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Abstract

Synthetic differential geometry occupies a unique position in topos-theoretic
physics. Nevertheless it has appeared somewhat too conceptual to physicists
in general, partly because it has appeared to lack computational aspects. Its
computational facets are really concerned with computation of the quasi-colimit
of a finite diagram of infinitesimal spaces, or equivalently, with computation of
the limit of a finite diagram of Weil algebras. Indeed we have been forced to
do a highly invovled computation of the above kind by hand in our previous
papers ([International Journal of Theoretical Physics, 36 (1997) , 1099-1131]
and [International Journal of Theoretical Physics, 38 (1999) , 2163-2174]). The
principal objective in this paper is to show that Grobner bases techniques pro-
vide us with means that relegate such computations to computers.
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80. Introduction

Synthetic differential geometry, in which nilpotent infinitesimals are visible
geometrically, is expected to play a predominant role in topos-theoretic physics
(cf. Isham and Butterfield [Foundations of Physics, 30 (2000), p.1715]). Nev-
ertheless it has appeared somewhat too conceptual to physicists in general.
Physicists prefer computations, while synthetic differential geometers have so
far made little account of computational aspects. In using orthodox differential
geometry, physicists enjoy computation in local charts, while the main objects



of study in synthetic differential geometry are microlinear spaces, in which co-
ordinates are generally out of touch. The lacking of coordinates make physicists
feel somewhat alienated, but we should stress that computation of the quasi-
colimit of infinitesimal spaces, or equivalently, computation of the limit of Weil
algebras play the same role in synthetic differential geometry as computaion in
local charts does in orthodox differential geometry. Even such computational
aspects in synthetic differential geometry have appeared still too conceptual to
many poor physicists. The principal objective in this paper is to show that they
can be relegated to computers.

We denote by R the set of real numbers. The category of R-algebras and
their homomorphisms is denoted by R — Alg, while its full subcategory of fi-
nitely presentable R-algebras is denoted by R — Algy, . Since we deal exclusively
with commutative algebras in this paper, commutativity is not explicitly stated.
Tt is well known (cf. Kock [1981, Appendix A]) that

Theorem 0.1. Let E be a category with finite inverse limits and an R-
algebra object R. Then there exists, up to isomorphisms, a unique functor
Specr : (R — Alg;,)°? — E preserving finite inverse limits and taking R[z] to
R.

A Weil algebra (over R) is a finite-dimensional R—algebra 20 subject to the
following conditions:

(0.1) 20 is a local ring in the sense that for all a,b € 20,
if a + b = 1, then either a or b is invertible.

(0.2) 20 can be written as 20 = R @ m, where the first
component is the R—algebra structure, and the
second is the maximal ideal of 20.

The reader should note that m is nilpotent by Nakayama’s lemma, for which
he or she is referred to Corollary 3.16 of Moerdijk and Reyes [1991, Chapter I].
For some characterizations of Weil algebras, the reader is referred to Theorem
3.17 of Moerdijk and Reyes [1991, Chapter I]. In particular, a Weil algebra 20
is representable as an affine R-algebra R[zy, ..., 2,]/I, in which there exists a
natural number k with 2 € I for any indeterminate z;.

A homomorphism of Weil algebras from a Weil algebra 20; to another (pos-
sibly the same) Weil algebra 205 is a homomorphism of R-algebras from 20 to
2> mapping the maximal ideal of 2J; into the maximal ideal of 5. We de-



note by W1 the category of Weil algebras and homomorphisms of Weil algebras,
which is a subcategory of the category R — Alg. It is well known that the cat-
egory R — Alg is finitely complete. In §1 we will show that the category W1 is
also finitely complete. We will give a necessary and sufficient condition for the
coincidence of the limit of a given diagram in W1 with that in R — Alg. The
limit of a diagram in W1 is called good if it happens to be the limit of the same
diagram in R — Alg. The notion of a good limit is important, because it is well
known (cf. Kock and Lavendhomme [1984, Prop.1.2]) that

Proposition 0.2. Let E be a Cartesian closed category with finite inverse
limits and an R—algebra object R. Let us assume that E and R satisfy the
following Kock-Lawvere axiom:

(0.3) For any Weil algebra 20, the natural R-algebra homomorphism

R® YW — RSpecR(QU)

is an isomorphism.

Then the functor R5P*°=r() : W1 — E takes good finite limit diagrams to limit
diagrams. Conversely, if a finite diagram in W1 is taken to a limit diagram in
E by the functor R%P¢°r () then the diagram is a good limit diagram, provided
that T'(R) = R, where T" is the global sections functor.

In synthetic differential geometry, the notion of a smooth manifold in or-
thodox differential geometry should be replaced by that of a microlinear space.
Just as local charts enable orthodox differential geometers to transfer from R to
smooth manifolds, good finite limit diagrams in W1 enable synthetic differen-
tial geometers to transfer from R to microlinear spaces. This makes the study
of Weil algebras downright central in synthetic differential geometry. For text-
books on synthetic differential geometry, the reader is referred to Kock [1981],
Lavendhomme [1996] and Moerdijk and Reyes [1991].

The principal objective in §2 is to give an efficient algorithm for calculating fi-
nite limits in W1. The calculation of limits of finite diagrams in any finitely com-
plete category is reducible to the calculation of products and equalizers, because
the limit of a finite diagram is representable in terms of products and equalizers,
for which the reader is referred to MacLane [1971, Chapter V, §2]. Here the
calculation of the limit of a finite diagram in W1 means exactly the presentation
of the limit of the diagram as an affine R-algebra, provided that each object in



the diagram is presented as an affine R-algebra. The calculation of the product
of two Weil algebras in the category W1 is simple enough. If the two Weil alge-
bras are presented by R[zy, ..., 2]/ and Ry, ...,y,]/J as affine R—algebras,
then their product is represented by R[x1, ..., Tm, Y1, ..., Yn] /K, where K is the
ideal generated by I, J and xiy}s (1 <i<m,1<j<n). The calculation
of equalizers in W1 is not so simple. We must solve linear equations and evoke
the elimination theory, in which familiar Grobner bases techniques should be
invoked. Our standard reference on the theory of Grobner bases is Adams and
Loustaunau [1994].

Fortunately or unfortunately, synthetic differential geometry has dealt with
so simple diagrams that synthetic differential geometers have not felt the need
of such algorithms keenly. This is why they have been content with their naively
combinatorial arguments. The remarkable exception is Nishimura’s [1997, 1999,
2001] general Jacobi identity, for which a moderately involved diagram should be
considered. The limit diagram for the general Jacobi identity lies on the verge of
feasibility of naively combinatorial arguments, which is why the general Jacobi
identity, though being fundamental in synthetic differential geometry and even
in mathematics, had remained to be discovered for so long. We hope that our
new algorithm will transmogrify the landscape drastically in manipulation of
diagrams in W1, just as the theory of linear equations has made the calculation
of the value of two unknown quantities from their unit total and the total of one
of their attributes everyone’s job. It is generally believed that zero-dimensional
ideals render an attractive forum to the theory of Grébner bases, and we hold
that the theory of Weil algebras and the study of zero-dimensional ideals can
and should weave together.

Section 1 is devoted to a short course on the category of In §3-8§5 we deal with
three examples. The examples of §3 and §4 are so simple that the reader might
feel that we are pedantic and frothy enough to brandish and trot out our new
algorithm in such simple cases. We contend that the best way to understand
a new algorithm is to apply the algorithm to some well understood examples.
The last example dealt with in §5 is moderately involved. To deal with such an
example without our algorithm is to calculate the respective numbers of cranes
and tortoises from the totals of their heads and legs without knowing the theory
of linear equations at all. It is feasible as we did in Nishimura [1997, 1999], but
the spirit of algebra and algorithm traced back to medieval Arabians has en-
couraged us to find out a more systematic way. For the geometrical background
of §3 and §4, the reader is referred to Bunge and Sawyer [1994] and Kock and
Lavendhomme [1984]. For the geometric background of §5, the reader is referred
to Nishimura [1997. 1999, 2001].

§1. The Category of Weil Algebras



The category R — Alg is well known to be finitely complete. We would like
to show that the category W1 is also finitely complete. It is easy to see that

Proposition 1.1. R is a terminal object in the category WI1.

Given two Weil algebras 20, = R & m; and 20, = R @ my, their product
is defined as R & m; @ my, in which the multiplication in 20; = R & m; and
Wy = R @ my persists, while it is stipulated that the multiplication of any el-
ement of m; and any element of my should vanish. The product is denoted by
201 Ws. The mapping (a,mq,ma) € RO my & me — (a,mq1) € W is denoted
by 71, while the mapping (a, m1,ms) € R&my &my — (a,m2) € W is denoted
by mo. Then it is easy to see that

Proposition 1.2. For any Weil algebras 20, and 205, the diagram

W w1 WieWs w2 W
— —

is a product of 207 and 25 in the category WL

Note that, given two arrows ¢ : 207 — 20} and ¢ : Wy — W, in WL
there exists a unique arrow @ty : W1&Wo — W G, in W1 such that
m1 0 (p@Y) = pom and 12 0 (YY) = P oma.

It is also easy to see that

Proposition 1.3. For any parallel arrows 20; = 205 in the category W1,
its equalizer W, — W, =2 Wy in the category R — Alg belongs in its subcat-
egory W1

Theorem 1.4. The category W1 is finitely complete.

proof. This follows simply from Propositions 1.1-1.3 by dint of Theorem 1 of
MacLane [1971, Chapter V, §2]. O

Let Uy : W1 — R — Alg and U, : R — Alg — R — Mod be forgetful func-
tors, where R — Mod is the category of linear spaces over R and their linear
maps. Let M : W1 — R — Mod be a functor assigning, to each Weil algebra,
its maximal ideal and, to each homomorphism of weil algebras, its restriction
to maximal ideals. Every category is uniquely decomposed into connected cat-
egories, each of which is called a connected component. For the definition of the



connectedness of a category, the reader is referred to Borceux [1994, 2.6.7.€] or
Schubert [1972, Definition 9.1.1].

Theorem 1.5. Let F' : J — W1 be a finite diagram of Weil algebras. Then
Uy (I&n F) and Lim U; o F' are naturally isomorphic iff the category J is con-
nected.

proof. It suffices to show that U o Uy (Lim F') and Us(Lim U; o F') are nat-
urally isomorphic. It is easy to see that

(1.4) U o Uy (Lim F') =R+ Lim M o F'
while

(1.5) Us(Lim Uy o F') = R™ + Lim M o F,

where m is the number of connected components of J. Therefore the desired
statement follows. O

§2. Algorithms

In order to calculate finite limits in W1, it suffices to calculate finite products
and equalizers in WI1. The calculation of finite products in W1 is straightfor-
ward. Given two Weil algebras 20, and 205 as affine R—algebras R [z1, ..., x,]/]
and R[yy, ..., ym]/J respectively, 20,625 is represented as an affine algebra
R[z1, ..., Tn, Y1, .., Ym]/ K, where K is the ideal generated by I, J and z;y; for
all natural numbers i, j with 1 <i<mnand 1 <j <m.

We will present an algorithm for calculating equalizers. Given parallel ar-

'
rows 20, ? 2o in W1 with 20, = R@® m; and Wy = R P my, let ey, ..., e,

and fq,...,f, be linear bases of my; and mg respectively. Since ¢(my) C my and
(my) C mg, there exist al,b! € R(1 <7 <pand 1< j <gq) such that

(2.1) p(e;) = Y4, alf;
(2.2) P(e;) = Y0, bl

By solving the linear equation

al a;) x! b b x!
al -+ al 2P b o b 2P



we get (cf,...c]), ..., (cl,...cP) as a system of fundamental solutions of (2.3). We
let gi be

(24) g =0 cher (1<k<r)

Therefore, given x € 207, we have p(x) = ¥(x) iff it is a linear combination
of 1,g1,...,8-. Thus we get an equalizer W, = RBm,, where m, is generated
linearly by g1, ..., g.

Our story of equalizers in W1 is not over. Although gi, ..., g, are linearly
independent by definition so that there is no linear redundance among g1, ..., g,
it may be the case, by way of example, that g; is representable as a polynomial
of ga, ..., g so that g; is R-algebraically redundant. Therefore we must find out a
subset g, ..., 8. of g1, ..., g, for which there is no such R-algebraic redundance.
Once we find such a subset g, , ..., gk, of g1, ...,gr, we have to find out the ideal
of relations among gg, , ..., 8k. -

We assume throughout the rest of this section that 20; and 205 are finitely
presented as affine R-algebras Rlxy,...,z,]/] and Ry, ..., ym]/J respectively.
Let us start on the first task.

Theorem 2.1. Let gy, ..., g, be polynomials in R[z1,...,z,]. Let I <r. Let
I be an ideal in the R-algebra R[z1, ..., x,]. Let G be the reduced Grobner basis
for the ideal < I,wy — g1, ..., w, — gr > in the R-algebra Rlwy, ..., w,, T1, ..., Tp]
with respect to an elimination order with the x variables larger than the w vari-
ables and, at the same time, the variables w;1, ..., w, larger than the variables
w1, ..., w; (e.g., the lexicographic order wy < ... < w; < wig1 < ... < wp < 1 <
... < x,). Exactly speaking about the elimination order, we have, for any power
products X, X’ in variables x1, ..., z,, any power products Wy,W/ in variables
Wi+1, ..., w, and any power products W, W) in variables wy, ..., wy,

X <X
X=X andW1<W1'
or
X=X W, =W/ and Wy, < W3.

(2.5) XWy Wy < X'W]W} iff

Then the R-subalgebra U of R[z1, ..., z,]/I generated by g1 + 1, ...,g, + I is
already generated by g1 + I, ..., g; + I iff GNR[wy, ..., w,] contains a polynomial
wg, — by with b € Rlwy, ..., w;] (1 +1 <k <r). In this case, GNR[wy, ..., w;] is
a Grobner basis for the ideal of relations among wy, ..., w; with wy, representing
gr+1 (1<k<l),and wehave g + I =bhp(gr +I,...o0 + 1) (+1 <k <r).

proof. In order to get the first conclusion in the theorem, it suffices to
apply the discussion in the proofs of Theorems 2.4.7 and 2.4.13 of Adams
and Loustaunau [1994] to the R-algebra homomorphism from Rlwy, ..., w;] to
Rlwis1, ey Wg, T1, .., Tp] /K assigning g + K to wg (1 < k <), where K is the



ideal < I,w;4+1 — @41, -y Wy — @r > in the R-algebra Rlwjy1, ..., Wk, T1, ..., Tn),
where it is established in the course that we have g, +1 = bp(g1 +1I,...,91 + 1)
(I+1 <k <) in this case. That if one of the equivalent conditions in the
first conclusion holds, then GNR[wy, ..., w;] is a Grobner basis for the ideal of
relations among ws, ..., w; with wy, representing g + I (1 < k < [) follows by
Theorems 2.3.4 and 2.4.10 of Adams and Loustaunau [1994]. O

This theorem gives the following algorithm for our first task.

Algorithms 2.2. (Weeding out R-algebraic redundance)

Input:arbitrary generators gy, ..., g, of the R-algebra 20,.

Output:generators g, , ..., gk, of W, without R-algebraic redundance.

1. Let X = {g1,...,g-} and Y = ¢ (the empty set).

2. Choose gi from X and ask whether gy is in the R—subalgebra generated
by (X — {gr}) UY, which is decidable by Theorem 2.1. If the answer is yes,
then let X := X — {gp}. If the answer is no, then let X := X — {gx} and
Y :=Y U{gr}. Repeat this process until X becomes empty.

3. Output Y.

Now we turn to our second task. This can be carried out by the following fa-
miliar algorithm, for which the reader is referred to Theorem 2.3.4 and Theorem
2.4.10 of Adams and Loustaunau [1994].

Algorithm 2.3. (Computing a Grobner basis for the ideal of relations)

Input:generators g, , ..., gk, of the R-algebra .

Output:a Grobner basis for the ideal of relations among gy, , ..., gk, -

1. Compute a Grobner basis G for the ideal <I,w; — gk, , ..., ws — gr, > in
the R—algebra Rlwy, ..., ws, X1, ..., ] with respect to an elimination order with
the z variables larger than w variables, where g, = gr + 1 (1 < k <7r).

2. Output GNR[wy, ..., w;].

If the number r of the linear basis g1, ..., g, of my, is not so large, as is the
case in the following three examples to be discussed in the succeeding sections,
it is not difficult to guess putative generators of the R-algebra 20, by writing
out the multiplication table. If our putative generators indeed generate the R-
algebra 2., with or without R-algebraic redundance, we can confirm this by
using Theorem 2.1, in which the ideal of relation among these putative gener-
ators is obtained as a by-product. Of course, in order to know whether there
is R-algebraic redundance among these putative generators, we must invoke
Algorithm 2.2.

83. The Main Limit Diagram for the Ambrose-Palais-Singer Theo-
rem
It is very important in the synthetic proof of the Ambrose-Palais-Singer theorem
to calculate the equalizer of the following parallel arrows:



BT == I,
&)

where
(3.2) U = Rluq, ug,v1,v2]/ < uf,u3,v?,v3 >
(3.3) U = R[z,y, 2]/ < 23,92, 2% >
(3.4) a(z) = uyug, aly) = vy, a(z) = vy
(3.5) B(x) = u2, B(y) = u1v1, B(z) = urv2

Let f € U, which is of the following form:

(3.6) f = a+ a1z + agy + azz + a112% + a127y + a1zrz+
a1127%y + a1137%2 + a1237Y2 + a11237°%yz

It is easy to see that

(3.7) a(f) = a + ajusus + azvy + azve + ajudui+
2,2
a12U1UVT + A13UTUV2 + A112UTUFVL T

2,2 2,2
113U USV2 + A123UIU2V1V2 + A1123UTUSVIV2
On the other hand we have

(3.8) B(f) = a + ajus + asuvy + azuivs + aj ud+
2
12U U2V + Q13U U2V2 + A112UI UGV +
2 2 2,2
(113U1U5V2 + A123UTU2V1V2 + A1123UTUSV1V2

Therefore f is in the equalizer of (3.1) iff the coefficients of f are pervious to the
following linear equations:



(39)ay =ay=a3=0

(310) ail = 0

(3.11) arn2 = a113 = a123 =0
Thus we can see that f is in the equalizer of (3.1) iff it is a linear combination
of the following linearly independent polynomials:

(3.12) 1

(3.13) zy

(3.14) xz

(3.15) z%yz
It is easy to see that
(3.16) (3.13)(3.14) = (3.15)

Let’s compute the reduced Grébner basis of the ideal < 23,32, 22, zy — wy, 12 —
wo, 2yz — w3 > in the polynomial algebra R[z,y, z, w1, wa, w3] with resepct to
the lexicographic order z > y > = > w3 > ws > wy, which goes as follows:

2

— 2 2 2 3 2
(317) g= {’LUI,’U)Q,U}lU}Q — W3, TW1W2, T"W1, T"W2,T", YW1, LY — W1, Y,

—2zw1 + Ywe, 2We, T2 — W, 22}
Therefore we have
(3.18) GNR[wy, wa, w3] = {w?, w3, wiws — w3},

which reconfirms (3.16). The diagram (3.1) is now seen to be completed into
the following equalizer diagram:

(3.19) Wo, g0 T % o,

where

(3.20) Weo = Rlwy, wa]/ < wi, w3 >

10



(3.21) po(wy) = 2y and ¢ (w2) = x2.

It remains to show that there is no R-algebraic redundance among the gen-
erators wy + I, ws + I of W, where I is the ideal < w%,w% >. This goes as
follows:

(3.22) The reduced Grobner basis of the ideal < w?, w2, vy —wy, ve —ws > in
the polynomial algebra R[wy, we, v, ve] with resepct to the lexicographic order
we > wy > ve > v1 is G = {v?,v2,v; — w1, v — wa}, so that G N R[vy,ve] =
{v},v3}. This means by Theorem 2.1 that wy + I is not R-algebraically redun-
dant among wy + I and wsy + 1.

(3.23) The reduced Grobner basis of the ideal < w?, w2, vy —wo, vo —wy > in
the polynomial algebra R[wy, we, v, ve] with resepct to the lexicographic order
we > wy > ve > v1 is G = {v¥,v2,v; — wa, v — w1}, so that Gy N R[vy,ve] =
{v},v3}. This means by Theorem 2.1 that w; + I is not R-algebraically redun-
dant among wy + I and ws + 1.

§4. The Main Limit Diagram for the Strong Difference

We would like to find out the limit of the following diagram:
u v W
Pk
(4.1) 1 )
2,
where
(4.2) U= Rlug, us]/ < ui,u3, uus >

(4.3) W, = Ry, 2]/ < 22,23 >

(4.4) Wo = Rly1,92]/ < y3, 935 >
(4.5) p(r1) = w1, p(r2) = ug

(4.6) Y(y1) = u1, Y(y2) = uz

To this end, it suffices to calculate the equalizer of

'
(47) inﬁﬂng — Y
(0

where

11



(48) wl@mQ = R[$17$27y17y2]/ < x%a‘rgvy%7y%7xlyl7xly27
T2Y1, T2Y2 >
(4.9) @(x1) = w1, P(x2) = u2, P(y1) = 0, P(y2) = 0

(4.10) (1) = 0, ¢(w3) = 0, P(y1) = ua, Y(y2) = ua
Let f € 20,625, which is of the following form:

(4.11) f = a + atxy + adze + alyzi29 + adyr + adyat+ adoy1yo
It is easy to see that

(4.12) ¢(f) = a + atuy + adus

On the other hand we have

(4.13) P(f) = a + aduy + adusy

Thus we can see that f is in the equalizer of (4.7) iff the coefficients of f are
pervious to the following linear equations:

(4.14) a} = a? and al = a3

Thus we can see that f is in the equalizer of (4.7) iff it is a linear combination
of the following linearly independent polynomials:

(4.15) 1
(416) 1+ Y1
(4.17) zo + yo

(418) T1X9

12



(4-19) Y1Y2

It is easy to see that

(4.20) (4.16)(4.17) = (4.18) + (4.19)

Let’s compute the reduced Grébner basis of the ideal < x2, 23, y3, y2, 1Y1, T2Y1, T1Y2, ToY, T1+
Y1—w1, Ta+Yy2—Wa, T1T2— W3, Yy1Y2—wy4 > in the polynomial algebra R[x1, 22, Y1, y2, w1, w2, w3, w4]
with resepct to the lexicographic order y; > yo > 1 > X2 > wq > w3 > wo >

w1, which goes as follows:

2 2 2 2
(4-21) g= {wpw27w1w3,w2w3,w3,w1w2*w3*w4, —W3+wWiT2, W2l2, W3T2, XT3,
2
w11, —W3+WaT1, W31, —W3+T1T2, T7, —Wa+Ta2+Yya2, —w1+T1+y1 }

Therefore we have
(422) gnR[wl) wz, W3, w4] = {w%7 w%a wi1ws, Wwaws, w%a W1w2 — w3 — 11)4},

which reconfirms (4.20). The diagram (4.1) is now seen to be completed into
the following limit diagram:

U P 20

—

(4.23) ¢ 1 T Yoo »
in 1%0 §2noo

where

(4.24) W = Rlwy, wa, w3]/ < wi, wi, wi, wiws, wowsz >
(425) woo(wl) = 21, Qooo(wQ) = T2, Qooo(w:i) =0

(4.26) Vo (w1) = Y1, Voo (W2) = Y2,00 00 (W3) = Y1Y2.

It remains to show that there is no R-algebraic redundance among the gener-
ators w1 +1, wo+1I and wz+1 of W, where I is the ideal < w?, w3, w3, wiws, waws >.
This goes as follows:

(4.27) The reduced Grobner basis of the ideal < w?, w3, wiws, waws, w3, vy —
wy, vy — wa,v3 — w3 > in the polynomial algebra R[wy, we, w3, v1, v, v3] With
resepct to the lexicographic order ws > wy > wy > vy > vy > vy is G =
{v?, 03,0103, V2v3, V3,01 — W1,v2 — wWa,v3 — w3}, so that G N Rlvy,ve,v3] =
{v},v3,v1v3,v2v3,v5}. This means by Theorem 2.1 that ws + I is not R-
algebraically redundant among wy + I, wo + I and ws + 1.

(4.28) The reduced Grobner basis of the ideal < w?, w3, wiws, waws, w3, vy —
wa, V2 — w3, v3 — wy > in the polynomial algebra Rlwy, we, w3, v1, v, v3] With

13



resepct to the lexicographic order w3z > we > wy; > v3 > vy > vy is Go =
{0}, v1v9,v3, vov3, 03, v3 — w1, V1 — W,V — w3}, so that Go N Rlvy,ve,v3] =
{v},v1v9,v3, vov3,v3}.  This means by Theorem 2.1 that w; + I is not R-
algebraically redundant among wy + I, we + I and w3 + 1.

(4.29) The reduced Grobner basis of the ideal < w?, w3, wiws, waws, w%, v —
w3, vy — wy,v3 — wy > in the polynomial algebra R[wy, we, w3, v1, v, v3] With
resepct to the lexicographic order ws > wy > wy > vy > vy > vy is Gz =
{v?, v1v2,v3, v1v3, V3, V2 — w1,v3 — w2, v1 — w3}, so that Gz N Rlvy,ve,v3] =
{v},v1v9,v3, v1v3,v3}. This means by Theorem 2.1 that we + I is not R-
algebraically redundant among wy + I, wo + I and ws + 1.

85. The Main Limit Diagram for the General Jacobi Identity

We would like to find out the limit of the following diagram:

W,
04%2 / N\ 0‘%1
0100, 01002
(5.1)  afy1 Tag
DILP) DILES
033 N\ / 04%3
UL

where
(5.2) Uy = Rluy,uz, us]/ < uf,uj,ui >
1 1, U2,U3 1> Ug, U3
(5.3) Wy = Rlvy,ve,v3]/ < 02, 03,03 >
2 1,02,U3 1, Y22 V3
(54) wl - R[$1,$2,$3,$47$5,5L‘6,$7}/ < $%7$%a$§7$i»$§;$%7x%a
LoX3, L2X5,L3L4y, L4L5, L2L6, L3LE, L4L6, L5L6, L1LT,
ToX7,T3T7,Tak7, T5L7, TeT7 >
(5.5) Wy = Ry, Y2, Y3, Y4, Ys, Y6, Y7}/ < Y3, Y3, Y3, ¥3, Y2, v3, V2,
Y1Y2, Y1Ys, Y2Y4, YaYs, Y1Ye, Y2Y6, YaY6, YsY6, Y1Y7,
Y2Y7,Y3Y7, Yay7, YsyY7, YeyY7 >

— 2,2 .2 2 .2 2 2
(56) Ws = R[21,22,23724,Z5,2’6,Z7]/ < 21,%3,23,21, %5, %6+ 275
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212, 2124, 2273, 23724, 2126, 2276, 23265 2476, 127,
RQRT, RIRT 5 RART s RERT 4 RERT >
(5.7) afa(®1) = s + w1, afy(22) = g, agy(x3) = v2,
ap(24) = ug, aga(25) = v3, ajy(we) = usus,
04%2(1177) =0
(5.8) ady(w1) = ur + w1, agy(x2) = v, afsy(23) = ug,
gy () = v, ady (25) = ug, ag(v6) = usus,
aiy (z7) = urugus
(5.9) afs(y1) = v1, aia(y2) = w1, afs(y3) = ug + v2,
At (ya) = v3, A3x(ys) = u3, aiz(yYs) = urus,
o3y (y7) = wiugug
(5.10) a33(y1) = w1, a33(y2) = v1, A3(ys) = ua + va,
a33(ya) = uz, a33(ys) = v3, a33(ys) = wrus,
a%3(y7) =0
(5.11) 0423(2’1) = v1, ai3(22) = w1, a3s(23) = va,
53(21) = u2, a33(25) = us + v, a33(26) = urug,
a23(z7) Uju2usg
f1(21) = w1, a3y (22) = v1, ad;(23) = ug,
a3 (21) = v2, 031 (25) = uz + v3, Ay (26) = wruz,

a§1(27) =0

To this end, it suffices to compute the equalizer of

¥
(5 13) W1 W2 BAWs ? PUTSDIPTDINEDIPY DTS DION
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where, if 7; : 20, ®WPW3 — W, (1 <4 < 3) denotes the canonical projection
and p; : T1@V2BV1 V20V &V — V1BV, denotes the canonical projection
to the i-th B, ®Vs in V1 ®V2dV1 VoV BV (1 < i < 3), then ¢ and ¢ are
characterized as follows:

(5.14) pyop =ajy0mi, pyop = a3z oms, and py o p = a3y o ms.
(5.15) py o = ady oy, py 0t = Aty 0wy, and py 09 = ajs 0 3.

Let f € 20,620,6203, which is of the following form:

(5.16) f = a + atxy + adxe + aiwz + alwy + atxs + ajze+
1 1 1 1 1
a7T7 + AoT1T2 + 7321203 + A14X124 + A15T1T5+
1 1 1 1
A1621T6 + A9 T2Xy4 + A3523T5 + Q104 X1T2X4+
1 2 2 2 2 2
aj35T1T3T5 + a1yl + azy2 + azys + azys + azys+
2 2 2 2 2
ag¥e + azyr + aizy1ys + aijsy1ya + azzy2ys+
2 2 2 2
a55Y2Ys + a34Y3Y4 + a35Y3Ys + a36Y3Ys+
2 2 3 3 3
a734Y1Y3Y4 + A235Y2Y3Ys + aj21 + azz2 + azz3—+
a224 + a§z5 + agz(; + a§27 + a%zlzg + ai{’5z1z5+
3 3 3 3
342224 + Q552925 + 352325 + Q352425+

3 3 3
562526 T A735212325 + Q545292425

/ / / ! / /
Let ml@m2@m1@m2@m1@%2 - R[Ul, ug,uU3,v1, V2,03, Uy, Uy, U3, V1, Vg, Vg,

1o 1 10 (02 0,2 0,2 02 2 2 02 02 12 012
uy, uy, uy, vy, vy, vgl/ (uf, ug, ug, i, 03, v, U ug, ug, vy,

12 /2 12 112 12 12 112 112
Vg, V3", U™, U™, U™, V™5 Vg™, Ug

/
, U1V, UL V2, UIV3, UL U,
/ / / / / " " 1 1 " 12
U Uy, UL U3, UTV], ULV, UL Vg, UL U, U1 Uy, UTUS, U1V , U Vg, U V3,
/ / / / / ! " "
U2V1, U2V2, U2V3, U2U7, U2Ugy, U2U3, U2V, U2Vgy, U2V3, U2U7 , U2Ug,

" 1 1 " ! !/ !
UgUg, UgVY , U2Vy , UgV3 , UV, U3V, UZV3, U3UT , U3Uy, U3UZ, UZVT,

u3vl27 Ug’l}é, U3’U,/1/, u3ul217 UBUga u3vlll7 u3vl2/7 U3Uga Ulul17 Ulul27 Ul“é»
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V101, v10h, V1V, ViU ViUl vy, v1UY V1vY vvE | Vel vaud,
Vo, Vo], Vo), Vovh, vaul, vaul  vaul, vavy Vol Vol vaul,
v3u/27 ’UgUé, 1)3’1)/1, ’U3’UIQ, ”U3’Ué, v3u/1/7 v3ul2/) U3Ug7 U3U/1/7 U3Ué/7 U3Ué/7
uj v, uivh, uius, wiud  whud wiud wiol wi ol wiuf uhvl ubhvl,
. e oy o .
g e e e v v, o, v o,
vivl vhul vhul  vhul vhut vhol  vhol viuy  viul viuY,

ol e v o o o g o g,

ufvy, ugvl , ufvy).

It is easy to see that

(5.17) o(f)
_ 1 1 1 1 1
=a+ ai(u1 +v1) + azus + azve + agus + ajvs+
1 1 1
agugus + ajo(uy + v1)ug + ajs(ur + vi)ve+
1 1 1
aty(ur + v1)us + ajs(ug + v1)vs + afg(ur + v1)uguz+
aj4uzuz + a3 + atgq(ur + v1)uguz+
24U2U3 a35V203 a194\UT V1)ua2Uus3
atzs(ur + v1)vovs + aduy + a3 + ad(uh + vh)+
135\%1 1)02Y3 1%1 2V1 32 2
aful + afvs + aguius + afsu (uh + vh) + afyufus+
2 / / / 2 VAN 2 i ! i
a33v (U +v3)1 + agsvivs + az,(uh + vy)uz+
2 / N,/ 2 / / 1,0 2 / / / /
azs(uy + vg)vy + aze(usy + vy)ujuy + afgau’ (uy + vg)us+
a3ssvi (uh + vh)vh + afuf + advy + adus+
a3v// + a3 (u// 4 ’U”) + a3u//u// + a3 u//u//+
1V2 5(Us3 3 gU1 U 13U Ug

3 (0 " 3 0 3 (a1 "
atzuy (uz +vg) + asgvivy + a3zvf (ug + vy)+
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3 3
azsuy (us +v3) + agzvy (us +vg)+
ade(uf + v uul + adssuful (uf + o)+
56\U3 3 ) U1 U 135U U (U3
a0 vl (uf +vf)
245V U (U3
_ 1 1 1 1 1 1
=a+ ajur + ayv + azus + azve + azus + azvs+
aj +aj +aj + ajzvivz+
12”17.112 a13U1U2 a14U1U3 a15111113
1 1 1 1 1
(a34 + ag)uzus + azsvavs + (a1 + aggy)urtpus+
atssv1v2v3 + adul + adv] + alub + a3vh + aFuh+
2,/ 2 0,0 2 00 2 2 /i
azvy + ajzuiuy + aszzvivy + (ag + ajg)ujust
2 a0 2 00 2 1 2 2 100
a55v vy + azgunuy + azsvavy + (a3s + afs)uusus+
a235v1v203 + a1u1 + a2v "+ a3u2 + a4v -
(l u +a 1) Jr (a3 +a3)u//u//+a3 U”’UN+
AT 5 13 6) U1 Ug 24V1 V3
afsufuy + a3zo] vl + ajsuyul + asvivy+
3 3 1" 01, 11 3 700,01
(age + aizs)ufusus + asysvi vy vy
On the other hand we have
(5.18) (f)
_ 1 1 1 1 1
=a+ aj(u1 + v1) + azve + agus + ayvs + ajus+
atuguz + atuyugug + alq(ug 4+ v1)ve + alg(ug + vy)us+
euU2U3 7U1U2U3 12\U1 1)02 13\U1 1)u2
1 1 1
aty(ur + vi)vs + aps(ur + vi)us + ajg(ur + v1)ugus+
ab, vov3 + alsuguz + alyy(ur + v1)vavs+
24 V203 35 U2U3 124\ U1 1)02V3
atss (U1 + vi)ugusz + a3vy + ajuy + a3(ub + vh)+
135(U1 1)u2u3 11 JUp 3(Ug 2
ajvh + a2uly + aduiuly + aZufubul + alqv] (uh + vh)+
a2 U/UI —I—(12 ’LLI(U/ +v’)+a2 u/u/ —I—(12 (u/ +v’)v'—|—
14V103 23U7 (Ug 2 25U U3 34Uz + V3)U3

ags (uy + vh)uh + ags(us + v ujus + afzyv) (ug + va)vs
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ajgsuy (uh + vh)ul + afvy + aduf + afvy+
ajul + ad(uf +vf) + adulul + aduuul+
afzvivy + afsof (ug +vf) + ad uful+
azsuf (uf +vg) + a3svy (uf + vg)+
ajsuy (ug +vy) + ade(uy + vy )ufuy+
a:i’;ssvlllvzl(“s +vg) + a245u1’u2 (uz +vg)
=a+ a%ul + a%vl + G%UQ + a%vg + G%U?, + a}lv3+
a%3u1u2 + a%Qvlvg + CL%5U1U3 + a%4v1v3+
(ag + ads)usus + ajyvovs + (at + alg + alss)uruous+
aloqv1v9v3 + a3u) + atv + adub + advh + aful+
ajvy + ajguiuh + afzvivh + (ag + a3 )ujuh+
a3 v vy + a3subuy + a3 uhvh + (aF 4 a3s + a3ss)uf upul+
atq, 01 + adul + a3vl + ajul + advl+
aduy + advy + (a§ + a3, )uuy + atyvivy+
ajsuiuy + afsvf vy + afzuyul + adsvgvy+
(a3 + a3g + a3 5)u ujul + aizsvf vy vy

Therefore f is in the equalizer of (5.13) iff the coefficients of f acquiesce in the
following linear equations:

(519) CL% = a% = a% = a‘;’ = a%

(5.20) a} = a} = a3 = a3 = a}
(5.21) al = at =a? =a? =a

(5.22) a24 = a§5 = Q34 = Qg5

1 _ _ 2 _ 3
(5.23) ajy = ajy = a35 = aj;
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(5.28) ag = a3s — ags = a35 — ajy
(5.29) ag = a3 — afy = aj, — a3;
(5.30) ag = ajs — af3 = aj; — a3,
(5.31) aiyy + ajg = a3s5 + a3g + a3
(5.32) aizy + a3g = a3y + adg + a3
(5.33) aiy; + adg = aiss +ajg +ag
(5.34) alz; = aisy

(5.35) @335 = ais;

(5.36) a§45 = ajay

Thus we see that f is in the equalizer of (3.16) iff it is a linear combination of
the following linearly independent polynomials.

(5.37)1

(5.38) 1 +y1 +y2 + 21 + 22
(5.39) xo + 23 +ys + 23 + 24
(5.40) x4 + x5 + ya + ys + 25
(5.41) 26 + y3ys + 2325
(5.42) yg + w124 + 2225
(5.43) 2z + x123 + Y1Y3

(5.44) x5 — TaTy — T3X5 — Y3Ys — 2425
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(5.45) y6 — X125 — Y1Y1 — Y2Ys — 2125
(5.46) 26 — 12 — Yoys — 2123 — 2224
(547) 7 — y7 — 126
(5.48) y7 — 27 — Y3ye
(5.49) 27 — x7 — 2526
(5.50) x7 — y7 + Y2y3ys + 212325
(5.51) y7 — 27 + x12224 + 222425
(5.52) z7 — x7 + 12325 + Y1Y3Ya
By writing out the multiplication table for (5.37)-(5.52), it is easy to see that
5.53

5.38)(5.39) = (5.43) — (5.46)

(5.53) (5.38)(5.39)
(5.54) (5.38)(5.40) = (5.42) — (5.45)

(5.55) (5.39)(5.40) = (5.41) — (5.44)

(5.56) (5.38)(5.39)(5.40) = (5.50) + (5.51) + (5.52)
(5.57) (5.38)(5.41)

(5.58) (5.39)(5.42) =

(5.59) (

5.57) (5.38)(5.41) = (5.50) — (5.47)
5.58) (5.39)(5.42) = (5.51) — (5.48)
5.59) (5.40)(5.43) = (5.52) — (5.49)

Let’s compute the reduced Grobner basis of the ideal < x%, x% x%, xi, x%, x%, x% ToX3, TaXs, T3T4, T4T5, LoT6, T3T
T3T7, TAT7, T5TT, T6 7, YT Us, Y3 Y U3 Yo Yo Y12, Y1Ys, Y2Ud, Yals, Y1Ys, Y2U6,
YaY6, Ys Y6 Y1UT, Y2UT, Y3YT, YaYT, YsUT, Y6UT, 21, 25, 23, 24, 25, 24, 27, 2172, 2124, 2223,
R3R4y R1R6, R226, R3R6 RARG Y R1RTy R2ZTy R3RT 5 RART y R52T 5 2627y L1Y1, L1Y2, L1Y3, T1Y4, T1Y5,
T1Ye, T1Y7, T2Y1, L2Y2, T2Y3, T2Y4, T2Y5, L2Y6, L2Y7, T3Y1, L3Y2, L3Y3, L3Y4, T3Y5, T3Y6, L3Y7,
TaY1, T4Y2, T4Y3, L4Y4, T4Ys5, TaYe, T4Y7, T5Y1, L5Y2, T5Y3, T5Y4, T5Ys5, L5Y6, L5Y7, T6Y1,
T6Y2, TeY3, LelY4, LelYs5, T6Y6, L6Y7, L7Y1, L7Y2, L7Y3, T7Y4, T7Y5, T7Y6, L7Y7, Y121, Y122,
Y123,Y1%24, Y125, Y126, Y127, Y221, Y222, Y223, Y224, Y225, Y226, Y227, Y321, Y322, Y323,
Y324,Y325,Y326, Y327, Y421, Y422, Y423, Yaz4, Y425, Y426, Y427, Y521, Y522, Y523, Y524,
Y525, Y526, Y527, Y621, Y622, Y623, Y624, Y625, Y626, Y627, Y121, Y722, Y723, Y724, Y725,
Y726, Y7127, T121, 122, L123, L1724, L125,L126, L127, L221,L222,T223,T224, L2225,
T2R6, T227, L321, T3R2, T3Z3, X324, T3R5, T326, L3ZT7, TAR1, T4R2, L423, TaR4, T4Z5,
T426, L4RT, L5211, L522, L523, L524, L525, L526, L527, L6R1, L622, L6Z3, L6R4y LER5,
T626, T627, L721, L7122, L7123, T724, L7125, L7126, T727, T1 T Y1 T Y2 + 21 + 22 — Wy,
To+x3+Y3+ 23+ 24— W2, Ty +T5+Ya+ Y5 + 25 — W3, T + Y3Ys + 2325 — W4,
Y6 +T1X4+2225—Ws, 26 +T1T3+Y1Y3—We, T7—Y7—T1T6—W7, Y7—27—Y3Y6 —Ws,
27 — X7 — 2526 — W9, Te — L2X4 — T3T5 — Y3Y4 — 2425 — W10,
Yo — T1T5 — Y1Ys — Y2Y5 — 2125 — W11, 26 — T1X2 — Y2Y3 — 2123 — 2224 — W12,
Ty — Y7 + Y2Y3Ys + 212325 — W13, Y7 — 27 + T1T2T4 + 222425 — W14,
27—X7+T1T325+Y1Ysys—wis > in the polynomial algebra R[xy, xo, 23, T4, T5, Ta, T7, Y1, Y2, Y3, Y4, Y5, Y6, Y7, 21
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we, Wr, Ws, Wy, W1p, W11, W1z, W13, W14, W15] With resepct to the lexicographic
orderzl>z2>23>z4>z’5>z6>27>y1>y2>y3>y4>y5>y6>y7>
xr1 > T >

XT3 > Ty > Ty > Tg > Ty > Wi > Wiq4 > W13 > Wi > W1 > Wig > W9 >
wg >

wy > we > Wy > wy > w3 > wg > wp, which goes as follows:

(5.60) G ={w?, w3, w}, wowy, wawy, Wi, wiws, W3ws, WaWs, WE, W1We, WaWe, WoWe,
WsWe w%, W1W7, WaW7, W3W7, Wa W7, W5W7, WeW7, w%, W1wWs, WaWg, W3Wsg, W4WS,
W5ws, WeWs, Wrls, WE, —wiwaws + wiws + wows + wzwe + wr + ws + wy,
WawWs — Wy + W10, —W1W3 + W5 — W11, W1 W2 — We + Wiz, —Wi1W4 — W7 + W3,
WaWs + W — W14, W1 W2W3 — W1W4 — WaWs — Wy — W — W15, W1T7, W2k7, W37,
W47, W5T7, WeT7, W77, W7, m% W2T6, W3T6, Wake, W56, WeL6, W7Te, WL, LELT,
J)g, W35, W45, W5T5, —w1w2x5—|—w6x5, W7y, W8T5, L5L7, L5T6, Jig, W3T4, W4Ty,
W54, WeL4, W7L4, WTY, TALT, T4L6, L4L5, Iia W2X3, W3L3—~W2x5, W43, W5L3, WeL3,
W7T3,W8T3, T3L7, L3Le, W2L5—T3T5, L34, :Jc%, W2X2, W3T2—W2X4, W4k, W5L2—
W1W2x4,
WeT2, W72, WL, L2X7,T2XE, L2X5, WL 4—T2T4,T2X3, .’L‘%, W11, W2X1—W1T2—
w13,
W3T] —W1T4 —W1T5, W4T — W16, W5T1, W61, W7L1, W8T, L1L7, W1Te —T1T6,
W1 T5—T1T5, —W1T4+T1 Ty, W1 T3 —T1T3, —W To+T1 T2, T3, Wr-+w1Te—T7+Y7,
W1Ye, W3Ye, WaYe, WsYe6, WelYe, W1lY6, W8Y6, L7Y6, L6Y6, L5Y6s LaY6, L3Y6, L2Y6, L1Y6, yé,
W3Ys5, W4yYs5, W5Ys5, WelYs5, WrYs, WeYs5, L7Ys5, LelYs, TslYs, T4lYs5, L3Ys5, L2Ys5, T1Y5, Y5Y6, yg,
—W1WaW3+ W1 We +WoWs + W1 WoTs —W1T6+W1WaY4 —W2Y6, W3Y4, WalY4, W5Y4,
—W1WaW3+W1 Wy HWaWs+W1WoT5 —W1Te+WeY4—W2Y6, WrY4, WeY4, T7Y4, TeY4,
T5Y4, TaY4, T3Y4, L2Y4, T1Y4, YaYe, Y4Ys, yia W2Y3, W3Y3 — WalY4 — W2Ys5, W4Y3,
W5Y3 —W2Y6, WeY3, WrY3, WeY3, L7Y3, T6Y3, L5Y3, L4Y3, L3Y3, L2Y3, T1Y3, W2Ye —
Y3Ys,
WaYs5—Y3Ys5, —W2Ya+Y3Y4, y§7 W1Y2, W3Y2 —W1Ys5, —WaY2+W1W2Ys5, W5Y2, WeY2,
WrY2, W8Y2, T7Y2, TelY2, L5Y2, T4Y2, T3Y2, T2Y2, L1Y2, Y2Ye6, W1Y5 — Y2Ys5, Y2Y4,
WaY2 — Y23, Y3, W1Y1, —WaY1 — WalYs + W1Y3, W3Y1 — W1y, Wal1, W5Y1, WY1,
WY1, WY1, T7Y1, TeY1, TsY1, L4Y1, L3Y1, T2Y1, L1Y1, Y1Y6, Y1Ys5, W1Y4 — Y1Y4,
Way2 — W1Y3 + Y1Ys, Y1Y2, YT, —Wr — Ws — WL + Ty — Wale — 27,
We — W1T3 + WalY2 — W1Y3 — 26, —W3 + T4 + T5 + Y4 + Y5 + 25, W22y,
WolW3 — Wq — Waky — WaTs + T — WaYq — W32, WeZ4, Wo2lWs — W1 W2T4 — W2Y6 —
Ws524,
WeR4, W72y, W8RY, L7245 T6R4, X524, LaZY, L3R4, X224, X124, Y624, Y524, Y424, Y324, Y224,
Y124, 23, —Ws + To + T3 + Y3 + 23 + 24, W1 22, —Wa2s + W1Z4, —W5 + W1T4 +
Yo + w322,
Wyz2,W522, We22, W722, W22, X722, LeR2, L522, L422, L322, X222, L1222, Y622, Y522, Y422, Y322,
Yoz, Y122, W12y — 2224, 25, —W1 + T1 + Y1 + Y2 + 21 + 22}

Therefore we have

(5.61) GNR[w1, w2, w3, W4, W5, We, Wy, Ws, Wo, W10, W11, W12, W13, W14, W15)
2 2 9 2 2
= {wl,wQ,w3,w2w4,w3w4,w4,w1w5,w3w5, W4 W5, Wg, W1 We, W2We, W4We,
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W5 We, wé, W1W7, W2W7, W3W7, W4W7, W5W7, WeWT, w%, W1 Ws, W2Wg, W3Ws, W4AWS,
W5Ws, WWs, Wrls, W3, —WiWaws + Wwiws + waws + wiwe + wr + ws + wy,
WaW3 — Wy + W10, —W1W3 + W5 — W11, W1 W2 — We + Wi2, —W1W4 — W7 + W13,
WaWs + Wg — W4, WIWaW3 — W1Wy4 — Wals — Wy — Wg — W15},

which shows clearly that the variables wg, w1g, w11, w12, W13, W14, w15 are R-
algebraically redundant. The diagram (5.1) is now seen to be completed into
the following limit diagram:

2,
0&2 AREZIN 0%1
%1%‘32 %1@2%2
ajs T Weo T a:
562 12 31 ,
( ) w2\ p3
Qng QH3
04%3 N\ / 033
RUTEDID)
where

(5.63) Weo = Rlwy, wa, w3, Wy, ws, we, w7, ws)/ < wi, w3, w3, wi, w2, wi,
w%,wg, W1Ws, W1 We, W2W4, WaWe, W3W4, W3W5, W4W5, W4We,
WsWe, W1W7, W1 WS, W2W7, W2Wg, W3W7, W3W8, W4W7, W4WS,
WsW7, W5Wg, WeW7, WeWg, W7WS >
(5.64) @1 (w1) = 21, @1 (w2) = @2 + a3, 1 (w3) = T4 + 5,
¢1(wa) = w6, P1(w5) = V124, 1 (W6) = T173,
p1(wr) = x7 — 2176, P91 (W8) = 0
(5.65) @o(w1) = y1 + y2, Pa(w2) = ys, Ya(ws) = ya + vs,
Po(wa) = Ys3ys, a(ws) = s, Pa(we) = y1ys,
Po(wr) = —y7, pa(ws) = yr — Ysye
(5.66) w3(w1) = 21 + 22, p3(w2) = 23 + 21, p3(w3) = 25,

3(wy) = 2325, P3(ws) = 2225, P3(we) = 26,
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@3(wr) =0, ps(ws) = —27.

It remains to show that there is no R-algebraic redundance among the gener-

ators wy+1, wo+ 1, ws+ 1, wa+1,ws+1, we+1,w7+1,and wg+1 of W, where [

is the ideal < w%, w%, w%, wz, wg, w%w?, wg, W1 W5, W1We, Wallg, Wallg, W3W4, W3W5, WAW5, WaWW5We,
WLW7, W1Wg, WaW7, WaWg, W3W7, W3W8, W4W7, WaWg,WsW7, W5WS, WeW7, WeWg, W7Wg >.

This goes as follows:

(5.67) The reduced Grobner basis of the ideal < w?, w3, w3, wWawy, W3wy, W, W1Ws, W3Ws, W4Ws, W3, W1 We , Wa
W1W7, WaW7, W3W7, WaW7, WsW7, WeWr7, w% W1Ws, W2Ws, W3Ws, W4Wg, WsWg, WeWg, W7 WS,
wg,vl — W1, V3 — W3, V3 — W3, Vg4 — Wy, Vs — Ws, Vg — We, VU7 — W7, Vg — WS > in the
polynomial algebra Rlw;, we, w3, wy, ws, We, W, Ws, U1, Uz, U3, Vg, Vs, Ug, U7, Vg] With
resepct to the lexicographic order wg > wy > wg > ws > wy > wsz > wo > wp >
Vg > U7 > Vg > Us > Vg > V3 > Vg
> U1 is gl = {’U%, U%, ’Ug, V2V4,V3V4, Uz, V1V5, U3V5, V45, 'Ug, V1Vg, V2V, V4Vg, U5Vg, Ug, V1V7,
Va7, U3V7, V47, UsV7, UgUT, U2, U1 Vs, VaUs, U3Us, Vals, U5V, UgUs, UV, U3, U1 — W1,
Vo — W2,V3 — W3, Vg4 — Wyq,V5 — Ws, Vg — We, V7 — W7, Vg — ’LUg}, so that G; N
R[v1, v2, v3, V4, V5, V6, V7, Vg = {03, 03,03, V204, V304, V3, V15, V3V5, V4V5, VE, V1V,
V2Ug, V4V¢, Us5Vg, ’Ug, V1V7,V20V7,V30V7, V407, U5V7, VgU7, U’?, V1Vg, U2Us, U3Vg, V4Vg, U5Vg,
vgUs, U7vs, v3 }. This means by Theorem 2.1 that ws+1 is not R-algebraically
redundant among wy + I, wo + 1, ws+ I, ws+ 1, ws+1,wg+ I, w7+ 1 and wg+1I.

(5.68) The reduced Grobner basis of the ideal < w?, w3, w3, wawy, W3wy, W3, W1 Ws, W3Ws, W4Ws, WE, W1We, Wa
W1W7, WaW7, W3W7, WaW7, W5W7, WeW7, w?, W1wWs, WaWg, W3Wg, W4aWg, WsWg, WegWg, W7WS,
wg,m*w2702*w3703*w4,v4*w5,115*10677)6*107,@7*11)8,”8*?01 > in the
polynomial algebra Rlw;, we, w3, wy, ws, we, wr, ws, V1, Va, U3, Vg, Vs, Ug, U7, Vg] With
resepct to the lexicographic order wg > w7 > wg > ws > wy > wsg > Wwo > wWp >
Vg > U7 > Vg > Vs > Vg > V3 > V2
> U1 is gg = {U%, U%, V1V3, U203, 1132), V2U4,V3V4, UZ, V1U5, U3Vs5, V4Us, 1]?, V1Vg, V2V¢, U3Vg,
V406, UsV6, vé, U1v7, U2V7, V3V7, V4V7, UsUT, Vg UT, v% V408, U5Us, UgUs, V78, vé,
Vg — W1, V1 — W2, Vg — W3, U3 — W4, V4 — W5, Vs —We, V6 — W7, U7 —Ws }, 50 that GaN
Rv1, va, v3, V4, Vs, Vg, U7, Vg] = {0%, 03, 0103, U2V3, V3, UaV4, U3V4, V3, V1V5, V3Vs5, Va5,
’Ug, V1 Vg, V2Vg, U3Vg, V4V6, U5Vs, ’U%, V107, V207, V3V7, V4V7, UsVU7, VU7, U»?, V408, U508, UVgUs,
v7vg,v3}. This means by Theorem 2.1 that w; + I is not R-algebraically
redundant among wy + I, wo + I, w3+ I, wy+ 1, ws+ 1, wsg+1,w;+1 and wg+I.

(5.69) The reduced Grobner basis of the ideal < w%, w%, w%, Wolyg, W3Wy, wi, W1 Wy, W3Ws5, WaWs5, wg, w1 We, Wa
W1W7, WaWr7, W3W7, WaW7, W5W7, WeW7, w%, w1wWsg, WaWsg, W3Wsg, W4Wg, W5Ws, WeWg, W7WS,
wg,vl — W3, Vg — W4, V3 — W5, Vg — Wg, V5 — W7, Vg — WS, V7 — W1, Vg — W > in the
polynomial algebra R{wq, wa, w3, wa, ws, we, wr, ws, v1, V2, U3, V4, Us, Vg, U7, Ug] wWith
resepct to the lexicographic order wg > wy > wg > ws > wy > ws > we > wp >
Vg > U7 > Vg > Us > Vg > V3 > Vg
> U1 is g3 = {’U%, V102, ’U%, V1V3, U203, U§7 VU4, V304, ’Ui, V1Vs5, V2V5, U3Vs5, V4Vs5, U?N V1Vs,
V2V¢, U3Vg, V4V6, UsVg, Ug, V3V7, V407, V507, VgU7, ’U%, V2Usg, UV4V8, U5Vg, UVgVs, Ug,
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V7 — Wy, Vg — W2, V1 — W3, Vg —Wyq, V3 — W5, Vg — W, Vs — W7, ’1)6—’11)8}, so that GaN

R[v1, v2, v3, V4, V5, Vs, U7, Vg] = {07, 0102, V3, V103, Va¥3, V3, Va4, U3y, V3, V1 V5, VaUs, V3Vs, V4Us, V2, V1 Vg, V2Ug,
V3V¢, UV4V¢, UsVg, 1](25, V3V7, V407, V507, VgU7, U%, V2Usg, UV4Us, U5Vg, UVpgVSs, Ug} This

means by Theorem 2.1 that ws + I is not R-algebraically redundant among

wy + I,we + I,ws + I,wy + I, ws + I, wg + I, w7 + I and wg + 1.

(5.70) The reduced Grobner basis of the ideal < w?, w3, w3, wawy, W3wy, W3, W1 Ws, W3Ws, W4Ws, WS, W1We, Wa
wg, W1W7, WaW7,W3W7, WaWr7, WsW7, WeW7, w%, W1Wsg, WaWsg, W3Wg, WaWg, WsWg, WeWS,
wrws, w%, V1 — W4,V —Ws5,V3—We, V4 — W7, V5 —Wg, Vg — W1, V7 —W2, V8 —W3 > in
the pOlynomial a’lgebra R[wla W2, W3, Wy, W5, We, Wr,Ws, V1, V2, V3, V4, Us, Vg, U7, US}
with resepct to the lexicographic order wg > wr > wg > ws > wy > w3 > wy >
Wy > Vg > V7 > Vg > Us > Vg > V3 > V2
> v is 94 = {’U%, V102, ’U%, V103, U203, 1292), V1V4, V204, V304, ’Uz, V1Vs5, UV2Vs5, V3Vs5, V4V5, Ug, V2Vs,
V3V¢, V4V¢, Us5Vg, ’U%, V1U7,V30V7, V407, U5U7, U%, V1Vg, U2Us8, V4Vsg, U5Vs, Ug, Ve — W1,
U7 — Wa, Vg — W3,V — W4, V2 — W5, V3 — We, V4 — W7, V5 — Wy}, sO that G4 N
Rlv1,v2,v3,v4, V5, V6, U7, V8] = {v%,m?}z,03701037112113,032,, V104, 'UQ’U4,'U3’U4,'UZ,’1)11)5,1)21)571)31)5,1)4’[)5,1152), V2Vs,
V3Vg, V4Vg, UsVs, U%, V1V7, V307, V407, U5V7, ’U%, V1Vg, UVaVg, V4Vg, UsUsg, U%} This
means by Theorem 2.1 that ws + I is not R-algebraically redundant among
wy + I,we + I, ws + I, wy + I, ws + I, wg + I, w; + 1 and wg + 1.

(5.71) The reduced Grobner basis of the ideal < w?, w3, w3, wWawy, W3wy, W, W1Ws, W3Ws, W4Ws, W3, W1 We, W2
W1 Wy, WaW7, W3W7, W4aW7, W5W7, WeW7, w%, Wi1wWs, W2Ws, W3Wg, W4aWs, W5W8, WeWs, W7WS,
’U)g,’l}l —Ws, Vg —We¢, V3 — W7, Vg — WS, V5 — W1, Vg — W2, VU7 — W3, Vg — W4 > in the
polynomial algebra Rlw;, we, w3, wa, ws, We, W, Ws, V1, Uz, U3, Vg, Vs, Ug, U7, Vg] With
resepct to the lexicographic order wg > wr > wg > ws > wy > wsz > we > wp >
Vg > U7 > Vg > Us > Vg > V3 > Vg
> U1 is G5 = {U%, V1V2, U%, V1V3, V2V3, 11%7 V1V4, V2V4, V3V4, ’Ui, V1Vs5, V2V5, V3Vs5, V4Vs5, Ug, V2Vg,
V3Vg, V4Vs, ’Ug, V1V7,V3V7, V407, ’U?, V108, U2Ug, UV3Us, V4V8, UVgVs, U7VS, 7}%, V5 — W1,
Vg — Wa, U7 — W3, Us — Wy, V] — Ws,V2 — We, V3 — Wy, Vg — Ws}, SO that G5 N
R[v1, v2, v3, V4, V5, Vs, U7, V8] = {07, 0102, V3, V103, VaV3, V3, V1 V4, V24, V304, V3, V15, VaUs, V3Us, Vs, V2, VoV,
V306, V406, UG, V1V7, U3V7, V47, U3, U1V, UaUs, U3Us, U4Vs, UgUs, U7Us, U3 }.  This
means by Theorem 2.1 that wy + I is not R-algebraically redundant among
wy + I,we + I,ws + I,wy + I, ws + I, wg + I, wr + I and wg + 1.

(5.72) The reduced Grobner basis of the ideal < w?, w3, w3, wawy, W3wy, W3, W1 Ws, W3Ws, W4Ws, WE, W1We, Wa
W1W7, WaW7, W3W7, Wa W7, W5W7, WsW7, w%, W1Wsg, WaWg, W3Wg, WaWg, W5Wg, WeWS,
w7w87wg,vlf’wﬁ,vz*w%U3*w8,v4*w1,v5*w2,06*w3,”7*w4,v8*w5 >in

the polynomial algebra Rlwy, we, w3, wa, ws, we, Wy, Ws, V1, Uz, U3, Vs, Vs, Ug, U7, Vs)

with resepct to the lexicographic order wg > wr > wg > ws > wy > w3 > wy >

Wy > Vg > V7 > Vg > Us > Vg > V3 > V2
> U1 iS QG = {’U%, V102, U%, V1V3, V203, U%, V1V4, V204, V304, UZ, V1Vs5, UV2Vs5, U305, U?), V2Vg, UV3Vs,
v§, 1}107,11207,@307,@507,0607703,’Ulvs,’vzvs,%vs, V4Us, VeUs, 1}708,”057”047101,
U5 — Wa2,Vg — W3, V7 — Wyq,Vg — Ws, V1 — We, V2 — W7, V3 — U/g}, so that Gg N

R[v1, v2, v3, V4, V5, Vs, U7, Vg] = {03, 0102, V3, 0103, VaV3, V3, V1 V4, Va4, V3Vg, V3, V1 V5, VaUs, V3Vs, V2, V2V, V3 Vg,
’Ug, V107, U207, V3V7, UsV7, VU7, ’U%, V1Vg, U2Ug, UV3Vs, V4Vg, UVgVs, UV7VS, 1}5} ThiS

means by Theorem 2.1 that ws + I is not R-algebraically redundant among
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wy + L,we + Tws+ T,wy+ I, ws +1,wg+ 1, w7 +1 and wg + I.

(5.73) The reduced Grobner basis of the ideal < w?, w3, w3, wawy, W3wy, W3, W1 Ws, W3Ws, W4Ws, WE, W1We, Wa
W1W7, WaW7, W3W7, Wa W7, W5W7, WsW7, w%, W1wWs, WaWg, W3Wg, W4aWg, W5Wg, WegWg, W7WS,
wg,m—w77Uz—wsvvs—wl,”04—1112,115—w3706—w4,v7—w5,’l}8—w6 > in the

polynomial algebra Rlw;, wa, w3, wa, ws, we, W, Ws, V1, Vs, U3, Vg, Vs, Ug, U7, Vg] With

resepct to the lexicographic order wg > wr > wg > ws > wy > w3 > wy > wy >

Vg > U7 > Vg > Vs > Vg > V3 > V2
> U1 is 97 = {’U%, V1V2, U%, V1V3, U203, ’032’, V1V4, V204, UZ, V1U5, U205, U%, V1Vg, V26, V4Vg,
U5Vg, v%, U1V7, V27, V3V7, UsU7, UgUT, U% V108, V2Vs, U3Us, U4V8, VgUs, UTU8, ”052;7
V3 — W7, Vg — W2, Vs — W3, Vg — W4, V7 — W5, Vg — We¢, V1 — W7, V2 —ws}, so that G-N

R[v1, v2, v3, V4, V5, Vs, U7, Vg] = {03, 0102, V3, 0103, VaV3, V3, V1 V4, V24, V3, V1V5, VaUs, VF, V1 Vg, VaUg, V4V, Vs Vg,
’Ug, V107, U207, V3V7, UsVU7, VU7, ’U%, V1Vs, U2Ug, U3Vs, V4V8, UVgVs, U7VS, 1}5} This

means by Theorem 2.1 that wg + I is not R-algebraically redundant among

wy + I,we + I,ws + I,wy + I, ws + I, wg + I, w7 + 1 and wg + 1.

(5.74) The reduced Grobuer basis of the ideal < w%, w%, wg, Waolyg, W3Wy, wi, W1 W5, W3Ws, WaWs, wg, w1 We, Wa
W1W7, WaWr7, W3W7, WaW7, W5W7, WeW7, w%, wW1wWs, WaWg, W3Wg, W4aW8, WsWg, WegWg, W7rWS,
wg,vl —ws, V2 —W1, V3 — W3, V4 — W3, Vs — W4, Vg — W5, V7 — Wg, Vg — W7 > in the
polynomial algebra Rlwq, wa, w3, wa, ws, we, w7, ws, v1, V2, U3, V4, Vs, Vg, U7, V] With
resepct to the lexicographic order wg > w7 > wg > ws > wy > w3z > Wwg > Wy >
Vg > U7 > Vg > Us > Vg > V3 > VU2
> v is gg = {’U%, V102, ’U%, V103, U%, V104, ’Ui, V1VU5, U3Vs5, U4Us, U?, V1Vg, V2Vg, V4V¢, U5Vg, ’Ug, V107,
VU7, U3V7, UsV7, UVgU7, U%, V1Vg, V2Us, UV3Vs, V4V8, U5Vg, UVgVsg, U7US, ’Ug, Vo—W1,V3—
wa,
V4—Ws3, V5 — Wy, Vg—Ws, Uy —We, Ug—W7, V1 —Ws }, SO that GsNR[v1, va, v3, V4, Us, Ug, U7, Ug] =
{U%7 V12, U§, V103, U;%a V14, UZ, U1Vs5, U3VUs, U4Us, U%» V106, V2Vg, V4V6, Us Vg, vé, U107,
Va2V7, U3V7, UsV7, UVgU7, ?}3, V1V, V2Vg, UV3Vs, V4V8, U5VUs, VgVUsg, U7US, ’l}g} ThlS means
by Theorem 2.1 that w7+ I is not R-algebraically redundant among wq + I, ws +
Lws+ Iwys+ I,ws+ I,wg+ I,wy + I and wg + 1.
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