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ABSTRACT. We give a simpler and purely topological proof of Ernstrom’s class
formula (1997) for the degree of dual varieties. Our new proof also allows us
to obtain a formula describing the degrees of the associated varieties studied
by Gelfand, Kapranov and Zelevinsky (1994).

1. INTRODUCTION

The study of projective duality is a very rich subject in algebraic geometry. Let
V C P, be a projective variety over C. The dual V* of V is usually a hypersurface
in the dual projective space P, and it is a natural problem to determine the
degree of the hypersurface V*. Many mathematicians have obtained formulas for
the degree of V*, which is called the class of V. For example, assuming that V is
smooth, Kleiman [I0] proved a formula which expresses degV* in terms of the Chern
classes of a vector bundle on V. In this situation, an algorithm, called Cayley’s
method, to compute the defining polynomial of V* was also established by Gelfand-
Kapranov-Zelevinsky in [6]. For other useful class formulas, see the excellent survey
by Tevelev [I§]. However to the best of our knowledge, if the projective variety V is
singular, only the class formula in Ernstrom [4] is applicable. In his formula, degV*
is described by the topological integrals of the Euler obstruction of V. FErnstrém
[4] proved this formula by combining some classical deep results in enumerative
algebraic geometry, which heavily depend on the specific situation. The aim of this
paper is to give a simpler and purely topological proof of Ernstrom’s important
result in [4]. We show that this class formula can be easily obtained from a result
in his other paper [3] (see also [I3] for a new proof and its generalizations) just
by applying some elementary lemmas on constructible functions (Lemmas 2.4] and
28). Moreover this new proof allows us to extend Ernstrom’s class formula to
various situations. In particular, we apply our method to the study of the k-th
associated variety V¥ (0 < k < n — 1) studied by Gelfand-Kapranov-Zelevinsky
[6] and Ernstrém [3].

Recall that if V C P, is smooth, V{¥) is the subvariety of the Grassmann man-
ifold G, consisting of k-dimensional (linear) projective subspaces L of P, such

that there exists a point z € V' N L at which L does not intersect V transversally.
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According to Chapter Bl of [6], if V*) is a hypersurface in the Grassmann manifold
Gn,k, we can define the degree of V() to be that of its defining polynomial in
the Pliicker coordinates: V%) Gni C P(Zii)—l' In this setting, our formula in
Theorem B4 gives an expression of degV (¥} using the topological integrals of the
Euler obstruction of V. Note that in a forthcoming paper [I5], the condition on V'
for the k-th associated variety V) to be a hypersurface will be precisely studied.

Finally, let us mention that results obtained in this paper were effectively used in
[14] to deduce various concrete class formulas.

2. PRELIMINARY NOTIONS AND RESULTS

In this section, we briefly recall the theory of constructible functions and dual
varieties. We also give some lemmas which are useful in studying topological Radon
transforms.

The main reference on constructible functions is [9, Chapter IX] by Kashiwara-
Schapira, and we follow the terminology in this reference throughout this paper.
For example, for a topological space X, we denote by D%_C(X ) the derived cat-
egory of bounded complexes of sheaves of Cx-modules whose cohomologies are
R-constructible.

2.1. Constructible functions. Let X be a real analytic manifold.

Definition 2.1. We say that a Z-valued function ¢: X — Z is constructible if
there exists a locally finite family of compact subanalytic subsets {K,}aca such
that

(2.1) p=2 mMmalr,,
acA

where m,, € Z and for a subset Z C X we denote by 17 the characteristic function
of Z.
We set CF(X) ={p: X — Z | ¢ is constructible}.

For F € D% _(X), the function x(F): X — Z defined by taking the local
Euler-Poincaré index

(2:2) W(F) (@) = 3 (-1 dimHY (F,)
jez
at each x € X is constructible.
Let us define the Grothendieck group Kg_.(X) of D} __(X) to be the quotient
of the free abelian group generated by the objects in D%_ (X)) by the relations

(2.3) F=F+F" (F' - F — F” £ is a distinguished triangle).

By the property
(2.4)
F' - F—F'%  isa distinguished triangle =  x(F) = x(F’) + x(F")

of the local Euler-Poincaré index x, we obtain a group homomorphism
(2.5) x: Kp_o(X) — CF(X).

Theorem 2.2 ([9, Theorem 9.7.1]). x is an isomorphism.
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We recall basic operations of constructible functions. These operations are in-
duced by those of constructible sheaves through this Euler-Poincaré index y.

Definition 2.3. Let X and Y be real analytic manifolds and f: X — Y a real
analytic map.

(i) For a constructible function ¢ € C'F(X) with compact support, we define
the Euler (topological) integral of ¢ by

(2.6) /X o= X(X:F) (=x(R[(X:F)) €Z

where F € Kr_.(X) is given by x(F) = ¢. This Euler integral [, ¢ can
be calculated more easily as follows. If o = Y, malk, for a family of
finite compact subanalytic subsets { K, }aeca as in Definition ] then we
have

(27) /X Y= aezAmaX(Ka)'

(ii) Let ¢ € CF(X). Assume that f: supp(¢) — Y is proper. We define the
direct image ff p € CF(Y) of p by

(2.8) (/f@) (y):/)(sp'lf*l(y)'

Note that if moreover X is compact, the following diagram is commutative:

Rf«

(2.9) Kr_o(X) —=Kg_.(Y)
CF(X) CF(Y).
!
(iii) Let ¢ € CF(Y). We define the inverse image f*1) € CF(X) of ¢ by
(2.10) (f ) (@) = o(f(2)).

Clearly this operation is also compatible with the one f=!: Kg_.(Y) —
Kg_.(X) for constructible sheaves.

Lemma 2.4. Let f: X — Y be a proper map of real analytic manifolds, ¢ €
CF(X) and ¢ € CF(Y). Then we have

(2.11) (/f so) ~w/f(<P~f*¢)~

Proof. We take constructible sheaves F € D} (X)), G € D} (V) satisfying
X(F) = ¢ and x(G) = 1. Then by the projection formula for sheaves

(2.12) RE(F & [7'Q) ~ (Rf.F) & G,

we have

)

(2.13) - /f X(F) - x(f71G) = /f o F0. =

X(REF) - x(G) = x((Rf.F) & G) = X(RE(F & 171G))
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2.2. Euler obstructions. Let X be an n-dimensional smooth algebraic variety
over C and V C X an algebraic subvariety in it. Following the definition of Kashi-
wara [8], let us introduce the Euler obstruction Euy € CF(X) of V. This con-
structible function is zero outside V' and takes the value 1 on the smooth part Vieg
of V. Let V.= ||, Vo be a Whitney stratification of V' consisting of connected
strata. We define the values e, of the function Euy on the strata V, by induction
on the codimensions of the V, in V as follows:

(i) If codimy V,, = 0, then we set e, = 1.

(ii) Suppose that k = codimyV,, > 1 and that the values eg on the strata Vg
satisfying codimy Vg < k have already been defined. Then the value e, is
defined by the following procedure. First take a point xg € V,, and choose
a local coordinate system of X in which 2o = 0 and V,, = {(2/,2") €

ClxCrv |2 =0} (2 = (x1,...,24), d = codimyxV,). For a small

enough r > 0, consider the open ball
(2.14) B, ={zeC"|z| <1}

Also for a conormal vector p = (0; (§3,0)) € Ty, C" \ |54, W, set
(2.15) G, ={(2',2") € C? x C"~ | Re(a’, &) > 0}.

Then we have
(2.16) eq = Buy (z9) = Z eg - xX(BrNG,NVg).

B#a, xo€EVg

Note that this definition of Euy € CF(X) is independent of the choice of the
stratification V' = ||, Vo of V, the point o € V, and the covector p, etc. In
particular, the function Euy is constant on each stratum V.

2.3. Radon transforms of constructible functions. Let X, Y and S be real
analytic manifolds. We consider the diagram:

(2.17)

where f and g are proper morphisms.

Definition 2.5. We define the topological Radon transform of constructible func-
tions and its dual transform by

(2.18) R — / oft : CF(X)— CF(Y),
(2.19) RY — / o : CF(Y)— CF(X).
f

In this general situation, we have the following lemma.

Lemma 2.6. Consider the diagram 2I7). If we assume moreover that X andY
are compact, then we have

(2.20) /Y Rs(p) - = /X o RYW)
(

for any ¢ € CF(X) andyp € CF(Y).
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Proof. Let ax: X — {pt} and ay: Y — {pt} be the maps to a point. Then by
Lemma [2.4] we have

/YRS(<P)'1/1 = /a,, (/gf*90>.¢/ay/g(f*(p,g*¢)/ayogf*w.g*w
/axoff*w'g*w:/ax“”(/fg*'/’)Z/Xw-Ré(w). =

2.4. Dual varieties. We define the Grassmann manifold G, ; (1 <k <n—1) by
(2.22) Gu ={L CC"" | Lisa (k+ 1)-dimensional linear subspace in C"'}.

For a (k + 1)-dimensional vector space L € G, , we denote its projectivization

(2.21)

by L. This L is a k-dimensional linear projective subspace of P,, = Gy, 9. In this
paper, we identify the set of k-dimensional linear subspaces of P, with G,, 1.

Definition 2.7. Let V be a subvariety of the n-dimensional projective space P,.
We define the k-dual variety vk < Gn, i of V to be the closure of the set of all

k-dimensional linear subspaces Le Gp,, 1 such that there exists a point € Vieg N L
at which L does not intersect with V' transversally.

In the case where k = n — 1, the k-dual V¥ ¢ Gp k. ~ PP}, is the classical dual
variety of V', which is usually denoted by V*. In [6], Gelfand-Kapranov-Zelevinsky
call V{*) the k-th associated variety of V.

We consider the diagram (ZI7) for X =P,, Y = G,,; and

(2.23) S={(,L)e XxY |0clcLcC"}

(the incidence submanifold). Let f and g be the natural projections from S to
X and Y respectively. In this situation, the topological Radon transform (28]
was studied by many mathematicians (see, for example, [2], [3], [12], [I7] and [I9],
etc.). In particular, the following beautiful relation between the topological Radon
transform Rg and dual varieties was established by Ernstrom [3].

Theorem 2.8 ([3, Theorem 3.2]). Let V C X =P, be a projective variety. Then
we have

(224) RS(EHV) — (_1)k(nfk)+dimV+dimv<’€) Euv<k) + €<k>1([;
where ¥} is the generic value of Rs(Euy) € CF(Y).

n,k?

We remark that in the real case a similar result was obtained in [13].

3. DEGREES OF DUAL VARIETIES

In this section, we apply the results in Section [2] to some classical subjects in
algebraic geometry. In particular, for a projective variety V' C P, over C, we give
a new proof of Ernstréom’s formula which expresses the degree of the dual V* C P}
in terms of the topology of V' (see [4]). This new proof allows us to generalize
Ernstrom’s result.

First, let us consider the case where X = P, and ¥ =P} = G,,,—1. For a
projective variety V' C X of dimension d, we shall describe the degree of the dual
V* C Y using the Euler obstruction Euy € CF(X) of V. For this purpose, recall
that the degree of V* C Y = P}, is equal to its intersection number jj(fﬁ V*) with a
generic linear subspace LcC P¥ of the complementary dimension n —dimV™*. Since
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the dual variety V* is usually a hypersurface in Y = P, we set r = (n—1) —dimV™*
and call it the dual defect of V. Hence the dimension of the linear subspace LcC
P? that we take is r + 1: L~ P,.+1. The following theorem slightly generalizes
Ernstrom’s result in [4].

Theorem 3.1. Let LCY = P* be a linear subspace of dimension r + 1 such that
LA Vg = 0 (Vi = V' \ Vil

sing eg
as a linear system in X = P,, consider its base locus Bg(L) ~P,,_,_o C X =P,

defined by

is the set of singular points in V*). Regarding L

(3.1) Bs(L)= () {y =0},
[vleL
where [y] = [yo : y1 : -+ : Yn] is the homogeneous coordinate in the dual projective

space Y ~P¥ . Then for a generic hyperplane HcX = P,, we have

(32) x(V*NIL)=(-1)*" {(r +1) /X Euy — (r+2) /ﬁEuv —|—/B & Euv} .

Proof. By Theorem 2.8, we have

(3.3) Rs(Euy) = <//\Euv) 1y + (—1)d+TEuV*.
H
Then it follows from our assumption L N Ving = 0 that we have
(3.4) / Rs(Euy)-1; = (r +2) /AEuV (D) (VN D).
Y H

Since by Lemma [Z.6] we have

(3.5) ARS(EUV)'lf:/XEUV'Rg(li):AEuV'{(r—’_l)lx—’_lBg(f)}’

we finally obtain
(36)  (—D)Hy(V*NI) = (r+ 1)/ Euy — (r + 2)/ Euy +/ Fuy.
X H Bs(L)
This completes the proof. (I
If we assume moreover that L intersects with V* transversally, we recover the

following important result proved first by Ernstrom [4] in a completely different
way.

Corollary 3.2 ([]). Let Hc X =P, (resp. 1?7«:2 C X =P,) be a generic
hyperplane (resp. a generic linear subspace of codimension r+2). Then the degree
of the dual V* CY =P is given by

(3.7) (—1)4Fr {(T‘ +1) /X Euy — (r +2) /ﬁEuv + /H/\ Euv} .

Remark 3.3. By the proof of Corollary B.2] we can also determine the dimension of
the dual variety V* as follows. For each non-negative integer ¢ > 0, take a generic
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hyperplane Hc X =P, (resp. a generic linear subspace }72:2 c X =P, of
codimension i + 2) and set

(3.8) 8 1= (—1)4+ {(z‘+ 1)/XEuV - (i+2)[ﬁEuV +/H‘A Euv}.

Then for any ¢ < r (r is the dual defect of V'), generic linear subspaces LCYy = Py
of dimension ¢ + 1 in ¥ = P} do not meet with V* and §; = 0. Hence the
dual defect r of V' is characterized as the non-negative integer £ > 0 such that
50:51:~~~:5k_1:0and5k7é0.

We can rewrite the §; by using more intrinsic notions as follows. Let c¢M (V) =
Zj:o CJCM(V) be the total Chern-Mather class of V. Recall that if V' is smooth,
c“M (V) coincides with the usual total Chern class of V. Then by (the proof of)
[14, Theorem 3.1], we have

_ ariN- (12) ; h oM
(39 6i=(-1) g;<j Yt 1= [ e
This last formula is very useful for the exact computation of the ¢;. Indeed, in
[T4] we explicitly calculated the degrees of duals of singular varieties in various
situations. We thus obtained an effective method to determine the dimensions of
the duals of singular varieties, which is similar to Holme’s theorem [7, Theorem
3.4 (i)] (see also Beltrametti-Fania-Sommese [I], Gelfand-Kapranov [5] and Tevelev
[18, Chapter 6] for related important results for smooth varieties).

Next consider the general case where X =P, and Y =G, (0 <k <n—1).
Then the k-dual V) c v = G, 1 that we consider here is the one studied by
Gelfand-Kapranov-Zelevinsky [6] and Ernstrom [3]. In [6, Chapter 3, Proposition
2.1], they showed that if V{*) is a hypersurface of Gy, k., then we can define the degree
of V) to be that of the defining polynomial of V¥ in the Pliicker coordinates:
ViR Gnr C P(Z-Fl)il. In [6l Chapter 3, Proposition 2.2], they also proved that

+1

this degree of V{¥) in G, has a topological interpretation as follows. Let us take
linear subspaces Ly, Lo C X = P,, of dimensions k£ — 1 and k + 1 respectively such
that L; C Ly and the pencil
(3.10) P(L1,Ly) ={L€Gpp | LiCLC Ly} ~ P,
satisfies the conditions

(i) P(L1,L2) N Vifp, = 0,

(ii) P(a , Z;) intersects with Vrg;) transversally at finite points.
Then the degree of V{#) in G, is also given by
(3.11) deg V¥ = 4(P(Ly, Ly) N V).

With this topological description of deg V{*) at hand, we can now prove the
following theorem.

Theorem 3.4. Let V C X = P, be a projective variety of dimension d. Assume
that the k-dual VF) Y = G,k s a hypersurface. Then we have

(3.12) deg V*) = (—1)(n—k)+d+1 {/AEuV —2[Euv +/AEuV},
M L N
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where ]/\4\7 E, NcX= P,, are generic linear subspaces of dimensions k—1, k, k+1,
respectively.

Proof. By Theorem 28] for a generic linear subspace L ~ P, C X of dimension k
we have

(313) RS(EUV) = (/A EUV> 1y + (_l)k(nfk)erimVerimV(k) Euvm.
L

Since we assumed that dimV = d and dimV®* = dimY —1 = (k+ 1)(n — k) — 1,
we get

(3.14) Rs(Buy) = </A Euv> 1y + (=) (=R,
L

Also for linear subspaces Z\l , E\g C X = P, satistying the conditions as in (311),
we obtain

(3.15) /YRS(EuV) Api :2/2Euv+(—1)<”*’“>+d+1 deg V),
On the other hand, it follows from Rg(lp(a fz)) =17, + 1z, that we have
(3.16) / (Euv -R§(1P(LA1)32))) = /A Euy +/A Euy.

X L,y Ls

—

Therefore by Lemma 2.6 we obtain ([BI2) after replacing L., L, with M, N,
respectively. O

Corollary 3.5. Let L~ Pi11 be a generic (k + 1)-dimensional linear subspace of
P, and consider the usual dual variety (V NWL)* C Py, of VAL C L ~ Ppyy.
Then we have

(3.17) deg V) = deg(V N f)*
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