2zr T<

2
<A S laltAsup| £ S Gaar | +8% sup lanl)
zlns2y t<4d

0<r st x<ns2x r<ns2x

Le{nma 7 is [3, Lemma 1] and Lemma 8 follows from a familiar Fourier
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integral. We, however, reproduce the proof. It is well known that

max(0, A=z =" K(y, Detxy)dy

where
- _(SinmAy
Ky, &)=
Put
D= <2 > @nd, max0, A—|m—n|),
2r
s={71_5 el
x t<n,
and

R:A3( sup ]an|>z.

r<ns2r

We shall show $=9+0(R)and 9=9F, from which Lemmas follow immediately.
Now,

22-4 x<t<2x—A
«SZS =3 X and, meas.{t: m—AZi<m
z zlm, ns2x 4A§t<n

We note that meas.{t} =0 for |m—n|=A. If x+A<m, n<2x—A then meas.
{t} =A—|m—n|. Otherwise, the number of (m, n) is O(A%. Also, meas.{t} <A
trivially. We thus have

x+d<m,ns2x—4

Im—ni<d

=2 3 and,max0, A—|m—n|)+OR)

r<m, n<2x
=9+0(R).

Moreover,

i l

o={" K@ 0| 3, ae@nldp

v

1/24 2
L) B v

-1/2A

l 1

since K(y, A)=(A/2)? for |y|<1/2A.

4 reminds us of Circle method or Saddle point method. Also 9, Dispersion
method or Kloostermania. &, Large sieve or Dirichlet polynomial methods.
This observation makes a feature of our argument below.
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3. Proof of Theorem.

Let x be a sufficiently large parameter. We take y=Y?1(1/4<§,<1/2) and
Y =x%(7/12<0,<2/3), so that y=x% 7/48<6<1/3. Put X=(x, x+y], A=
(2Y,4Y 7] and 8=(x—3Y, x—2Y]. Our aim is to give a lower bound of the sum

Q:Q(Zk)=2k_2+ logp,
P

for 2k X. Moreover, define

S=82k, 2)= 2k=§+n log p

pe
(n, P2k, 2))=1

where
@@k, 2)=T1] p.
;?2217
Suppose that
3.1) @yyr<z<ye,

Since 2k= X and p= @ imply n=2-k—p<=_A, n counted by S has at most two
prime factors =z. We thus have

S—G= 3 (log p)p'(n)
2k=p+n
PESB
where

p’im= 2 1.
n=pp’
z2Epsp’

For any /e,
~AGm) An)
=mn logm logn
A Ay
i=mn_ logm logn

VEY<ns4Y /2

1
iog (V/2) Togz 123, 1M

JHOES

AN

A

=5p(), say.

Here, 9=(+/2Y, 4Y/z]. We therefore have our fundamental inequality

(3.2 S—0<£E& k_Z (log p)p(n)
Zz;—epgn
=0, say.

We proceed to evaluate £ by means of Circle method. Define

Q:le_z
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Q.=(og ¥)?
4 a 1 a 1
M= loo  laa=[S—— 4]
ooad e o AT qQ
m=[1/Q, 1+1/Q1\M,

where D is a constant specified later, and =* stands for the restriction (a, ¢)=1.
Furtheremore,

T(@)=& 3 pn)elan),
W(a)= X (log pelap).
PEB

For a=a/q+p<1, ., we write

V=2 2, (oo n)- D)t

o)
where
1 8y
]1:7 lOg( ZZ )
Then,
Q:S TW(@e(—2ka)da
S(T(m V@)W(a)e(—2ka)da
—}-SMV(a)W(a)e(—%a)da
+S T(@W (@)e(—2ka)da
(3.3) —0,—%,—N,, say.

We first consider 2,.

zq] Sl/qQ gr §aa) ( E e(ﬁn))(p,?ﬁ(log p)e<(%+ﬁ)p>>

o= & )T olg)

l‘éM

q

Xe(—Zk(ﬁ +8))d8

- ¢ 1z
—EI'S 3, (log pleq(p—25)- 2§ el(n+p—20)B)df
020, 9(9) » 1y

+O<"P2 Dl S, Slz Ee(ﬁn)I!W +ﬁ ldﬁ

qsQ; SD() a=1 1/gQ ned

The above O-term is
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KLY (@Q-Y.L

qs@Qy
(3.4) LY.,

2k=X and pe B imply 2k— pe A, namely

s Si/lzlze((n+p—2k)ﬁ)dﬁzl .

ned

Hence the main contribution of 2, is equal to

ery M0 s au(L) 3 legpro(c 3

050, (g) 4

d,2k) =1 »

=Y&lr 3 ”ZE"; cq(2h)

3.9 +O( dg}zl —3 <Zp}sx~zY10g b= o(d) L!_YS“)

(d,2k)=1 p=2k(d)

By Lemmas 2 and 3, the above O-term is
(3.6) «Y L%,
for any E>0. Put

@.7) Ro=N,20)=Y ET" 33 "‘ZE‘]; co(2k).

Then, by [15, Kap. VI p. 2017, we see

(3.8) 3 R2EPC VIO,
2k K

In conjuction with (3.4)-(3.7) we obtain

3.9 2,=CQRrLYEM—R,+0Y L),
where

s@n=211(1- )11(7’ 1).

PS5 (p— 1)2 p—2

Next we consider R,. Let Iy o, 1,.CM, a’/q’#+a/q.

I, o then we find

259 o(d)

@) 5y e
o0 50)
T )ro@.ry

If a'=ly 4 and as
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etz 3 e
4 11
g9 ¢'Q qQ
=(2Q)".
We therefore have
2k25ﬂm1(2k)2

<[, V@W@lda) +y 3 3], 1V@W@da)

05Q a=1
«Qe] V@ ldal 1W@da
+ysup | V@W@lda| V@W@]da
ag=1)T.a "
1/2
«Qvie4yrns sup (| (v@ltda)”,
(z;,iqélzl Iga

by Cauchy’s inequality. Here we appeal to the following lemma. We shall
prove Lemma 9 in the next section.

LEMMA 9. Let ¢, B, E>0 be given. If YV <AZSY'? and 4Y /z<Y 3/

A? 1/24d
S—I/ZA
uniformly for (a, 9)=1 and q<(log V). Here the implied constant depends only
on g, B and E.

then

V(—Z—+ﬁ)\zdﬁ<A2YJ-E

Now, we take 2A=Q and
(3.10) z=Y /1849

with a sufficiently small 6>0. Then this choice of z satisfies the assumption
of Lemma 9, also (3.1). We thus obtain

(3.11) SRR yYELE
skeX

for any E>0.
We turn to R,. For 2A<y, we have
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2 ’ 4 H ] ’
2 el [ 1@ W) 1 T@w @ min(y, T al )4 da

<<A(Sm | T(@W ()| da)z

+5{ 1T@w@i(] | @)W ()l de')da

m
la’—als1/24

<Al 1T@da| W@ da

+(sup| @) 1rde) ([ 1T@1da)™] 1Wia)tda

acm Jm
ia'—als1/24
1/24 1/2
(3.12) <AV L4 yYslu*ﬁsup(g I T(a+)1dp) ",
aem\)-1/24
since T(a) has the period 1.

We now use the following lemma. We postpone the proof of Lemma 10
until the final section.

LEMMA 10. Let 1<A<Y'2. Suppose that |a—a/q|<1/q® with (a, g)=1.
Let E, e>0 be given. If 4Y /z<Y*¥'®-¢ then

124
AZSIj/wIT(“'*‘ﬁ)|2d13<<AYI’"{Y““—{—Aq‘”z-}—(qA)”Z}+A2Y,£-E
where the implied constant depends only on E and .

We take A=y0Q,"'=0QQ,. The assumption of Lemma 10 is satisfied, because
of (3.10). For any a=m there exist a and ¢ such that |a—a/q|<1/¢% (a, g)=1
and Q,<¢<Q. Thus, Lemma 10 yields

124

supA”g” | T(a+B)|2dB< sup AY LE{Y V44 AgH24(gA?) +AY L-F

acm ~1/24 Q1<q<Q

<<A2Y-£FQ1—1/2‘
Combining this with (3.12) we obtain

(3.13) > §R2(2k)2<<yYZIFQ1‘”“.
2re X
For any given E£>0, we take D=4(E+F). Then (3.8), (3.11) and (3.13) become
(3.14) 3 S MR YYILE,
i=0 2kEH

Finally we calculate £7°. Because of (3.10),
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o (1/2)log(8Y /2%)-(log ¥)
(log ¥)5I'= log(Y/z)-log z

_ (1/2)-(1/15)
= (8/15)-(7/15)

+9.

(3.15) <%+51,

for sufficiently large Y and small 4,. In conjunction with (3.3), (3.9), (3.14) and
(3.15) we therefore have

PROPOSITION 1.
Q<(i +3 )@(2/@)—Y—~ — R A0 (log Y))
=\7 '™ logl &7 :
Here, R.’s satisfy (3.14).

In the next stage of the proof we use Sieve method. We remember

S= X log p= 2 log p.
2k=p+n pPESR
< @k—p, P (2R, 2)) =1
i, 92k, 2))=1

For d with (d, 2k)=1, put

(B, d, 2k)= 2 log p—l—
=]

P'fpzk(d) gD(d)
= 2 logp———.
Zka%;%}n gp(d)

Then Lemma 5 yields, on taking D=Y'-9>z2?,

2 (1 (D Y002

+ 2 Zdr(gr d’ 2k>
(d,2k) =1
a<b

(3.16) :II+2, say.
We first consider 2.
Aa
= S Hh—Y _ne
B S L Y
P

=B, 3, 0=V B B L e

g g]é’;-@n <D ql 90 (]

+0((d,2§>l %l 3 log $)
a<D P=2k(d)
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=3, (logp) Z2)—Y 3 u<q>(2
rES

i 0<21 ¢(q) ) “d2k)

Aa
d
l(g)]
DL 4+Y 2
+O< Lo .[Qx<2q<D o(g)q el k)l)
(3.17) =Z—Z,+%R,, say.
By [15, Kap. VI], as before, we see
(3.18) D) R\ LYYELQ .
2kEB
We next appeal to Circle method. Put
S(a)= 23 ( 2 Ag)e(an).
"
For a=a/q+B<1, ., we write
Aa
U@=3, <zzd>e(;n) (2 “5))etBn).

We then have

7= g  StaW(ae(—2ka)da
SM(S(a) Ula)W(a)e(—2ka)da
+SMU(a)W(a)e(—2ka)da

+Sm S(aW(a)e(—2ka)da

(3.19) =Z,+R+R;, say.
By the argument similar to that for £, we infer that

(3.20) Zy=2,+0Y L™,

/s
2 R 2Ly LQ YL +yY3/Z.L’3 sup (51 lU(a)IZdoz)l 2,

7. a
/24

IR RPN +yw/2._ﬁsup(5‘ 15(a+ﬁ)|2dﬁ)

We now use the following lemmas, which will be proven later.

LEMMA 11. In Lemma 9, replace the sum V and the condition 4Y /z<Y*®/'°
by U and DZY'"¢, respectively. Then, the resulting assertion holds true.

LEMMA 12. In Lemma 10, replace the sum T and the condition 4Y /z<Y3/15~¢
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by S and DZY'%, respectively. Then, the resulting assertion holds true.
On taking the parameters as before, we find
(3.21) > B REPLIYILE,
i=3 2keX
for any E£>0. In conjunction with (3.17)-(3.20) we obtain

(3.22) = émiJrO(YJ'“)-

We turn now to IJ. By Mertens’ theorem,

1 . =1 p(p—=2)\ 4 (11

—1
=052 () 1, ()

2<p<z
(1= L. _ 1 =1
_p<1a(l p> 22<1_p[<z<l (p—l)z)zgz(p—z)
e’ »

~Togz S2R)1+0(log 2)7Y).

Thus,
. e 2e¢" log(log D/logz—1) o
II=82k)Y logz log D/log z (1+0((log log Y')~*)

(3.23) =BG2kR)Y -K, say.

Since log x>1—1/x for x>1, we see

) . __zligr(liqgl)/logz—rl)ﬂ o
(logY)K= log D/log Y (14+0((log logY)™))

;210g<175——l>——52
L,

for sufficiently large Y and small d,. Hence, (3.23) becomes

S2kR)Y
logY ~

1
11> (4 =)
Combining this with (3.16) and (3.22) we therefore obtain

PROPOSITION 2.
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3>(l~5 )®<2k>~y~+ 9, +0(Y (log ¥~
;% logy T 2Nt Olog ).

Here R;’s satisfy (3.21).

In conjunction with (3.2), Propositions 1 and 2, we finally have

> logp >SQ2k)—(2k)

2k=p+
PESB
>(i—l—<a 43 >)@(2k>-~L+ 310,28+ 0V (log ¥ )™)
g 7 0o gV T &%
8QRRY |
(3.22) >S8R+ R2w),

for sufficiently large Y. Here, R(2k)=235_, R:(2k).

We shall derive Theorem from (3.22), (3.14) and (3.19). We first note
S(2k)>c;5, see [15, Kap. VI]. Let &€ denote the exceptional set in Goldbach’s
problem. For all 2k=¢&, the left hand side of (3.22) is zero. If [R2R)|<
&(2k)Y /11 logY for some 2k = X =(x, x+y], then the right hand side of (3.22)
is posititive, whence 2k£&NX. Consecuently, it follows from (3.14) and (3.19)
that, for any A>0,

Yy R(2R)|
#em‘x<logY) <<zke§rm(‘ ol
< 2 IR2kR)?
2kEX
<<yY2=£’—(A+2)
or
E(x+y)—E(x)=#ENXLyL™,
as required.

This completes our proof of Theorem, apart from the verification of Lemmas
9, 10, 11 and 12.

4. Major arc.
Let ¢/, B>0 be given. Throughout this section we assume
4.1 x4 KAL K, (g, 9)=1, g¢=(log x)*.

We use the convention
“2x
=710 8 g @1t =12,

We call f(t, 4, ¢, a) “admissible” if for any £>0
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[fle<A?x L

where the implied constant depends only on ¢/, B and E. An admissible func-
tion is abbreviated to “A.R.” in a formula. Under the assumption (4.1) we
shall show Lemmas 9' and 11' below. By Lemma 7, Lemmas 9 and 11 follow
from Lemmas 9' and 11!, respectively.

LEMMA 9'. Define

v=v(t, A, q, a; M, N)= };‘

If x"P<MINZX® then

ProoF. The terms with (mn, ¢)>1 contribute to v at most

S AmAmE S A<m>(nA_1+1),c

(mn,q >1 £ gxl—e
z<mnqs /+A ZEEMLE
s<m, ngxl—e (m,gy>1

L(Ax—s+1).03,

which is admissible trivially. We then have

v*—Z‘,X(a)T(X) > Xmm)Am)A(n)+A. R..
#(9) 1 empzy+

Here y=(M, N]. By the explicit formula [15, Kap. VI Satz 4.4.7,

X(m)A(m):Eo%

t/ngmst+dy/n
({+A)y—¢e
\Im%;ol\izz Tl’op
x/n . . ~x/n
—l—O( ~~»*(log gx)F+(log qx)] Py lmm(l, i+ A nl )

where E,=1 when X is the principal character and E,=0 otherwise. Thus,

_ D 4 Aln)
so(q) Je,
(t+4) —t* o Xn)A(n)
90(6}) 2%(0)7(7)%&()1@12 o 2 ne

+0(Vyg <x3x-‘+J2j§l 2, min(L, }';”({%%j/ﬁ ” )))+AR.
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(@) N
= —(%(Z—)A log(jv-[)

—Loswaen( m o+ 3 )0eNe

SD(Q) @ 1Imp(p)|§r x(l]rex((p)\éxz
_ 1
2 H . .
—I—O(\/ qL jzzoglngj mm(l, X A ))-1—14. R.
4.2) =v,—(v;4v,)+0ws)+A. R., say,
where

N(s, )= ax(n)/l(n)n‘s,

0(s)=0(s, 1, A)= (f*é;i:ﬁ_

First we consider v,.
. 3r B 1 -
v &V gL ngjgx mm(l, wxli/nl )a’t

sz/n

<<\/7]’,[2n§7x“g min(nx, Tzle)du

r/n
<V gLt

Since v,< ¢ L3N trivially, we have

4.3) lvsl. K gNLE.

Hence v, is admissible.
We proceed to v,. We note that the number of p with T<|Im(p)|<T+1
is O(log T). By partial summation and Lemma 4, we then have

2x ie 2
2 —Np, 0| dt
x<lle1]1((x/3)¥§.7;2
xl+2Re(,a) N x . 1
i@ _ @ o]t | Mo, 1) llmff;'%\)glz 1+]o'+p!

z<IIm(p) 1222

PR, ES
@

x

1+20
<<=£51.<Sg<p2.'XUT—(qU+AM)M1_ZUoC12
0501

<<,£'1751;p((]]\/[([-}\(:]—)20 +N%>M—l>
(4.4) Lgx*r Ly,

Because of (4.1), v, is also admissible.
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+4
We turn now to v,. We write 0(p)=gl Nu"’"du-l*‘ for [Im(p)| < x/A. On
1

splitting the remaining range of |Im(p)| into intervals ((x/A)2/, (x/A)27*'], we
use Cauchy’s inequality. Thus,

200N, Bl (5 45 w1 Np, 1)1t

Im(o)lsr/d

3x 1e 2
E S N(p, 0)| dt
! Uq/z U<i]m(p)lS2U
x1+zRe(p) .
&L sup 2 1IN, V).
z/dsUsx oD [J
Im (o) 15U
Hence, by partial summation,
o <=L > | 21 ON|,
o(g) i@ o
1420
L su N(o, 1)|?
< @/ iglgz U i@ p((%)a | Mo, ]
s Tm () 18U
4.5) =.L°% sup x'**UK,U), say.
=zt

In case of 02¢<1/2 Lemma 4 yields
K;U)L L (qU+N)N'27,

since 1—2¢, 2—2¢=0. Moreover the supremum over U is attained at U =x/A.
This contributes to [v,],

B 2,.20-1 i TYA/1-20
L LY sup Ax (qA +N )1\

0s0s1/2
((J’FA”insuuge/z %(%)2““1_‘_(%)%_2)
\<A2x.£’P<A +%>
6 LA R,

In another case 1/2=<¢<1, Lemma 2 yields that the supremum may be taken
over 1/2<¢<1—7(x) only, where np(x)=c,(log x)~**. Furtheremore, by Lemmas
3 and 4, we have

ros(s 5 05 s iz or)”

@ e X@ oM
Re(p) zo Re(p) =20
1Im (o) 1 U {Im (o) 1 U

<<.£F(((IU>k(l U))I/Z( Sup (qU+V )V2(1 ZU))]/Z'

M<V<N
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Here £>12/5. We see the supremum over U is attained at UU=x/A again.
Then, since x/A<M?® and 1—¢=0, we have that the contribution to |v,|, is
at most

We now note that
1,121 8 1
-D37tE")=5
Hence, there exists a constant £>0 such that

<%)k/4—jg\c/:gx_$.

Thus (4.7) becomes

LAxg.LF  sup xHU-O

1/250s1-7(2)
LA xq.LF exp(—cq(log x)747%)
(4.8) LA x L7E,

for any E>0.
In conjunction with (4.5), (4.6) and (4.8), v, is admissible. Combining this
with (4.2), (4.3) and (4.4), we conclude that v—uv, is also admissible, as required.

LEMMA 11'. Define, for arbitrary sequence (14) with |24] <1,

u=ult, 4, g, a5 D=3 (S1e(n).

<nst+d din
a<D

For any ¢>0, if D<x'"® then

Proor. Put
o a »
f9= 2 (Fae(n)n™,
da<D

which is absolutely convergent for Re(s)>1, since | f(s)| £L%(Re(s)). On writing
n=dm, m=(d, ¢q)l and ¢=(d, ¢)v, we eliminate » and m. Then the conditions
on [ and » are

rlq, (I, r=1.
Thus, we have
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fO=5 5 Br 3 (L2 4y

a<D r|q b=1 l_:gb>(o” q r v
= B E(Zae( Y 5 )
(4.9) :% =2 *D(s, g)((s, —), say

Hence f(s) is regular, except for a simple pole at s=1. By Perron’s formula
[15, Anhang Satz 3.1.7,

= o 0 ds +O(C10g 7,

where ¢=1+(log x)"!. Now,

D(s, $)= S+ =D,4D, say.

dsz/4 z/4<d<D

Let the corresponding expressions be f, and f, respectively. Put p=p(x)=
co(log x)=*®., On moving the line of integration, we have

u=I§gls F(s)8(s)

1 1 iz
st f@osas+o([ 1100 1ds)
%;Si::i:f2<s>0<s>ds+o(5jfi‘i”ff2<s>0<s>| |ds|)+A.R.
(4.10)  =wuotu,+u,+0(uy)+A. R., say
First,
r b 2
an acretp 20, )iz h)

Since 6(s)«xRe®-1 for |Im(s)|=x, we have

us& Sup |f,(o+zx)|x" -t
] 1

& sup é*D‘““JlC oi—z'x, g) x0!

1/2565c r|q b=1

& sup q‘ZIZ(Dx—2/3)1-U

1/2s0sc¢
<<q2x1/s ,

by Lemma 1. Hence, because of (4.1), u, is admissible.
We proceed to u,. Lemma 1 yields that
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Dy(s, g)C(s, g)‘zms\
(s N

1/2+1U

[, K L2 39D (%)2 3%

12-1U

L.L? sup £>2 é* su
z/dsysz\U /7 P

o 20

=

4

I

-
L ey

(4.13) <<,55A2q(—z—)“3.

Since A=xY***, u, is admissible.
We turn now to u,. As before, by Lemma 1, we have

o DG )

Lq.Ltexp(2¢,(log log x)*)x%%7 sup U U+ N)N'-20-D
x/dsUszx
/4N D

T +iU
[tz ], <<.=£’2 Sup FARE L TS Z V ' [ds]

4sUszx r1gq b=1 p=iU

< gL exp (2¢,(log log x)ﬁ)A?x(%)”’ .

Since n=c,(log x)=*/*, D<x'-° and ¢=(log x)?, we finally obtain
(4.14) Uy ], K A%x exp(—ecy(log x)~Y¢).

Thus, u, is also admissible.
In conjunction with (4.10)-(4.14), we have

u=u,+A.R.,
as required.

5. Auxiliary results.

In this section we provide for the proof of Lemmas 16 and 17 in the next
section. For real numbers a, b and ¢, a<bh, we set

D(a, b; o)=¢b—c)—¢la—c)
=[b—c]—La—c]—(b—a).
Let a, B, 7 and § be arbitrary sequences with modulus <1. Moreover, let 1

denote the arithmetical function 1(n)=1 or =log n. We consider the following
linear forms involving @.

=F(K,D, M, N; x,s,1)
=3 3 3 3 aufnln)d, q)(

0<ksK d~Dm~M n~
(d,mn)=)
mn<l

max(x ds, mns) ermn)
dmn d 7/’
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FB=FK, D, M, N; x,s, 1)
max(x, ds, mns) d

= 2 3 % 5 abaradid( N e
0<k <K d~Dd1n~1i€ n1 mn dmn mn
¢ mn<t~

Here, 1<K, D, M, N&x, MN<t and s<2x/D, 2x/MN.
Our aim is to prove FKKx'"%, ¢>0. Since FKKDMN trivially, we assume

(5.1) DMN > x'-%,

LEMMA 13. For any ¢>0, if MN, DML x%* 4 then
FL«Kxt-e.

PrROOF. We appeal to the Erdés-Turan inequality [8, Lemme 2], which
runs as follows. For arbitrary real numbers x, and H >2,

lE¢(xn)]<< + E —13}@(/1“)[.

=a h

Now, by partial summation, we have

S o, (3 00 2o+ )

mn<t
St Bl B )

] d)l

LL s

Y2
,[

p
Dy
2N

u
!
It follows from the argument of [11, p. 37] that

K
R<rL D};\/[A_]_ 5 2 (1+

0<h=H h )T(h)KM(DE/2+D1/2N)

DMN

KDMN

<L (14 Kt

DMN)
On taking H=DMN/x'-*¢>2, because of (5.1), we obtain Lemma 13.

LEMMA 14. For any ¢>0, if D, MNZx%%~* and N=xY"® then
o Kx'-¢.

Proor. We follow the argument of [11] with a minor modification. We
use a well known Fourier expansion. For H>2,

e(hb) e(ha)

0<imIsH 2mih

(5.2) D(a, b; ¢)= e(—hc)

+O(min(1, 1/H|b—c|)+min(l, 1/H|la—c])).
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Also,
(5.3) min(l, 1/Hl|x )= 2} Ane(hx)
hez
where
| An| €min IOI%H ) %)

Now, @ in F, is expressed as a sum of the main part of Fourier series,
say @/, and the tail part, say @”. On putting the resulting linear forms to
F,’ and F,”, we may write

Fg Fz _‘l"Fg .

First we consider F,”. (5.3) yields that

Presia(| B 5 2 5 e 28 Yo e )|

0<E=K deDm~M n~N \dmn l
(d,mn)=1
h max(x, ds, mns) d
+ =, o T e~k )])
0<ksK d~Dm~HM n~N dmn mn
(d,mn=1)

='¥|AhIS(h), say.

Summing by parts, we see

hx | d
SON 0<k25K mgM ngN(l_*— DMN>JCSE%ED]I @ t%f):le(hk mn >b
By the same argument as that in [11, (17)(18)] with ¢=1, we then obtain

Fr ¢ Kxt 2o L3 *K{(MN) >4+ D(MN )%} .
Here we have taken H=DMNx?*~1>2, because of (5.1). Since D, MN<x*/*-*,

we have
Fr«Kx'-e.
We turn now to Fy. By (5.2),

2 — dMminkr
F/= a 9
0<k<K d~Dm~N n~N
d,mn)=1
mnst

2rg/dmn h dy d
X 0<l§1§ﬂgmax(x, ds,mns)yg/dmn Q(E J’)—g_ .e<—hk mn )’

where g is arbitrary. After some elementary rearrengement, we reach the
inequality

(5.4) F'<

DMN% g Z ! = 2 B(h B, n)e(
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where the supremum is over all arithmetical functions B with |B|<1. To
deal with the condition mn<1{, we use a lemma in Fourier analysis [1, Lemma
2.2.7, which runs as follows. lLet a, be arbitrary finite sequence. If X<V
then

Sa=[" 50, v)|Saweon)|d0.

Here, the kernel f=0 satisfies
g‘” £(8, V)do<log V.

Now, applying this lemma with Y =t/M, we may remove the condition
mn<t in (5.4) with the cost of (log x) time. Thus, the method in [11, p. 38,
39] is applicable. We therefore have

F2’<<.[JC3E {(KDA[)uzx1/2-s_*_szs/z(Dl/zlw5/4]\(73/2+DA/[3/4N’1/2>}.
Since DM < x8/18-4e, x1b-de— x1-8¢  the above first term is
<<Ix3£K1/2x1—ﬁe
LKKxt-c.

We may assume M=N, because of the symmetry of F,, so that M=(MN)/2.
Hence, the second term is

L Kx{DA*(MN P28 - D(MN)Y2 M 114}
<<Kxee{(xs/ls—u)w/s_|_(x8/15—45)3/2(x7/15—4e)1/4}
LKxt—®

We thus obtain Lemma 14.

6. Minor arc, preliminaries.

In this section we provide for the final section. We re-present the method
of [10] with a few simplifications. Let a(n), b(n) and ¢(n) be arbitrary arith-
metical functions which are bounded by

e (n) (log n)®s.

Also, 1(n)=1 or =logn. Furthermore, we put

JI(h; )= 2 ald),
hgt
jllh; D, V)= 3 10a(ml(n),

mnsD
msV
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ji(h; D, U)= 2 1a(mb(n),

mnsD
m,nzU

jV; U, V, J):h 2 a(m)b(n)c(k).
BImil
mked

Here, s, D, U, V’s are parameters and 4 is an interval. We are devoted to
estimating the mean value of trigonometrical sums

Jitx)=Jila, x, A; %)= Azg "5 Jith; ®)e((a+pB)h)|*dB

1/24 z<nhsex

(=1, 11, m, 1)
under the assumption

61). la—%‘é% with (g, =1 and l<g<A<x/2.

LEMMA 15. For any ¢>0,

J () €Az LT{AG™*+(qA) "} +A2(§>Zﬂ+mxe :

PROOF. On writing w,=j 1(n; s), Lemma 8 yields that

JIAS |w,|? +Asupl > e(ar)Ew Waer | +A(SUP| Wr])?

n~x tsd oLrst ~Z
(6.2) LAx LT+ Asup| | +A%x®
where
max(x, d;s, d,s)<n<2x
PIES e(ar) 2 E a(d, )a(dz)#{ n=0(mod d,) +0(A%x°).
0T st n=r(mod d,)

The above simultaneous congruences are soluble if and only if (d,, d,)|r. We
write d;*=d;/(d,, d,) and r*=r/(d,, d,). We then have, with the notation in
section 5, that

max(x, d,s, dzs) dl 2x
= l: 1<
#in) =#{ [dy, do] " HE T aa)
_ 2x—max(x, ds, d»s) 2x max (x, d,s, dzs) d"i
[d,, do] (g ag T dads )
=0,+P, say.

If d, or dy,>2x/s then #{n}=0. Hence
D=2 elar) 2 3 a(d)a(d)(D,+P)+0(Ax°)
o<rst dy,dgs2x/8

(dy,d9) 1T

(6.3) =25+2:+0(Ax?), say.



On the Exceptional Set in Goldbach’s Problem

It follows from [15, Kap. IV Lemma 6.3.] that

d,
PSP m——la[(d )(;(?Z)i— ) e(ar))
(14'1,%72)2/[& e W@y
la@)| ey, . (A 1
<<"0<5%4(5d§%/37*’)5 min( %, uaan)
J%d)l 4 i 1/2 é . A 1 1/2
<<"(a§(5d§;§f : )0 (2,505 uaau))
. A 1/2
(6.4) <xLrar( )

Also, since @<«1,
2 <<A(d<§/s la(d)])?

XN o
(6.5) <<A(?) L7,
In conjunction with (6.2)-(6.5) we obtain Lemma 15.

LEMMA 16. For any ¢>0, if DV <x%*%¢ then

JI(D, V)KAxLT{AG™ 2 +(gA) %} +A%x = 4 A'x*,

ProOOF. We have, by the same argument as before, that

(6.6) JU €Ax LT {Ag Y24 (gA)V?} +A%x¢
+A LTV sup |35,
sgilé/gw.
where

2= te(ar) > me(dl)w(dﬁ

[ dy,d9=min(2x/8,

(d1,d) 17T
2x max(x, dis, d,s) *ﬁ
X(D([dl, .1’ [d,, 4] " d*;)
with
w(d):dwﬁu_“n’ a(mHI(n’).
LV
Write

(dy, d3)=0,

d,=0mn, d0=ef, m'=em, n'=fn,
d,=dd,

r¥=rF.

We then find
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S=P RN, B %, B, cemlfnued)
V

2x/8 max(x/d, mns, ds)  ‘mn
qj(mnd’ mnd P A d >

On breaking up the ranges for m, n and d into O((log x)*) intervals of the
shape [2¢, 2i*'], we conclude that

S, 5 5 2 aalnd

Derg,,

| .l 151 [0 <4/8 d~D' m~M
5 I\'re 75«6 rEal (m n)=1
M< mnsu
=xf3  sup Fl— D’MZ\/,a, , >|,

é<d D', szsn/5
M=
where F, is defined in section 5. Since

2!{ 2—<_ _x_)Z/S—ss’
0 a7 \d

pexg (5037

LAx*-e.

Lemma 13 yields

Combining this with (6.6) we obtain Lemma 16.

LEMMA 17. For any ¢>0, if DZx8%-12¢ gnd U=x"® then

JI(D, U)K Ax LT {Ag™ P 4(gA) *} +A%x '~ -+ A%x®
Proor. It suffices to show

> sup
dsd u,D' ,MNsD/§
M, N>max(U/3 1)

sszx!

A2

I g )|,

When 6>D?x?*-!, we use the trivial bound

R %-(%)2.

Otherwise, we make use of Lemma 14. Since

D) 23"

Lemma 14 yields

Re(2)e.
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We therefore have

SswplBI< 3 (%)xHUr 5 <%)( )2

s=ptgiel
LAxTE

as required.
LEMMA 18.

A
JNVU, V, J)«AXIF(U+%'+V—I-(]>.

ProoF. We may assume U=<A, for otherwise Lemma is trivial. We split
the ranges for m, n and % into O((log x)*) intervals of the form (M, 2M7],
(N, 2N7] and (K, 2K, so that

x&MNK<«x and VEMZLU.
Using Cauchy’s inequality twice, we have

1/24 2
6.7y JINL.LT ,sup M3 Azg A.Eﬁk;ib(n)c(k)e((aJrﬁ)mnk)! dp

=M= m~M -1/2
LM NELz
mked

LLsup M- ], say.
By Lemma 8,

JLZ A 3 (2 (b))

m~M NKIIs4NK l=nk

+. 2, g}nk_;‘,’z’ [b(n)e(k)bo(n )e(k) -1 2 max(0, A—mr)e(amr)|

0rs m~
, km, k' med
kb ~K
LA LYMNK
+NK.LF 3 sup| 323 max (0, A—mr)e(amr)]
or=d 4 7&;“/{

KAx LYHNKLT 3 supl X (A—mr)e(amr)|
ocr=4/M I %SAZ
o<mr sd

(6.8) =AxLF+NKLT.-q, say.

Summing by parts, we have

. (A 1
_‘[<<0<T;A/MA m1n(7, m)
<<A(%+Aé/1+q),

by [15, Kap. VI Lemma 6.3.]. Combining this with (6.7) and (6.8), we finally
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obtain

. A A
INELT s, MAENICN( o))

<axrr(U+ % + é +9).

7. Minor are.

In this section we prove Lemmas 10" and 12! below, which cover Lemmas
10 and 12, respectively. Throughout this section we assume that

‘a—%{§% with (a, =1, and 1<A<x**.

LEMMA 10'. Put

B A A a Bmn) *dB.
VZ<nsN

T=9(a, x, A, N):Azg

-1/24
For any E, >0, if N<x¥'"¢ lhen
TLAx LT {x V- AG 24+ (gAV*} +APx L7F

where the implied constant depends only on E and e.

PROOF. We may assume ¢<A, for otherwise Lemma is trivial. For x<
h<2x, put

=mn
nesy

p(h):hE A(m)A(n), Id=(/x, N].

We shall decompose p into O(1) sums of the ji-type weight, which is defined
in section 6. In order to apply Lemma 6, we introduce the prameters u, v
and w such that

u=2x*

v=Nx"*
w=x¢, e=20¢.

Then, for x<mn<2x and ncd,

u<~;\€7<m§2x/?<u2 and v<+/ x <nsN<uv.

Lemma 6 yields that, for x<hZ2x,
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o= _ > (2 md)Am') 2 pe)An’).
ms
n'>v

dsu esu

We now divide the range of variables in o as follows.
d=(0, ul=H,UH,,
e=(0, u]=H,UH,,
m’ =(u, o)=H\H,,
n'e, «o)=H\(H,UH,).

Here, H,=(w, o), H,=(0, w], H;=(w, u] and H,=(u, v]. Thus, we may write

o= (=) 3 B (Jd)Am)(Z pe)An).
Z’}fl’:34 (d,e,m',n';zcltllx??{HeprxHy

Let p, and p, be the sums corresponding to

0=2 0=2
e=2 e=2,3
and R
p=1 p=1
y=1 y=4

respectively. Moreover, let p, denote the remaining sums, so that

p(h)=po(h)—ps(h)+ps(h).

We easily see that at least one of d, ¢, # or v must

We

therefore have that p, is splitted into 21 sums of the jIV(h; u, w, 4)-type sum,

with £=4 or (0, 2x].
We proceed to p,.

We first consider p,.
be 3. Namely, at least one of d, e, m" or n’ lies in the interval (w, u].

On writing mm’=df and nn’=eg, we have

p()= 2 2
h=mm' nn

nn'ey

m,m'>w
=22

h=d fe

eg

(2 d)NAm) (2 ple)An’)

dsw esw

2D 5 Am) 2 pe)( 2 An’)
g m' >w - %

InBu(d)i(log £)— 3, Am')} ple){(log )= X A(n)}

Mo
V—

——

h
,ESW m’ sw n
ged

a &l

Thus, p.(h) is divided into 4 sums of the jI(h; w®N, w*)-type sum.
We turn now to p..
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ps)= 23 31 (33 p(d)A(m")( 23 p(e) A(n”)

nn'eﬂ dsw esu
u/n §v

=Zd)f22#(d) (log f)— 2 A(m")}( 2 e A",
uz;gj e w e n

since nn'=d and u<n’Zv imply n>1. Hence, p,(h) is a sum of two jUI(h;
w®N, u)-type sums.
We therefore conclude that

TLJ I (w?N, w4 JWUwN, u)+ JIV(u, w, &).

We note that
wGNéxS/ls-s-t-lz;ng/.%—BS’

2 8/15—c+4& 8715128
WENZ x815-erie < 8/ R
u=2x14> x 1o,

Thus, Lemmas 16, 17 and 18 yield

£r<<Ax,£F{Aq"”2+(qA)"Z}+A2x‘*5+Ax.£F(u+%+$+q>
<<AJC,£'F{X“"-{—Aq“”z—l-(qA)”Z} +A2x‘"5,

as required.
LEMMA 12'. Let (A5)=(A4(D, 2)) be the weights introduced in Lemma 5. Put

s=Sa, 5,4, D, 9=2"" | 5 (Sioea+Pwidp.

-1/24 z<nsz2x d
For any E, >0, 1f 4<2®<D<x'"° then
SKAx LT x4+ Ag~  +(qA)*} +Ax L7,

where the implied constant depends only on E and e.

PrOOF. We may assume ¢<A. By Lemma 5, we have
S J L (x/z:2)4-.L2 JIV(DY4zg, 2, (0, 2x7).
Here,
z;=exp((log D)(log log D)=/,
Lemmas 15 and 18 yield that

SKAx LF{AGT P +(gA) ?} +A(z,2) LT

A A
ra 1/4 —
+Ax.L <I) Zy+ 7 + P +(])
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LAxX LF{D Yz, 4+ Ag P+ (gAY} + A LT 22D+ A x L2,
<<Ax’£'F{x1/4+Aq—1/2+((]A)l/2} _‘_Asz—E’

for any E>0, as required.

[15]
L16]

[17]
(18]

[19]
{201

This completes our proof of Theorem.
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