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1. FEREICHITHERE S

Distance distribution in an arbitrary region

BERE
Takeshi Koshizuka

In the present paper, we discuss the measure of the point pairs whose distance are less than a
distance r in a given area. By differentiating this measure with respect to r, we get the function f(r)
which is called by distance distribution. Using formulae in Integrai Geometry, we get an approximate

polynomial for the distance distribution in an arbitrary convex region. The approximate expression
consists of the area S and the perimeter L of the region and have good fitness to the numerical

distributions of governmental districts in Tokyo.

Keywords :
Y a region,uniformty distributed line

distance distributien, distance distribution in an arbitrary region, area and perimeter of

RN, — MR ERICHY 2RO, FRROTNHEAR, —RAHA

1. FUBHIS
B EFMLAEORGLAZDTHRE, RN~ L

WwhtgZoh, ThithAaaEREREL TRL2ADLOD

Bz, fiTfRemMBEbBRRERLENSREED £
FTW<, B2 BTCH A IO BRI N E D 5
WAEMNMIOMNTWT, Th225EBLTHIWOR
b, BEREHERI A SoNNEEITTE . LRALER
B TIE, WAWAHIEHE APLOONERIZITE
#9A, ZLTHERORBEETACES KRB TES
b THAWOT, HeoRkicdTaLoRER,
EORUDOEDEMES A ThEXN S,
LOEIRTEEELS S, HEMBOBIEDLS R
FEHNEDS BWFEEL TWah, PLERSLITHER
ThiE, BEPHBEOEAMBME L TZRORTEER
LeE, TOHM (7)) OEHAMEDRIIAHELTAS
PEHD LN, MIPHEETI ETERNECEEN
Dzl sins,
PlroEzias&izl, EROSE @ ETHE) 2R
£3ETRE, HEREHEEDS. MRMBAFPES
EQOBEEME D U THIGNAFETRDS L EMTES.
ULALBEOL DR FERTHEL W,
FITTOEBAN & MR TET O T < #IAIT
WICEHT 2 HEERLAONR (1] THO, ZhATHHE
WH-EOT, BEATMRIIDOWTOEENTESLS
ilo7, bbb EFEHERMCHFRICEMTE I
i [4) THRARONTVAN, FHXETOHROEREBRT
LOTHS, 128, Mgt BW®IXRE<2D
B0, 12003 EThis  EEHEE UL THERN

RAYE DB &EMNTELZ L, bI3—D2HEFA N
BB AR E LR REE2d - E03E5H T
ETHS.

2. MO

STRIRODHEERI T E JUXWR (1] FTHRRL TE
=, BFicchzdilics Ly, Biakd
ICEROESE D HIZZ8 py, po ORTEEL, TOTR
B O Dip,, po) Br T THLERT—DRBRE F(r) &
FhiE, chud

rey= [f dprdp, (1)
D{p1, pa)<r

EXbaNs. FLTF) D& r LB RHEHRLEND
T, Flr) & r THEH Ui fir)(= F'(r)) R E L5
R TG,

M1 @EDeka=s

ECAT—RMAEETECO f(r) 2MEICE DT
L<, S DANOBSICE Crofton O FERELH
WT, ¥ DMESHBOBEIZE Ghosh I2k T, BITO
LSCEHENTVLD AR 23D . ThDEHR
D A%E o OHOBATI ‘

F2B SEKFEATHER (Unv. of Tsukuba)

WOBFAMITEIR AR W ELfmHmxe A7



g T 20 _ (TN
F({r) = dmwa®r arceos 5 Imariyf1 (20) (2)

LEMAND. TEERDFRABTRUOGEE R 0, Eil
oEEEL TR

1) =
(0<r<biE
2rabr — 4(a + byr? + 2rd,
ber<adDEE
dabr arcsin -g +dary/12 — B2 - dar® — 2b%r, (3)
a<r<al Y EOEE
dabr (arcsin g- ~ Arccos %) +dary/r? — b2
{ +abrTE = 0f = 2r(r? + &% + b%)
EEbah3 —BT5ER(2) & Q) HAEE>TWHWAK
B A AHhHLARWY, EEDELTHEe=bDE
HHELD, MEOAMEELILT W=7 ZhH
O flr) BHETSHER2OE 3D, ThESHD EME
RAELSUTHWD DM EEAD.

Sy M
EHTE

. ENEPP
0 a 2o
2: JERED S (2):M & (3)EFRH

r

3. M ATRDELIED 1

LI BTH(2) PR (3) HEMT, HEVHLPT IS
Bbhich, UL biil D SHELRICREShTHS,
70308 1) THAT B ORI B 2 Bl 16 & RIEMICE
BICRDBFENMBRINTVNS, FITIITRSID
LHIART, Lo b—Ri s 0El a1 58T 5
TEEHAED. R()TETRIOLDIC p, ZAEL T,
Hop, HOREr OEH<. COAXTERAE DS
il

f dp; =mr® )
D(pv.p2}<r

&%, LALA pp, WER D OBRIZENE T LR
(4) WEEL L2\, BEITr A0 < T D AOKES
T () VR T DHEICH, EED OmiE S Lvhid

f f dpdp, ~ (1r%)S (5)
D{p\,p2)<r

a8

HEHRE, Ao TROMEREHMRRBUTOL DK
5.

F(r) ~ Fi(r) = w8r?, f(r) ~ fi(r) = 2nSr. (6)

------

& 4: D OARIED BYES

LAY, rRELARZ<RDER (4) RS TRILT
BELEEASNAN, TTTHERMBELBIBHEES A
3. R @) ARILAVORERN 5 r ZHAMIZAS
FEZAETROT, FTRSOLSERO—-HE2ESR
EHRRLCERT S, ERMSMOPL p, ETCOEMESE x
ETHH, ¥Er OO BEE D AN A TR
DT 72 arccos(z/r) - /72 — 22 E72D, H py B
PO TRz S THEERRD D &

r
[ (r2 arccos = — /7% — mﬁ) Log=2p2
0 T T 3

EfB, TLTEANS r ETASLBROEREE, BER
OEXE (BE) L EZRWTOHE Lr ZELTHE, & (5)
DFEICBWTRHIMA L BODIERIE LT (2/302 - Lr
AFeNs, FrTI0IWAEMKELTUTOLOMNE
HaEns.

F(ry ~ Bfr)==57%— %Lra,
fry ~ fo(r) = 2nSr — 2Lr?. )

ORI F(r) DEHRR (1) A SREICEINDLOT
$5. LHLR (1) 2HBICHET 2 0RMETIIEN, 8
DRE (2) LEHBORE (3) BT BNl Ak THE
RHENTNS, BFROBS, X@)D0<r<bD
LED f(r) BBBE, S =ab L =2at+b) iTEFTH,



P2 QEETHER (7) & 3) BEBLYL, ¥AMOBaKD
£ (2) B BHKE r TRML

r L 1 (r )2 1
Areeos S 2 20 V 20 ?

EHI S =ma?, L =2 ICHEET S &, OO P OEFE
TRMIE QKBTS 2R (MMERUTE D) =&
L TWENELDLEEE OLIITRED, (7) RS
TBELBr MER o LD LAZIVHAETH (2) 2L
EMLTWB T Eithh s,

HON

@
)]

0 ' & ‘ 200
B 5 R (7)) SRS (2)

DEDKRLD, “HONTERTE L TEREONS
HIRE, AED OBRFMNL R LU THE-ICHE S
DWTEERLVEETHL Lo, LT B
RASH B REL, ELV SRR TE 2HHETITNER
AREL TS, L LEFRTH—RIMNIEENET
AW ERIIAKOLZ AL VBT BWTHEAD. £
CTHAHHMEN LR & OMEMNERICEC TRET S
ZEEEALY. TLTHEISHRIhAERERELD,
BREZACEMOMEELT

olr) = f(r)e™ " (8)
EEDD. KOS OBEITH r MAE<HBIZON, (2)

Jin

1

2y

(9)
- : = - - r

0 o 20
X6 E#toNEeSALEE (8 =2/a)

& (7) ORBATTLBH, ZOLSCREEHEALEM
EQENDIEL B TEMTHENS, Cod VLR (E) O
OV () & (1) EANTY 578N E f=2/a DEE
HB6OLIAS. 514 =4/a tT5LMHOER
BHEHTEORMLN. TITAMBIREASNES

i, BHELATR o MU (2) BAH DI

g(r) ~ (2x8r — 2Lr%)eFr (9)
ERWABZERED, BREEZEUEHOFEEEME
BT D LMTES (CURE [4)) .

4. IEMAHICHT SR

HEOR (YPEIAHELIPL—BRAICRET 20
2, M7 OLSCHA p, BILHELEEF r OFLZOH
HBHER D & OMETS (HOSES) OERE S,(r) &7
D,

Fir) = ] i dpydp,
Dip1.p2)<r

ESS f(f * dpl) dpg
Dipy.p2)<r

= [ str3dp, (10)

MESND. KD py BT 2 HEHIERE r KEELLN S
&, BTOSBAOHROREE L) £ET5E,

dSp(r) -

o0 _ Lytr) (1)
THHIEICEEL TR (10) OFlE r TRATS&
fr) = ] L, (r)dp, (12)

MEOND, T T OLI AR L(r) KHTAMEE
VT rTERLIELOE w, ETHE L (r)fr=w, TH S
ZEkb ’

1

Lty = f wpdpy (13)
NEons.

Pg(ﬂ'?,?;)
B 8: f& r Q@ OEBREAIIE

FREOADORATONT, EEOLIFADTTL
TEEDICET p, OBEE x flly BTHRRL, KErOR

20026EAE HITE B AT HHES SEHRTRE 30



FOARE NS OAER ), ZORSMEBBRDO
BREGHREEQRER ¢ 75, THELREDR

[ oo ( f dmdy) d6 = m(r) (14)

EiD, ChiZWMa8EIIBTH5EE r ORDMNZOE
BICE 02 HEFRRE m(r) KE LW (2R [3)).
ZCTR(13), (14) & OIERS TR f(r) & T OEBHEAIN
EORIZEER DML E

fr) =7 mfr) (18)

EWIBHRO BB T LMol T B XK 3] F TR
NESRTWD RS r QRSO D ICg Eh 5 HENHE
HIBIE mfr) 12 r 200 PUE, HsOEEINERDDZL
MNTELDITTHS.

PlEo#RLD, BEMomoEHIC LRSS ORIE
ANBZENTELDT, ZOMETRYE DT AR
TLNESITR, chERnEEREnwIEdbhark.

2 CETEROMACTRLIEN (2,9,0) ZHBBLO

THEIL—BBEREA LRSI NT2, Mook -

ICET r OBS (K RE3ERETEZ, JOBERCT
ALEEROROESEp, AERp LT3 RErOBY
D—FDREDEES (z,y), BROAES 6, D OE
RNSRNORMEETOERL L LT5. ok, BH0E
BFNEE do dydd BERBRIZE - Tdtdp dp &F3h
B (TR 3D . ¥, —BABEGRENSISNTNS
¥, BABRMETRIOEE dpde % dG* (dC THAL)
THERL, ddG* ELTRHOMEORMA HERL T 257
HTERRLTVS, —HRRESEN LB T
BB HNTWEH, YR (1) TR-BIZHH T2 2 A0s
HTHBED, 25 OEE |6 -1 | 0EHHDNT, Lk
H—RBERIZAFRDFSNTWTIT fto - £1]dtdtedG
LR Thwa I ElzgEs i,

B o —HRREREN LTS R

ST, TOEEAEREAVDEES r OROWHSES
IZEEhABOSEEE X, &L, TORSOEESEN

40

B 10: FH4r4i68

BEE m(Xo) &Thid

m(Xn)

fd::: dydf

fdt dG*

= ?/ (0 —)dC (16)

EEEND, BEOMMILICLAHN0<t<o—r &L
REZBRERLHLTED, OBOBELSOERDATOR
o e THAOHAMTIRENS. Thbt o MRy
DEErLDDREVE, CORANERD IKETNZO0
T, rEDBREV G DEEDAIMCE®RNSS. 2T
TZHEHRHEHAe > r TREL TV,
DEFEROAE o EEEL Tp2RESL TV E (B
SNIAEL TS E) H10OLS PN Tadir LD
BHhESHEoTLESD. COBEES r OBSWNTERER
EOTAE 2 OUNENSHLOT, ZOX DBV
BDEXIE2BHFBOESE X, LLTOHREOH
EEm(Xy) &T3E, FROBRERALLDIT, SEIE
WEo<r &L T

m@ﬂ=2f (r ~ 0)dC (17)

REohd, I TER(16),(17) #FHhEN o & r EIA
KUTHEAND, 0 <ro>r ORENTRTERL TN
BNDT

m{Xo) — m(Xa)

- 2(/ adG+/ adG)
ag>r a<r

—2(/ rdG{:[ rdG)
o>T a<r

- 2fadG~2t/dG (18)

MEOND. WERAEO—RZERIZBTAARLY (X
ﬂmp,%ﬁﬁﬁDwﬁﬁéS.%E%L&?hﬁ

fadGﬂw& ]dG:L (19)
LiBOT

m(Xo) - m(Xa) = 228 — 2rl, (20)



Ajon, ThERMROR (15) L0, ZoERICHTAE
RESH f(r) W&

fir) rm(Xg)

2mSr — 2Er? + rm(Xs) (21)

ek, BTETHRELUAEBAAOELMR (113 LR
Drm(Xo) ZEB|LEDOTH LI EMbhhol, r R
kK, (X)) TRLLEREEX r OB 2ATEDLD
EL NS VOIS VDT, chEDiEMELDT &
BIOEMN 5o ENHMD, ELMBEORERT2EHED
2Ur MU TS 2 & 2 AIREMMFATH - 2, BRI
LELALLABBDHZ ZEHANETHSD D,

5 ERAMOELED2

Tl r HREVWKEIRBTHEASH, & (17) &b,
m(Xz) DML T AC PO dp DN THHDT S
&, B11 THLMEXSIC

[ e-onp (22)
a<r .

HEFOMRELOmMMERDLTWS, T TohaEr
O E LTEET N mlXs) OERMRDHENS,

IITHEIIRDONIMOBEEZMD EITLD. HE
FEAEE . OMHOES, R12Z2EX5L, ROAWEH
sREINr ElMa~ /o - (/22 DEHFHLOHER 5,
OEFEEIIHEEV. Tl s, OBBIZARE 2arcsin(r/ (2a))
Dy F-PEED r BE /o - (r/2) OZABEI
H&noT

5 = r{a—— az—-(%)z}—{azarcsing&-
-}

7
_ rcx—g oﬂ—(%) —oﬁarcsin% (23)

H 11: m{Xy) ORAR

7

® 12: BOBE O m(Xs)

INEbETHOEBEICR

m{Xzs) = 2f (r—o)dG

agr

=dx {m~% 02—(%)2—a2arcsin§%} (24)
MESNHOT, K (21) &0, AOKSOEEZR (2)
#ohns.

—Hr MBI OBRS, BLEOmMRs N r OEOL DR
Bz ThadhEEL . Lok (4)DEIAT,
MiE r ORFICENTS L

arcsiné« ~§t&+%(§%)3+“.
2 - ]
1- () ~ioglz)
ERBOT, ChtERVLE LD sl
3

-
§ v —
240

ERDIENDNL. TITINERNS L
a

r
m(Xz) ~ 471"%

ERDOT, 2 2 -—RNEREEOERC LEIHRA

{25)

m(Xs) o é#

LB EHNDOMD, T TLRICEEEMITR (20)
BAL m(X) M r =CODEIARTOERBIET, IO

fREERD D L,

2LC — 278 4

m(Xo) ~ 25 -—2Lr+ o3

(26)

MESHhB.

BEoRBE, LEm#Es HAECERELZLOTHS
HIEHO < p <« TOWAM, BIZ7 235 LTH6N
Fo. LA L—ROnEE TR 0L Sk sk, 7
T E1ORE e TROSAERRDELEORAOE

FO/BITLLTFEEEEHT L
&d L
fag=% en

20024F M BNATE 6 AKTR B E 2RISR IR 4]



EixsoT, kit (26) 0 CIMhbY, o TEENEE)
CHERIIL, BERES O

2x? (L2 8)

flr) ~ 2n8r— oLr? 4+ I3 r (28)

HiEs5hd,

6. Bl GO

AR TSRS (28) ZHBROFTEFTH TIZD, (1)
CHRINEMELREREEBEL LD, HFERRELT
HHGRSERetks, K, BREED L, R
HBRIZOWTITFHhRTWAHOT, ZhSFEAROME ([
13705 15 KB £ Lo/ BEOTERIZEBTT SRS
I DWTHEATR (1] OFETEIERIZIMEITRDS
ZEMTES, FLTChENDLEOBEILEDNWTS, M
RLAEMNWEASENEZATHD. LrLSREIIBERO
BE&bHY, S [5) THEMIFOVEENNEOREIE
FERRTAENIRELHZOT, HREMLDBOICBERE
L.

F13h5 15 £T, WRENEFOEESFIRINT
W3, BhORREKRENEEREEDLTEY, Chem
B L WA BT S0 (2) LREOR R (28) A
PRTHE, FT, @13 ORREREAD L, KL (28)
BEOR (2) FRTEEZ L GEELTWH T &b D,
HZOBEORETIMELMAOR CHIZIFMER I
HTEa EMbhok., RIZERESREIDH P LHEEL
BaBEORRIIODVWTATALD. Bid IV Z0BE
& D LITRI (28) HMA L, FEREr Ak EL THEIR
W& EYSIER T ENT B EMTERNE—RL
TWwa, FLEZOBERINDLLUEMNRN, ZABOAER
SLALIAYFREIIDWTHATHS E, M5 £, /i
OEEEHUELILHETNHDCENATENS, &5
T, MROERTHOM LD, HEVWERICDWTIH
MOBRNBETHD, RAZERIIESHZN, ch
DWW THZBSIIH®D T &io L.

7. BbYKL

ETRITICH L O L WREBIZ DX IER A O
I (28) M LA, 52 ohAEROBMEEESNE
TATLEAA G o h, SN ThEEE< AThit
N DECBETHT &M Mok, X510 IIEE
DBHATHD, PHECEMOBRLSELLAELR
BTHEH, FRBERR (M) ORBRT, BLEATLORE
m&ﬁﬁﬁ£éc&ﬁ%5mtnvt.ﬁ@&&a%t.r
NI VRHER - ORETHIMBMNEETHY, DL
rIREBDELC OERTHIEE LNERTSN-T
< EIANMPORKIZT, KA ERY, L
BER-FTEWET I ERTERY. TORKIE» Mk

42

%<notﬁ§§mmébwﬁﬂ.;nﬁﬁﬁmﬁﬁfé
CEEEICTMENSEIETHS. LHILR (26 DCK
EBMOBEREAVDE, AXO [VONEE ORELD
BEENEIEREL-. T MREMER) BERA
ELIHBTAETROT, SR TRiEOAM AR
I TN A I &S,
BICAROI XN EEREMRRAE ERER
(B}{2)12480103) MBI ERIT/.

G,
(2)
(28)
¢ 10km
o\ 7
! w22 o ()
& 13: WIRE R OERE D
Jtr)
()
(28)
(28) T km
T T T T _(ZI) T . —
0 5 (km}
H 14: BRUEEE O H
Jir)
(2) <iz::§
(28) T
(2) -
H Y T T T ‘% T -T j[kli:n)
B 15 RAREILE OERED 4
BETH

(1) RS, kit 8 (2001):BHS%Ic Bt 5 EE G OB H
EIER, BRRHHESSFNMITRIE, 536 2, pp.871-876.
(2 BHEE. BRI, i (1086): SHHELE. @#ass
(3) L.A. Sautals(1976): Integral Geomelry and Geometric Prob-
ability. Addison-Wesley, Massachusetts,

(4] BEREAE (1990): FHSHOEMIH, Bx OR L2BEH
REEKTTAL 57 ME, pp.186-187,

(5] RESRRS (1978):HRPHERE, Journal of the Operations Re-
search Society of Japan, vol.21, pp.302-319,



Journal of the Operations Research
Saciety of Japan
Vol. 44, No. 4, December 2001

LRI A B R AN oS B RYY OB 8 EER O ST

B 138 JEIR R
Has K HA

(RIEB 20005 9B 6 H : B3E 20146 A5 B)

MXEEE MRS A A0 CREER A 5A, BEmE & BOE I X A3 REICN U 3R e TR
LT, BBEsREf/h T 3B R AMEEERT 5. BBUSGERMITTILR—%, T2HL—
F, K BKEHETHE, JOMBEER ZEICL-T, BEEMESRBREHOEN S, RBOBIL
KE-THHOHZINEDI I IIED IO AN 2 - &0 HkS, BRTI2ETAV0OERSEERIDE
i, BMECERMERESE LT -7

#1 OfER, HBEAMOO 10 HOoRBRYASTHR AR ET 2 2 S MOBEIRNEAHIE Uik
SRREONEETD ZETHE. IS ABERFESME 7ML AHEBRENIC—FBLTIAE S
LhErb oz, Z LT, UBMROBEME, 2hid 3 SICEBET 2 FRAEEERT S FRIEONT.
BRIREII T EREE L7, 55 2 O, RNTBEERETHE A= DT—F . PL—F .4
DR ABE—HRERINE I LN -7 L RF L%, BEETIC LT T A ETHS, L
T, BBLLR—FZERNZ B O LT, JoFRXMH_ EEOA O S BRI~ OB NS
i, &S 80 REECHMERABEICAAXSEHMLTHLAZELRLE. —F., BPROEED 2 4o
BHICBELTE, 8TV R—FRBX2h AR THNIELRELE. 26, 83 vR—-FoE oA
BAEATHAOBHHEALIHRAL, CORBIMUE EREOEBIEMBOMBRL L —HLTHAE I EEHEIHI-.

1. ZL&Iz

REGEPLEEZ 0L DOFEME LTE B, SEENEBITAADIRET AR P
BWio R AT 28RS RSN TEL, BE Q) BEHOANLLERE~DT L—
L OBHE), BLU, HHEEE LABERIC SO TERESEN S PO~DBE Y
L, ABPEOEBELS T TRAKSRBICNE U BRERSLE LA L LT, BEEH
LARBERE L ARSI R THARSETARRE L. £ LT, HEORERRKELL S
&, EREFIEAL THZRAARERICELAL T LEWEBEREII L LaEnLinwe %
ALT. E72, Vaughan(16] i3V < D DT OEBEDOZBRE DY — &, REDT —H
CRAIRTBETNEME S THEA LUk, BIR (3, 4 i, &HB I UEREREZSSEE LT,
ZTORDEEDOADOHOBICHEIZITERNR DD VI ZBERIEL, KEHFHOBEHE
CBREFMOBEEEOZEERIIANLT, RBBRMIS L UOBERMSOmL23E L, Elk
DFEBPRT o R~ a VEBBOEZS LOBREBSE L. £k, &K1 k#HHo
RWSl L RESEAIRE LT, BN L EEROERS TIRE, SHHRE PO X 5108y
BB REMEVoMEEE L. KB HINKEREBROEELERITANTHS,

B (13, 14, 15] ¥, fEEADA DKL 2R (BEHE) TEWRITERTHIEWVD
REEEL, MBS T2 5BERBIER - TRERICS LR BLETHS
¢ LT, BERRE GRERORESMELZR U, JhillBROTREFNEHE>TRED

326
—13 —



WAEE L BEC AN EEEROBHE T 327

BIE#E 22 L0 T2, 2LTC A3 T, BHEBRBILTLVZ{OADEZNE
LEDELThH, TUA—FDED3FREHIBMICKE 2D, BEMAL LTRAA
T AEIY L LERRRNI L EFRLE, ZOZELY, BPORBCRLT, £Z
WEETAAQRCEDEO LWHEEEBEEERLVBLZ &R, £, L7 3E.
EAERY AREE{CREEE ERLL.

ST, HOOLOBRITELZONEANZEETADIZENETOEBELENL WD
B Th ot AW TH, THEAT TR EENOBEFMNLETILVIBALE
BIZ AN ETARERT S, TG, KEBBICEET, BESHICII L _—FLT
AHVv—FEMBTEILOLL, FRENMLELRI2EE BRI Z2ERTD. TN
REILLT, BOBREZHRHEGEL LT, E20NEAR0ZRETIOOEERRL,
ZNoOXMOBEIGRRICS LA RRBEY, BRBERMARNERD LI CED DB
B, Ik oT, BHOWR (BELEKER) KXo TBBORS SBEIEDLDION
%, BRI O N REBOMOB AN OIET A Z &N TE 5.

ELOEREBRRBHENE, BRETIECFAOBRELZER L TR ). T 2T, BEER
SEBBEELEBEOKRERE (W) LENbEoRSRERTARIHRITBETVE
BEL, B#EEOME LT, &I 2REEOREERE ZBR~DRSE2ED D
VS —FEORESFEMELZE LS. Lo T, TREBELHERN L ZBSEETWS
ZEPHEOMEICEEN TS, LT, HRECEEE L TERME LRkig2TMiEL T2 7
DT, REEOEEL ZSBEBICHE L TRIBABEMAETH. Thbb, = L_—&ah
TN E BNy TN THD 2 &, BEEICHH L CREM A ND 2L, REE TORRRM
MARENTHLZ &, BENLLRVWEZTORBBERPES 2B L, 2RV ATV
(i, ZMBREEDT, HABLETIAOEEOUMPE L VR TITERT DL 9 03B ARET
HERETD. LedoT, REQEY L SEEEIC L TRERERHHLZE . AR E
ETHLMBENLRBERICL 2T, Fo7i<BRTETCHRVENIREEZRE T3,
ZO&E, SEHARTHENTER S W BN ORME S SR EMNEOMRE LCHE
TEAHZEED ML~ FRAT7THY, ThOORENEOBREE CEMAMNI OV TITEE
Plick-oThHRitTHaZ L T 5.

2%&3%{%%»mﬁ%m&ﬁNt& BETHIETANREOEDC L OBEHAA

RERDONERMAD DI, KROBMENGRE LAHEL 2 F1T. 42 CREBRIELO
lﬂﬁmﬁgﬁw%a@ii EWTiThivk, 2 HISMOBERBOSH 2HIE L /-EE
BREOIMBEITS. Tho0BYMEATRY LiT-0i3, BOANBLUCBYEOBEIC B LT
& RBRAP+ TN TER SN EZZONINOTH S, £LC, ZREE L IEK
HOBEORFEOVWTIREET VDL ICRELTHELAFE L, EE0BRDOBEE
S UBEIFHSRB AL o TS, BREEFALEAVWCHEORYICERATEA LS
FRITRAIRETH B Z L BTIR SN D, 5E T, RENABEBRETHLI=2—I—2 0
U= R pb—R et ¥—DTm L= F AT AEHE LTS, 22, — gD
LAR—F TR, BRBEVOLEDIZIREN:, BEOKIZ LAMEELAVWERF <
L= LERTELET AR LRI bRB VAT LY, BREFAEBAVCIHRRT
EDLLETT. ZOBVERY Lo biite RECEBTHE. TLT, TFALEE
CWTHBELILERE, EROBRYEORBE2TIZLICL T, Z0EMERRE TH 2 »
EInEBRNTS. |



328 B - KRS

2. BPROZEFE

EOMBLREZAOPBMORLAIEEL, FRoDADOEEOXMBEWITERY
HRRWEEZD., ZhiY, ERCETATETHS, BORo/RtBARLOMOBE (N
FAZ238) , BIUEYA® 2 SEOBE (R472808R) ORLBELRZEHLLTELLDT
B, LIhoT, UTTEZLSHENNANIT, BENOBEER CERICBITINTZ 24
OB IR X LT, BT ohEBoREOTBEEICIER I T SO
T,

BN 1 CRT X OERORBRA—OEF K THIEFETHD &L, BHOHAD
B EfEOFLICH D LT D SMOKIE, BESRE, BT, v _A—FLtxAhLr—7,
BXOEYOESILHTONRD. BERSOANEESE p LT3, i OBEEKEOmWE
% i, BRTOEEE cor;, TV —FOEHBE elv;, TAHV—FDETEE esc; L L, Fi
BAERTWAERMEY

fi = zi 4 cori + ely; + esc;
B, o RRECHECES TH Y, EZTEAROEREIL, EADOADLEDNOE
EFAODA {pz:} ORE LTHEEOEBZBEELRD, BB S 0E+HRE
ELTERENS. ZThZ2LUTFOISKEL.

BYNOBBIHFEZROLICEDD. | BB NTERSNTONSREH £ LT,
FHERLEHOESNELER, poy ARZOEFEOPIC—BRISH L, ThENLBE
OREELTE, BRRAB~BEHTIDICRV o AFLETEHL Tov_—F EiX
TRHL—FERATS, AKEFHOBEIERENT, KOMICEITREREREREE R, RE
EEC o e BER O (vy ¥ B THY, TOMUERET IRERKICE ST
BEITHZ L ET5. BHEANRR—RICHBEICN, ERSFHOBEIEREDEHHEL

hngﬁ (2.1)
Linn. ETt, BiR BT < BEOPLE~OBEEEREOT I

I = 5v/% (22)
L2 %

1 #@orsiL



THAEEFEFEC AN SEEMOEBE T 329

FERSEMR A Lz & 2 OB B & RREMEEZ RO L ICED L. BEMIKESE 2
E2LS, BMTEEABITHEY v, EBL. Ei2, 1B 1m OMTZ 1 SBC@EBTED
AE (FERATE) % ¢ EBL. Z0EE, BB S MY 1 MHED 1A
HHERT B L&,

cor =l [Ceor (2.3)
ORI TEBALELRD.

OFNTLA—FILEABMEEZD. KEFBILMERATZ LRI DEENR DRV
DITHLEEPBIER A EL »PB X LIELEDD. ZhiE, V-0 L%H
LESMOMICHEABREEATA LI Lo THRBELL Y. RAICRT I, A%
%Hﬁomv&—&ﬁ@ﬁ@%b,%ﬂ%ﬂﬂ@#éiot@ﬁ&bfwf,—mﬁmw
FEFTH1IEABEEZEFE OV b0ETS. HbLZUA_—FDEHR ¢(gmie < ¢ < 1) FIC
B LieTaE, BEREE g FCENTs. —F5, ZOBELBLERVWEEETH
i, TLR—f BAEEH ) OEEARIE 1/ FI0EmT 5. Bl ZAVWEZ oMK
1, FEH#HAROCBACREF— A0V~ L EEE LTEYERER TS - L2HTOH
EB Ly,

0.5min 0.5min(g=1) 1min(g=0.5)
B2 =L _—FDEELEBIEEE

ERLQHL_A—FDHEBEROLICLEZD., = L_—2DEERRE v, REL
T b OZEERILBBMEI LA T2 & LT, | BB 280 E Ljvg, 75, i,
= LS5 OFERE 1m? BB & LA cay AOBISTESZ EXTESETH. Th
CREEEERRTER 1/ 200 MA3 L, fEBREIT 500 AR

tety = % + %— (2.4)
&&U,Iv&—ﬁéﬁoTlﬁﬁ%tblkﬁgtbmﬂ,Eﬁ%&%ﬁ%®%®@ﬁ#
BTl

elv = g/cyy (2.5)
DT L_—FREEBNEL 5,

EARV—F ITERAIC AL ESO TCHBFRIIR. =AML —ZICF-T 1 BEBET
DOEDPPORMEE /v T35, 1BEOZAHNL—F0 1 HEbEY OBESEEE S,
1LBERDTAN V—F DBMFE~OBREHETRT I LICL D, FEHE Im? H720 150

WIESZ LV TEDAR coee 2150, ZADVL—F 2 FE-TIHBHEY 1 NES-DIZ
i, BB LI



330 H - B

esc = 1/ceqe ‘ (2.6)
DT L_R—Z REEBLEBETHD.

FFNTEEVVAR—F o2l L—F L ORORBIREIBETREICLDd b0 L L, B
BEBTD LS v R_R—F2FATIEEE r(d), =ZAPL—F ERETHEE 1-r(d)
ETDH. FLTC, ZOBRRIBAAENMTYOTIIARL BELBEOMRLE LTEES LD L
T5.

LR Z T AR —F R HE, ZALL—FORRIBEBREEBPRENDOT, =R
=2 &EE LTHATAFRREmEN/ NS, NShEDETAIZILENTES. L
PL, ZADVL—FEBODOT, BICHRRBT2E L —F 2 Etedt BT, HELEEO
BEHC LRV DR TV, F72, BMEBEIBEBEE, ShFROBANOHETZ AL L —F
EEER LR THB0OT[2, 10], ZOEFATHEELE.

3. BBHEMR/ME ,

BHIONRERBZANE P, T0O5 LEBEMIZINET ~E AL P, BYROMINSADO
TP T BYHOKE 1. ,n, SROKEEEZ S &£73. niXAQ P, EHNERR
BEEZNETHOIL+SRETHBI LT3, iz, BHCWAAEL—TF, BORB L URY
ADOANEMIB L LEIBREEXLRDVEEOROMIZ, BB 0 b OFERCITE RN
HHETDH. BYONLTZRBETHIBAITIE Py AVNEWEEZ LY, AAZRERET
HOFRIIREREE RS,

BICERR L LBYNILHIEAEELLY. i BIrL M ((<f) ~BETALT5.
iME e ORAREHREZhEN £ & f; &332, R (2.2) BoFRENOETOEY
BERFMAGEOND. (B j RRMOKBBEREMEE, BEECERBREBRRZ AT ol
LWoT, Znd, BEd=j—14 TALL—FHERE, ©l~—XYFERRM (24), B
FUENENEFBTLHE r(d) JVBLNIEEBERMOTEYHE L ST, B

FEIEJCO '*'75‘ P
(\/‘—I- \/fD +r(d) x ( o )+ (1 — r(d)) X Ksc} X bp*z;z;
&#ﬁréé FLT, *@%@ﬁﬁ@tmm (2.5), (2.6) X v Eh+h
i FHZ W TRERT 28 5 ! \/JE X b 315,

, 11
§ BEREBVCITR 5[y x b,
k(i S k< 5) BV TREBBOL DI {r(d) x ——+ (1 - r(d))
Cely Cesc
ﬁiﬁj%ﬁwﬁﬁ Rt L THER 25,
I R—B ¢ L_ibﬁ' DBWMEZEL LS. | BOEMR A BOoM ORBERSMIZR (2.1) &Y

21
S /Fi % 5b(pm)?

cor

T Y, *a@ﬁ%@ﬁ%ﬁi‘i”‘c (2.5) &

i BRI IBVWCER T 28 —2';}‘“- fi % b(Pma)2

BEERD.
E%@ﬂLP6A&¢KWBA&®§ﬁK%LTM,1%®Wﬁﬁﬁ%®%mtfahk

PEATEREDOALITERT D5 EFANE, LERKICBBRREL L USSERHEON 2
KT ERTED.

} X bp:')il:,'ﬂ:j,




TEmEEERCAREEREDOBEE TV 331

LROBEESMN L YEAERERE, BRETIDBECOVWTERTNLMAD Z LT L
TR TRT S LN TS, k BOKEROFMBAEE L LY. 7, BEEE 2 A2
EChD. BTHBABENL kB3 ARTOMZ LB b0 L, FBICWVWIALE O
Bz VBALORIC LA LD THD. i, kA BRECRGBT 58K, kB RZWD
AETIZVWABAL O LB HDTHY, BUADADORE, BIUONEIMHIVD ADRE
PoRA. IRV TEREREHEL, FATEAKEROLRBIIS THHZ L&FED
k., HigogkidF

S>f. k=1,...n | (3.1)
L
fec2.1 1
fr=xx + 'é‘/:a;{g E(P k)2 + ib(P-'Ek)(Pm + FPout — ,017;‘;)}
r ) 1—r{fj—1
+z:§:{(3 M+. (J )ﬁfm%
i=1 jmk, i3 Cetv Cese
i j—1 1—7r(5-1
f=k,j#1 Cely Cese
285, ¥, RETREADCEALT,
FPin = Z P (32)

T, TRORY 5 HEDEE
>0, k=1,...,n
12r(d>0, d=1,...;a—1 (3.3)
1242 ¢uin
T b, qun BT LN—F OBLEME L OREGE S, BEOMEN BT L STE B
EREEZ 5. ﬁ%@&f%%%%@ﬁﬁ®%¢m

II:I’C‘L]"I%) Z :}{;{ ‘|" b(pmz)(Pm + Pout — pmi)}
+Z Z { r{j —1) X ( + J___)+(1 —r{j— z)) i}bpgfﬂixj (3.4)
=1 j=itl q Vely Vesc
z{ rG-1)x (24 Jv;f) +(1=rG=1) x Jv;j Yo Py

&b,

ELboE, (31), (3.2 REHHOEM L L, (3.3) RICFTERICSNT, (3.4) &R
b3 A EREEZES. ZOMBEOMRERD DI OEBEEERET T 7 Z A
NUOPT3.0 ((#) ¥HEHE) ZRRAL, MiEé LTARER L UERHIZHT 2 5MHEER
HEREELE. AL, METHEERS, fINEM4 b I BB 1 L 2 MFER,
i, 2—FRCTu s/ aL LTEEL X2 L RBEOEREEBE L.

4. BEEMHOBBEMENERICSHE T HEEH

OLELEVORREBROBRMERTOHAEEXD. TORICBY & HEL L Tt
R ORI (Vv AOEER, DTRCERERLVD) 20S<HIFME, &
BULTEBRRLZREMATME &, CAMOBBHORSS LVOBALLHIRL LD,



332 HO - BE

M RBOE, bbb, ARRETIEMELEL & 0aRD, HEICRIERE R
SPERTDEWVIHEAILIX, BIEPEMTHHZLIIEI> LT THAL,

FMEEZRO LS IERT. HBLETAHRICBETAIADP 25X, HEKCEBET S AR
TOBHEERDS. EEOAOKHPEMRE S ) —EDORBCITERITIEEETS. =
HOFIBFEE, B—HROBYZEHARTAHIEICLT, BfiFE o FBEOME miT ko
TEZ%, BREBRNITEDLRAEMONSOERBRYIEDL, =L ~—#IT X 588
RREI D3 2o CLE D, &7z, BlRBFA—TL, BHOENSWESITITO L SOOI
MNFFLIEARNRBRETLZ LR, BEFRLTOBEICE LT, RA22BHMOBEO
BN KEL, A—BYPRNOBBOEISH/NELRD. Z0Z &1, = I_—FOFHEEK
TR T—H T, Tv_—FEBRYTHLE T2 ER2EL THI LIEoRN 5. B
WA OSETIE, BYHNOKEHMOBEIOREIL 100m BEEL é:hfiolﬁ [8), @&
2o LIREEOEMNICHIRE)RSH 5.

HEHOBYEZELWMRE A S E L-OT, HIEOCEFNMIMAT, Bl 145
ﬁ%%ir%mﬁﬁnﬁ&6@w MBI ORI, ST o8P EWVELRGRWE

, MEOBRICTICZ & AZEWE & & oL (R Ik o TRy

zf) @%ﬁﬁm WX ERTREFBODICATRERZEERE Z L, FEEHI R 758

Eoﬁﬂ (wwoy b HEEE) THID, TORECETARERRBICHhoTEBHT S &T

. ZFLT, BYROBEICH LT, ThFThOBRBAIICE S RES) BH EREO A

D(mi%®¢b)iﬁ®%ﬁﬁﬁ&,L@iiﬁﬁwbtﬁwﬁ%ﬁ<ﬁﬁkmﬁﬁéﬁ
o B3R E 3 5.

£T, FEBEDLO 341m x 538m OHERIZH ZEBEYIZR LT, #HENOBEIERM
BELEER[B2EEE LT, N7 A-F2ENRECHE LEHE 2TV, TFANHR
Ex LOBEIBATINERIETS. W& L LAERMIT 108, T OOETHHOSE
(149 1,100,000m?, EHE ST BBETHDL. TOR A TN IFE=FH A0 EEHE
OREHOE S EEELELZD. ThRZOBRDICEAT L7 — & BIEL TR s hTn
EMBTHD 6, 8).

#EYORARREZ TR TOEENSRE LT, ﬁ_ﬁf&ﬁ L7205 2 RBKEMICHEATS L S
27 o F KMRITN, FhoOROBEEMARNES AL, AREEILs23 THS, ®3ic
RESNEBEBRMSHEZTRT. =~ —7 OESF LRI 250, 20EBEIT2 L &
D L _— S BRIRE (FHEHEER) H1BEHY 18R Thotz, 2l Y, 5
DTV AN—F QR LR w % 305, 1MH7 D OBERER 1 /vy, % 0.0349& 5.

TETFNOBENET ARG A—FEROIHIICEDS, D& b0 oBREHERIES 7«
AENOEHEVRTE 8m? L L, p=0125 93, TLT, BOOREEHEDO > b7 4
AFELRDEEE 60%E LT, WETSEAOZHMESET 82000 ALT5., Tl
FOEE cgy RO IDKED D, BE (9] I2FFAR L EEROBWIZ BT BEREEOBR S
F—Fhh, TLRA—ZEKEBEEY Im? LDE, BRI T HE0IBFTI4 30 A2 B8
SELENTEZLEVIRBLIBELhTWS, 22T TIEBRRNOTTO AN L
DHANPOEGOAZ A AT ADRMETHY, HERELL2RELTWS. T %
A7 4 AEMZHLTECHCONDETHS 303128, FELLTLIA/S Im? %
B5. FLTTULA—FEROLDOEEL = L N—2 0T LRECETHEEST S L LT,
Cw B =05 Nf@ /m? L5, £, HRMEDOANBETIEEL, FhTho e
LT30S 1TETERAH DL CED D, 1ods, ERERL O EE—InE X LOT,



M & F R AR EERY OB E T TV 333

TRH L —F EEDHEERIEHBEFRD S 7 7 ILOHFT.

FROBEOER, TL_R—FOHETOER, b ZFPEICRETE 3AHS Im? H
0 3~4 A0, EHABEMRYAEVETHS. LL, DEOOROEDOMAEHE
HWEOT L_—FRHEY L TNAZEEELD L, TL_A—FZOBBRAEDHEY OREN Y
SOEBLYLAENWI EORYENERTE D,

EROLIATA—IERELEETFAORYEEEPD L. BYE m 210, U&D
OBYOKRERY, FESHCAORBRERO A7 + AEH 1500m? &= L~— 5 Eif
500m? DEFHTIFITE LWMED 2000m? L35, ZOLEBERIIN11 % LD, #IED
AR PIZRLT, EBOADOKPBEMERICELWER D TITERTE2L L, BOROA
% Pp =Plm, BUANDAEE Py = (m—1)P/m & LT, HRE (3.1) ~ (3.4) &M
THEBERR N 2B HET D, 2L THtO & S IR LE-EBYRE O L2 3k < #F
MEFME Ao binky, HXNOBBIZEL Z &R TED. N4 BB ETRT. &
7=oDUD B H, BENEWFRFR—ORDAOCEE, BVWFRRZIEDROBENITHG
LTS, B3LHBELTIKETWAI ERlbhs. BPOEBOREROERS 2B 8(b)
R, BHESNEBHORIN 9K, RHREBEENAKES 2o EBO L S—X
TR 480m? ThHY, EROBYOTHMEL L OFIL LEEZH EN OB B EREMROKE
EHEOE A E L —BLTWAZ Ldbhs.

0.18 0.184—
0.1 . (s || O
0.14 = CimmrEE |\ AwnB)
0.12] 1] 0.124—x
1 z / P\p/
B 017 | 0.1 f \
®0.08 | 0.08; \
0.06 4 0.06
0.04- 0.04 ]
0.02] 0.02-
0- R A R e STH-H-
2 4 6 8 10 12 14 0 2 4 6 8 10 12 14 16
BRHFH B BHF R

R3S FEADLAEEDIOMEHRE L R4 BBEFVIZL BHEKA 2 SR
T HIER 2 R OB BRI O - R T EHRER] 2375
(BB 2 7) RS, B0 (S-2000)

LIT, REOELHLHNT, AT A—F2BLSETROET 2L TL LS. Bk
m EEX L EOBBEEATOLLE 5 TRt Hik, VHBEINNZ F—OREPN
DBE & AR LBEMMOBE), BIUOTERBECSTTELALORE 6 ICRY. A—0
BMNOBEL RLRARWBOBH 2B TS L, BB 2B L R—F IRADTRHRE
FRf 2R 2 D, BEIMOTHELEY. Thbb, #FRT LN— 7 B~DaH
MRE. Fio, BB m 2RET 2L, BRABYBOBBHOSAREINTS. L
L, a=11% TIHEERICRERH Y, HELE m OBE Tl LV _— 7 BB S -



334 BOo - Ex

AEBE L. —F, m #RE&L T3 L EMOKREHEIVNE {25 O TEHT OBEIRH
BELRY, MEORB S CRERBSEL< 25, L, BRURABHORIES R RD
DT, B 6(b) IR LT, WEOBHEELELEBEIRMOSEIIR 25,

0.4 —
0.35; G m=2
0.3
3 m=4
i 0022_ i =39
X e s =8 =
@015; i*/ffyglj
0.1 -
- A9 8
0.05 A4 - ]
—,-l—r-—r-4&|/ e e SN S
0 2 4 6 g8 10 1 14 16 6 o 3
F oA NE | g s ] N“.‘& Ex:4 R
H5 BBtk iE i b X OBBFRDT 5 A T ST RN S +
DL, iRk L1% % ]
%3uﬁ§+ H_3z_ TLR—%
52— 2k
R ]_ BB . ] FE'F%
H-o':u'.g,....., 0- e —r
1 10 40 1 ' 10 40
B m EEndsom
(a) [l — &t 2 N O FE T IRF e (b) #7223 OBE)kRH

M6 Ht¥piiEE R - & & OB ERTH O, BilkE11%

WICBRELPT 2 R e 20BBREL R TAHLE Y. a=55%,11%,22%,44% & L7z & &,
BYEH 10 DBRAOBIEESAEE 70, BRSEORERRSZE8IRT. 8D
AR R A — A, BofliEofk s EIERplce3d Lo @\EhTtns, ¥, £
NEND g inoWT, Bk m 227 L E0OEHBRBEMOELER 9 IZRT. 7,
0FBAL a=55% BT, HZm RREVBAIZ, BEFBAXES -2 THD. Z
i, RERECABRAEL T L — 2O/ HLERMIML TWaDTHD. bbb,
o=55% CIIEBILLTETCHAEEWVWES. —F, a=11% F, THIVKER o DB
SLEELTENE CBEEEARA TE LY, JOBBIEE TRAT VY ADERNILERT
HHEWZD.

B8#E5 &, FEESKEWVIES, EBEIZEDNTWARWESGAEIMD. ZHiTBE
BB E R DR AELTVWEIHTHY, RERATASFIBTREAR & I2k, KRPiKE
BT AEFICEAEERE LI, R4 LS UbBafticmA T L —F
IC ko> TBET A FABERENELS 2D 8I2Ld. TIOETAIY bEEFEMIL
FIBA DR, BHON 2 BEIIE L TR 12) KR~ 6h T\ 5.

T, BEZLE2-HEI, bOBRIEOLIITELLZIDMPEFTHL 5., T,
BEEEO L VEVEREZNARE LE LR, BEBRHOKRARIIRBIEHLINLLE S %S
THED. bbb, FAEROAMIR LT 16 S 1 BT RAH 5 & LTBHREZ
B/NMCT ARMASHE L, MEOBEREL KDL, B 10 FHBERRERT. B9k



FHAEEPERCANSEEYORBEE F L 335

D & o= 22%,44% OBEAITIFEAEBHLLTWARVDIZF LT, a=11% PHEA,
2 m BAREVVESOBERENEL L-oTEY, FKEEBSTETIEmARNTH D,
BHICHIEAD L OBEIC SN TELTAH L Y. HBLTIMRMPKRERGHO—HTH
HEAITIE, HEOANLIRBEEFE-> TEZOBRYEHFETE (BLUGEOHEFRE) O
BEZEX A LEETHD. ZOBEOEN, BYCELTE, HADLERADOR
EDOMEEL, HECELTE, BYoPLEHEANILT vFACRbNEREDEES
25, LIT, FYyFAIRLNIEIIHEN L OREDREHREBOREZBEL TVD. K
N TEABEBRERZ2TT. o=55% RIORETHOREHEITRELTNS. FIOf & R
b, A—OBRMICEESNLABENE TRV OT, BEENF U CHIEREEO /NS
WEHE LY S BTAFRBEEEBEVWE VIO BVERXELRS.

0, 3=R000
b, 5%, S=1300

L] T T ¥ I T r ..‘.l T
6 8 10 12 14 16 18
Bk

7 iR L2 L 58 OBINR MO, B0

o lL~N—%
M T
B R

0 2000 O 2000 4000 0 5000
PRI ENE S PR

(a) 5.5%, §=1000 (b) 11%, $=2000 (c) 22%, S=4000  (d) 44%, S=8000

(8 FEREHR &I 2 12356 O R/ NSRRI E b DK PEBR FREER S O el B0,
BR T IBLS SN 220 72 o B CIERR UEE.



10+ 10
9.5- 9.5
9 9
fi 8.5 P oz 8.5
34 et L
@7.5—2 5.5% 5§\62\5 @75
S E
B 6.5 W65
] 63
5.5-
. — 5 e —
1 10 40 1 10 40
BEm BEm
K9 B a1zt E0SVHBHEFE K0 BEEOBIRENUFICR -
OEL. BAEBHINCH LTI 1E BEOEFWBEINR. SV —7
&R DD, Fh—TITIH D W IR S EBII A L—F BEL
TAHV—FEEURRERTHD. HERERCTbhS.
7 5
6.8 > /%,;;.,&‘_&” ‘
6.6 122%,5000 \  NBhe...,
I 0 104 v o Y
I 62— S0
e \\ Spleso
63— A \\
% 5.8 - \ \ 625
5.6 ~
:‘; ) Ky
o 44% O .
5 S— — EK11 X4 & XA ool %
1 10 40 E X256 02T
BB m

5 AhSo—FRicHT HEHHEM

FEEILEBLEMCR LT, AHA =L REINAFEOHKELER T ORIR/ITT L
AN b FNLOREOBOEMICEEAEET L_—F L EHEAEDE, KERMZPRE
CHIHETAFRNHSD., L<ambhiflit=a—3—20O7—NAF bL—F ¥ T
HEl, TORMIIIOERTOEBHONSEHDTEATLEIA 2 U—DEEELLTEY, A
AR, SLEEORZEobE—, BLIUMBEE 7L BT L—FMEIET+ 5. BT
A F 23 E, ERTULAR— 2R 3IREADLE T2 E8HY, AOEMIOELRETHI
STEFETS [6,17. T TRIEQEFAERNT IO VA_R—FZ OBERFNERBL,
RO L OB ITS. L, BEEA~OBf T LA—F OFIR IR HERO T
BVNTEL S, ki, =AM L—-FE2ERHERBRIIEDBRRNMN & @R EMOBRE H#

Az B3 2001 £ 0 AL




TENE BB AR BB OBEhE T 337

T T 7 IZDHRT.

WFLT L _R—F RO TANA D E~EERBOBT L&, T THRLTRYBIRT
Nt b eneTaL, HEBLBFBIILI > TR OLIICTLR—F2HHFATHIL
WA, AN e —EREEL, H1RORAAY—vERVAE, FETLrs—F, 8
T L _— I REP 5O AHETESY, BRCEb2 A005H0ORE LTRTZENES
IT&3. ZhE VX (3.1) ~ (34) L FROEEHEMBELES Z LB TE 5.

B b O 3%, B3
: © Hi%, BF, FOHX

y v
o
s H
H

15

AlAmE—

o | AZABE=  Q

S o
[OOO | b LEEILE 247

[12 ATzl R~ tERTLX—FDFFNF —

T—)b Ko pb— Ko Z—2fld LT, BITZL_X—FR1HEBE ERWEEIIOH
T, K2 ELIECBHFHR/ N OBRYEHEL, B2ITT L_—2 0OEH 2+ BERRE &
BB EEOENSHRTAH LY. Zo#DORBHELENRIL, KiX 6lm x 61tm THY,.
BATT L _—F L LTH550m?, Wil L _"—F L LT 430m?, 74 Ao LTH
2500m? RS TWD, 70 AADITRET 50000 A2OTEBO & 23729 25000
ANEL, BEEHE BUBEEACTIAERTWAZ b, —AHTEVDA4T7 4 AKEHE
Z12m? &£ ¥5.

FRTF&EB L N—F T ENRT A—FERIECHEMA LR —-TH 2. BT L _—F
OEE 1 BERT A0 001 S L BRI LT, HHREEEZ 300, FRITELALOBT

HHADEOEFRN BRI LR ERLT LA /m2/ 5L T35,

' £, HIEBOMAD EEHANOREOMORZE (NARZE) 282 L), BBIOBIAT
EAADERENOANR IO RIZ 1 BREBEHIPADINTHETE. Kmi#E S % 3600m?
FE n & LOME Lz L E0RBEIRER/ N ERDIBDIZOVT,

(a) AHAnE—lE 41 BE T4RE LTRIT L~ 2 Vi e

(b) HHT L ~N—F DHDEFE
X B, Egoibiz

(c) LBV R—FOLTHELEME OBEEE LT, TRAEELO M — FA 75T

HiIWEE
OHERKREL, R 13 CBHEROKREHEOES, 14 A006 OB BB M7=
BJ13?D (a) 2R2 &, RHLPBBREROKZWVH EBEICBWTAITT L~ % OmEHEITH
510m?, FlT L<—F OB 580m® THY, ATROEBEEHER L i+ 5 L, *
TATEATELVR—FOENE2PPLEL, BBz L —FORANZELIFHE LB D
L, TLN—SREHIK 10% 2V ERbhD, E, B140 (a), (b) ZHEET S L
AHAr E=-FRIZL-TARLL OBFEREAFPEHSATWE 2 LR ZDEFT LD




338 HO - BRER

EoThbha (18, B13 & 14I08W\T, (b) & (c) BT 2L, HERBOBEESH
ERETLN—F () 1F, (b) LD bAERT LA—FEBRBLETHY, LIbBER
BBV R DEE NS T & At s,

110p

B affoL~—%
T L L—
B T

SR TR

(a) AHA 2 B—FR

(b) BT Lt &
(FrHEf - FEFLV— A7)
i &S 1235, oFbiz BE

(e) il L _—F

(7 R 8 E30F)
e 0.7+
= : n L
3 0.6~ -
- : [
0.57
........ L ]
X 0.4 ¢
...... -& : \b/ /‘
= 0.3 /;f_
gg FTE :: 02 z -
. 8 5 L
= LoD 0.1
i 2 ] \
:%!ut:i amttmm 0 T g
| sieiin]  EHEEEHECLLI 0 1 2 3 4 5 6
0 2000 0 2000 0 2000 T EhIRF]
(a) {b) {0 Bl14 Lt 2 IR S D B
®13 = L~— & SEE G R X B B E R HA QD BB~ OB R4
EFREC A D b, 53600, PISNZZIE A DB, NAEEER

SER, BT LR—FIZ X BB OERY, BOESEZ POBRERS L Lok
HOMERTHELS. HlBT L~N—FDLOPEI, BWES n 240, 60,800,110 & L, I
EH S #ELSETRBERRSE/ N 2 2BBETR UL, ®151, (n=110,5 = 3600)
CIZITREERE L b n & S OHLASLEEEY, AN LEHNOEZ LT TOBE
R ART. 161, VBB LR, 188570 OXEBEEM L HEICER- T
MW7 %8R9, B nloonTC, ELOERBHRERT LIR/NG SIS LTEL,



THEmEE SR ICANBERDOBE T 7L 339

EEPOETF~SBRELARSE, 2O, T -~_—F L LCHATELEEAHL, &
LR TRIED 30 icmb» TEHB SN TENBBEIIE 25, 2LT, Tb~—
FEHEMBTIREIC A2 &, FALLIEE X - REGRIE, Ao A% KRB MICIL
BTD-BICAWENE, ZOlx, T~ FENETFRNECBEE b0 TEEE
BB T5, 15, 168R3L, A —FR2FIHLEBEI0E, SOBEEDOR
MY TIT7 7 v ADES EREHRENTNEZ LAbhA.

I
] n=4QS%1JbOO
0.9
] I 3'5-n=60 a=1]0\3]0c n=110 with
i 3200 =
0.35 [ : \ n‘\%)00 \g\\ skyobbies
0.7 ] n= fO‘S=ﬁ;600 3 )
06g ,/' % Em=\\\\ 13(%3%%>
s l/ = mooﬂo \ 0 N #3600
%05‘ ‘wwﬂo&ﬁmo @25_ ymﬁ\
#|5 ﬁ 4400
. & : n=1]10 $=B600 2 y . =500Q
0.4 } o1 sl 5600 ;',ﬁ*},,
0.3 F L ] 82@*% L c00
1 T:. i -/ﬂ 400
0.2- PP N N s = N N I N
) 1: \ 10 20 30 40 50 60 70 80 90 100
E : \ 1883 /- 0 258 i
0- et e AMSRIC BT A PR EIET & 186 5
¢ 1 2 3 4 5 6 720 OISRRTREOBR. &5~ Tiknk
BERR —E L U, FRERSE I ¥ 7 oot
H15 BEEEIE L EHoAa D T3, A4 —FROI—TI0R>
BN ~O B R0 O bk, BRI A D LB 2 ED IR THS.

T, BUHNOERD 2 AHOBE (WAR@®) 2E25L, AV b —FR T, &
T U_—FEFATEIBABRRONBZ L L, AXA R E—EREY BT L
THREVBZORFLIFMBEAP->TLEI 20 b, EBREHHERLRNT ERFHEN
5. WaBH% 1/3, WIBEE 2/3 08E L L, FEHEE 3600m?, B3 110K L
T, 0 (a) & (b) DHEORBERMR/NE L2EMEZHETS. R 17 CBHEBORE
EREOBST, B 18 T4 208 E IARRI ST TR LEBIIRMS A RT. X188 245
&, REZRICBLTE, Ah4 e t—FROFREVERRA»ND S OBSRE 2T
B EMYID.

BRIZAIA R —ONEBEEEZ THL S, EORETIIANA B v — 2 EREORY & [
CBFTCE V. £2C, BOORAGEICH LT, LTOASA o —MBorBLEks
TTHRBNHRE AOBRMELHEAL, BN EHBERMEEL ETOR YA o —BofiEs
R LT 2E®mRE LTR I LRT. BMEL EX A8 DEE, FTOAIA e —
BEREELD LD UEWIE L 2o THADR, B/MEOIET < Tk BeMRER TR THS =



340 Ha - R

LEEZDE, EROMBLIRD IS —HKLTEY, EFMCLDFENRETHDII L
WD,

0.6

0.5-

110

T B S |

0.2

k238

; 3 \
G““ LI Bt B s B A e e k4 L L

o 1 2 3 4 5 6
BEIRFH (a) 2 H A v~

....

7

u‘maiﬁ

T

[}
ool v g ga by ey sy

0O 1 2 3 4 5 6
BEIETE (b)) e L_— &
18 BEIRFElYAR. NAAZ®2/3, P2 A5E1/3

1224
/11

41 ....':::

\\\N

¥
[=
on

0 2000
PR (S=3600)

(a) A A v e—HHK

0 2000
R (5=3600)

b)) Tl Lr—4

~J
W

/
AN )/
i

]

I

L

)

AhAar— (L)
e 3

>
o

\2

————

=2

o]

55

"]
"
/

o

%ﬁ&gﬁikgjﬁrﬁmm

.

T =T

——

(1 &l -
HR b L— A7)
17 oL A_A—yEIREFRIZ X D

B4 B O KA O .
RARZIH2/3, N4 2TaR1/3

20 25 30 35 40 45 50 55
A4~ (F)

Bd19 A A o '—{r@icwt+ a2 EREA OIS
BN~ EIE R O, NA AR



THEEE BB AN - EEEBOBEIT 7 341

6. F&&

AR T, BYICEETAADEBIEELE X, BBERHERNETHED 72 ERY)
NOBEEBOSH & ARREHEO ST RO BB ERNE L. BR L ZaigH
TLR—F, TRYL—F, EHCLEREBHTHY, BALLR2BBICH L THEER
AR EHE BHREANEEINS. TOMBEEL ZLIZL - T, BERH & BEE
HMOTENG, BYOBRICL-TBBOES EREDL I ELIONEIMT S Z & IH
T

IITHRELETIME, AD, ABTERTHEE BYUOKESE, 25100 EEN
LT, BECEEAECTEYNOREHESERDLIDOTHD. 2V Ia b~
vaveEFALRAY, WEBEELEMLLTEY, AT A-FITHLHEFET I LONHD.
FIT, RIA-LOENRRERERLLENE, BEOBRYELHESL LEHERITY, ©F
DFYHEERENDT.

P, FEHHLO 10HOBBENE & HRICEB W TiThi, 2 #aMOBERRK
RHEL-EBRER L ONBETS7. TEFAOL HICHEAO ADOSTHE LVEETITE
RTALIRTRBENDHERBLTCHE LR E, SN ABERRT & 28 &<
PITWa I EBAEMD LN, LT, ABHRORRE, Zhi 9 sbiEEkTa5M
BB T 32T, BERESMOTLERA. &L, RENLERBRET
HBZa—I—IDT—NE hL—F B F—DRAGA v —FREIFThd T L~ —
F AT hE, BETT VL >TREL, +52RNERCEONTEED L O EZIT-
T, EFNVORYEEENDE.

WO e sfeoOFIEIREL T, RECEYF MR IEERT AT L2HNRE, 20
AIRO T Gk, XKRELZBEERYICBOTELRITRIER LR, BB O 5y EIC M
TH A RERZRBET A ENTEDHLEZLTVS. LhL, T CELRZHREZE
FIOBEBOHEIZER DT BHICITRELHRICLITETCWAEARH S, BENICI, ZBRE
BORAEL, EHEE (Mool ~N—2) OIFEZIFRICHEI LTS ZETHE, 2o
RIZBLT, BMTEARTERVF2EBRTEI 5.

RBEENRBE L TALEROADOHOMIZE UHEE CITEENH D LIRE L. “hicxt
LT, BRI ERRIRBRERLF XD LIIBETH D, [15] TR HELRET L
DOWT, ZERRAICHMOERNH Y, BEEMAEL R2ITLTEERLEI LB LW
IHEEER-TCND. Efe, I b, RRBZANEE p 252528, £/, fIFTE
HEHIZHNEEST T L L ARETH B,

L _R—-SOEICEL L, BEOERYE A ABICEE CHIMBHREENE -7
CBETETWRL. LhL, BEETMZ, L0EELBESRD AR D LILIER -8
Ly 72861, BMOREHEAERTLEE LEEERCN LT, 2hbZonks
ERECTHLVIMBEELTWADT, HEFAKERR ETREESED 5 EEES
DHEDLOREHER>Tnd. TLT, ThONRTEOEFEC, EROBYNO L 5 4
TUN—FOWEEEBET I LRARERCE LW EELINLTHS, —F, BEhi-fiu
ftedD MY —FF7 L LTRBEMHTZDIOT, H4xRERPBELUBRENL TS %,
FOBIAEKRHCED LV IBELHD LB LS, LROEADOIT,, EBTLirx L~
SEEPUAETHIL VI EREEERMLTETAORREEDZ DL, BEUND, L=
B EFRELTCEMOM S LR R AR ARELET, BEETAOEBGEELT~
BIEESHDEBEE L,



342 Bl - B

S5 Mk

1] sXEE, FB— EWMPOE cFTAX¥ —REHEEICHT 5 2 2OETALDLT T
m—F, TRALF— . FF, E 16 % 6 5 (1995) 68-73.
[2] J. ). Fruin(%¥), BBER (fR): BIIFOLEM — BRL T YA v — (BEHES, 1977).
(3] EEHERE: BYNOBBIERM»LAEBREY LEEBRMOLE:. M HERE,
31(1996) 31-36.
(4] FEHRE: BEREML LA RSEEESOST. MHFHERRCE, 33(1998) 325-330.
[5] REGEGE, FHENX: FHEEB AR RBIT 2B BN oM. A s B IcE, 35(2000)
1003-1008.
[6] /INFRTEBL, FRAEI: & . Space Design Series 10(#7 H A=A HARBRA S, 1994).
[7] M. Z. Li, and M. Fushimi: The Efficient Analysis of Skyscrapers Based on the Inner
Traffic. International Transactions in Operational Research, 4-5/6(1977) 307-313.
[8] FHREICh: FHAT - HSREORE. BEFE R, 34(#E1, 1982).
[9] BREgh: #AT T2 A (BEH, 1976).
[10) G. R. Strakosch ed.: The Vertical Transportation Handbook third edition (John Wiley
& Sons, 1998).
[11] &AoREh: BT OO SLERIRE & BEIATRT. Bﬁﬁﬁ‘“ﬂ/'—/a A e U —F K ER R
REET T A RT 2 ME, 2-A-2(1993) 140-141.
[12] #5kfh, HERE A: %ﬁﬂ?ﬁi@'ff)ﬁ,ﬁmBE.TC%‘I*/bﬁﬂﬁz”%Kﬁi*ﬁ%&ii? e
el X UY—F, 542 % 1 5 (1997) 14-19.
[13] F O RKAEESE AT D435 L L~~~ 7@, Journal of the Operations
Research Society of Japan, 37-3(1994) 232-242,
[14] BOH: FHEMOER & EE~DBS. Journal of the Operations Research Society of
Japan, 38-4(1995) 398-408.
[15] AR BEEECRIT 2 HERGE & = L—F @k, Journal of the Operations
Research Society of Japan, 40-4(1997) 536-545.
[16] R. Vaughan: Urban Spatial Traffic Patterns (Pion, 1987},
[17] http://www greatbuildings.com/buildings/World Trade_Center.html

Azuma Taguchi

Department of Information Science and Engineering
Chuo University

1-13-27 Kasuga, Bunkyo-ku,Tokyo, Japan

E-mail: taguchi@ise.chuo-u.ac.jp



343

ABSTRACT

TRAFFIC MODEL INCLUDING TRAFFIC AREA AND CALCULATION
OF TRAVEL TIME DISTRIBUTION FOR SKYSCRAPERS

Azuma Taguchi Takeshi Koshizuka
Chuo University University of Tsukuba

In this aper, we propose a traffic model for a large-scale building giving careful consideration to traffic
area. Qur model consists of residential area, transportation area, and the rest. We focussed our attention
on the trips generated between each pair of residents. There are three available transportation means in a
building. The first one is a carrider to walk horizontally, the other two means, an escalator and an elevator,
are used for vertical transportation. Each of the transportation means has its own capacity and speed,
therefore the travel time and the necessary traflic area can be defined for each trip using it.

We determine the distribution of residents as well as the transportation area which minimize the Lotal
travel time of trips under such constraints that, the used area on each floor must be less than floor area S,
and the population must be equal to a specified population P. Solving the problem, we can evaluate how
the ease of mobility in a building changes as its size and proporiion changes, from the viewpoints of travel
time and required traffic area.

We show two numerical examples in order to examine whether cur model can properly describe the
transportation capacity of an actual skyscraper. The first example is to approximate a district consisting
of 10 skyscrapers in Shinjuku area. We calculate the travle time distribution of trips in the district using
our model through carefully choosing model parameters. We compared it with the observed travel time
distribution of 523 example trips, and find that ocur model approximates the actual district very well.

The second example is to represent the elevator system in World Trade Center building in New York
which uses express elevators and local elevators. An express elevator stops at the first floor, two predeter-
riined floors halfway (skylobbies), and the top of the building. We derive a model for WTC building and
try to find how this elevator system increases transportation capacity of a skyscraper. It is derived that it
makes travel time from the entrance on the first floor to the whole building shorter and almost equivalent
to those of the buildings lower by 30~40 stories. But it is not the case for a trip between points within
a building. We also calculate the optimal location of skylobbies, which proved to be almost equal to the
skylebbies in actual WTC building.
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Distance distribution in an arbitrary region and its application to the daily trip in Tokyo

MEERE kR &
Takeshi Koshizuka and Shou Ohtsu

In the present paper, we discuss the measure of the point pairs whose distance are less than
a distance r in a given area, By differentiating this measure with respect to r, we get the function
f(r} which is called by distance distribution, Using a formula in Integral Geometry, we caleulate the
distanece distribution numerically in an arbitrary vegion such as governmental districts. Therefore we
estimate the clistance distribution for the daily trip in Tokyo to compare this with the ordinary method

which is measired by center points of districts,

distance distribution, uniformly distributed line, distance distribution in an arbitrary region,
Keywords : gistance distribution of daily trip in urbanized area
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Relationship between Road Distance and Euclidean Distance on Road Networks

AR —g - EEa R K

Kazuki Tamura, Takeshi oshizuka and Yoshiaki Ohsawa

The purpose of this paper is to examine the relationship between road distances and Euclidean
distances on a road network. First, we define the detour ratio using these distances and show the
method to compute the ratio and the correlation coefficient between these distances. Then we reveal
the fundamental characteristics of the detour ratie and the correlation coefficient. Finally, we compare
the road network of Tsukuba city, Japan and that of Louvain-La-Neuve, Belgium based on these ratio

and coefficient.

Keywords : road network, road distance, Euclidean distance, detowr vatio
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PROPORTION ANALYSIS FOR ENERGY-SAVING RECTANGULAR CITY

—Mathematical evaluation of the proportion of Shibam, the skyscraper in desert—

XH b EERE®RE
Osamu KURITA and Takeshi KOSHIZUKA

1In this study, we conslder the proparticn of a rectangular city consisting of buildings which locate on dense lattice
points. Each travelling route is supposed to consist of vertical route in building(s) and rectl-linear route on the
surface of the earth. The study is to find the shapes of the clty which minimizes three values : (i} the average; (i)
the variance; {lil} the maximum value, of travelling time of residents. For many-to-many uniform trip pattern and
many-to-one uniform trip paitern, the eptimal proportions are derived. After deriving the mathematical results, we
apply it to evaluate an existing rectangular eity, Shibam, famous skyscraper In a desert In Yemen, To our surprise,
the proportion of Shibam is almost equal to 4he optimal solution derived from our mathematical programing model.
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An analytical method to derive the distributions of distances and flow volumes on networks

AR —E - R

Kazuki Tamura and Takeshi Koshizuka

In this paper, we propose an analytical method to derive the distributions of distances between
any two points and flow volumes at any point on networks.

With dividing all movements on network into those on a link and those between different links,
we can caleulate distributions algorithmically. According to the method, we developed a program to
compute distributions and apply it to some road networks. And then compared distributions of all
movements on network and of movements between nodes.

Kerwords ©  distribution of distances, distribution of Aow volumes, road network
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A survey of travel time in Shinjuku skyscraper district

R m

Takeshi Koshizuka and Norimitsu [shii

It the present paper, we discuss the measure of the point pairs whosé travel time are less than a
time £ at all floor points of buildings iu a district. By differentiating this measure with respect to time
t, we get the function f(t) which is called by travel time distribution. On the other hand we made a
survey about the travel time of 523 point pairs which are distributed uniformly at random in all real
Hoors in Shinjuku skyscraper district. Using this distribution and the real world data, we make an

analysis of Shinjuku skyscraper district with respect to travel time.

Keyioords :

travel time distribution, survey of travel time, Shinjuku skyscraper district
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Distance Distribution to the Facility in the Case of Trip Stopover

ENHRE kg
Masashi Miyagawa and Yoshiaki Ohsawa

The purpose of this paper is to examine the facility location in terms of distance for trip stopover.
First, we formulate two types of models: 1) ellipse model; 2) straw bag model. The degree of travel
freedom which indicates the width of choosing the facilities is then derived. Second, we apply them to
the road network of Ibaraki Prefecture and confirm that these models are applicable to real problems.
Finally, we theoretically derive the probability density function of distance for trip stopover based
on spatial Poisson process and demaustrate that the distance between the origin and the destination
considerably affects the distance distribution and the degree of travel freedom.

Keywords : distance for trip stopover, degree of travel freedom, distance distribution
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Facility Location Mode] Considering Various Behavior of Users in Time-Space Plane

Rt KBk
Naoya Ozaki and Yoshiaki Qhsawa’

In this paper, we discuss facility location considering various behavior of users in time and space
plane using a model. First, we exhibit a location model in time-space plane. Second, we compare three
location patterns of facilities in time-space plane :(1)grid;(2)random;(3}(t,m,s)-net, based on average
traveling, walting cost of users and covering percentage of services. Then, we show that (t,m.s)-net,
which is a regularly scattered pattern in time-space plane, is the best location among the three patterns.
Finally, we apply the model to the library and book mobile service in Kobe city.

Keywords :  facility tocation, time-space plane, behavior of users, public library
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Bicriteria Euclidean Location Associated with Maximin and
Minimax Criteria

Yoshiaki QOhsawa

Institute of Policy & Planning Sciences, University of Tsukuba,
Ibaraki 305-8573 Japan

1. INTRODUCTION

Since the seminal work of Halpern [8], many articles have been devoted to the study of single
facility bicriteria planar location models. For example, McGinnis and White {14], Hansen and
Thisse [ 11], Hansen, Peeters, and Thisse [13], Hamacher and Nickel [9], and Ohsawa [15] explored
the efficient locations associated with the minisum and minimax criteria. An excellent review of
multiobjective approach for location models can be found in Current, Min, and Schilling (1990).
In their formulations, the facility may be considered as entirely desirable, or possessed of both
desirable and undesirable characteristics, as analyzed by Hansen and Thisse [11], Erkut and
Neuman [6], and Daskin [4]. An example of the latter is an airport. An airport is a desirable
facility in the sense of needed accessibility, yet it is undesirable because of its noise. Another
example is a radar station. A radar station is desirable in the sense that a central location reduces
the power required to monitor the region. However, it is undesirable in the sense that the station
needs to be located far from its neighborhood for secrecy and security. Fire stations, police stations,
and hospitals can also be considered as such facilities, because they cause congestion and noise.
Planners locating these facilities may wish to study the tradeoff between minimizing the distance
to the farthest inhabitant and maximizing the distance to the nearest inhabitant.

We are concerned with a single facility bicriteria location model associated with maximin and
minimax criteria in the Euclidean plane. We present a polynomial-time algorithm for generating
the analytical expressions of the efficient set and the tradeoff curve between the conflicting goals.
We characterize the set and the curve with the aid of nearest- and farthest-point Voronoi diagrams.
Indeed the efficient set and the tradeoff curve will enable planners to reduce alternatives based
on two criteria and, consequently, compare these remaining alternatives graphically in terms of
these two criteria, Thus, the efficient set and the tradeoff curve will be much more useful to them
than two types of single optimal solutions, Also, we will examine geometrically the solution set to
scalarized planar location problems in which the objective is to minimize a convex combination
of the maximin and minimax objective functions, with suitable weights assigned to each of the
two objectives. Note that this solution set is a subset of the efficient set.

A related paper by Drezner and Wesolowsky [S] gave a numerical solution method to the
constrained maximin planar problem, such that a facility to be located has to be within a threshold
distance from each demand. This solution is also an efficient location for our formulation. Another
related paper by Hansen and Thisse [11] proposed the Big Square-Small Square method for finding
numerically the efficient locations for the single facility bicriteria planar problem associated
with maximin and minisum criteria. Straightforward modification of their Big Square-Small
Square method can also generate efficient locations for our formulation. However, to the best of

© 2000 John Wiley & Sons, Inc.
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our knowledge, no analytical approaches to cur subject have been reported in the literature. As
compared to the numerical solutions, the analytical expression has at least two advantages. First,
the efficient set for our bicriteria model frequently consists of some discontinuous segments. This
means that it is difficult to interpolate the efficient set based on the efficient locations generated
by the numerical methods. Second, analytical expressions will also enable the planners to carry
out some sensitivity analyses both on the efficient set and the trade-off curve.

A theoretically related paper by Ohsawa [15] examined the bicriteria planar problem associated
with the minisum and minimax criteria, where the travel cost between a facility and a demand
is proportional to the squared Euclidean distance between them. A polynomial-time algorithm is
proposed to find the efficient set for this problem, based on the farthest-point Voronoi diagram. The
corresponding objective functions are both convex, so by Geoffrion [7] the efficient set coincides
with the set of minimizers of the convex combinations of these two criteria, and by Hansen,
Peeters, and Thisse [13], the efficient set consists of a continuous simple curve. The main difficulty
in finding the efficient set for our formulation arises from the fact that the objective function
corresponding to the maximin criterion is neither quasiconvex nor quasiconcave. Therefore, these
two findings are of little help here, Instead, in this paper we reduce the candidate efficient locations
by using a constrained minimax planar location problem and find the efficient set by explicitly
dealing with space generated by two criteria.

The remainder of this paper is organized as follows. Two types of single objective planar location
models and their solution methods are presented in Section 2. Section 3 describes a polynomial-
time- algorithm for identifying the efficient set and the tradeoff curve, and characterizes the set
and the curve, based on the geometrical analyses. Section 4 concludes the paper with a possible
extension,

2. SINGLE OBJECTIVE MODELS
2. 1. Formulation

Let  be a polygon with k& (> 3) sides on the plane. We denote its boundary by 9. Let
P1,- .., Pm Tepresent the distinct locations of m (> 2) population centers on the plane. In the
maximin model, a facility is established within the feasible region {2 in order to maximize the
Euclidean distance from the facility to its nearest population center (Hansen and Thisse [121).
Mathematically, this is

Ia = ; 1
max F(x) = _min fx—pil) (1)

The maximizer of F(x), denoted by a*, is called an anticenter.

Letqy, ..., q, represent the distinct locations of . (> 2) demands on the plane. In the minimax
model, a facility is set up within £ in order to minimize the Euclidean distance from the facility
to its farthest demand (Hansen and Thisse [12]). Mathematically, this is

inG@ = — ;|| 2
minGx) = _max | [x - q @

The minimizer of G(x), denoted by ¢*, is called a center.
Models (1) and (2) are called the largest empty circle and the smallest enclosing circle problems,
respectively, in computational geometry (Shamos and Hoey [18], Okabe and Suzuki [17]).
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2.2. Voronoi Diagrams

In basic Voronoi diagram literature, the nearest-point (resp. farthest-point) Voronoi polygon
associated with p; (resp. q;), denoted by V; (resp. Wj), is defined as follows:

vi= [ &llx—pill < lx=pellds
ke{1,...,mI\{i}
Wi= () e —all 2l —axll}-

ke{1,...n]\ {5}

We denote their boundaries by dV; and 8W;, respectively. The union of Vy,..., Vi, (resp.
Wi,...,Wy)is called a nearest-point (resp. farthest-point) Voronoi diagram (Shamos and Hoey
[18]). The edges and vertices of these diagrams are called Voronoi edges and vertices, respectively.
We define 8V and 0W by (Useqr,...m)8Vi) N Q and (Uieqa,....n) OWi) N £, respectively. We
define V and W as the sets of the extreme points of 3V and W, respectively. Thus, V (resp. W)
consists of nearest-point (resp. farthest-point) Voronoi vertices, and the intersections of nearest-
point (resp. farthest-point) Voronoi edges and 92, Similarly, we define () as the set of the extreme
points of 8. The nearest-point Voronoi diagram on the square feasible region is illustrated in
Figure 1, where five population centers p1, ..., ps are designated by bullets, and V' and 012

L)

*a*

Figure 1. Nearest-point Veronoi diagram and a contour of maximin criterion.
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are indicated by thin and thick segments, respectively. The farthest-point Voronoi diagram on the
identical region is exhibited in Figure 2, where four demands q, . . ., g4 are designated by small
circles, and W is indicated by broken segments.

2.3. Contours and Solutions

For specified values o« (> 0) and 8 (> 0}, define Lp(a) and Lg(B) by Lp(e) = {x €
Q|F(x) = e} and Lg(8) = {x € Q| G(x) = B}. Thus, Lg(a) and Lg () correspond to the
contours of the maximin and minimax criteria, respectively. Two notes, which will be of use in the
theoretical developments, are in order. First, as pointed out by Hansen and Thisse [12] and Ohsawa
and Imai [16], L (e} (resp. Lo ()) is the boundary of the union (resp. intersection) of the region
inside the disks around the p;’s (resp. q;’s) with radius o (resp. /) within §2 (see Figs. 1 and
2). Thus, F'(x) is neither quasiconvex nor quasiconcave, though G(x) is quasiconvex. Second,
a point x on the contour Lr() (resp. Lg(B)) is called a kink if and only if x is an intersection
point of these two disks. Hence, any kink of Lp(«) (resp. Lg(3)) lies on a nearest-point (resp.
farthest-point) Voronoi edge, i.e., it is equal distant from two population centers (resp. demands).
For example, five and four kinks can be found in Figures 1 and 2, respectively.

The maximin medel (1) can be solved in O(rm log m + k) time with the help of the nearest-
point Voronoi diagram, because the anticenter a* is either an element of ¥ or an element of 0
(Shamos and Hoey [18], p. 153). On the other hand, the minimax model (2) can be solved in

q:

R it

oy ‘.

W, "

Figure 2. Farthest-point Voronoi diagram and a contour of minimax criterion,
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O{nlogn + kn) time with the aid of the farthest-point Voronoi diagram. In fact, the center c* is
(i) an element of W, (ii} a midpoint on W between two demands, (iii) an element of Q, or (iv)
a foot of the perpendicular to 8 from a demand. Unless ¢* lies on €2, either of the first two
cases occurs (Shamos and Hoey [18] p. 154). Otherwise either of the last two cases arises, since
G(x) is quasiconvex, and the contours of G/(x) consist of circular arcs from each demand, as we
noted. Thus, these two single facility models (1) and (2) can be dealt with as discrete optimization
problems. In Figures | and 2, a* lying on 2 and c*, which is the midpoint between q; and q4,
are plotted by asterisks, respectively.

3. BICRITERIA MODEL
3.1. Dominance and Efficiency

For any two distinct points x,y € (},x dominates y, denoted by x > y, if and only if
F(y) € F(x) and G(y) > G(x), with strict inequality for at least one inequality. The point x is
efficient (Pareto-optimal) if and only if y € (2 does not exist, such that y¥ > x. The set of all the
efficient points, denoted by £*, is called the efficient set. Since we concentrate on the efficient
locations throughout the remainder of this paper, only efficient anticenters and centers are denoted
by a* and c*, respectively. As we have seen, all the anticenters (resp. centers) can be enumerated
in O(m logm + km) (resp. O(nlogn + kn)) time. Accordingly, the efficient anticenters (resp.
centers) can also be found in O(mlogm + km) (resp. O(n logn + kn)) time.

3,2. Characterization of the Efficient Set

For a fixed « (> 0), consider a constrained minimax problem in which the objective is to
minimize G(x) subject to the constraint x € L g(c). This was formulated in Brady and Rosenthal
[2]. Let s*(a) denote the solution of this constrained problem, The following proposition asserts
that the search for the efficient set can be restricted from the two-dimensional region 2 1o the
one-dimensional region 8V U W L 8Q.

PROPOSITION 1:
E* = {s*(a) | F(c") < a < F(a*)} C 8V UAW U AQ,

PROOF:  First, we establish that E* = {s*(a) | F(c*}) < a < F(a*)}. As implicitly
mentioned by Hansen, Peeters, and Thisse [13], E* C {s*(a) | 0 < @ < co}. (This is because -
for any x € E*\{s*(a) | 0 € a < oo}, F(s*(a)) = F(x) and G(s*(aq)) < G(x), where
s*{cp) € Lp(x), so s*{ap) » x, which yields a contradiction.) For all @ with 0 < o <
F(c*),s*(a) ~ c* since F(s*(a)) < F(c*) and G(s*(a)) > G(c*). In addition, for all o
with F'(a*) < a,s(a) does not exist since Lr(e) = ¢. Therefore, we get B* C {s*(a) |
F(c") < a < F(a*)}. Moreover, since G(x) is quasiconvex, G(s* (o)) is increasing in o for
F(c”) < a < F(a*). This means that any element of {s*(c) | F(c*) < o < F(a*)} cannot be
dominated by other elements of this set. Thus, we have the first assertion.

Next, we demonstrate that {s*(a) | F(c*) € o < F{a*)} C 8V U 8W U 89, There are
three possibilities for the location of s™(ar) on Lr(e): (i) 8% () € 8% (ii) s*(a) lies on a kink
of Lp(cx), so s*(a) € AV (jii) s*(a) lies neither on 0 nor any kink of L g{a). For the third
case, there are now two subcases for the location of s*(a) on L (G(s*(a))): (iia) s*(a) lies
on a kink of Lg(G(s*(a))). so s*{) € OW; (iiib) s*{a) does not lie on such a kink. Since
F(e") < o < F(a*),c* is inside the contour L z(ax). Hence, the contour La(G(s*(a))) has
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to be inscribed in the contour Lg(er) due to the quasiconvexity of G(x). Thus, in subcase (iiib),
the circle with radius G(s*(a)) has to be inscribed in the circle with radius o = F(s*(e)).
However, this contradicts the fact that F'(s*(c)) < G{s*(a}), so the subcase (iiib) cannot occur.
In conclusion, s*(a} € 8V U AW U 89, as required.  [J

3.3. Method for Constructing the Efficient Set

Consider the planar network A/ which is obtained by merging the nearest-point Voronoi diagram
with farthest-point Voronoi diagram together, as shown in Figure 3. According to basic network
literature, line segments of A and their endpoints are called links and nodes, respectively. Note
that the point set corresponding to all the links of A/ coincides with 8V U W U 91, and that the
point set corresponding to all the nodes of A coincides with V' U W U J U Q, where J is the set
of the intersections of 3V and W. In Figure 3, there are 29 links and 20 nodes.

For a link  such that { € V; N W}, let p} and q} denote the feet of the perpendicular from
P; and q; to the line containing ! (see Fig. 4). For any point x on the link {, using the fact that
F(x) = |lp; — x|| and G(x) = ||q; — x| and applying the Pythagorean theorem leads to the

Figure 3. Efficient set in geographical space.
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Figure 4. Relationship between F'(x) and G(x).

following equation:

Gy? { (VF)? ~Tpi = pill® + Ilp; — ajl)* + lla; — ajli?, if p} is between qj and x,
X =

(VE) —lp: - pill* = Ipi — a5l1)* + llay — 1%, otherwise.
(3)

Figure 5 shows the graph of (F(x), G(x)) for all the points lying on the network N, ie.,
gV U W U 951 in Figure 3, with the horizontal (resp. vertical) axis measuring the values of
F(x) (resp. G(x)) in criterion space. As in the case of Figures 1 and 2, the graphs corresponding
to JV, OW, and O12 are indicated by the thin, broken, and thick segments, respectively. As we
move along a link of A/, both F'(x) and G(x) change continuously, so this graph has the same
topological structure as the network A in Figure 3,

To avoid misunderstanding, the point set corresponding to the efficient set in criterion space is
called the fradeoff curve. It follows from the definition of the constrained solution s* () and the
second assertion of Proposition 1, that the graph of (F(x), G(x}) for s*(a} with F(c*) € a <
F{a™) has to coincide with the lower envelope of the collection of the curves corresponding to
the network A between F'(c*) and F(a*). Therefore, we can conclude from the first assertion
of Proposition | that the tradeoff curve has to coincide with this lower envelope. While in the
general case, the domain of the tradeoff curve consists of the union of disjoint intervals (see, e.g.,
Hamacher, Labbé, and Nickel [10]); in our model it consists of a single interval.

The algorithm to find the efficient set can be stated in compact form as follows:
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Figure 5. Tradeoff curve in criterion space.

1. In geographical space, construct the nearest-point Voronoi diagram generated
bypi, ..., Pm.andthe farthest-point Voronoi diagram generated by ¢1, . .., Qn
within 2, and find an efficient anticenter a* and an efficient center c*.

2. Incriterion space, for each link of the network N, draw the corresponding curve
defined by Eq. (3) for F'(c*) € F(x) € F(a*).

3. Find the lower envelope of these curves.

4. In geographical space, find the set of links or sublinks (which are generated by
splitting up links) corresponding to this lower envelope.

We see from Figure 5 that the Jower envelope between F'(c*) and F'(a*) in our example consists
of six curves. Therefore, the efficient set can be defined by the six bold line segments as shown in
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Figure 3. The extreme points of the efficient set, which correspond to the endpoints of those six
curves, excepl a* and ¢* are designated by uy, ug, ..., uz. As shown in Figure 3, as o increases,
the constrained solution s* () maoves from ¢* to ug through u, and u,, along three Voronoi edges,
then jumps to ug and moves to ug through us along a Voronoi edge and 82, and then jumps to
17 and moves to a* along I Thus, the efficient set consists of three discontinuous parts.

Let us now study the complexity of our algorithm. Step 1 can be done in O{m logm + km) +
O(nlogn + kn) time, as we have seen. Since there are O{m) nearest-point Voronoi edges and
O(n) farthest-point Yoronoi edges in the entire plane, respectively, as shown in Shamos and
Hoey [18], the number of the links of A is O(kmn). So, Step 2 requires O(kmn) operations. In
criterion space the curves corresponding to any two links of A intersect each other at most twice,
since these intersections can be obtained by solving a biquadratic equation based on (3). This
means that the lower envelope consists of O(kmn) curves. Step 3 requires O(kmn log kmn)
time in the worst case with a divide-and-conquer methad, as shown in Boissonnat and Yvinec
[1]. Since the number of the curves on the lower envelope is O(kmn), Step 4 can be carried out
in O(kmn) time. Therefore, the total time complexity, which equals the time complexity of Step
3, is O(kmn log kmn). Thus, we establish the following proposition:

PROPOSITION 2: The efficient set can be found in polynomial time.

Three remarks are in order. First, as the efficient set consists of only segments, it can be
obtained using ordinary personal computers without sophisticated calculations. Second, when
2 is convex with O(max{m,n}) edges, the total time complexity reduces to O{mn log mn),
because 911 intersects each Voronoi edge at most two times. Finally, instead of the Euclidean
distance, consider the model with a generalized distance increasing in the Buclidean distance.
Since the dominance is independent of the choice of such generalized distance, the efficient set
using this generalized distance coincides with that using a simple Euclidean distance.

3.4. Characterization of Scalarized Location Problem

For each w with 0 < w < 1, consider the following scalarized planar location problem:
rrggH(x W) = ~wF(x) + (1 -~ w)G(x).
x

Let S* denote the solution set to this scalarized problem for all w with 0 < w < 1.

Since the contours of H(x : w) consist of upward sloping parallels in criterion space, obser-
vation of Figure 5 shows that only the points on the farthest-point Voronoi edge connecting c*
and uy, and three points ug, ug, a* can be optimal for the scalarized problem. In fact, the trade-
off curve corresponding to the four sublinks, namely, UUz, T;1s, Uz Ug, and u7a* are concave
downward. Note that these sublinks belong to either 8V or 8. A feasible region € is called
star-shaped with respect to a point x if, for any point y € Q, the segment connecting x with y is
contained in {1, Note furthermore that the feasible region in our example is star-shaped with re-
spectto py,...,Ps,d1,. .., d4. The following proposition ensures that for a star-shaped feasible

region, the search for the solution set to the scalarized probiem is more limited than that for the
efficient set.

PROPOSITION 3: When Q is star-shaped with respect to py, ..., Pms i, - - - , Qs

S*cvuaw ub
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PROOF: Since §* G E*, it suffices to verify that for a link { lying on 8V U €1, its relative
interior point x cannot belong to S*, For { € V; N W, without loss of generality, we may assume
that p; and q; are on the same side of the line containing {. (This is because if ! lies on 552, the
segment connecting p; and q; cannot intersect that line by reason of the star-shaped assumption.
If [ lies on 8V; N 8V} and p; and q; are on opposite sides, then we may replace k by ). Then,

we break our analysis into two cases, corresponding to whether the ray xq; is contained in the

convex cone with the vertex x and generated by the ray x—p),- and the line containing {. An example
of that cone is depicted as the striped areas in Figure 6. ‘

For the case where xaj is not contained in that convex cone, as shown in Figure 6(1), consider
the point x’ such that (i) x lies on the same side of the line containing ! from p; and q;; (ii)
Ix' — x|} is small enough; and (iii) |x’ — p:]| = [|x — p:]|- Conditions (i} and (ii) imply that
X' € V;nW; N Combining X’ € V; together with condition (iii), gives F/(x') = F (x). Also,
condition (i), while taking account of this case, means that ||x’ — q;|| < ||lx — qsll = G(x).
Since x' € W, G(x') = ||x’ — q;]|, s0 G(x') < G(x). Thus, since X’ > x, we have x € £, s0
x & 8.

For the case where xaj is contained in that convex cone, as shown in Figure 6(2), p; has
to be between ; and x. So the first equation in (3) holds. In addition, for this case, we have
Ip: — PillG(x) > llq; — d}l| F(x). Differentiating G{x) in the first equation of (3) twice with
respect to F'(x) and using this inequality leads to

26(x) e - pilPGx)® — llay - GIPF)? e — pill*lpi — gl

AP G, — P e, — =P

This means that the curve corresponding to ! is concave downward. Since x is in the relative
interior of I, we have x & S*. ]

As indicated in Figures 3 and 5, the jumps of the trade-off curve in criterion space occur only
at ug and ug, which belong to V' U An intuitive explanation of this is that, as o increases, some
subregions of L p{a) will shrink into some elements of V U2, and then will disappear. So, if the

Al x !

................ (2) %q} is contained in the cone

(1) Xq} is not contained in the cone

Figure 6, Relatfonshi between xq. and the convex cane.
z p q;
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constrained solution s*(a) was on such subregion, it must jump towards a new feasible region.
Since these jumps induce the minimax value G(x) to discontinuously increase, we can expect
that the elements of ¥ U € will tend to be optimal for the scalarized probiem.

4. CONCLUSION AND EXTENSION

In this paper, we have presented a polynomial-time algorithm for finding the efficient set and -
the tradeoff curve of the bicriteria planar focation problem with maximin and minimax criteria.
Also, we have characterized geometrically the efficient set and the tradeoff curve.

Consider the bicriteria planar problem, in which the sth nearest distance is maximized and
the tth farthest distance is minimized from the facility for 1 < s < mand 1 < ¢ < n. For
example, when a new airport is constructed, (s — 1) population centers in the neighborhood of
the airport may be transferred, and (¢ — 1) demands may be ignored, because their locations are
too far from the airport. As shown in Shamos and Hoey [18], Voronoi diagrams of order s and of
order n + 1 — ¢ also consist of only segments. Accordingly, it seems that the efficient set for this
generalized bicriteria problem can be found by the meodification of our algorithm.
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Yoshiaki Ohsawa
and Takeshi Koshizuka

Evaluation of Zone Orderings Based on the
Correlation of Order Differences and Distances

When two-dimensional zones are arranged into one-dimensional tables, spatial
characteristics on the original space should be preserved as much as possible.
In this respect, we evaluate nine systematically generated zone orderings based
on the magnitude of the Pearson’s correlations of the order differences and the
Euclidean distances. We show that standard row order is the best. The sensitiv-
ity of the shape and size of the study area, the critical distance, and the level of
zonal aggregation are also examined.

One-dimensional orderings have to preserve as much spatial characteristics as
possible when two-dimensional areas such as cities, provinces, or countries are
arranged into data tables, as pointed out by Mark (1990). Relevant papers are
those of Goodchild and Grandfield (1983) and Mark (1990). Goodchild and
Grandfield (1983) assessed row, row-prime, Morton, and Hilbert orders in
terms of mean absolute difference, mean square difference, Geary coeflicient,
and Moran coefficient. Mark (1990) evaluated ten zone orderings including the
four above-mentioned orderings with respect to mean maximum absolute differ-
ence in addition to the four above-mentioned measures for both 8-by-8 and
256-by-256 areas. However, these two papers concentrate only on the order dif-
ferences between zones and their spatial neighbors.

We also need to understand the relationship between the order differences
and geographical proximity on the original space. We will look at this by consid-
ering an example of ordering prefectures in Japan. As shown in Figure 1, Japan
is divided into 47 prefectures. It comprises 660 cities, and each city is assigned
to a prefecture. In most data tables, these cities are arranged in two steps because
of the hierarchy of administrative organizations. First, these cities are ordered
according to the order of its prefecture established by the Ministry of Home
Affairs, as shown in Figure 1, and then sequentially in the order of the Japanese
alphabet. From a geographical point of view, the ordering of the cities should
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tative Geography held in 1997 in Rostock, Germany.
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Geographical Analysis, Vol. 32, No. 1 (January 2000) The Ohio State University
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FIG. 1. Ordering of Prefectures in Japan

approximate the spatial proximity. In order to evaluate the ordering established
by the Ministry of Home Affairs from this point of view, we utilize a Pearson’s
correlation of the order differences between two cities and the Euclidean dis-
tances between them. A greater correlation clearly indicates that the ordering
is good at preserving the spatial proximity. In this case, we take gggCo=
217,470 pairs of measurements. The correlation coefficient using this ordering is
0.826, and it shows a very strong positive linear relationship. Hence, we may con-
clude that the ordering of prefectures basically preserves the spatial proximity.
This example provides us with a starting point for this study. Can other orderings
produce greater correlations? How do the shape and size of the study area affect
correlations? How do the levels of the aggregation influence correlations? The
ordering of maps in an atlas can also be used as an example because the geomet-
rical relationship between maps must be preserved when the maps are paginated
in the atlas.
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Fic, 2, Study Area

The purpose of this study is to evaluate nine systematically generated order-
ings according to the magnitude of the correlation coefficients of the order dif-
ferences between two points and the Euclidean distances between them over a
rectangular area. The sensitivity to these correlation coefficients of shape and
size of the study area, the critical distance, and the level of zonal aggregation
are also examined.

The organization of this paper is as follows. Our model is formulated in sec-
tion 1, the nine orderings are evaluated based on their correlations in section 2,
and finally our conclusions are presented in section 3.

1. MODEL
1.1 Assumptions

Consider an m-by-n rectangular study area for natural numbers m and n. This
area is divided into mn unit squares, as shown in Figure 2. Each unit square is
called a zone where s (> 1) points exist. We are concerned with numbering the
mns points over this study area. The orderings of these points are made in two
phases. First, mn zones are ordered. Second, all the s points within each zone
are ordered randomly. In other words, the ordering of these s points within a
zone are independent of their positions. The example in which cities within a
prefecture in Japan are arranged in the order of the Japanese alphabet is con-
sistent with the orderings of this second phase.

Two subscripts are used, as in Figure 2, to describe the positions of the
zones. The zone in the ith row and the jth column is called the (i, j)th zone.
Let Ny be the order of the (i, j)th zone. We consider that the zones are assigned
consecutive integers 1 through mn in the first phase, and that s points within
the (i, j)th zone are numbered from Ny —1+ 1/s to Ny with an interval of 1/s
in the second phase. Thus, we use fractional numbers in our orderings of the
points. This does not alter our findings in any way, but is convenient for presen-
tation purposes.

We also assume that each point is continuously and uniformly distributed
within its corresponding zone. Thus, this paper concentrates on the simplest sit-
uation because it could be viewed as providing benchmark results for evaluating
zone orderings. We emphasize that we do not use representative points instead
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FIG. 3. Nine Zone Orderings of a 4-by-4 Study Area

of the continuous distribution. One reason is that although this use enables us
to directly compute many types of statistics, there are no convincing and widely
known procedures to arrange s representative points within a square for everys.
Consider the case of s = 3, for example. Another reason is that it is difficult to
approximate distances between zones by the use of representative points. This
creates the significant differences of the true and approximating distances when
these points are within the same zone or between neighboring zones, as pointed
out in Koshizuka and Kurita (1991). This situation will play an important role in
analyzing the impact of the critical distance in section 2.4. Since we focus on
the effect of zone orderings, we have to eliminate completely these shortcom-
ings caused by partially ignoring the geographical space within zones.

1.2 Zone Orderings

We deal with the following nine zone orderings: row order; row-prime order;
diagonal order; diagonal-prime order; spiral order; Morton order; U-shaped
order; cross order; and Hilbert order. Figure 3 consists of a series of nine dia-
grams illustrating the examples corresponding to m =n = 4. Their definitions
can be found in Goodchild and Grandfield (1983), Mark (1990), and Samet
(1990). The row (respectively diagonal) order is the row-by-row (respectively
diagonal-by-diagonal) traversal of a rectangular grid from the upper left cor-
ner. Typical examples of the row order can be found in remote sensing and
matrix ordering in computer programming. The row-prime (respectively
diagonal-prime) order is defined as the row-by-row (respectively diagonal-by-
diagonal) traversal, but in reversing the direction after each row (respectively
diagonal). The spiral order simply begins at the center of the study area, moving
in a counterclockwise direction. Since the orders generated eventually spiral
away from the center, they correspond to the approximate accessibility to the
center.

The rest of the zone orderings are called quadrant recursive (see Mark 1990).
The Morton (respectively U-shaped, cross) order can be generated by utilizing a
N-shaped (respectively U-shaped, cross) template recursively, as demonstrated
by Mark (1990). On the other hand, the Hilbert order is established by applying
the U-shaped template, and rotating the template systematically by a recursion
procedure so that the ordering is continuous (see Goldschlager 1981). As seen
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in Abel and Mark {1990) and Samet (1990), the quadrant-recursive orderings
are most efficient for saving storage and execution time for aggregating data
having identical or similar values in image analysis and Geographical Informa-
tion Systems.

1.3 Joint Probability Density Functions

For mns points in the study area, there are ,,sCa pairs of these points. Let Z
be the random variable of the order difference of these pairs, and let R be the
random variable of the Euclidean distance between them. To obtain the joint
probability density function of Z and R, denoted as hy r(z,r), we consider all
pairs of zones. Let Zy be the random variable of the order difference between
s points within the (i, j)th zone and s points within the (k,/)th zones. Let Ryy be
the random variable of the Euclidean distance between them. Let thH, By (2,7)
be the joint probability density function of Zyyy and Ryg. From the definition of
hzy, (7). we have

2
8

sC:
hzp(z,r) = S hggrg@r) F DT hgp(zT) (1)

mrs=2 ;A< (k,1) mns 2 (L) =k, 1)

where (i, /) < (k1) indicates that a) i <k or b) i =k and j <, and where (i,7) =
(k,l} indicates that i = k and j =1 Note that the initial (respectively final) term
deals with pairs of two points within different (respectively same) zones, so it is
expressed by the sum of ,,,Cy (respectively mn) joint probability density functions,
Of course, ;insCs = (mnCa2)s? + mn(;Cz).

The second phase of ordering implies that Zyy and Ry are stochastically
independent. So we have hz 5, (2,7) = f, (2)gr,(r), where f; (z) (respec-
tively gg, (r)) is the probability density ﬁ‘inction of Zy (reng‘ctively Ryjut).
Thus, the function (1) can be rewritten as
§ 2 SCE
Z fzg-“ (Z)gﬂgk_r (r)+—= Z fz,jk, (z)gﬂykr (n. @)

mnsCa {i.j)<(k.1) mes=2 ; N=k,l)

hzr(zyr) =

Therefore, to show that hz g(z,7) can be expressed analytically, it suffices to give
analytical expressions for f, (z) and gg,(r).

From the definition of orderings, Zg can be regarded as the difference of
two random variables that are uniformly distributed. This means that although
f2,4(®)s depend on s, it can be expressed analytically. See Mood, Graybill, and
Boes (1974) for an example. On the other hand, since s points are uniformly
distributed within each zone, Ry(r)s are independent of s. Making use of the
indirect method which Ghosh (1951) showed yields the following analytical
expressions for gp,, (r):

(1) (.j) = (k1)

gry (T} = ¢(r: 1, 1), 3)
(2) (i,5) < (k,])and i =k

1
rr) =50 L=+ D 4240 Ll -~ D= glr LI- ), (@
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(3) (i,j) < (k,1) and i < k

f—

gnw(fr) =-¢(r:k—i+1,|j—l|+l)+i—¢(r:k—i——l,|j—ll—1)

i

1 1
TR N NP Ry SN TR TS
b k=i L=l = 1) 4340k —i— L=+ 1)

1 1
k=il =l ~ 1) =340 k~i~1,]j ~1]

+4(rk—i,]j 1)), (5)
where for @ = max{a, f} and b = {a, f},
¢(r:a,p)
( 2r{abm — 2(a + b)r + %}, 0<r<h

Qr{%barcsin I—g—+2a\/r2 —b? -~ 9ar — bg}, b<r<ag
r

21"{2.:119 (arcsin !::— arccos g) 1+ 2aVr2 — b2

\ +2b\/r"*—a2—r2—a2—bz}, a<r<vae®+b2

1.4 Pearson’s Correlation

Based on the joint density function (2), to analytically express the correlation
coefficient of Z and R, denoted as p, it suffices to give analytical expressions for
the expectations E[Zy], E[Ryu], E[ZSH], and E[Ri?kl]' Some standard calculations

yield
Lo ) = kD
Elzg = {3 &0 OV (6)
INyj — Nul, otherwise.

11 ‘
E[Z:j?kz] = (Ny _Nki)z-l"g—‘gg- (7)

Moreover, for any a{>0) and [)’(>0), Ghosh (1951) presented the following inte-
gration:

J%ﬂﬁ

0

ré(r: o, fydr

_ L {20::5 +2f° — 2(at — 3a28% + )/ 02 + B

30
o2 + 2+ B \/a2+ﬁ2+a}

+ Ba*Blog — + 508" log 7
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aﬁi

e 1, o po
J ri¢(r o, B dr = g(a“ + %),
0

Combining these integrations with (3), (4), and (5) yields E[R;] and E[R;k,].

Three notes are in order at this point. First, when s is large, the magnitude of
s has little influence on the coefficients. As s increases, the coefficients s2/,,,.Ca
and ;Ca/pnsCo in (2) converge to 2/(m?®n®) and 1/(m*n?), respectively, with the
differences proportional to s, and E{Zy] for (i, j) = (k,1) in (6) and E[ZSH] in
(7} converge to 1/3 and |N; — Nul* + 1/6, respectively, with the differences pro-
portional to s~2.

Second, although the row and row-prime orders may generate the different
joint density functions, both produce the same correlation coefficient because
of the symmetry on the pairs of zones. Similarly, for any square study area, the
diagonal and diagonal-prime orders produce the same correlation, Therefore,
the correlation coefficients of the row-prime order, and those of the diagonal-
prime order for the square study area are omitted throughout the remainder
of this paper.

Finally, the analytical methods presented in section 1.3 and this section can
be also applied to more general cases where each zone to be ordered can be
regarded as a subset of the same rectangular lattice and zones have different
numbers of points.

2. COMPUTATIONAL RESULTS
2.1 Correlation Coefficients

In Figure 4, we plot the correlation coefficients versus the number of points
per zone s for a 4-by-4 area. In all the figures in this paper, the symbol 4 (re-
spectively V, *, o) corresponds to the row and row-prime orders (respectively,
the diagonal and diagonal-prime orders, the spiral order, the quadrant-recursive
orderings).

We can recognize two characteristics from this figure. First, the nine order-
ings can be clearly split into two groups according to the magnitude of the cor-
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relations. The spiral and cross orders produce weak correlations, and the other
orders generate strong anes. However, for every s, the row order produces the
strongest correlations, and thus, is the most effective at preserving spatial prox-
imity. This is consistent with the finding of Mark (1990) that the row order
is frequently the best against several criteria. The second and third best are
the Morton and diagonal orders, which have similar values. Thus, among the
quadrant-recursive orderings examined, the Morton order is the most effective.

Second, the correlation coefficients increase with the number of points per
zone s, The intuitive explanation for this is that for any two points within the
same zone, both the order difference and the Euclidean distance between
them are small, and that as s increases, the second term in the function (2) con-
tributes more relatively to hz r(z,7). This figure also tells us that an increase in s
reduces an increment in the correlation p, as we have noted theoretically in sec-
tion 1.4.

2.2 Joint Probability Density Functions

We have seen from Figure 4 that the row and diagonal orders produce strong
correlations. Since the row and row-prime orders generate the same correla-
tions as noted in section 1.4, they are further examined by comparing their joint
density functions. Similarly, we compare the diagonal and diagonal-prime
orders in this respect. When s = o0, we have

2—92 (0<z<l1), il (i, /) =(k,1);
fzik!(z) = — |z —IN;: — - — o i
i 1 —|z— [Ny —Ny|l, (INy — Nyl -1 <z < [Ny —Npl+1), otherwise.

Thus, hgz gr(z,7)s are generated by multiplying two continuous functions. This
enables us to simplify the presentation. In addition, when s is not very small, it
does not significantly affect the correlations, as seen in Figure 4. Therefore, we
deal with only the case of s = o,

A three-dimensional surface of hz r(z,r}s according to the four orderings for
a 4-by-4 area are shown in Figure 5. This surface is depicted by generating a
regular gridded data for z from 0 to 16 at intervals of 0.5 and for » from 0 to
575 at intervals of 0.25. This figure reveals that the peaks and valleys of
hz r(z, r)s occur at many places. The row order produces distinctive peaks near
(z,7) = (0,1/2), (1,1), and (4,1). On the other hand, the row-prime order gen-
erates distinctive peaks near (0,1/2) and (1,1). In both orders, the density
around (2,2) and (8,2) are also high, but not as high as these peaks. Thus, we
see that although these four orderings produce strong correlations, their density
functions are considerably different. Also, the row and diagonal orders produce
rather similar patterns, likewise the row-prime and diagonal-prime orders also
generate similar patterns.

2.3 Shape and Size of the Study Area

To examine how the shape of the study area affects the correlation coeffi-
cients, we consider the 8-by-8, 16-by-4, 32-by-2, and 64-by-1 areas and s = 4.
Since the quadrant-recursive orderings can be defined only for the square study
area, only the other orderings will be evaluated.

The computational results for a fixed s = 4 are plotted in Figure 6. We can
see from this figure that as the study area becomes more oblong in shape, the
correlations increase without exception, as expected, even though the spiral or-
der has weak correlations throughout. In particular, the correlation coefficient
of the row order is as small as 0.674 in the case of the 8-by-8 area, and it is as
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row-prime order

row order

F1g. 5. Joint Density Functions for Four Zone Orderings
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2.4 Critical Distance
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Until now, we have considered all pairs of zones, regardless of the interven-
ing distance. However, in general, many types of activities between zones di-
minish with intervening distance. Therefore, we consider only all pairs of any
two zones where the rectilinear distance between their centers is equal to or
less than rg. The rectilinear distance between the (i, j)th and the (k,{)th zones
is expressed mathematically as }i —k|4-]j—1|. Thus, we ignore the pairs of
zones with rectilinear distances greater than rg. In the case of rp = 1, we con-
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F1G. 8. Critical Distances and Correlations

sider only the pairs of zones that meet along an edge of the zonal boundary.
The case of rg > m +n — 2 reduces to the former case where all pairs of zones
are considered. For any ro(>0), define the set of zone pairs I(ro) by I{ro) =
HE 0, &DI N~k +[j -1 <o, () < (k,1)}. We can compute the correla-
tions in this case by replacing the condition (i,j) < (k,I) with {(i,7),(k,D)} €
I(ro), and by replacing the coefficient mnsCo with s2|I(rg)| +mn(;C2) in (2),
where |I(rp)| is the number of members in the set I(rp).

For the case of the 4-by-4 area and s = 4, we plot the correlations versus the
critical distance 7y from 0 to 6 at intervals of one unit in Figure 8. The most
striking feature of this figure is that although the row order produces the stron-
gest correlations for 5 < ry, the diagonal order generates the strongest ones for
1 < 7o < 4. Thus, we can conclude that in terms of maintaining the geographical
proximity, the diagonal order is the most effective for small critical distances,
and that the row order is the most effective for large critical distances. In addi-
tion, as the critical distance increases, the six orders are more clearly split into
the two groups described in section 2.1. Furthermore, to be precise, the corre-
lations of the diagonal, diagonal-prime, spiral, and cross orders are not always
increasing throughout with respect to ro. Generally speaking, however, except
for the cross order, the correlations increase or remain constant, that is, the
spatial proximity is better preserved, as the critical distance increases.

2.5 Zonal Aggregation

The aggregation problems in spatial analysis have been analyzed in many
papers. See Fotheringham and Wong (1991), Ohsawa, Koshizuka, and Kurita
(1991), Fotheringham, Densham, and Curtis (1995). To investigate the effect
of zonal aggregation on the correlations, we consider the situation where 256
points are distributed over the square study area such that each point is distrib-
uted over each zone of a 16-by-16 area. We take up four levels of zonal aggre-
gations, 16-by-16, 8-by-8, 4-by-4, and 2-by-2 areas. The integers 1 through 256,
64, 16, and 4 are assigned, respectively, to the corresponding zones, using each
of the orderings. Note that four points within a zone of the 8-by-8 area are sub-
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ject to the locational constraint that each of them lies on a quadrant of the zone.
Therefore, this case essentially differs from the case of the 8-by-8 area with
s =4 in section 2.3. Since the correlation coefficients do not depend on the
size of zones, the correlations for the 8-by-8 area can be computed based on
E{Bz| and E[Rﬁ.k,] for the 16-by-16 area, and EfZyy] and E[Z;:’;H}]j for the 8-by-8
area.

The correlation coefficients are depicted in Figure 9. This figure tells us that
with the exception of the spiral order, the correlation decreases as the zones are
aggregated. This indicates that as data are more highly aggregated, none of the
ordering methods are very effective at maintaining the geographical proximity.
However, note that for all levels of zonal aggregation, the row order still produ-
ces the strongest correlations, and thus, is the best in terms of maintaining the
spatial proximity regardless of the aggregation level. Furthermore, note that the
decrease in the correlations are quite gradual until the data is highly aggre-
gated, indicating that this result is problematic only for the highest levels of
zonal aggregation.

3. CONCLUSIONS

When two-dimensional zones are arranged into one-dimensional tables, zone
ordering should maintain as much of the spatial proximity as possible. In this
respect, we evaluate the nine systematically generated zone orderings based on
the Pearson’s correlation of the order differences and the Euclidean distances
in the simplest setting. This paper makes at least two primary contributions.

First, it illustrates that for large critical distances, without exception, the row
order is the most effective ordering method at preserving the spatial proximity
regardless of the number of points per zone, the shape and size of the study
area, and the level of zonal aggregation. For small eritical distances, the diago-
nal order, which is investigated neither by Goodchild and Grandfield (1983) nor
Mark (1990), is the best. Therefore, the row or diagonal orders should be
chosen when zomes are arranged into one-dimensicnal data tables. The worst
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is either the spiral order or cross order. In fact, so far as the computational
results here are concerned, their correlations are at most 0.42. As a result, these
orderings are inadequate to preserve the spatial proximity. The best quadrant-
recursive order is always the Morton order, followed by the U-shaped and
Hilbert orders, but these two have almost identical effects. However, to put it
plainly, it is not too much to say from Figures 4, 8, 7, 8, and 9 that all the order-
ings except for the spiral and cross orders produce similar good effects.

Second, this paper characterizes how the shape and size of the study area, the
critical distances, and the zonal aggregation affect the correlations. It is shown
that for all orderings, the more oblong the shape of the study area, the better
preserved (without exception) is the geographical proximity. Also, the bigger
the size of the study area, the greater the critical distance, or the lower the level
of the zonal aggregation, the better maintained is the spatial proximity. This,
however, is subject to a few exceptions.

In this study, we limited our discussion to Pearson’s correlations. The re-
quirement of a linear relationship may be too strict. Future research is neces-
sary to use other criteria such as Spearman’s rank correlation coefficients.
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Abstract

This paper deals with a single-{acility, unweighted, quadratic bicriteria location problem defined in the continuous
space. First we describe an analytical method for constructing the set of Pareto-optimal locations for this problem
based on the farthest-point Voronot diagram. Then we present an analytical method for finding the solution to the
scalarized location problems based on the Pareto-optimal locations, The analytical results enable planners to carry out
some sensilivity analyses. Since both methods are based entirely on geometrical analysis, they can be understood in-
tuitively. © 1999 Elsevier Science B.V. All rights reserved.

Keywords: Location; Facility; Pareto-optimal; Bicriteria model; Farthest-point Yoronoi diagram

1. Introduction

Continuous, single facility location models, es-
pecially the minisum and the minimax models,
have been attracting researchers for many years. In
the minisum model, which is frequently called the
Weber model, the average distance supported by
all users is minimized, so its objective function can
be considered as a criterion of efficiency. On the
other hand, in the minimax model, the longest
distance supported by a user is minimized, so its
objective function can be regarded as a criterion of
equity: (see Hansen et al,, 1981), However, in some
practicat applications, it is more appropriate to
consider both criteria rather than taking only one

“Tel.: +81 298 53 5224: fax; -+81 298 55 3849; c-mail:
osawa(@sk.isukuba,ac jp.

critefion into account. In general, both criteria are
antagonistic. As a result, the compromise which
made by considering both the minisum and the
minimax criteria should be used for choosing a
location for the facility. In the last decade, several
articles have been devoted to the study of such
bicriteria location models - see Halpern (1976,
1978, 1980), McGinnis and White (1978), Hansen
et al. (1981), Handler (1985), Buhl (1988), Aly and
Rahali (1990), and Carrizosa et al. (1994). For
example, Halpern (1976, 1978, 1980) and Handler
(1985) analyzed the bicriteria location models on
graph.-McGinnis and White (1978) examined a
rectilinear bicriteria location model in a continu-
ous space. Hansen et al. (1981) developed a nu-
merical algorithm to determine the set of Pareto-
optimal locations associated with the bicriteria
location model for Euclidean distance cases in a
continuous space.

0377-221799/$ - see front matter © 1999 Elsevier Science B.V. All rights reserved.

PIL; S0377-2217(98)00187-8
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In this paper, we are concerned with the bicri-
teria location models in which the squared Eu-
clidean distances between demand points and a
facility location are used. Several examples of such
a quadratic formulation are the problems of lo-
cating hospitals, fire stations, police stations, and
other emergency service agencies. In these cases,
the damage incurred increases more than propox-
tionally with the waited time for intervention,
hence with the distance travelled (see White, 1971).
In addition, since the quadratic models can be
considered as an approximation to the Euclidean
distance cases, such a quadratic formulation is
justified (see McHose, 1961). In this paper, we
specialize in unweighted cases.

The purpose of this paper is twofold; first, we
characterize the set of Pareto-optimal locations
associated with the bicriteria location models
which are based entirely on simple geometrical
methods. Second, we derive a geometrical method
for solving the scalarized location model in which
the objective is to minimize a convex combination
of the minisum and minimax objective functions
with suitable weights assigned to each of the two
objectives. Tt will be shown that both the set of
Pareto-optimal locations and the solutions to the
scalarized location model can be analytically and
geometrically expressed with the help of the far-
thest-point Voronoi diagram. Although such an-
alytical expressions will enable us to carry out
some sensitivity analyses, little attention will be
given to this point. In addition, these geometncal
expressions may be valuable in terms of intuitive
understanding. Both methods have markedly
strong combinatorial features. In fact, we show
that the computational complexity of our methods
are both O(n log n), where n is the number of de-
mand points.

This paper will be divided into four sections.
In Section 2, the formulation and the solution
of three location models are given. The definition
and some properties of the farthest-point Vor-
onoi diagram also appear. Section 3 is devoted
to the characterization of the set of Pareto-
optimal locations and of ‘the minimizer of a
convex combination of the two criteria. The
paper concludes with several remarks in the final
section.

2. Location models and farthest-point Voronoi
diagram

2.1. Minisum and minimax location models

Consider the Euclidean plane where » demand
points py, - .., p, are distributed. Then, the minisum
model is used to find the position of a facility in
order to minimize the average of the squared Eu-
clidean distances from the demand points to the
facility. This model can be stated as
minimize  F@=> S la-vwlf. ()
It is obvious from Eq. (1) that F(q) is strictly con-
vex. The minimizer of F(q), denoted by g*, coin-
cides with the center of gravity (1/n)3 Sic(1 .. P
Thus, g* can be found in O(n) time. It 15 well
known that the contours of F(q) are circles around
g' (sec Francis and White, 1974).

On the other hand, the minimax model is used
to find the location of a facility to minimize the
largest squared Euclidean distance from any de-
mand point to the facility. Its formuiation is

Glq) = mmﬂm—mm @

ie{l,...n

minimize

We should notice that G(q) is also strictly convex.
Clearly, the minimizer of G{q) is the center of the
disk with the smallest radius containing p;,...,p,-
This minimizer, denoted by ¢*, is called a center. In
order to solve this model, many algorithms have
been developed. Shamos and Hoey (1975) pre-
sented an O(n logn) time resolution method.
Megiddo (1983) and Dyer (1984) exhibited O{n)
techniques.

2.2. Farthest-point Voronoi diagram

The Voronoi polygon associated with p;, de-
noted by V;, is the set of the points farther to p;
than to any p; with j i Its formulation is

= (] &l fla-pli=lla-p).  3)
Jellan)\di}

It is evident from definition (3) that V; is closed
and convex. We denote its boundary by 3V;. Each
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edge and each vertex of this polygon is called a
Voronoi edge and a Voronoi vertex, respectively.
The union of ¥,...,V, is called a farthesi-point
Voronoi diagram. (See Shamos and Hoey (1975),
Okabe et al. (1992) for a detailed discussion on this
diagram.) Note that the demand point p; is not at a
vertex of the boundary of the convex hull of
Pi:---, P, If and only if V; is empty. Otherwise, V;
1s unbounded (see Shamos and Hoey, 1975). A
consequence is that the Voronoi diagram has no
cycles, so it must be a tree. We denote this network
by T In a tree, the path that connects two points is
uniquely defined. Let P(q,,q,) be the path joining
q,,q; € T. An example of the farthest-point Vor-
onoi diagram generated by the 47 locality points of
Nara Prefecture in Japan is presented in Fig. . In
this figure, six locations on the vertices of the
boundary of the convex hull are indicated by
bullets.

The minimax location model can be solved
geometrically with the help of the farthest-point
Voronoi diagram (see Shamos and Hoey, 1975).

0O 5 10 15 20 25km

i

Indeed, the center ¢” is defined either by a Voronot
vertex, or by the intersection of a Voronoi edge
and the line segment joining the two demand
points generating the Voronoi edge. Fig. | also
illustrates the occurrence of the former case. The
center is indicated by an asterisk.

Ohsawa and Imai (1997) demonstrated that the
farthest-point Voronoi diagram is useful for de-
lineating the contours of the minimax function
G(q). It will be shown that this diagram also offers
the key to identifying the set of the Pareto-optimal
locations, and to finding the minimizer of the
scalarized location problems.

2.3. Scalarization and Pareto-optimality

In actual location planning, a compromise lo-
cation must be sought if both the minisum and
minimax criteria are important. In practice, the
approach suggested for finding such a location is
to minimize the convex combination of the mini-

Fig. 1. Farthest-point Voronoi diagram and the cenier in Nara Prefecture.
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sum and minimax functions with suitable weights
assigned to each of the two objectives. Mathe-
matically, this approach which is called a scalari-
zed location problem can be written with a relative
weight 4 € [0, 1] as

H(q:4) = (1 = AF(q) +AG(q). (4)

Since both F(q) and G(q) are strictly convex,
H(q : A) is also strictly convex for any 4 € [0, 1].
So, the scalarized problem (4) has a unique solu-
tion for any A € [0, 1]. Let us denote the solution to
problem (4) by s*(1). Similarly for the minimax
objective function G{(q), the contours of H(q:A)
for a fixed A can also be analytically delineated
with the aid of the farthest-point Voronoi dia-
gram. Let us show this. For each #, define

Hig: )= ((1-2/n) > la-pil*

minimize

+ Al —pll”

It is evident from definition (3) that for any q € ¥,
H(q: )= Hiq: A). In addition, H;(q : 1) can be
regarded as the objective function of a weighted
minisum problem, where the weight of the ith de-
mand is augmented by A. As in the case of the
unweighted minisum problem in Eq. (1), the con-
tours of H{(q : 1) become circular arcs emerging
from the center of gravity of the corresponding
demand points. Thus we see that a contour of
H(q : A) in V; is a circular arc emerging from

ST (W =/mp+ (1= 2)/n+ Ay,
jE{l,...,n}\{f}

= (1 - A)g" +4p;,

as required.

We call the point qo Pareto-optimal (efficient or
undominated) if there is no point q in such a way
that F{q) < F(qo) and G(g) < G{qq), with strict in-
equality for at least one of the inequalities. Let S*
be the set of the Pareto-optimal locations. Thus
within §*, there is the tradeofl between the mini-
sum and the minimax criteria.

Before characterizing $* and s{l), some re-
marks should be mentioned. First, Geoffrion
(1968) proved that when both objective functions
of the bicriteria problem are convex, the set of
Pareto-optimal can be obtained by solving all the

convex combinations of the two criteria. Since
both F(q) and G(q) are convex, we se¢ that
§*={s*(1) |0 A1)

Further, Hansen et al. (1981) demonstrated that
if a scalarized function has a unique solution for
each possible relative weight, the set of the Pareto-
optimal locations associated with the problem is a
continuous curve joining the minimizers of two
different criteria. Also, although it was not ex-
plicitly stated, this curve is always simple in the
sense that it does not intersect itself. Here, since
the solution to the scalarized location problem (4)
is unique for each A € [0,1], we see that S* is a
simple continuous curve joining g* and c¢*.

3. Geometrical analyses
3.1. Set of Pareto-optimal locations

Where does the set of the Pareto-optimal lo-
cations §* lie? We shall show that the set S* can be
described analytically with the help of the farthest-
point Voronoi diagram. We define g as one of the
indices such that g* € V. We also define qp as an
intersection of the line segment g'p, and the
boundary 8V,; see Fig. 2, where the interior points
of the convex hull of the demand points are sup-
pressed.

Proposition 1. The set of the Pareto-optimal loca-
tions S* consists of the line segment g*qy and the
path P(qo, ¢*).

Proof. For some A, if a minimizer of Hi(q : 4), i.e.,
(I —A)g* + Ap; lies on V7, it is also a minimizer of
H(q : A). This is because H(q : 1) is strictly convex.
By recalling the result by Geoffrion, this means
that it belongs to S*. Thus we see that if
g°p, N V; # ¢, then g'p, NV, € §*. When i=g, the
boundary 9%, intersects g'p, just once because
g el p ¢V, and Vy is convex. Thus,
gp, NV =g S, as shown in Fig. 2 where
g'qq is indicated by a thick line segment. On the
other hand, when {# g, gp, N ¥\ 0V = ¢; see
Fig. 2. This can be proved as follows. The
perpendicular bisector of the line segment p;p,
divides the plane into two demi-spaces. It is clear
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Fig. 2. Ilustration of the proof of Proposition 1.

from the definition of Voronot polygon in Eq. (3)
that one demi-space includes p; and V,, and
another demi-space contains p, and V;. It follows
from g* € V, that g*p; could not intersect ¥; \ 8V,
as required.

Otherwise, for each i, it follows from the strict
convexity of Hi(q:A) that the minimizer of
H{q : A) subject to q€ F; has to lie over the
boundary oV;. It should be noted that s(4) is also
one of these minimizers. Thus we see that s(1) must
Jie in the tree T". This result together with the result
that §* is a simple continuous curve connecting qq
and ¢*, as we have shown in the preceding section,
implies that P(qy,¢*) € §'. O

For example, the three edges e;, ey, e3 in Fig. 3
correspond to the set S* of Nara Prefecture. From
this proposition, the method for delineating the set
of the Pareto-optimal locations §* can be sum-
marized in the following steps.

Step I: Compute the center of gravity g*,

Step 2: Construct the farthest-point Voronoi
diagram of p,;,...,p, and find the center c*.

Step 3: Find V,, le., the Voronoi polygon
containing g’.

Step 4: Find qg, i.e., the intersection point of
g'p, and 0V, and find the path P(qq, ¢*).

The center of gravity g* can be calculated in
O(n) time. Shamos and Hoey (1975) showed that
Step 2 can be performed in O(n log n) time by
usirig a divide-and-conquer technique. Since the
farthest-point Voronoi diagram contains only O(n)
Voronoi edges, see Shamos and Hoey (1975), both
Steps 3 and 4 can also be done in O(n) time. Thus,
the complexity of the entire procedure is
O(n log n). '

Two additional remarks on the set S* are as
follows. First, since the farthest-point Voronoi
diagram is determined only by the demand points
located at the vertices of the boundary of the
convex hull of py,...,p,, $* has at most the same
number of line segments as these demand points,
and consists of only line segments. This result
states that S* together with the farthest-point
Voronoi diagram can be delineated only by using a
straightedge and a compass. Of course, the method
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Fig 3. Definition of 7, (g"}'s and aff{e;}’s.

for constructing S* may be utilized more easily
with some software of GIS.

Second, consider a constrained minisum prob-
lem in which the objective is to minimize the
minisum function F(q) subject to the constraint
that the value of the minimax function G{(q) will
not exceed a certain level, As implicitly shown by
Halpern (1978) and Hansen et al. (1981}, the so-
lution to this constrained problem is given by the
intersection of S$* and the contour corresponding
to that level. Since the contours of G{q) are circular
arcs as shown by Ohsawa and Imai (1997), this
constrained problem can also be analytically
solved. The same holds for a constrained minimax
problem where the objective is to minimize the
minimax function G(q) while fulfilling an upper
bound imposed on the vajue of the minisum
function F(g).

3.2. Solution to the scalarized location problem

What is the solution to the scalarized location
problem (4) for a fixed A7 It is possible to answer
this question by means of existing numerical al-
gorithms if only a numerical solution is required;
see e.g., Hansen et al. (1981), Plastria (1987).
However, Halpern (1980), Carrizosa et al. (1994)
pointed out that it is often difficult for the plan-
ners to specify the relative weight A exactly in the
scalarized location problem (4). One way to
overcome this problem is to provide an analytical
expression of s*(1) in terms of parameter A. This
analytical result will also enable us to evaluate
how sensitive s*(1) is to a change in 4. We shall
show an analytical method for finding s*(4) for a
fixed A, based on the set of Pareto-optimal loca-
tions §*,
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For clarity, we will call each maxinal line seg-
ment within S* a Pareto-optimal edge. For exam-
ple, in Fig. 3, ey, e;,e; are Pareto-optimal edges.
For notational purposes, let aff(e) denote the
straight line including the Pareto-optimal edge e,
let P,(q) denote the foot of the perpendicular line
from the point q on aff(e), and let D, denote the
length of the projection of the line segment g*p, to
affie) for ¥ D e, ie., ||P(g’) ~ P.(p,)||- Note that
unless e = g*qg, there exist two different indices s
and ¢ such that ¥, N0V, D e, but P.p;) = P.(p).
For any point q€ e, define the internal ratio

u(q:e) = ||Po(g") — qll/De. see Fig. 3.

Proposition 2. If s*(1) is located on the. Pareto-
optimal edge e, then u(s*():¢e) = A.

Proof. If s*(1) lies on the Pareto-optimal edge g*q,,
then e = g*q, and /= g. We see from the proof of
Proposition | that s*(4) = (1~ 2)g" + 4p,. This
means that s*(1) divides the line segment
g'p, = Pe(g')Pe(p,) internally in a ratio of
A:{(1 — 1), as required.

Otherwise, s*(1) must lie on 8V, for some ¢. In
other words, s*(A) is also a minimizer of H,(q : 1)
subject to q € e. Based on Thales’ theorem, since
H/(q : A}is quadratic with respect to q, the value of
H{q : 2) over afl{e) is minimized at the point that
divides Po(g*)P.(p,} internally in a ratio of
Adl—4).

Let (vo,e1,v1,€2,v2,...,€m, V) be the sequence
of the path S* from g' to ¢*, where e1,..., e, are
Pareto-optimal edges and vy, ..., v, are their ver-
tices such that v;_| and v; are the extreme points of
eforie{l,...,m} Letvyy =g v{ =qq, Vp =¢".
It 1s easy to check that u(v,: e;) = u(v;: ey).
However, u(v; : e;) # pu(v; : ery) for some i € {2,
cooym— 1} or (v, ey) # 1 may hold. Indeed, as
4 increases, s'(A) moves towards ¢*. Therefore, v;
(e {2,...,m— 1}) (resp. v,,) must be a minimizer
of H(q: A) for each A€ [u(v;i: &), pu(vi: e}
(resp. 2 € [p(vy en), 1]). In fact, in Fig. 3, this
scalarized objective is minimized at v, only
for A= ||g* - vif|/D., = 0.19, at v, for each 1€
1Per(&")=¥2)l/ Dy |Pus(? )21l /D) ~ [0.23,0.41),
and at vy =¢* for each 1 € [||P,,(g") — v3{|/Dey, 1]
~ [0.87,1.00].

For a fixed A, s*(1) can be obtained geometri-
cally by the following steps, provided that S~ is
given; Steps 1-4 have already been completed.

Step 5. For each ie{},...,m}, compute
p(vicy : ¢) and u(v; = g;). Set u(vy @ emyr) = 1.

Step 6: If there exists an index / such that
w(vicy ey <A< pu(vi: e), then s*(4) is given by
(1 =P, (g") + AP, (p,) for ¥ De. Otherwise,
s*(A) is given by v; such that u(vi: e)<Ag
H("r‘ D eit1).

Since both Steps 5 and 6 can be performed in
O(n), the total time complexity 1s O(n log n).

Several comments on the optimal solution to
the scalarized location problem (4) are described.
First, p(vi: &) < u(vi: ewy) for any i€ {2,...,
m— 1}, and p(v, : e,) <1 for v, which is on a
Voronoi vertex. Therefore, a range of 1 exists that
will produce these v;’s as the optimal solution to
the scalarized problem (4). Thus, we see that any
Voronoi vertex within S* 1s stable in the sense that
although A changes, it remains optimal as long as 2
belongs to that range. Other Pareto-optimal loca-
tions are unstable in the sense that if A changes,
they do not remain optimal. Let us prove that
u(v;i - ;) < w(v;: e;p). There is a unique Voronoi
polygon ¥, such that e;, e;,1 € 8V Let « (resp. f)
be the directed angle from the ray g'p, to the ray
Vio1V: (resp. ¥iviy1). Without loss of generality, ¢;
and e;;; lie above the line connecting g* and p,,
and if the directed angle is to be considered
counter-clockwise, its sign is positive; otherwise,
its sign is negative. This situation is illustrated
in Fig. 4. As A varies, s*(1) on ¢;, that is the
projection of (1 —A)g" + Ap, to aff(e;), must
move towards v;. Therefore, ~n/2 < « < n/2, and
—n/2 < B < n/2. In addition, aff(e;) separates ¥,
and p,, so « < 8. As shown in Fig. 4, for A such
that (1 —~ A)g* + Ap, is between x and y, v; is the
optimal solution to the scalarized problem, where
x (resp. y) is the point on g*p, such that v; is the
projection of x (resp. y) to aff(e;) (resp. aff(e;y1)).
This implies that u(v; : e;) < u(v; : e;41). Similarly,
we can prove that u(v,: en) <1 for v, on a
Voronoi vertex.

Second, Proposition 2 states that s*(1) on e;
moves at a constant speed as A changes. However,
as shown in the example of Fig. 3, as index / in-
creases, the speed on e¢; decreases, This result
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Fig. 4. Definition of @, #, x and y.

suggests that changes in A will have a tendency to
produce much larger effect on the position of s*(4)
on ¢; rather than on e; . Let us prove the result,
Since Proposition 2 says that the speed of s*(1) on
e is proportional to D,,, we show that D, > Dy, .
This is true for i=1. For i € {2,...,m — 1}, since
D,, = |ig* - p/l|cos | and D,,., = [lg* - p,fl<os f]
and o < f# < /2, it suffices to show that 0 < «; see
Fig. 4. Suppose that ¢; C OV, Na¥(s £ ¢). Let Cbe
the cone generated by the rays p,v; and p.v;, and
oC be its boundary; see Fig. 5. Then, based on the
definition of Voronoi polygon (3), since
v; € OV, N0OK,, we have (8CNpy;) C ¥\ 0¥ and
(8C N p,v;) C F;\ B¥;. This means that 8C does
not intersect any Voronoi edges except at v;.
Combining this result with Proposition 1 yields
g" € C. Also, since g* is contained inside the con-
vex hull of the demand points, we have
llg" = vill < lip, — vill(= llp, — vi). Therefore, ¢
has to be contained within the shaded area as
shown in Fig. 5. This gives o > 0, as required.
Finally, Proposition 2 implies that for 13> 4,
s*(A) must lie in the tree T, i.e., on a Voronoi

aCN v

L

acﬂ PsY;

Fig. 5. Definition of C.

edge. This is because q, is within ¥, and g* is
contained inside the convex huill of the demand
points, which means that ||g* — qofl <|Ip, — gol|-
This yields fig" —qqfl < 3 (llg* — qoll + llao — p,ll)
=1llg® — p,ll. as required.

4. Conclusion

This paper focused on a single-facility squared
Euclidean distance bicriteria model with minisum
and minimax objectives, It allowed us to charac-
terize both the set of Pareto-optimal locations and
the solutions to the scalarized location problems in
an intuitively appealing manner using only geom-
etry.

One possible extension of our results is to
consider the weighted case; see Hansen et al.
(1981). In the weighted case, instead of using the
farthest-point Voronoi diagram, we have to utilize
a weighted farthest-point Voronoi diagram in
which the Voronoi edges consist of circular arcs
and where the Voronoi polygons may be bounded;
see Okabe et al. (1992). Although this diagram
seems to be complex, it seems that the set of the
Pareto-optimal locations consists of some weight-
ed farthest-point Voronoi edges, and parts of line
segments connecting the center of gravity and
some demand points.
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Abstract

We address the optimal location problem for two different types of service, type-A and
type-B, where some users may obtain both types of service in multi-purpose trips. We
consider three user groups: users of only type-A service, users of only type-B service
and multi-purpose users of both services in a single trip. We seek to locate three types
of facilities: type-A, type-B, and joint facilities offering both services, We formulate a
new p-median-based model minimizing total travel distance and use it to investigate the
effect of multi-purpose trip makers on optimal facility types and locations.
Demonstrations show that services tehd cluster in joint facilities, even when the

proportion of multi-purpose behavior is small.

Keywords: location-allocation, p-median model, multi-purpose trip
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Introduction

Location-Allocation (L.A) models optimally locate facility systems and allocate demand
to them. Traditionally, the LA literature has assumed that facility systems provide a
single service. Consider a study area occupied by a number of demand points, each
expressing demand for a certain amount of service, represented by a weight, for
example, the number of patrons there, The most widely-used LA model, the p-median,
locates facilities to minimize the weighted distance from demand points to their nearest
facility, Behavioristically, the p-median model assumes that patrons seek only one type
of service at a time, that they obtain it at the nearest facility, and that they are best
served by facilities being as close to them as possible.

Patrons often obtain some types of service, however, in multi-purpose trips in which
two or more facilities are visited in linked trips. People often organize errands so that
several services may be obtained on a single trip. In this seminal paper, we consider the
simple situation in which two services may be sought on a single trip — for instance, a
visit to a doctor and a visit to a pharmacy. Although this is a very simple situation, this
is the first LA model explicitly accommodating multi-purpose trip making,

We address the optimal location problem for two different types of service, type-A
and type-B, considering that patrons may make multi-purpose trips to obtain both in a
single trip. We consider three different types of patron: users of single type-A service,
users of single type-B service, and multi-purpose users of both services. We locate three
different types of facilities: type-A facilities offering only type-A services, type-B
facilities offering only type-B services, and joint facilities providing both, Our approach
is based on the p-median ﬁlodel, focused on minimizing travel cost, here equated with

straight-line distance, In this environment, single-service users travel to the nearest
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facility of interest and return home. Multi-purpose users take the shortest tour from
home to one facility, to the next facility, and home, If all patrons are single facility users,
two separate systems can be generated using two applications of the p-median model. If
all patrons are multi-purpose users, a single application of the p-median model can be
used to generate a system of joint facilities. If there is a mix of single- and
multi-purpose trip makers, the three types of travel must be linked together in a.

different model.

The paper is organized as follows. We briefly review the importance of
multi-purpose trip making behavior in theory and practice. We then explore simple
examples to demonstrate how optimal facility locations change when we take
multi-purpose users into account. We present a new mixed integer programming model
to deal with this location problem, and use a 20-node test problem to examine the
influence of the proportion of multi-purpose users on optimal facility location, We
conclude with some remarks and suggestions for future work,

Multi-purpose Travel Behavior

There is much anecdotal evidence of the importance of multi-purpose trips in our lives,
Most of us organize at least some of our errands along multi-purpose trips. We drop off
the dry-cleaning, visit the post office, buy our groceries, and pick up a bottle of wine on
the way home. The importance of multi-purpose trips is also well es.tablishcd in the
geographical literature, Empirical studies have determined that more than 30 percent of
shopping trips are multi-~purpose (Hensher, 1976; Hanson, 1980; O’Kelly, 1981). Eaton
and Lipsey (1979) and McLafferty and Ghosh (1986) have examined spatial
competition in a linear city, within a traditional Hotelling (1929) framework, under the

assumption that users may visit more than one facility on a trip. Studies have
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considered the impact of multi-purpose trips on the spatial organization of retail firms
(Baton and Lipsey, 1982; Mulligan, 1987; Thill, 1992), One of the important features of
multi-purpose trips is their impact on spatial allocation. South and Boots (1999)
revealed that relaxing the nearest center assumption in central place theory leads to
significant changes in market area organization. Accordingly, Ohyama and Suzuki
(2001) developed the tour-distance based Voronoi diagram, which revealed that spatial
agglomeration is advantageous to people making multi-purpose tours.

It is to be expected that multi-purpose trips will also affect the outcomes of facility
location models, Yet, the LA literature has involved very little consideration of
multi-purpose trip making. Hodgson (1981) located daycare centers to minimize the
deviation from the parent’s normal journey to work; here, both ends of the overall
journey to work frip (the residence and workplace) are fixed, and only single
intermediate facilities are Jocated. Berlin et al. (1976) considered the locations of both
ambulances and hospitals relative to accident sites, but because demands are exerted
within the overall journey, they could show that ambulance and hospital location are
separable into two traditional location problems, Suzuki and Hodgson (2002) locate
multi-service facilities, but treat the demands as individual trips by different groups
rather than multi-purpose trips. To conclude, although some related problems have been
considered, no model has explicitly considered the locations of more than one type of
facility within a multi-purpose trip.

The Effects of Multi-purpose Trip Making: An Example
To illustrate how multi-purpose demand affects facility location, we use a simple
network, with four nodes and five links of unit length (Figure 1). In each case, we

locate two clinics and two pharmacies, Each node exerts demands for clinics and for
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pharmacy services. Demand for clinics is dominant at nodes 1 and 2; that for pharmacy
service is dominant at nodes 3 and 4. In Configuration 1 (Figure 2), we locate clinics at
nodes 1 and 2 and pharmacies at nodes 3 and 4. Total single-purpose round trip distance
is: ((7T*0+6%043% 1+4%1) + (4* 14+3* 1 +7*0+6*0))*2 = 28. In Configuration 2, we
co-locate both types of facility at nodes 1 and 4. Total single-purpose travel distance is:
((7*0+6*1+3%1+4%0) + (4*0+3* 1+7*146*0))*2 = 38. Configuration 3 hasa
stand-alone clinic at node 2, a stand-alone pharmacy at node 3, and a joint clinic and
pharmacy co-located at node 1. (We term facilities located at the same node joint
facilities. Our observations hold whether the facilities are actually amalpamated or
merely located at the éame place). Total single-purpose travel distance is:
((T*O-+6*0+3* 1 +4* | )+-(4*0+3% 1 +7*0-+6* 1))*2 = 32, Configuration 1, with separate,
single-purpose facilities, is optimal for single-purpose trips.

Now, consider muiti-purpose trips in which all patrons demand both clinical and
pharmacy service on the same journey. To maintain numerical compatibility with the
single-purpose examples, we make multi-purpose demand equal to the sum of the
type-A and type-B travel. The total multi-purpose travel distance for Configuration 1 is:
11*2+9%2+10*2-+10*2 = 80; for Configuration 2 is: 11*0+9*2+10%2+10*0 =38, and
for Configuration 3 is: 11*0+9%2+10*2+10*2 = 58. Configuration 2, with two joint
facilities, is one of two optimal solutions for multi-purpose trips. (The other has joint
facilities at nodes | and 3).

If patrons exhibit both types of trip making behavior, a compromise solution may be
appropriate. Suppose that 20% of demand is for multi-purpose trips, and 80% for
' gingle-purpose trips. Configurations 1, 2, and 3 have total travel distances of

28%0.8+80%0,2 = 38.4, 38%0.8:+38*0.2 = 38.0, and 32*0.8+58*0.2 = 37.2, respectively.
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Configuration 3 is optimal for this mix of travel behavior.

When all demands are single-purpose, optimal separate facility systems will never
be worse than joint ones (some locations may coincidentally host facilities of both
types); we may therefore locate both types of facilities separately using two separate
runs of the p-median model. Wher all demands are multi-purpose, optimally located
joint facilities will always be better than separate ones (see Appendix): we may locate
the joint facilities using a single run of the p-median model. When there is a mix of
demand types, neither of these polar approaches is appropriate, We present a model
aimed at locating facilities where there is a mix of single- and multi-purpose demand.
The Mixed Travel Model Formulation
We consider the optimal facility location problem with three different user groups:
single service users for type-A and type-B, and multi-purpose users demanding both
types of service. We assume that all users minimize travel distance. Those who demand
only one sefvice go to the closest facility and retwrn home. Those who demand both
services go to one facility, to the next facility, and return home. Candidate locations for
type-A facilities are denoted j, those of type-B facilities are denoted £,

The model minimizes the total travel cost for both types of travel:

x.;,?,%é%.nf Z= 2(22w"d X"+22wfd,,,‘X,.f)

+Zw QoL +zd,k;;g+zz%ﬁya &
subject to 3 X =1, Vi "

J

;X,;’=1, Vi -

MY/ =1 Vi @

;
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where

X, e {0}
X:e{o}
Y/ e {0,1}
ACR(AY
Vj‘ € {0,1}

vee{0}

SYi=1 Vi (5)
k

X; sV, Vi (6)
X:<v?, Vik, | (D
Y sV, Vi, (8)
YR <V}, Vik, (9)
2V =pa (10)
7

§W=m, (11)

is the allocation of demand at i for type-A service to j

is the allocation of demand at / for type-B service to k.

is the allocation of multi-purpose demand at i to j for type-A service.
is the allocation of multi-purpose demand at i to k for type-B service.
is the facility existence at j for type-A service.

is the facility existence at j for type-B service.

is the demand at i for type-A service.

is the demand at { for type-B service.

is the demand at i both for type-A and for type-B services.

is the distance from i to j.

is the number of type-A facilities to be located.
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P is the number of type-B facilities to be located.
Z is the aggregate weighted travel distance.

The first term of the objective function is the round trip travel distance of single
facility users, and the second term is the tour length of multi-purpose users; the model
minimizes the sum of two types of travel distance. Constraints (2), (3), (4), and (5)
ensure that every user is assigned to exactly one facility for each type of travel.
Constraints (6}, (7), (8), and (9) ensure that dermands may only be allocated to locations
with facilities. Constraints (10) and (11) ensure that the desired number of facilities of
each type is located.

If wf’B = (), the objective function is just the weighted sum of travel distance to and
from the nearest type-A and type-B facilities and the model generates separate p-median
solutions for type-A and type-B facilities. Otherwise, the objective function has a
quadratic form with respect to allocation variables, which would impose a great
computational burden.

Fortunately, the objective function can be reformulated to a linear form by the

following procedure (Konno and Suzuki, 1982). We introduce new variables:

Uy =2 2 duTi (14)
which satisfies
0, if ¥/ =0,
Uit \Zar vy =, )
P
and
D,=Yd,. (16)

k

We can replace (15) by the following inequalities
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0<U, DY/, | (17)
24,1} =D/-F)SU, ¥,y a8
because
iy if ¥'=0,(17) bringsabout U, =0 which satisfies (18), its LHS being
non-positive and its RHS non-negative.

if) if ¥, =1, (18) brings about U, =Y d ¥ which satisfies (17).
k

Thus the non-linear integer programming form of the model can be reformulated as the

linear mixed-integer program;

3 — A B
PR o Z= Z(EZWI di‘in;‘t +22Wf dyX3)
X XYy ¥ Uy T Rl

(19)
+ZWfB(ZdUYUA + 2 d Y +2U)),
{ I k J
subject to 2),(3), ..., (11),and
0<U, SY Y d,, Vi, (20)
k
0 Y d, Yy U, sU-Y")YY d,, Vi 2D
k k

This reformulation enables us to solve the problem within reasonable computation time.
Demonstrations

We demonstrate the model with a test problem comprising 20 randomly distributed
points representing both demands and potential facility locations (Figure 3). Demands
for type-A service and type-B service are represented by proportional circles, Demand
for type-A service is dominant in the east, and that for type-B is dominant in the west,
To maintain numerical comparability in both examples, we keep the sum wit+wf +

w8, and the ratio w/' / w/ fixed, and increase the proportion of multi-purpose users, r =
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w,vAB/(w,-” +w,-B +w;'?) from zero to one, recording each distinct solution change. We
solved the model using NUOPT 3.0 (Mathematical Systems Inc.} running on a 400
MHz Pentium III with 128 MB of RAM.

In our first example, we solve the model for ps= pp= 3. Figure 4 shows all distinct
solutions, with allocations of multi-purpose users in solid lines. Allocations of single
service users, to the nearest facilities, are not shown because of simplicity, At » = 0.0000,
we get separate p-median solutions for the two distinet services; there are no
multi-purpose users. Two type-A facilities are located in the east and two type-B ones in
the west in response to the biased demand distributions. No joint facility is located.
Under this configuration, single service users would face a travel cost of 84,21 (Table 1),
multiple service users of 163.80. At » = 0,0000, total travel costs are 84.21; as the
proportion of multi-purpose users rises, the allocations of multi-purpose trips are to the
best pair of single facilities. At » =0.0464, total trave! costs are 87.90; at this breakpoint,
a joint facility is created in the northwest — single-purpose users endure a higher cost,
but the benefits to multi-purpose users compensate. At this and other breakpoints, the
rate of increase of total cost is reduced (Figure 5). The advantage of joint facilities is
demonstrated by users at P allocating to the joint' facility rather than to the nearest
type-A facility. At » = 0.0905, the greater dominance of multi-purpose users brings
about two joint facilities. Under this configuration, all multi-purpose users allocate to a
joint facility — there is no need for them to use single facilities. The type-A and type-B
facilities minimize distance for a limited number of patrons requiring only one service.
A rise to a relatively small proportion of multi-purpose users, r = 0.2091, consolidates
all three facilities into the 3-median configuration for multi-purpose users, Beyond r =

0.2091, total travel distance is unaffected by » — the total of single- and multi-purpose

10
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users are served optimally by the consolidated facilities.

In our second example, we solve the model for an unequal number of facilities of
each type: ps= 2, pp=4. Figure 6 shows all distinct solutions with allocations of
multi-purpose users. At r = 0.0000, one joint facility occurs because the separate type-A
and type-B solutions happen to have one facility in common. The power of joint
facilities to reduce travel costs for multi-purpose users is demonstrated by their heavy
use of the one joint facility as r rises above 0.0000, Even multi-purpose users at the
type-A facility at Q are drawn to the joint facility to the south; at only two nodes in the
extreme northwest do multi-purpose users make distinct two-facility tours. This is not
to say that multi-purpose users are particularly well served by the one joint facility — the
solutions at » = 0.0062 and 0.0244 gre characterized by a .type,-A and a type-B facility
coming closer together to reduce the costs of multi-purpose tours (Table 2). As the
forces of multi-purpose trip making increase to r = 0.0931, this consolidation results in
a second joint facility in the north. Beyond this point, all multi-purpose journeys are
served by these two joint facilities; further break points involve slight shifting of the
location of one of the joint facilities.

The unequal number of type-A and type-B facilities is problematic. After the
consolidation at two locations, two type-B facilities remain in areas of strong type-B
demand. These outliers become increasingly marginalized, serving decreasing numbers
of nodes as the southern joint facility shifts, and serving a lower level of demand as r
increases. Throughout the solutions, type-A and multi-purpose users endure higher
travel costs for the sake of savings for type-B users. In the final configuration, overall
travel costs are 1.279 (123,05/96.19, compare Tables 1 and 2) as high as in the first

example with three facilities of each type. It seems a highly questionable strategy to
11
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prescribe different numbers of type-A and type-B outlets for al] but very low levels of
multi-purpose demand.

Discussion

Multi-purpose trip making is a common way to obtain services in the real world. It is
well established as an important influence on land use structure in the geographical and
spatial marketing literature, but has not been addressed in the facility location literature.
This paper is a seminal attempt to redress this situation. We have presented a mixed
integer programming model for locating facilities to minimize travel costs for 2 mix of
two types of service obtained at varying levels of multi-service use. Our two example
problems demonstrate that even a moderate amount of multi-purpose trip making
behavior results in the consolidation of services in joint facilities. Multi-purpose trip
making strongly influences locational optimization — it deserves inclusion in some LA
frameworks.

Incorporating realistic multi-purpose trip making behavior into LA will present
difficulties for researchers. Our formulation, with only two types of facility, resuited in
a quadratic term in the objective function, one which we resolved using constraints,
Multi-purpose trips with larger numbers of facilities will result in higher order
nonlinearities. Further, with two types of facility, the order in which they are visited is
not important — with greater numbers, the order of trip making must be part of the
solution, We hdpe that our exposition of the importance of this way of obtaining
services will encourage other researchers to find clever ways of resolving such
difficulties. We believe that because of the widespread use of multi-purpose trip making,

and its potential impact on locational decisions, such investigations are warranted.

12
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Appendix: Optimally-located Joint Facilities are Optimal for Multi-purpose Trips,
Consider the situation in which all trips are multi-purpose. We solve a simple p-median
problem to locate p joint facilities. The optimal solution partitions the study area into p
allocation sets, each containing a joint facility at P, and the demand points that are
closer to it than to any other optimal facility. Within one allocation set, let us try to
improve upon this solution by providing services at separate type-A and type-B
facilities. All nodes in the set now face a multi-step journey to obtain both services. If
the triangular inequality holds, we know that for every node in the set there is some
location where a joint facility will provide less costly service than the separate facilities
do. Collectively, the least-cost such location is at the original location, Pj? of the joint
facility. We cannot improve on the joint solution by separating facilities, Interaction
with other allocation sets cannot improve travel costs — P; is closer to every node in the
set than is any other joint facility. Our reasoning extends to all allocation sets and hence

to the system as a whole.
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Table 1

Proportion Demand weighted TD Travel distance (TD)
of multi-  [Single- Multi-  Total Single-purpose users Multi-purpose users
purpose |purpose purpose Type-A Type-B Total Home to Inter-  Total
users,r _|users  users facility  facility
0.0000] 84.21 0.00 8421} 4534 3887 84,21 10563 ~ 58.17 163.80
0.0464] 80.91 699 B7.90{ 4584 38.90 84.84| 103,02 47.72 150.73
0.0905; 7886 11.85 0081 46,08 40.62 86.70| 132.07 0.00 132.07
0.2081) 7608 2011 9619 5288 43,31 968.19] 96.19 0.00 96.19
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total cost

96,19

90.81]

87.90
86.70

84.84
84.21

163.80
d

4150.73

A132.07

—_

96.19

0

0.0464 10,0905 0.2091
proportion of multi-purpose users,

Figure 5
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r = 0.0000-0.0062

r=10.0062-0.0244

r=0.0244-0.0931

r=10.0931-0.4063

r = 0.4063-0.5555

Figure 6
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Table 2

Proportion Demand welghted TD Travel distance (TD)

of multi- [Single- Multi-  Total Single-purpose users Multi-purpose users

purpose  |purpose purpose Type-A Type-B Total Home to Inter-  Total

users,r |users  users facllity  facility
0.0000] 86.93 000 '86.93| 56.56 30.36 B6.83| 166.67 17.00  183.67
0.0062| 86.44 1.08 87.53] 656.56 3041 B86.9B| 14505  30.20 17525
0.0244| 85.37 377 89.18| 56568 30.84 87,50| 132.37 21.88 154.25
0.0931| 8128 1244 9372 658.69 30.94 8963} 133.55 0.00 133.55
0.4063| 5618 51.20 107.47| 63.39 31.23 9462| 126.26 0.00 126.26
0.5565] 43.84 68.35 112,19 86,09 3253 98.82| 123.05 0.00 123.05
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A Flow—Demand Location Model and the Effect of Demand Structure on Facility Location

$hAR #

Tsutomu Suzuki

This paper focuses-a facility location model assuming that demand for service originates from
users traveling, which is not directly for the purpose of obtaining the gservice, as is seen in actual
behavior. We combine such a flow-demand location model and the traditional median model. Eifect of
change in jobs-housing spatial structure on optimal facility location is analyzed considering two
types of demand: commuting-based demand and home-based demand. With some examples on an
ideal triangular lattice urban network, it is shown that facility location decentralizes toward outer
suburbs as spatial correlation of home and workplaces gets stronger, or as home-based demand gets

more dominant,

Keywords &R, WEST, 7 o —RE, THEER A7« 7 -HE

facility location, jobs-housing distribution, flow-based demand, deviation, median problem
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Relaxing the nearest facility assumption in discrete location madels

Tsutomu SUZUKI, M. John HODGSON and Takashi OHYAMA

Abstract: This paper investigates the effects of relaxation of the nearest facility assumption,

which is usually adopted in many Jocation models, on optimal facility location. We formulate

two new models based on p-median model: one is the model in which a user selects from the

b nearest facilities, and the other is the model in which a user selects facilities so as to mini-

mize its tour distance. We aiso build mixed models with the original p-median model. The

optimal solutions show that facilities form clusters if the nearest facility assumption is signifi-

cantly relaxed.

Keywords: MEiRECE (facility location), p-AF 1 7 2 EFI (p-median model), # & 65% (facility complex),
I8 (tour), £ B ) w7 (multi-purpose trip)
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5. aft0OESI p-median &, 1 OB EITEEE 2
KE—HTH, ZOMEDL 2RK0-1EEMETSH
BOT, EBICMSERIZIE 25 B RBEOHIETHR
FAL# KT

3. BAETFIVOROFE

INFEFTERERLC Ry M7= &I, c&/N5
A= ELTOLHATERESBIAS p=6 DFEF
KOWTERDBEET N ERBLAEREREZRS
=Y. _}:5275“2/5@’;&1:1 TEEARBE 2 RIBEE TH 5.
a AR E D B p-median OFELE—RTHH, @
MRELLBIZENT 2 ERRATAUEEL, Bk
T 2RERIBE2ROBERUIZIZS. 2R0RE
&, BilE2RBELEESICDVWTH, afi—~ROME
EEDHBEEF, BTULHBRTEBELARNWD, 21
BT OMEELAEBESARERELD LD
D,

4.4, 2RDEAEY S A Y ~EROMIR

5THEET~NERIE, p-median DML E AT
EHHETHIIEANRTA—F a DEB AN 2 RER
CRE2REGETHONMIERSZZIETHS, 2
RBEDBEEL, a=05 DEETHOD TELNRED
0, a=09 DERTLETHERIIRTIIASN,
ZHUIHLT, B 2 RIBEDHER, a=03 TA

THHAEICR Y, a=05 OEBETRERSTERITA
T%WﬁTé.gmxoh.amwﬁthth
AT D3[hhMn L E2BRL TS,

RT7EROHENERIC LB SOED o # B
FICRE L THED. BEOITFRT L IICHEMN—H
AT B AR A — MR EE T L DT MR
EZARTANCER T2 EMERBNNY - (£;
p-median DFFITHE) &, 2 DT OHBORTE=
AR TRINCEBTOIRTEBNY—> 5 2K
EEENE 2 ROFBITHIE) 2893, B
RAMBEREE o &7 NUE, BEOENIR 20 LB,
REMERETOEREZNEN 7,5, %2 TR
RETOWEFELEENTN R, s, £THIE, 2ho0
FEREFOHEIZOVWTOFEHEZRBIUT LI VD
T, 1 XREBEOBHREIEM S,

— 35 —
— 148 —



6 ERTFALICETSZ=BRBTERD
BUREEATRE (A—ESREE)

443 +33 log3
36

Elnl= a=035la

_18-443 +3v31og(2-+v3) — 33 log 3
Elnl= 1 a
~ 0.678a

Els,1= Els,]= v2El#]~ 0.4%a

Ead. 2HEE BE2REEOHEAOEEAT

Ehth

E{G-a) +oaln+ )= El(Q- s, +als, +5,)]

El(1- )27 +ola+rn+5)]= E[(1-0)2s, +als, +3,)]

MEEDIDDT, thelds, 2REe0EEMA
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Tour-Distance Voronoi Diagram and its Application to Location Analysis
Takashi OHYAMA® Tsutomu SUZUKI™"
* Doctoral Program in Policy aad Planning Sciences, University of Tsukuba
#* [nstitute of Policy and Planning Sciences, University of Tsukuba

Abstract. The purpose of this paper is to show tour-distance Vorenoi diagrams which
represent catchment areas of facilities under the assumption that users use more than
one facility. Bisectors composing tour-distance Voronoi diagrams are generally curved
lines, although those of higher-order Vorenoi diagrams are composed of straight lines.
[t is observed that eontiguous Facilities have larger joint catchment areas than scattared
facilities. Applying them to locational selection of competitive facilities, it is found out
that locational concentration tends to be superior for facilities which maximize their

catchment areas, if users make tours to move around from one facility to another.

1. [ZUBIC ‘

DR MR O MEE L S, TOMERE FOFBEAFIATAME NI N
DWIBRAEYOL OB AMNEEELBETH S, ZoBEICHLT, ZThETOK
REEEDEL S, FAEIORLTVGEZZHATIEEELTEA. Z0L 54K
EOTFTESFEER oMM EE 2 B, BR~0ORRAEFEOES T Voronol BI'THR
Baharrichad, Th#t, ZN% T Voronoi B AWV EEREBEENEEBNX
LTE 72 (5% 0 [5]8]0)[11][13] &).

&2 AR, ERoFIBEOITHOMAFIEERTHE, oL REEIE LR LIEERED
Ty, RERROBRET 29— U ANEEHRGFET 5T, FAFEFSEROMER A
ATBALNSEFAEELLZLNBELHEE 5. ’

HL, FIAEFRTELIEVERSTH TR, 288, 3BERCEVERLRATSESC
¥, B Voronol RIZFIGRTA L HEZ SIS, [12]#L, Bk Voronoi B ([10} £z ¥ B )
ERALT, AIRAEMNEZFAE CIOEVEREFIVIBICEEL TRHRET 2860 B S S
FHLMILE. LL, BERROBVEYTBIRSCRS LI, FIAENRERTS
BALEAICLTEZLNSE, ZOLHICHIBFNEREELE LTHNID L RIBEITH,
FLiERRPER LR ~ORSEEFELRTER B0, EBRBIZ, W ohDEEo
HVE b F8E T 598, ST LLEVESREFIA LAV REBCHE D LTH
D. FIAE, (7] REROBSETIMREHSHAT S multipurpose shopping model OHFE
A7, PEAEREE LTREENTVLS.

FIT, BT, 2 RAEH ECHRAFLHEOBR S EGEACRAELTRHAL,
OREEMABEIC 2L CBET A LEELT, VRAEOME~DE YD FE+ AR
Voronoi R YO LS I3 EB ez L, T2 o REERERE Voronoi O fa3s7Hh
~DOPEMIEREIT O L FEM LT 5,
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Fig. 1: (a) A Voronoi diagram; (b} An order-2 Voronoi diagram; (c) An order-3 Voronoi
diagram.

2. s Voronoi B _
FAXTH2Ex & xg OMOBEREEL=2— 7 ) v FEEREE

(2.1) d&hm%=J@1—mF+@u~mP

TEETS. AL, x1,xy DEEEZENTN (21,01), (T2, 1) £ T 5.
2.1 Voronoi El&EX Voronoi E

R En(2<n < o00)BOBA (KR pr,...,p. BHDETHLE, TOF T, T
DEEREE d(x, p;) HFEEL 2D ROES %A p; @ Voronoi I Vip;) v 9. bbb,

(2.2) Vipi) = {xld(x, p:i) € d(x,p;), Vi € I\{i}}
BL, I={1,....n} &75. #5p1,...,pn @ Voronoi HIEOEE
(2.3) Vipd, -\ Vien)}

E, pl,...,pn it X o THEREE D Voronoi B &) (BUTFREIMEIC, Voronoi HEEDES %
Voronoi @ & v5) .

E, nBOBA P, . P OB E(1 <k < 0} BOREAERSAAESDEOEIT
WCr = gt BY H22%, 20I 5O i EHOREDMA A = (pi,,...,pi,) DERSTH
WG kBEUANORRERDADES

ch(pgl,-..,[J,'k):{Xlm’?Xd(X,piﬂ)Smjﬂd(X,pj,),i#E{il,...,ik},ijI\{il,...,ik}}
(2.4)
F Piyye- -2 Diy @ k 1K Voronai 88 VE(pi,, ..., piy) £ [10). ZhB D Voronoi B - %
R Voronoi BIHH X Figl 0k ks, 2T, RUBARETHELTWAZ LI
BEEhik.

=iz, ﬁ:“\iPl:-{P111---1pln1}=~--;Pfc={pk,,---,Pk“k}(‘ZS'ﬁ-i<°0:i'—“1,21---,k)
BHdLTD. P OBEORTp, BRLIEL, ..., P DRADPT p,, BRHIT ik

k k
(2‘5} V:ﬁ: (pln e )pk;) = {Xl 2 d'(x:ph) S Z d(xnpl,‘)- VJ € I\{l}}
- =1 =1

DLy, Py Pk IRERESDE Voronol I VY Z 8123, 22T, [ = {1,..., [Tk, )
THad. L IKERE T Voronot MOWE Fig2 IR T.
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& BE B Voronoif & £ 2 AV - BE L AR

—Bisectors for
generators o
-~ Bisactors for
genarators =
— Biseotors far
geherators +

Fig. 2: (a) An order-2 multiple Voronoi diagram; {b) An order-3 multiple Voronoi dia-
gram.

Bk Voronoi %@ &t Voronoi Bl & AvviLid, B OKEORA*ZE X ik
BRI BESESH T AL ENTRTHD. L L, 20X RGEEITIELIILT, F)
RENEHE OV ESHIIIATAIENHE. Z0Bs, HEROHNABRREZZETS
&, BHROBRYER L THMS & WD A TEEEE LT Voronoi B &8 2 21T
NiEAR G4, 22T, Zh B Voronol B EEEZ &IZT5. LT, RALH—
ERAEFRETIEEORREEETABE L, RS-V ARERT IEHOEEOK
BE I EERTHOBATCAETSESD 2 205 —AIZ2oWT, EFEEE Voronoi BID K
NEI LB, EthBEOL I REEEFHE TR TSD.

2.2 2TORENABER THLHBESOE B Voronoi |

TP, BEERALTRULY—E2AFREL THT, FRFTTOFOW L 21 oMtz E
T AEAFEL LY. FXE, HAWHRERN 20DF - b2 L 5REET
D, T THEEORS, FORBRELLEyFOT A~ bEPhaELE). ZOLE,
WBHIZL oT, BhAFA— ML TLLRELFENT A FCHAR L, kloFSA— b
DEASHED S b, FBERSRN2DBHEDELERD,

anfHORE D, ....pa B EER <k n) OBADELIEELRESE (AL, AL
MR DA OIEF CHR BH AR 2V . P/2 = s @O H 2K, ZTO5H0
i BAOBEADIRE P = (piy,---1Pi) €T 5. Pry... Pa OPFPE k FDHRR 2 BA TH
WtBEE, piy,--- Dip, BERELTHNRLIBEHERSREL 2L E pi,... 0, Dk
YK B WESERE Voronoi IR VE < piyy ... api > BRI EIT S, TRDG,

k-1
V'I,f < Piyy--aPig > = {x]d(x, pil) + Z d(pfupi(r“)) + d(P;k, }C)
[=1
k-1
(2.6) < d’(x!pj:) + E d(pia’pi{tq.l)) + dtpjux)r Yje I\{l}}
=1

Thd. ZIT, I={1,...,nP:/2} TH 5,

Fig.3(a) ¥ 2 tJBERERE Voronol FIOTITH S, FIAH, fE(2,4) &, 2L 4ZBAT
[AET3E00BHEMARLEL LBERTHE. BERAE==2—FrEXAVTRIE
EUTRBHTVE, Ha OB TCLTF A rOER UEBBICBEVDICHMAT D T LA
HDH. O, EEORESRYERE L THRT AR, EROMENSLTLLHRE
MHIFEL 2 Th, BEWCIHEL T L TS BRR0MALRIENhD L) Z 2B
LTWA, L, EWFRSE 2207 /4 MEREALZ G, Fig.1(b) iR L& 2 &K Voronoi
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(b)

= Regions in which users are not assigned

L to the nearest fagility when they make tours

Fig. 3: (a) An order-2 tour-distance Voronoi diagram; (b) Difference between the ordinary
Voronoi diagram and the order-2 tour-distance Voronoi diagram; (¢} An order-3 tour-
distance Voronoi diagram.

R & 5 BEAE SN S, ThEST 2L, HBANEEL TV 28R0HM (3,5) O
SEIEASIER L, MICTEWICEN TV 2B AOR (3.4) OFFRERLTLE->TWS. ¥
7=, BLIEVEBAICRB LLWEREFRT L Figld(dh) PEMOHSOL I Icks. ZOL
ST, BTLHELIEVEREFIMA L2V ARTFET LI LADMS. ,

Fig.3(c) i, 3 kB FERE Voronol OHTHS. Fli, B < 2,4,5>132,4,5%
BATIOBEK, HHWE, JOWOEFCEETSBEOBDERIRELERLMHE
WTHD. 2ROBE LRBI, Fig.1(c) @ 3 ik Voronol & & LT3 (L8 » Tid,
3 KRB ERRE Voronol HOMER AN JIERZEE LRV &, B8R 2, 4,6 DL D RiEHE
LT3 3 oDBADOHEOHER (< 2,4,6 >,< 4,2,6 >,< 2,6,4 > 2&FHH78K) &, 3
K Voronoi D (2,4,6) DRIKL VIEHR - THDZ B hh 5.

k RBFEIERE Voronoi BUZIXLAT O L 53 HERSE .

3= 41 (pi:pj) BEWCELEREZ 2 2OBREOBTHD L E, 2 REWHER Vorono B
I T py, p; ORI, pi #BVERATEREND Voronoi Riz3iT B p; DEK L,
p; BBV BA TR Sh D Voronoi RizE % p; DHREOERESOHSESTHA.
T MOEEO—BAEMZT p;,p;, pr P 3 R CTHRENLFEESB LD L, (pip))
DREEA, p; & pr TTE S Voronoi RO p; OFEIKE p; & pp TTE D Voronot B p;
DREOHEESDHHEE L2 TWAI LIIUTOLILFRT I ENTES.

VE(pirpj) = {x|d(x, pi) + d(pi, p;) + d{(pj: %) < dix, pi) + d(pi, i) + d(pr, x), V& # j}

C {xld(pj,x) < d(pk,x), ¥k # 7} '
Vipi py) = {xld(x, pi) + d{pi, pj) + 2p; %) € d(x, ;) + d(pj, Pk) + d(ps, ), Yk 5 1}
(2.7 C {xld(pi,x) < d{pr,x), Yk # i} '

ENZNOEOETDE, p; RV E L EO p; @ Voronol #, p; et ZDp, ®
Voronoi & EW% L TWADT, p;,p; PIEEE, p; #RVW-EATHEHAE SN S Voronoi
RD p; Ok L, p; ERVEBRTHER XS Voronoi BD p; OIBOEESOESE
ATHA. EZORREOATHSTHLLEOBEHESRR Y L20OT, T s 0
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Fig.4(a) lZBWT, d(1,2),4(2,3),d(3,1) D22 B, mLEWDITL(L,2) THD. 2 kAW
B Voronoi Bkt 5 (1,2) ORI, £2481,3 THARC Voronoi BDBA 1 DMK
&, B 2,3 THIMNRTE Voronoil BIOE A 2 OEROIES, X Y HOMKAORERKD
AR IR > TV 5.

{a) )

— Bisectors of
ordinary Voronoi diagram
Bisestors of

__Biseators of order-3 — B tor for peneratars o
tour-distance Voronoi diagram -— Bisector for gensrators =

-_ n Hyperbalio curves Bisectors of order—2
g;der Z Voronol diagram [dOe, ) -d(x, 23 |=d (2, 3}-d{1,3) ~— tour—distance Voronoi diagram
seotors of with foci 1 and 2 for classified generators

— arder-2 tour~distance
Yoronoi diagram

Fig. 4: (a) Proof of property 1; (b) Example of property 6; (c) Proof of property 9.

M5 2 d(p;,p;) PEWKRLEELE 2 DORBEDOHETH D & &, 2 IREBEERE Voronot
RIS piyp; PBIRIL, pi 2RV RRTHMAE S5 Voronol B p; DL, p;
RO BATHA SN D Voronol B p; OIRIEORNE & % S04 MBI B,

SERA: pi,p; D 2 KIEEERERE Voronoi 883,

VE(pirpj)
= {xld(x,p:) +d(p:i, p;) + d(p;j, x) < d(x,px) + d(pr. p1) + d(p1, %), V(k, 1} # (4, 5)}
2 {xd(x,pi) +d(pj,x) < d{x,p&) +d(p1, %),V (k, 1) # (3, 7))}
2 {x|max{d(x, pi},d(p;,x)} < min{d(x,pe), d(pr, %)}, V(k,1) # (i,5)}
= V3(pi,p;)
(2.8} = V(p;|P\{p:}) N V(p:i|P\{p;})
&G L, Vipj|P\{pi}) &tEpi BN LED p; O Voronoi IS THD. #-T,

pi, p; @ 2 RIAERRREE Voronol SRIEIL, p; %Ry Ve BRI THERL & D Voronei B p; DR
e, p; EBRVVERRTHAEN D Voronoi B0 p; OB OTHEA S ERICE-. O

9}

Figd(a) IZ8WT, d(1,2),4(2,3),d3,1) @55, mbLEVDIL(1,3) THD, 2 k@
HRBE Voronoi lZHIT 5 (1,3) DfIEL, & 2,3 THid L Voronoi Bl E 3 8K
&, BER 1,2 THSNT Voronoi BDER | ORISORES (K P OREK BOMEIR) 255
BRI HF.

18 3 pp; FERLTOIAERA B L2 THTTELND 2 oD EMF, Tha
N pi,p; BOLOBEM L DLBLEFEET S & F, 28 pi,p; O 2 KJBHEIERE Voronod 88
FELARV.
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LA @ d(x,pi) < d(x,p;) EWTRECRxEEZD. —HO¥AMIZp, b O —K
DEMRAp BHDLDETS.

B p 2FATAbOLT DL, RICEAET 5 /881 p; o DOREGFERENRE E 2
LBRTHDIA, pp,pldp; X PLETHHEEd(pi, p;) PANICHZDT, d(pi,pr) <
d(pi,p;),dpi,p1) < d(pi,p;) THD. L, pe,pi PELOMNT x BP0 &THHE
d(x,p;) PAPCHBDT, min{d(x, pr), d(x, pr)} < d(x,p;) TH 5 (Fig. 5 BH).

£aT,

min{d(x, p:) + d(pi, pt) + d(Px, %), d(x, pi) + d{pi, p1) + d(p1, x)}
< d(x,p:) + d(p:, p;) + d(pj.x)

L7129, x i (pi,pr) EIT (i, pi) © 2 KA EIERE Voronoi RBICE Eh B Z LIl 3.
YU, piyp; B BA LT 5 2 RAEERM Voronol BHEILTFE L2V )

-

N

Fig. 5: Proof of property 3.

M 4 2 WALEIREE Voronol D EEET 2 2 (8RR 1 »DLADRBERISEFH T 5855,
2 OB RBRITNBRO—HTH L.

BEHA: 2 HEROBBRAOHRE (pip;) (Pipr) &1 5. Z0LE2FROERBL, 2
Folkiltgiha.

d(x,pi) +d(pi,p;) + d(pj,x) = d(x,pi) + d(pi, pr) + d(pk, x)
(2.9) d(p;,x) — d(ps, x) d(pi, px) — d(pi, p;) |
L7=2oT, ERBEINHHEO—BTHS. ' O
Fig3(a) KBV, #IAHE, (1,3) OFkE (3,5) OREOEFRITRERTHD.

tE ¥ 5 3 RJBEFIEHE Voronol RIOBEET 3 2 4848, RURBRAOHEEZHONEETS
BEOLRERBIEE, Thbb, 2EAORARERDEE, 2 FIROERBIIHERT
Hy, 2BEORELRLRVWBARIOERBLEICHD.

S8R 2 GBI RBEAOM Y BT 5IEE%E (pi,pjiPr)r P PrP;) ETH. 2O
% QWEEOBARTLITOL I IZEIND.

d(x, ;) + d(pi,p;) + d(pj, ps) + dlpr,x) = d(x,pi) +d(pi.pi) + d(pr, P;) + d(pj, X)

(2.10) d(px,x) ~ d{pj,x) = d(pi,pk) — &(Pi,Pj)
LoT, BREINEHTHY, p RoOBERRECHD. O

—
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Fig.3(c) I\ T, HlA, <2,4,6 > OFKE < 2,6,4 > OMEEOEREITNRT
HY, 2B OBERRLEICH S, '

1% 6 3 W/ALEERE Voronol ROBEES 5 2 Ik, REBRSL LT 2EFADHRIEE T
2BRAELFTIHEG, 2HEROERRINLRO—THY, XFTH2HBEB0REILE
OREBBLAERTL ) —HOWBHEIH S,

FERR: QEIRDOBBRAOEL BET DHEEE < pi, P Pr > <PiLPLPI> ETH. &
DEE, PRROBRBUTIROL S ICS.

d(x,pi) +d(pi, p;) + d(pj k) + d(pk, %) = dix,p:i) + dpi,p;) + d(p;,p1) +d{pi, x)
(211) d(pk, X) - d(Ph X) = d(Pjs PI) - d(pj: pk)

LiciioT, MARINAT, p; - hifzizd b 5 —F Wi

(2.12) dmmﬂ-d@uﬂ=dmﬁmd—d@pm)

o s., a

Fig4(b) CBWT, < 1,3,4 > Ok E < 2,34 > OABOERGRINGRTHY, 3
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Fig. 6: (a) An order-2 tour-distance Voronoi diagram for classified generators; (b) An
order-3 tour-distance Voronoi diagram for classified generators; (¢} An order-3 tour-
distance Voronoi diagram for classified generators with order condition.
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Fig: 7: Facility locations and investigated area for a candidate point.
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()

(f)

Fig. 8: Voronoi diagram and the shape of catchment areA at optimal point: (a)} The case
of triangular lattice when comsumers are assumed to use one facility; (b) The case of
triangular lattice when comsumers are assumed to use two facilities separately; (c) The
case of triangular lattice when comsumers are assumed to use two facilities successively;
(d) The case of facility entry when comsumers are assumed to use one facility; (e) The
case of facility entry when comsumers are assumed to use two facilities separately; (f) The
case of facility entry when comsumers are assumed to use two facilities successively; (g)
The case of facility relocation when comsumers are assumed to use one facility; (h) The
case of facility relocation when comsumers are assumed to use two facilities separately;

(i) The case of facility relocation when comsumers are assumed to use two facilities
successively.
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Fig. 9: Catchment areas: (a) The case of facility entry when comsumers are assumed to
use one facility; (b) The case of facility entry when comsumers are assumed to use two
facilities separately; (c) The case of facility entry when comsumers are assumed to use two
facilities successively; (d) The case of facility relocation when comsumers are assumed to
use one facility; (e) The case of facility relocation when comsumers are assumed to use

two facilities separately; (f) The case of facility relocation when comsumers are assumed
to use two facilities successively.
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P—EZXDMEFICET L 2 EASY— ¥ AR ERE
OPTIMAL CONFIGURATION OF MULTIPLE SERVICE FACILITIES
AND ITS DEPENDENCE ON THE CONBINATION OF PROVIDING SERVICES

8k
Tsutomu SUZUKT

This article formulates an optimal location problem for multiple service facilities which provide with some part of all the services. Two

facilities which provide with high degree overlapping services have mutually expulsive relation each other. However, the relation shifis to

mutually complement as the services provided by the facilities diversify and the degree of overlapping facifity function decreases. It is found

that the balanced condition of the two brings about nan-uniform optimal configuration of Facilities generally. 1t is notable that the high degree
overlapping facilities should be located so that the configuration has a vibrated systematic pattern.
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A Study on the Hierarchical Collection/Distribution System with Economies of Scale

B AE Ak g

Daisuke Watanabe and Tsutomu Suzuki

This paper analyzes the optimal hierarchical collection/distribution system for many-to-one {or
one-to-many) transport demand using a criterion of transport cost minimization. We consider the
continuous terminal locations and define the parameters which are scale economy in weight(a) ,scale
economy in distance(f) and demand volume (ng). We find that logarithmic function of demand volume
mainly determines hierarchical levels, and that the number of hierarchical levels and the number of
intermediate terminals of the optimal system become larger as o gets smaller, § gets larger or ng gets
larger, The actual postal and parcel systems are compared with our theoretically optimal systems.

Keywords : collection/distribution system, hierarchical structure, transport cost, economy of scale
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A TEST OF THE SIZE-DENSITY HYPOTHESIS
IN »-MEDIAN PROBLEMS

& AR e
Tsutomu SUZUKT

This paper is devoted to test the size-density hypothesis in classical p-median problems in which the sum of users’ travel distance is

minimized. It is known that multisource Weber problems on a continuons plane show the retationship that the facility size is proportional to the

demand density raised to the one-third power. By using numerical examples, we show that the relationship sufficiently holds also ip.large size

p-median solutions with the Delaunay network, We lose somewhat this relationship with less connected network such as the minimum

spanning tree or an actval network, but some relationship still exists between the facility size and the demand density. This rule can be applied

to seeking approximate solutions of p-median problems.

Keywords:  demand density, facility size, facility location, large size p-median problem, size-density hypothesis
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