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0.1 Introduction 

cllL~Cll'~ Haupt.sat.1; [3] is onc of the 11l0St. fundmncnt.al theorcnls in proof 
t.heory. It.s int. nt.ionalnlCaning is t.hat; if a derivation of fin;t. ordcr prcdicat.c 
logic is giV('H, t.hCll we call rcnlOv t.he rouudabouts ill t.he dcrivat.ion. III 
t.h(' sYllop~is of [3], GClltz 'n xplaillcd t.he progrcss to get his Hauptsat~ as 
follows: (1) He cl velo}> 'd a 11 w fonnal syst. III callcd nettural dcduction. 
w 11ic11 is clos(' to aet.ual lllat.hellH\,tical r('(-)'sonillg. (2) III eOllseqncncc of 

all illvcst,igat.ioll of nat.ural d du tiOll, hc obt.aillccl t.ll Hauptsatz, But his 
syst. 'Ill of nat.ural deduction is not suit.ablc t.o l' pl' S nt tIl Hauptsatz ill 
t.Iu case of dassicallog1c. (3) In orcl l' t.o reprcscnt. and provc thc Haupt .. at~ 
bot.h in t.In' ('asc of illtnitiolli~tic allel d(\.. 'sic(\.l logic. h' developcd anot.ll l' 

fOl'lllal Sy~t . (.lll call 1 sequent-calculus. 
ill(,(' 1 rilll(\.l'ily t.ll ' Sy~t.Clll of natural deductioll is 1110rc dosc t.o actual 

lllat IH'Ill(tt,ind reasoning ill comparison wit.h t.h syst III of seqll nt.-calculu, . 
it st,ands t.o l' (-)'son t.hat, on wallt.s to pro v ' Hauptsatz in natural dcduction. 

11 bstad , for l' pre.nt,ing HaHptsat~ in Gcntz n's syst, 111 of da. 'sical 
llatural deduction, llcun 1 NK. is ('(H1S 'cl by t.h fact t.hat NK contaills the 
axiOlllS for t.hc l(\.w of the exduded llliddl . It is difficult to l' pr .'ent th 

rOtllHiahollts indud d in an axiolll for t.h law of tIl x 'Iud clInidcll . 
rawit.z l'('solv d this prohl nl by ll.'ing hi. ' .'y. ' t.CIll of clet .. 'ieal natural 

d 'elnctioll whi ·h is obtain d froI11 t.he natural cl iu ·tion ,'y. ' t. nl of t.h 1uin1-
lllallogie by adding t.he das.'ieal ab.'urdit.y rul [5][6]. In thi,' .'yst lll. round­

about.s ill 1 'rivatiow; ar rcpr s nt.cd as nlaXinllUn formula. If a cl rivation 
('out.ains no maxiUllllll fonnula , t.h'11 t.h cl'rivat..io11 has t.h .' ubfonuula 
prop rt, ' that i .. t.Il el rivatioll is 1 uilt-up nly fr )1n t.hc notions indud d 
in th c '.' lllnptions or t.ll 'onclusion of t.h derivat.ion. Th refor . the l' P­
l' S nt.ati 11 of Hauptsatz in nat.lu·al d duction i~ t.h following nonnalization 
th 01' 'Ill: III t.he syst, III of ·la.'si ·alnat.ural cl 'elu tiOll wlu '11 is obtaincd fr01n 
t.Ju ' llatllral dcdu tiOll syst. 'Ill of the Illillimal logic by C1dcling t.he 'lassi 'al 
absurdit.y rul" if an arbitrary dcrivat.ion is giv n, th n w can tran. 'fonll it 
to a llOl'lllal onc, i .. a cl rivat.ioll which ('ont.ains 110 IllaxiIllUI11 fOrInula . 

h '1' ' is on cEffi 'ult,y to prove th llonllalizat.ion t.hcor III ahov . That 
is how to ddill' a 1" iu tion-stq which rellloves a nH\.xillllU11 fonnula i11-
Lrodur d ;. classical absurdit.y rnlc . Prawitz avoid)cl this prohl 'nl. He l' -

st.ric't('d t,h SYSt.CIll of classicallnt1.lral cl dUCtiOll to th fragnlCllt { (and) , 
:J (illlpli s). \:;f (for all) }. In su 'h restri 'toc l syst. :111, fonllula appli d to 
t.ll classical almunlit.y rul 'an be rcst.ri t el t.o at.0111i· ones . H n' t.h , 
n nllali~at.ioll-proc durc of snch systcnl is asily el fill <1. 

But. th ailll of illv('sLigati11g t.hc llonu(\.liz(\.tion t.he)1· III f nat.ural d -
elu tiOll is t.o l' pr s ,llt. Hauptsat.z ill a III l' ll(\.t.ural fornI, i.e, in a fonn as 
close t.o (\.('tual InathcIllat.ical l' asoning as po.'sihlc. Thercfor . it. 0 cur, a 
(lllcstion: Is t.hcr a nat'll.7·alnonllalizat.ion-pro . clur for t.hc Prawitz's . ys­
t.Clll of classical natural d duction with full logi 'a1 sYIllb Is? Th answ r 
is "Yes". A natural llorIllalization-l roccdurc for such SYSt.Cl11 was giv n by 
t.h aut.hor [1], and it is cxplaincd ill hapt l' 1 in this diss rt.ation. Our rc­
dllCt.ioll u~ecl in that nonllali~ation-proc clure is vcry Sinl} I COlup(\.r d wi th 
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oues ill t.he prcccding works by S ldill [7] [8] or by S:t~thllarck [9]. Thc nULiu 
point. of our rcdnct.ion is Lo rcgard t.hc classical absurdity rulc as a struc­
t.ural ruk. More preciscly, t.hc classical absurdity rulc is regarded as a set of 
rules concspollding with S(HnC exchangc:-; of right aH(1 SOIHC cOlltractions of 

right. ill t.he sc l1lCnt-calculns. By using onr 110l'lnalization-proccdnrc, wc call 
prove t.llC nOl'lnali,mtion thcorcll1 for illtuitiouisti . and for classical llatural 

(h'd llct.ioll si lllU] taueously. 

By virt.ue' of SiIllplici ty of our rcductioll. w can provc that Chnrch-Rosscr 
propert.y of 0111' reduct.ion holds [2] . That is explaiucd ill Chaptcr 2 in this 
dissertat.ion. llder t.hc ('onoi t.ioll t.hat thc llonnalizatioll t.hcorclll conccrn­
ing our n'dllc\,ioll holds. lmrch-Rosscr prop rt.y is cqllivalcllt. to t.he condi­

t.ion t.hat. t.h(' llol'lual dc'rivatiolls obt.ainc 1 fr0111 oue' dcrivation by applyillg 
our l'<'duct,ioll-steps arc idcnt.i ·a1. t.hat is. th ' uniqu 'uess of the nonnal fOl'l11. 

his dissert.at.ion is organizcd as follows: ChaVt r 1 is d vot 0 to the 

proof of l101'111alization t.heor llL In section 1.1. we iut.roduce our :y. t.enl 
a11(l SOlll Hot.ational cOllvcntions. Our sy:-;t.cnl is th classical natural 0 -
Iu tiOll SySt'lll 0 btailled fr0111 t.h nat.ural deductioll Sy:tClll of thc Ininilllal 

logic 1 y aclling th classical ab.·urdit.y rule. and contain.' all logical .'YInbol:-; 
illC'll[( ling the synlbol for disjun tion and th 011 for ('xi. t nhal luantifi 1'. In 
S('ctiOll 1.2. W(' d fin ur reduction which is a natural xt n.'ion of Prawitz': 
1'edlHtioll for intuit.ionisti . logi '. In se'choll 1.3. w ~ cxt no th notion .·eg-
711 en t <leil11 'd by Prawi tz to our syst. 111. III s ction 1.4. we' I rov Th or III 1. 
i . . t h(' 1l01'1nalizat.ion thcorclll concerning our r elu 'tion. Our nOl'lnalizatioll 
t.h 'or III is 011 ' of th so callcn w ak 1l01'1nalizatioll t.heorelll. 

hapt r 2 i. d ,vot d to prov t.hat hur 'h-RosH :1' property of Ollr reduc­
tion hold.. In. tion 2.1. w dcfin' t.hc notions . cg71l. nt-h'f(, and .'egmprI t­
wood in ord l' to l' pr ,scnt t.ran:fol'lnat.ions whi·h 'oll.'i. t. of ontinUOll.' 'on­
t racti llS alollg s gnlCnts . Such t.rallsfol'lnatiolls. 11anl'd .'tru fund T duc­

liolls . an' d filleo ill s ctioll 2.2. wh'r t.he notion ub. tdufion-.' q'ncnc play: 
all ('{'utral 1'01" In s etioll 2.3, we oefine 1-rcduct.ion by USillg structural r -
ductioll. alld st.at tll main lell1111a fr01ll whi 'h we ha,ve asily TlleorClll 2. 
i.t'. llllrc11-noss r propcrt.y of our l' 'duction. The proof of t.h nla.in 1 Hlllla, 
is givell ill S('ct.iOll 2.4. 

III apPl'lHlix A, wc giv a11ot.11 l' proof of nOl'll1alizatioll thcorcnl of our 
SYS(.('llL It. i!-i obt.ainen by llsing Hallpt.satJ~ for scqllC'nt.-ca,icuitL'. i.e. cut­
clilllillat.ioll t.hcorClll. If wc do not. want t.o cifin ' nahJ:ral reouction in nat.­
ural deductioll, t.h 1l01'1llaliy,at.ioll t.hcorclll is i111111 dliatcly obt.ain n by su 'h 

11lct11od. III appcndix 13, we cxplain anot.h l' fOl'lnulatioll of cla:si al llett.U­
n 1 d ductioll which is obtaincd frolll intllitionisti ' nat.ural 0 ouch 11 . y:­
t III by adding t.hc Pcircc's law. III t.his syst.cm, wc can dcfine a silliple 

llol'lnalization-pr ccdllrc silllilarly t.o the sYSt.Clll in our lluLin issue . 
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Chapter 1 

Our reduction and its 
normalization theor«~m 

1.1 Basic definitions and notations 

1.1.1 Sy t m 

III t.his paper. wc invcstigatc the natural elccluction systcnl for thc fir .. t orel l' 

classical logic. Our SystClll contains all logical SYlllbols . that is: & (and) . V 
(or) . ~ (iluplics). -, (not) . V (for all). allel 3 (there xi. ts). Th infercncc 
nil s arc th introduction and clilllination rulcs for each logical sYlnbol. and 
th 'lassi 'al absurelity rulc. Thcy arc ShOWll by th followillg . cllclllat.a. 

Introduction rules 

Elimination rules 

[A] 
..1 

IA (-,1) 

A ~ B A (~E) 
B 

-,A A (-,E) 
..1 

Clas ical absurdity rule 

[,A] 

F( a) 
-- (VI) 
V.l;F( :l; ) 

V:l;F( :L; ) 
F(t) (VE) 

..1 Cl ) 
A 

F(t) (31) 
3,&F(.l:) 

[F(a)] 
_:l,_t F_(_,&_) __ C (:lE) 

C 

(V I) and (:lE) arc subjcct to thc rcstri tion of cigcllvariablcs [3]. 
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1.1.1.1 Regularity of eigenvariable . 

It. is assulllCd that. the eigellvariable of all applicatioll of (VI) (or (3E)) 
ill a derivation OCClln; only ill t.he subdcrivatioll of thc prcllliss (or l11inor 
pn'llliss rcspect.iv ly) of t.he applicat.ioll. If a derivation II is transfon11cd to 
another derivatioll E awl E does not satisfy the regularity of cigcllvariablcs 
IlH'llt.iollrd abovc. t.h n wc llUtkc E regular by changing SOlll ' eigcllvariablcs 
III properly. 

1.1.2 R ularity of (.1('). 

1.1.2.1 D finition (C1r)-r gular) 

III a derivat.ion. an asslllllpt,ioll-fornmia discharged by all application of (.1 r ) 

is (.i(' )-r('gnlar iff it. is tlH' nlajor prCllliss of an applicatioll of (-,E). A dcriva­
Lion is (.i r )-r('glllar iff any asslllllptioll-fonllllla discharg('d 1 y allY application 
of (.1 r ) ill tIl derivat.ion is (.1r)-regular. 

1.1.2.2 Fact 

Lff II /)r (J. g;'II n deriva.tion. If II i. ' not (.1 r ) -regular. then we ton fran. fonn 
it to (J (.1 r )-1'('gll[07' drTivafion. 

Pr f. L t. (Y 1..>' an 0 . 'UlT lle of a forlllula -,A in n \ hieh i. di.' ­
charge 1 by an applicat.ioll I of (.i c ) and is not (.i(. )-regular. ThcIl. transfon11 

-,A A K 
n by l' placing r~ wit.h t.h following subd('rivatioll:.1 wher I{ i. ' 

-,A J 
an a.pllicat.ioll of (-,E). and J is an applicat.ion of (-,1) which discharge. ' 
t.h l11iu l' pr l11i .. ' of K . Mol' ov 1'. discharg thc nlajor pr(,lnis.' of K by I. 
Th n. th 1 l(\jor pr Iniss of K is (.i(. )-1' gllic 1'. 13y (\pplying t.his t.ransfonna­
tion for all non (.1r)-r ,gular asslllnption-fonnulae of all applic(\t.ion. of (.i r ) 

ill n. we g('t. a (.i(' )-1' gular d rivatioll.O 

In the l' 'st. of t.his paper. we treat only (.i r )-1' )glliar d rivation.'. That. is 
ill ~ss(,lltial l' st.ri 'toion, 1..> 'cause t.he pr'vious fact. holds. 13, definition of our 
rccill 't.iOll whi 'h will b St.(IJ.('c1 in 1.2, it. will asily be verifi d that: if II' is 
th(' d .rivati n obtained by our l' , IlHtion frolll a (l_(.)-r(,gular d(,1'ivat.ion n. 
t.h'll n' is also (.ir)-rcgllla1'. 

1.1.3 Notational onv ntion 

(1) 11Ht11 Grcek I t.ters (y, fl, ... a1'(' used a. synt.act.ical variable.' for 
fonmda-oCClllT 11C s in derivations. If (y is an fonllUla-oC('lllT n' of a for­
l11nla A, Fonn(n) d ,llot.es t.he fornmla A. Wc Inake a disti11cti 11 bet.wecn 
illf'relle , ruics and applications of infercnce rulcs in d rivi:\.t.ions. If I is an 
applicat.ion of an inference rule in a derivat.ion, Inf(I) denot.es t.he infer nce 
rule appli d at. I. For xalllple, if I is an appli 'atioll of (V E) in a d riva­
bOll. thcn Inf(I) is the inf ,1' n' rule (V E). WhCll I is all application of an 
infer n' , rllk in a derivat.ion. w call I a -inference [3] (in [10]). 
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(2) Let II be ct derivation. FO(II) denotes the set of all forn1111a­
OCClllTCllces in II. Notatiolls oa(II). OA(II). cnd(Il). END(II). l'i,(II). (1,nd 
L1 (II) arc dcfined by thc following: 

oa,(II) = {n E FO(II) I (y is an opcn aSsl11nption of II} 
OA(II) = {FOT'OI,((Y) I(\' E o(L(II)} 
end( 1f) is the end fonllnla-occnrrcnce of II. 
E D(II) = Fonn(nul(II)) 
l-£(II) is the last D-infercnce of II. 

N all 1 ly. l 'i (II) is the D-inf rence whos conchu.;ion is enri( II). 
L1(II) = 1nf(li(II)) 

li(II) and L1(II) (1,re defined in the case that the length of II is greater than 

1. that. is. t.here is (1,t leru,;t. one D-inferellce ill II. For a fonllula-occulTence 
(Y ill II. sbrl((y) denot s the snbd'rivation of II satisfying enr1(sbr1(cv.)) = n. 
Let 1 1)(' all -inferencc in II . Not.cttions pl1~(1). cl(I). and ric(1) ctre defined 
by the following: 

1)111(1) = {(Y E F (II) I (y is (1, prcmiss of 1} 
d(1) is t.he conclusion of 1. 

rid1) = {(Y E FO(II) I (y is dischm'ged by 1} 

Moreover. ill t.h case that. 1nf(1) is an elilnination rule. notation. ' 7n.1(1). 
MJ(1). and ?lln(I) arc defined by tIl following: 

n~j(1) is t.he nlajor prelniss of 1. 
MJ(1) = Fonn(l1Lj(1)) 
7nn(I) = {CY E FO(II) I c\' is a Ininor pr n1iss of 1} 

(3) L ,t II. a. and t b ct dcrivation. a fr v(1,riablc. and a tenn re. pec­
bv'ly. If th , figure obtain cl by substituting t for all OCClllTence ~ a in II is 
a d ,rivatioll, we d note the derivation by II (t/ a) . Let A be a fonllula. The 

notatioll [~] is llsed in the following sitll(1,tion. that is . [A] in [~] denote.' 

a suhset. say O. of oa(II) satisfying that. Fonn(ry) = A holds for all (Y in 
II. Let E be a derivation sat.isfying EN D(E) = A. If t.he figur obtained 
by substituting E for all elenlCnts of t.he sulm,t. of oa(II) denot. d by [A] in 

E 
[~] is a lerivabon. w denote tIl derivat.ion by [A]. Wh n a d rivat.ion II 

II 
. II 0 ( II I II·) ) II ° II 0 II 1 
IS denot. d by - , it. lllCctllS t.hat. II luals t.o -. . or 

. A A A 

III III IIL. if t.he cardinality of Inn(li(II)) is 1. 2, or 3 respe't.ivcly. The 
A 

not.at.ion lID (II I ) is used silllilarly. A . 

(4) Z. N°, and N+ denot.e t.he set. of all int.egers . the set. of (1,11 non­
llcgative integers, mHi the set of all positive integc'n; respectively. For a 

finite set. aul(S) denotes t.he cardinalit.y of S. We use u and U to 
denot.c disjoint. SUlllS. 
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1.2 Reduction 

In t.his section, we define Our reduction and stat.e t.heorellls about. it.. The 
aiUl of t.he rcduct.ion iH t.o rClllOve nlaxilll1Ull fornllliae ill a derivatioll and t.o 
obt.ain a 110n11al derivatio11. Maxinllllll fonllulae and nonllal clerivatiow; are 
defined as follows. 

1.2.1 D finition (Maximum formula) 

Let II be a derivation . A fonllula-occulTence I~ ill IT is a lllaxinllllll fornmla 
in II iff it. satisfics t.he following conditions. 

(1) II. is t.lw conclusion of an application of an iut.roduct.ion rule. (V E). 
(3E) . or (-Lc) . 

(2) It is t.he nlajor prClniss of an applicat.ion of an elilninat.ion rule. 

1.2.2 D finition (Normal derivation) 

A cleri vat.ion II is nonnal iff it. contains no nlaxinHull fonnula. 

1.2.3 D finition (Contraction) 

To dfille our reduction. first. w define t.h contracti n of II wh l' II i, ' a 
derivat.ion satisfying that 117.) (li (II)) is a 11laxillHull fonllula . Let I be the D­
inf rence in II sat.isfying cl(l) = 117.) (l-i,(II)) . The cont.raction of II i,' defined 
ac('oniing to Inf(1) · In the case t.hat Inf(l) =1= (-Lr ) , the cont.raction i, t.he 
,'alll with Prawitz's reduct.ion for the int.uitionistic logic [5][6]. 

1.2.3.1 &i-contraction (i = 1, or 2) 

III II2 -----"---- I 
If II = Al A:2 K where Inf(1) = (&1) and Inf(K) 

Ai 
( Ei); t.h n II 

cont.racts t.o the derivat.ion IIi . 

1.2.3.2 Vi-contraction Ci = 1, or 2) 

lIo I [Ad [A2] 
If II = AJ VA2 II, JIL K wher Inf(l) = (VIi), Inf(I{) = (VE) . 

C 

[Ap] ill [~p] d not.cs dc(K)nFO(JIp) for eachp E {1.2}: then JI contracts 
p 

JIo 
t.o t.h , derivat.ion [Ai] . 

IIi 
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1.2.3.3 :J-contraction 

[A] 

If II = IIo I whcrc Inf(I) = (:J I). Inf(K) = (:J E). and [A] 
A:JD III 

B I{ 
II] 

ill ~] dCllotcf) dc(I): thcll II contracts to thc dcrivation [A] . 
o ITo 

1.2.3.4 ,- ontraction 

[A] 

If II = IIo I wherc Inf(I) = (,1). Inf(K) = (-,E) . and [A] in ~] 
,A II, I{ 0 

D 
L[l 

denotcf) ridI): thcn II contracts to thc dcrivation [A] . 
no 

1.2.3.5 V-contraction 

IIo 
If II = V.rF(.r) I whcrc Inf(I) = (VI). Inf(K) = (VE).and the cigcnvari­

F(t) K 

abl<' of I if) a: then II contract.s to thc dcrivation IIu(t/a). 

1.2.3 .6 :3-contraction 

IIo I [F(a)] 
If II = :3.rF(.r) II, whcrc I71,f(I) = (:31). Inf(K) = (:3E). E D(IIo) = 

C K 

F(t). and [F(a)] in [F~~J,)] dcnotcs ric(K); thcn II contracts to th dcrivation 

[A~)] where [F(t)] in J~~i },) oenot,cH t.he RubHct. of oIL(lTd tf IL)) which 
II, (t/ a) 

naturally corrcsponds with [F(a)] in [F~(,L)] . 

1.2.3.7 V E-contraction 

IIll II] II'2 
If II = M I (II;3 II. I ) whcr Tnf(I) = (V E) and Inf(K) 

C I{ 

is an Jiluination rulc; thcll II cont.racts to t.hc dcrivation 

(II;3 II.]) II:2 (II;3 II. I ) 
IIo C I{, C I{l 
----------~------ P' 

C 

whcre for cach p E {l, 2}, Inf(Kp) = Inf(K) and dc(I{p) is dcfincd natu­
rally according to dc(I{); and whcre Inf(I') = (V E) and dc(I') is d fincd 
naturally ac 'ording to dc( 1) . 
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1.2.3.8 :3E-contraction 

IIo III 
If II = M I (II'2 

C 

where 1nf(l) = (:3E) i1,lld 1nf(K) is hll 

K 

II 1 ( II '2 II:3 ) , 
eliluillat.ioll rule; then II contracts t.o t.he derivation II 0 C K 

----- l' 
C 

where 1nf(K') = 1nf(K) anel dc(K') is defined naturally according to 
rlc(I(); auel where 1nf(I') = (:3E) aud rlc(I') is defined naturally according 

to rld1). 

1.2 .3.9 -Lr-contraction 

[.M] 
II 

Let. II = ;; I (III II.») where 1nf(l) = (-L r ). 1nf (K) is an elilliina-
------ K 

C 
tion rule. and [.M] in [~~] cl not s rlc(I). Since 17 .'at.isfics th rcgularit.y 

of (-L r ), any elellient. of de( I) is t.he Inajor pren1iss of an application of (.E ). 

Lct. .11 . ... , .111 be all th applications of (.E) who. c major prCllli. . i.' clis­
charged by I. if t.ll yexists. L 't. IIb b t.he derivation obt.ainecl fro111 IIo by 
t.he trallsfonnat.ion reprcsenteel by t.h following clidgr<Ull: 

.M M J 
-1 ' P 

M 

-,C C J' ----'----L--...c...- , p 

wh r 1nj(K~) = 1nf(K). 1nj(.1;)) = (.E). ancl dc(K;)) is clcfined. naturally 
a 'ording to dc( K). These l' plac n1 nt.s ar clone sinllllt.aneously for all 

]J E {1. ... , n}. We clenot.e by [.C] in [-;.~] t.he sct {m,j (J~ ) ..... nz,j (.1:/ )} . 
o 

[.C] 
Thcn II COllt.racts t.o II' where 1'17,f(1') = (-Lc) ancl dc(I') i. [.C] in 

~1' 
C 

Exampl of -Lr-contraction 

1 
2 A 

.(A V .A) A V .A 4 3 
A B ~1 .A 

A V-,A 

-1 
A V.A 2 

contractH t.o 

A B 

~3 .n 
.A V -,B 

.A v.n 
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1 
A 

4 3 
A B 

,(A&:B) A&:B 

4 
,A 

- - -- G .j 
A B 2 

,(,A V ,B) 
A V ,A ,.-1 V ,B ,A V ,B 4 

,AV,B '(.-l&: B) A&:B 

2 
,(,AV,B) ,Av,B 

-----------------------
~ --- 2 

,Av,B 

~ -
~.) 

,Av,B 

III t.he figures abov . t.he fOl'luula-occurrcnces indexed by a nat.ural n1.lluher 
an discharge d by t.he D-inferen('c indexed by t.he sanle IHllllb '1'. 

1.2.4 I111111ediate r ducibility a nd R eduction sequence 

W(' :·my t.hat. a derivation II is inllllcdiat.ely reducc d t.o a d rivation II' iff II' 
i, ' t.he derivat.ion obt.ain cl frolll II by replacing a subdcrivat.ion ... ay r. of II 
by t.ll(' d('rivat.ion t.o whi '11 r ·out.ract.s. A s qn nce II]. II'}. . ... i, ' called a 
reduct.ion sequencc iff for all i.. III is inllll diat.ely reduced to II i+1 . 

1.3 Segment 

1 .3.1 S gm ent 

W ext.cnd the definitioll of segnlrnt introducrd by Prawitz [0] in ordr1' t.o 
tr <tt. (.l(. )-<'ont.ract.ioll. Let. II 1)(' a drrivat.ioll. 

1.3 .1.1 D finition( , .' // (n) : gIn nt ucce sor of n) 

A partial function 011 FO(II) (knotcd by.), 11 is defincd as follows. L t Ct 

be a fonllllla-occurren . , in II . 

(1) If n is a luillor p1' 'llliss of an application. say I . of (V E) or (3E); t.hen 
.. //(n) is t.hr con'lllsiou of I . 

(2) If ( is t.he Iuillor prulliss of an application of (-.E) whose nlajor prenlis.' 
is discharged by au applicat.ioll. say I, of (.l(.): t.h ~ll 8. II (0) i.. t.ll 
conclusion of I. 

(3) Ot.herwise . . S·S II (rY) is uudefincd . 

lrarly it. ho lds t.hat. F07"ln(88 // kr)) = Fonn(rr) if '." J1 (o~ ) is d fill d. 

1.3.1.2 D finition ( 8]) 11 ({\') : gnl nt pred c : or of C\' ) 

Let (~ bc a fOl'l llUla-occnrrencc in II. S]) II (rr) if:) the subsct. of FO (II) d ,fined 
by 

.}J JJ (n) = {f3 E FO(II ) I 8. JJ un == c\'} . 

11 
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1.3.1.3 Definition (segment) 

A fini t.e sequence of fon llula-occu lTences (\'1, . , . JY" in II is a segnlCnt in II 
iff i t. satisfies t.h e fo llowing condi tiOllS (1) . (2). and (3). 

(2) For all .i, < n . ,'s /I (r''ti) = rYi+ 1 

(3) SS II ((Y/I) is undefillcd. 

Our (lPfilli t. i Oll of segnlCll t is ('q ni valent. wi t.ll t.hat ill t.rod need in [1], 

1.3.1.4 D finition ( sri l/ ((y .(-i): egme nt di tanc from (Y to (3) 

,'rill is a fUllction frolll FO(II) x FO( II ) t.o ZU {x} (Lfined as follows. Let 
(\' and (1 he fornmla-oC('111TC'llCCS in II . 

(1) If t.here xist.s a seglll ut hi . ... hl/ in II sat.isfyillg {(y. (J) C {b 1· .... b 1/ }. 

thell sd,,(ry . (1) = y - .1: where (Y = h.1' and (i == by, 

(2) OthC'l'wise. ,till (CY. (1) = 

ott' Lhal ,d II is w ll-clefin d. Bccaus if two .. gll1cnts 1· ... · bll and 

TI . . .. ,Till indud t.h sanlC fonnula-o 'CUlTC'nce. say bp = Tq . thcn tIl ,'c­

ql1 'HC'CS hJl . ... . 0" and Tq .. . , . Tm ar' idcntical. 

1.4 ormalization theorem 

1.4.1 otations 

L t. ( 1)( a lllaxinHllll fon llula ill a d rivat.ion . By g(rt') we dcnot the nU1llber 

of thc logical "Y1u b ols occulTing in 0'. By r(CY) w(' denote thc 111axinllun 
leng t.h of the s gll1cn ts wllos last. fonnu la is (Y . By l((\') w denot thc 
11111111>('1' of inft'l'en . ,s b elow (Y in the d rivation. 

1.4.2 D finition (d gr e of a maximum fornlula) 

Lc't (Y be a 11laxinllllll fonnula ill a derivat.ion. The d grc of Q . d noted b. 
d( (Y) . is tJH' ord 'r ed p air defi11 cd as fo llows: 

d ((Y) = (g ((Y ).'1' (0')) 

egrccs of nu\.xillllll11 fOl'll1Ulae ar ' cOlllpared by 1 xicogr aphical order. 

1.4.3 Notations 

Let II be a dcrivat.ion . Notations M( II ) and E( II ) arc defined as follows: 

M( II ) = { (0. 0). 
11lax { d ((Y) I n is a 1naxilllllln f01'1nula in II}. 

if II is n 1'111a1. 
oth rwise. 

E (JI) = {(y : a nlaxinuU11 fon11ula in II I d( (y) = M( II )}. 

12 



1.4.4 D finition (degree of a derivation) 

L -t, II be a derivatioll. Th dcgrec of ll. denot.ed by rl( ll). is t.he ordered 
t.riple defined (),s follows: 

rl(ll) = (M(ll), Co,7'(l(E(ll)). L l(n)) 
n E e(ll) 

where ill t.lIe case of E(ll) is ClllPt.y. by L l((y) we lllean O. Degrees of 
() E 1,,'( " ) 

d('rivat.iolls arc C01upa.r cl by lexicographical order. 

1.4.5 D finition (sid - t formula) 

Wc call a. fonullla.-oCClllTCllCC (y a side-sct. forumla of a fonllllla-occulTcnce 
(3. if 0' is OIl(' of t.hr luinor prCllliss('s of t.h ' D-infer 'nee who,'(' llla.jor prcllliss 

is (1. 

1.4.6 L Innla 

L( t II be (J given dr'7"l? ation. If II i, not 710111101 we r'071 find in it a f017nvla­
O('('l/.7TCT/CC (Y which .')(J.ti.fi: ~ , the following condition.:. 

(1) (y E E ( II ) . 

(2) If (i E E(ll): (Lnd if S 'is a. , egment in ll. whos last fOT1nu.lo.t. ' (\': 
then (i is not above the finit fonnv,lo. of s. 

(J) If (i E E(ll): and if S is Q, ,'cgmcnt in ll. who (' la. 't f0T711ula i,' (i: 
t/z( n the fi:7'/3t fonnula. of S is not Q,bove 7W7' cq1lal to any of the. -id -. 'c t 
form u.la ( of (y, 

Proof. ollstruct. a sequcnce Cq, 0 '1 .... of lllaXltnlllln fornwla.e ill II by 
the following llUUlll 1'. Ta.kr 0' I fr0111 t.h llla.xinHllll fonnula. .'ab,' f, illg th 
('ollditioll (1) and (2). If (Yj also satisfies t.hc condit.ioll (3) . t. nninate t.he 
scqllcn '(' at. it.. If llOt.. t.ak' (Yl frOln t.hc nHl.xinllUll fonnula dest.roying t.he 
condi t.ion (3) for {'( 1 and satisfying t.he ('ondi tion (1') and (2). D. iterating 
t.his (,Ollstrllcti HI, we obtain t.ll sequenc (Yl, {'(:2 ..... It. holds that if '11'1, < n 
t.ll n (Y III =1= nil' by induct.ion on 'II. - 'Ill,. Thereforr, t.he s qucllC'e 0'1· 0':2 • ... 

is fillitr. h(,ll. tIl , last forllHlla of t.he sequ nce sati, 'fics all t.he conditions 
for (Y. 0 

1.4.7 F t 

L t (y b, a f01'7nnla-ocC'lL.7'7'cnce -in ([. de.T'iv(Lt-ion ll . If (Y uti fie ' the '07lddion ' 
of lew.rna 1·4·6, then it also ,"'([,tisft:es the following rondd-ion. 

(8') rr (i E E(ll), til. ,71 {i ,is not above 7107' eqv.al to any of the -ide- t 
f07'7I1.7I.lae of (t'. 

Proof. lear.O 
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1.4.8 Th or In 1 (Normalization theorenl) 

Pm' C'/1(,7';I/ dC1-i'IJo.tion JI, we can r:onst7'1u;t (J, J£ndc 'reduction sequence jnnn 
JI to a u07'7nal de'I"ivo.tion, 

Proof. Wc pray , t.his t.heorclll by indnctioll 011 t.hc dcgrce of JI. If JI 
is not. llonna!, w can find in JI a fornmla-occulTcncc. f)ay It. which if) alle of 

t.he lllaxiuHUll fonllulac satisfying t.hc cOllditiOllf) for n of lCllnlla 1.4.G. L t. 

J 1)(' t.he -inLrcnce satisfyillg mj(J) = Il. and lct. r = sbd(r;l(J)). Lct. JI' 
he t.}H (krivat.ion obt.ained from JI by rcplacing t.hc f)ubderivation r by t.he 

d('rivat,ioll t.o whi 'h r (,Ollt,ract,s. Then, t.h degrec of JI'. if) lower t.han that 

of JI . III t.lH followillg we show t.his fact. acconlillg t.o I nj (I) w hcre I is t.he 

D-inf('l'( ure satisfying cl(J) = Il. 

Ca 1. If In.f(1) = (&1) or (VI): nC('(tllSC Ii sat.isfics t.Il ('ollditiOll (1) for 

(Y of 1 UlllHl, 1.4. G, it holds t.hat. 

(M(JI). Co,T(l(E(JI))) > (M(JI'). CQnl(E(JI'))) 

his l('ad, ' d(JI) > d(JI'). 

Ca 2. If 1711(1) = (VId or (31) U = 1 or 2): Becaus Il sati,'ficB t.h' 
('onditions (1) and (2) for (y of lcnlllla l.4.G. it hold. ' t.hat 

(M(JI). Canl(E(JI))) > (M(JI'). Cnl'd(E(JI'))) 

This 1 ads d(JI) > cl(JI'). 

Ca 3. If 1771(1) = (=:l I) or (-,1): n causc Ii satisfics t.he conditions (1) 
aud (3') for n of 1 nUlla 1.4.G and fact. 1.4.7. it holds that 

(M(JI). C(J.T(l(E(JI))) > (M(JI'). Conl(E(JI'))) 

This leads d(JI) > d(JI'), 

C 4. If Il1f(I) = (VE), (3E), or (1.(,): Let. (I bt' t.he fornlllla-occulTcncc 

ill n which is the conclusion of.l. Let. ho 1w thc last. fornlllla of a 

scgnlCllt in JI whi 'h includes h I as its n1C111b'1'. 

Ca 4-1. If ho is llot a lllaxillllllll f01'1llula in JI: I3' 'ausc Il . 'atisfi s th 
condit.iolls (1) alld (3') for (Y of lellulla 1.4.G and fact. 1.4.7, it holls 

t.hat, 

(M(JI), anl(E(JI))) > (M(JI'), Cu.Td(E(JI'))) 

This lcads d(JI) > d(JI'). 

Ca 4- 2. If ho is a nH\,xillllllll fornmla ill JI: It. holds t.hat. d( ho) < M (JI) , 
since; 

(a) If In.f(J) = (V E) or (3E). thcn th rc cxists a scgnl nt. in JI whosc 

first. f01'1nula is aLovc or cqual to onc of the sid -8 'to fonll1l1ac of Ii 
all 1 whosc last. f01'111ula is bo. This lcads d(ho) < M(JI), Lccausc 

It satisfics t.h condit.ion (3) for a of lClllllla l.4.G . 

14 



(b) Ot.herwise, it. holds t.hat. g(b l ) < g{jl,). This leads d(oo) < rl(J.1) = 

M(II) . 

Let. bt) be t.he 1l1<-L!-illl11111 fOl"umla iu II' !yhich cOlTespond~ wit.h Do . Then 
it. 1101ds Lh(tt. d(oo) ~ M(II), siuce g(bo) = g(oo) (tud '1"(00) ~ 1"(bo) + 1. 

Ca e 4-2-1. If rl(oo) < M(II): Because /t s(ttisfies t.he conditious (1) aud 
(3') for (\' of lCUlllla 1. 4. G and fact. 1.4.7, it. holds t.hat. 

(M(II). Canl(E(II))) > (M(II'). Canl(E(II'))) 

This lc'ads d(II) > d(II'). 

Ca 4- 2- 2 . If d( 00) = M (II): For ach 4) iu E (II,), w d fine a lllaxiullllll 
forlllllla '1;/ iu II' as follows: 

(a) If 4) is It. t.hen 4/ is ~ . 

(0) Ot.h rwis , 4/ is t.he uH1.xinllUll fonllula ill II' which COlT .. ponds 
wit.h 4. ( illce /t satisfies the condition (3 ' ) for (~ of fact 1.4.7, 
exact.ly one fonllula-ocCUlTCllC' in II' ('orr sponds wit.h '~) . ) 

For d(bt)) = M(II), it. holds t.hat. E(II') = { ,~/ I '~) E E(II)}. TIl refore. 

(i) (M(II), Canl(E(II))) = (M(II'). Co,Td(E(II') )). 

N xL we cOlnpar l(-~/) wit.h l(4)). If '~) is /1" t.hen lCl/;) > l(~/): .'ince 
/t is above Do, t.herwise ,l ( '~)) 2: lC~/): since I'~ satisfi s the coudition 
(3') for 0 ' of fa t 1.4.7. Th l' fore, 

(ii) L l(rY) > L l(a). 
n E /-,'( 11 ) 

FrOlll (i) aud Oi). we obt.(tiu t.hat. rl(II) > d(II'). 0 
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Chapter 2 

Church-Rosser prop~erty of 
our reduction 

2.1 S gment-tree and segment-wood 

2.1.1 S gm nt-tre 

o prov(' t.lH'orcl11 2 in 2.3. i .e . th Church-Rosser propcrty of 01U' reduc­
tic 11. W( will iutroduce in the llcxt sc tioll an extendcd l' duction (i.e. the 
structural rednction) which consists of V E-. 3E-. or .l..r- ontraction.' applied 
continually for a t7. J~ of fon11ula-o 'CUlT nces in a d ~rivation . ext w give 

t he precis definition for the notion tT C lllention d abovc. 

2.1.1.1 otation (FO "'( II)) 

W cl not the 1) t FO(II) x {O . l} by FO >« II). 

2.1.1.2 Definition (sgt: egment-tr 

Let. (y 1)(' a fornmla-occulTencc in II. and T a subset of FO (II). The l' 'lat.ion 
'T is {J. s('g7ll('nt-tn'c at (\' 'in II .. holds iff on of tll following condition. 
(a). (b). or (') holds. It is defincd by indu 'tion on the nUl11b r of fonnula­
oc 'UlT n' s above (\' . 

(a) T = {< (\'.0 >} 

(b) SPI/(ry) = { (J I . .... {JII } -I- ¢ wher {Ji -I-(Jj if 'i 1'=-j: and 

T = {< (\'.0 > } U U I :Sp:S n Tp where ~) is a s gnlCnt.-t.rcc at (3p in II for 
'ac 11 ]> E {1. . . . . n} . 

(C) (y is thc conclusion of an application of (.l..r): PI/ (cd = ¢: and 

T = { < (\', 0 >. < L\', 1 > }. 

We use t,h notation sgt. for the abbreviat.ion of s gnlCllt-tr' ' . 
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2.1.1.3 Facts 

Let. T he a sgt. at. (Y ill II. The following facts (1) .. ... (8) are easily verificd. 

(1) < (Y,O >E T 

(2) E.w,('/.ly one of the ('onddions (0.) . (b). 07' (c) in drJi,n:ition 2.1.1.2 holds. 

(3) < (i. 1 >E T implies < (1. 0 >E T. 

(4) < {i, 0 > E T -lmpl-ic.' sd/l (/1. ry) E N° . 

([») If < {i. 0 > E T . . 'd /I (/1. r) E N°. and sd J/ ( r· (Y) E N°: thcn < ')'. 0 > E 
T. 

(6) If is 0 ,'qt a.t (i in II and Tn U -# ¢: thcn < Ct'.O >E U 07' < (-J . 0 >E 

T. 

(7) If r i.' (J • lLbd rilla.t ion of II . aIisfying (~ E FO (r). then T is a . 'gt at 
(V in r. 

( ) If Tl ..... Til a.n' . 'gt ·S (J t (J. f07'71l.11,la- OffI17TC7U' C (y in II. th ('71 U 1 ::;/1::; II Tp 
is ol.'o (J sgt a.t (Y in II. 

2.1.1.4 n1 definition 

If T is a sgt at (y in II, t.hcn t.h const.ruct.ion of T is uniquely dct.cnllincd. 
Nalll ly. first. by fact. (2) of 2.1.1.3 we can d t.ennille which condition (a). 
(b). or ( .) holds in t.hc cicfinit.ion 2.1.1.2: and ~ccond by fact. (6) of 2.1.1.3. 

in t.h casc of (b) . wc can det.enninc ~)·s uuiqu ly xccpt. for th ir ordcr. 
Let T b a sgt. at. (Y in II . We dcfine' two subset.s of FO( II) dcnot.ed by 

top(T) and nf(T). and also cl('fille (1, nat.uralillullber denoted by lcn(T): by 

induction 011 thc const.ruct.ioll of T. In t.hc following d finition. of top(T). 
nf(T). and lrn(T): (a), (b), and (c) lllC'ans rc. p ,('tiv ly (a). (b) . alld (c) in 

t.he D('fini tiOll 2.1.1. 2. 

D finition (top (T): top of T) 

Ca (a): top(T) = {rt'} 

Ca (b): top(T) = UJ ::;P::; II top(TJ» 

Ca (): top(T) = 4) 

D finition ('11.1 (T) : n gation-friend of T) 

Ca (a): nf(T) = ¢ 

Ca (b): L(\t, I b t.hc D-infercncC' satisfying cl(I) = (Y. 

Ca (c): nf(T) = q) 
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D finition ( len(T) : length of T ) 

Ca (a): lcn(T)=l 

Ca (b): leu(T) = 1 + llla,xl ~ t>~ 11 lcn(Tp) 

Ca (c): Zcn(T) = 2 

2.1.2 S gm nt-wood 

Wc will illt.1'o<iu 'C a llot.ion srgl1wnt-wood. Thii-l i~ u~ccl for t.h induct.ive 
d('Rlli t.iOll of t.he cont.iuual 1'cduction for a sgt. at. a lllaxiullUll fonnula ill a 
d(,1'ivat.i 11. 

2.1.2.1 D finition (conn ctabl formula-occurren ce) 

A f01'llmia-oc'C1llTCllCC (Y in II is conncct.ablc in II iff it. satisfi S 011(' of th 
following conditions (1) or (2) . 

( 1) (Y = ('71 d (II) 

(2) Th('1'c ('xist.s a D-infe1'CllCC I ill II: ~mch that. 1nf(1) = (-,E). mn(l) = 

{ (\' }. allel 7llj (1) E ()(j (II) . 

2 .1.2.2 D finition (gw: g luent-wood ) 

L t W b a subi-lct. of FO'" (II) . W ii-l a sCglll nt-wood ill II ifF it sati .. fic: onc 
of t.ll(' following conclitioni-l (a) 01' (b). 

(a) W = ¢ 

(b) Ther xii-lt.s lllllt.llally dii-ltillct. fonnula-occulTCll 'CS (\'1 · .. .. (\'n In II 
and subs t.s T 1 • ...• Tn of FO (II ) such that : 

(h1) for all p. (j E {L ... . n} . Fonn(CI'p) = F07'1u((\'q): 

(b2) for all p E {L . ... 'II. }. (Y p is conncc t.able' in II. and Tp i, ' a sgt at 
O'JI ill II ; 

alld (b3) W = U 1 ~P~ II TJI ' 

We' use the llot.at.ion sgw for the abbreviation of segLLlcnt.-wood. 

2.1.2.3 D efinition ( em.p(W) : con1pon nt of W ) 

For a sgw W in II , ern]) (W ) is t.he fini t.c s t of fon ulLlae d fin d by 

C7f/,]J(W) = {Fonn(n~ ) 1 Til 1" exist.s h: E {O.l} Sll -11 t.hat. < (Y. k >E TV} 

2.1.2.4 D finition (7 ·t (W ): roots of W) 

For a sgw W in II , 7t(W) is t.he subset. of FO (II ) cl fill 'd by 

7·t( W) = {CY E FO(II) 1< 0'. 0 >E W allcl o~ is cOllllectabl ill II} 
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2.1.2.5 Facts 

Let, W 1)(' a sgw ill ll. The followillg facts (1) ..... (G) are easily verified by 
nsillg t.b e facts 2.1.1.3. 

(1 ) 

{ 
O. 

Canl(rmp(W)) = 1. 
'if W= cf;. 
othenlJlse. 

(2) rr ('71/,p(W) = {A}. and 'if I is an opplico.t·ion of (VI) 07' (::3E) in ll : 
then t.h.e cigcn'U(].7·ia.blc of I docs not 0(;(;11,7' ,in A. 

( ) L('t ( be a ('onnectab lr fonn'l1.lo.-o(;c7J.n'(mce in II and T a sgt at fJ in 
II. Til en. < (l'. 0 > E T ·i'll1.plie. fY = (J. 

(4) If W =F ¢: thcn thr fonnula-occuT7 'enas Ct'! ..... (I'll onri fhp subsets 
I ..... TII of FO >« ll) in (b) ofrlefi:ndio71 2.1.2.2 an' ·un.iquely rictf f'­

mined ("I'('cpt /07' their 07'(1('7'. 

(r:) L('t WI . .... W II bc sgw's in II ,'(disfying that Co.nl(Ul ~p~1I ('mp(Wp )) ~ 

1. Then, Ul ~p~1l WI' i,' ()., gw in II and cmp(Ul~;p~1I W p ) = U l~fJ~1l C7Tl,JJ(Hl p)' 

(G) If fY i .. a. ('onnccto.ble fonnula-occ117Trncr in ll. (Jnri uri .. (j .'ubrlcrlV([-
lion of II ,'a.ti.iying 0 ' E FO(r): then (y i. conTl(tfoblc in r. 

2.1.2.6 Definition (W rl' ) 

L t W b' a sgw ill II anel r a snoderivatioll of ll. W r l' is the snbset of 
FO (ll) d fill d oy Wrl'= W n FO >« r). 

2.1.2.7 Fact 

L t T b a sgt at (l' in II whe7' n i. a conncctablr fonnula-o('c/[,7'7' nc in II 
(,'0 . T 'is (J. .'g1O). and let r be a "71bdr7~i ·lJa.t ion of ll. Thcn. T r l' i. a . gw in 
r ond t7np(Trl') C crnp(T). 

Proof. We prov this fact. by induct.ion on th const.ruction of T. 
Ca 1. If (\' E FO(r) : sing fact. (7) of 2.1. 1.3 and fact. (G) of :".1.2.5. w' 
havr Trl'(i.r. T) is a sgw in rand r'rnp(Trr) = rmp(T) . 
C 2. If ()' ~ FO(r): 
Ca 2-1. If T C {< (Y . 0 >. < {)I . 1 > }: It hold,' t.hat Trr= cP. 
C 2-2. IfT = {< n. 0 > } UU j ~P~II Tp wher sp JJ (n) = {(ll . ... . (ill } =F ¢ . 
(ii =F (i) if ·i =F j, and ~) is a sgt. at. (ip in II for all ]J E {1. .... n}: Suppose 

bi( ) - llo (lll ll2) 
. c, ()' - ------

A 
Ca 2-2-1. If for all 1; E {O,l 2}, cnd(r) ~ FO(ll.I' ): It. holds that 
Tr 1' = q). 
Ca 2-2-2. If not.: Suppose cnd(r) E FO(lli)' and let. P = {p E 
{l. . .. ,n} I (ip E FO(lli )}. Then. Trl' = UpE/JTprr holds. Dy fact (7) of 
2.1. 1.3 aud fact. (6) of 2.1. 2.5, and by induction hypoth 'sis; we hav for all 
pEP. rrr is a sgw in rand rrnp(Tprr) C rmp(~))(:= rm]J(T)) . Therefor'. 
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by fact. (5) of 2.1.2.5 . we have TIl' is a sgw ill r allel cmp(TI /' ) C crnp(T). 
o 

2.1.2.8 Fact 

Let W be {J. sqw 'in II and r (J, S11,bd(T'i'lJ{dion of II. Then. W II is a sgw in 
r a:flr!. n!l.p(W If') C r;mp(W). 

Proof. y fae t. 2.1. 2 . 7 and (5 ) of fact. 2.1. 2 . 5 . 

2.1.2.9 Son1 d finition 

Let, W be a sgw in II. We define t.llr e subset.s of FO (II) d not.ed by top (W). 

on ( W). and 71/ (W). In t.he following defini tions of top (W ). on (W). and 
71j(111): (a) and (b) nlCanR respectively (a) and (b) in t.he definition 2.1.2.2 . 

D finiti n (t.op(W) : top of W) 

Ca (a): to]J(W) = ¢ 

D finiti n (on (W) : op n negation of W) 

Ca e (a): on(W) = q) 

Ca (b): For any (3 E FO(II). (3 E on(W) is equival nt. to th following 
condition. That. is. t.here exi. t.s (Y E rt(W) \ { nd(II)} snch that 
(3 = wj (1) where I is t.he D-inferenC'c sat.isfying rnn(I) = {n'}. 

D finition (Tlj(W): n gation-fri nd of W) 

Ca (a): 71j(W) = ¢ 

Ca (b): nj(W) = on(W) U U' :S;P:S; 1l nf(Tp) 

2.2 Structural reduction 

In t.his section. w define t.he st.ruct.ural reduct.ion. It. is appli d for a sgt. T 
at. a lllaxillltllll fonllula ill a derivat.ion where lcn(T) > 1. Th st.ru tural 
reduction is an ext. 'nsion of V E-. :3E-, and 1.(,- ·ont.ractiolls in t.he follow­
ing 111 alling. One applicat.ion of V E-. :3E-. or 1.c- ·'ont.raet.ion l' 'Illoves a 
lll(\.xillltllll fonuula Ii ill a derivation II up t.o t.he lelll 'nt,s of . p 1/ (fL). The 
structural reductioll for a sgt, T at a llu l.xilll1.1111 fonnula /£ ill a d rivation 
where len(T) > 1 reulOVCS /£ up t.o the elclllCnt,s of top (T) . In ord l' to define 
the st.ructural rcduct.ion, we l11troduc a lllet.llOd t.o substitute a d'rivation 
for a sgw ill a d rivat.icHl. 
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2.2.1 Sub titution-sequence 

2.2.1.1 Definition (substitution-sequence) 

Let, II alld e be derivations and W a sgw in II. Wc call the scqncncc 
< II. W. e > a snbstit.nt.ion-scqncllce iff it satisfies the followillg conclitiollS 
( a). (1»). anel (c). 

(a) AllY cigcnvariable OCCnlTillg in one of t.hc derivat.ions II and 8 docs 
not. OCCllr ill t.he ot.hcr. 

(b) L1((":;) is an clilllillation nilc. and 7lIj( h(G)) E oa(8). 

(c) ("JI/,]J(W) c {MJ(h(G))} 

2.2.1.2 D finition (Ps E,~. E.Z· Fr, Fl?) 

L t. 1)( a snbst.it,ntioll-scqncncc < II. W. (-) >. By the following clan,'cs 
frOlll ase' 0 t.O Case 2. w' define a derivat.ioll dellot.ed by P,c,': two .'n1>­
s('t,s of FO (P,<;) denot.ed 1 y E,~, and E,( and t.wo inj 'CtiOll f1'0111 FO (II) t.o 
FO(P.'.;) dcnot.ed by Ff and Ff: where t.hey ,'atisfy thc following ('ondi-

MJ(Li(G)) (8 1 8~) 
hOllS (a). (b). (c). and (el). llppose (-3 = END(8) . alldlet 

Q = C () I'd ( 7lI1l (l i( e )) ) . 
(a) 

END(P .) = {END(8). 
,c, END(II). 

if < end{II).O >E W. 
oth rwif1c. 

(0) If Q 2: 1. then for all (Y E E,~, it. holds t.hat. . bd(n) is identical wit.h 8 1 : 

othcrwise. E.~. = q). If Q = 2. th 11 for all f1 E E?-. it. hold.' that. . bd((3) 
is id utical with e~: ot.herwisc. E.~. = ¢. 

(c) For all ('I' E oa(II). F07"ln(F~" (('1')) = {'F(END()6))). 
, 07,n(n .. 

if ('I' E on (111) . 

ot.h rwisc. 

(d) ()(J(Ps) = {Fr ((d I ( E (){j,(II)} U U'E{I.'2} U() Et~ oa(.'bd((Y)) 

P, '. E,~ .. E,~ ... F.~ . . and Ff arc defined by induction 011 tht' lellgt h of II. 

as O. If W = ¢: 
Ps = II. 

I '2 E.') = E.') = ¢. 

Fr and F.~? are t.he idcut.i t.y nUl.ppillg on FO (II). 

as' 1. If W f ¢ and the lCllgt.h of II is 1: 

P.') = -. 
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F,~( ( end (JI)) = rnd (li (Ps))· 

F ,f(end(JI)) = end(Ps)· 

asc 2. If W =1= ¢ and t.he lengt.h of JI is great.er t.han 1: 
JIa (III JI2 ) . . 

Suppose II = . Let. 5,. be t.he sllbst.lt.llt.lOll-seqllcuce 
END(JI) 

defined by 5,. =< JI,.. Wrll ,. . fJ > for each l' E {O.l. 2}. 

as(' 2-1. If < end(JI). 0 >~ W: 

(tse 2-1-1. If end(JIo) ~ on(W): 

P ,'''o (PSI PS1 ) 

Ps = END(JI) K 

w 11('1'(' Inf (K) = LI (JI ) aud 

dr(I{) = U {F.~.: (n~ ) I ry E dt(z.t(JI) ) n FO (JI I' )}' 
O ~,.~ 2 

For all i E {L 2 } . E.~, = U Et . 

{ 

F,~: (cnd(II)) = F.f (rnd(JI)) = cnd (P .·) . 

For all T E {O.l. 2} . and for (tIl r.Y E FO(JI,.) : 
( . ( . f) , f) 

F ,c.,' (ry) = Fs,. (ry) and F.,; (rY) = F , ., (ry). 

asC' 2-1-2. If end(JIo) E on(W) : 

p. - -,(END(fJ)) Ps] K 
s- -.l 

wher Inf(K) = (-,E). 

For alIi E {I. 2}. E,' . = E,!;.]. 

{ 
Fr (end(JI)) = F ,e (end(JI)) = end(Ps). 

F.~'- (end(IIo)) = F ,(?( nd(JIo)) = 7llj(J() . 

For all ry E FO(JIJ ),Ff (n) = F'( :1 (cy) and F ,I?(rY) = F,/~ (a). 

as 2-2. If < cnd(II). 0 >E W: 

as(' 2-2-1. If end (JI) ~ top ( W) : 

Ps = PSo (PSI P , '2) K 
END(8) . 

wlwr' Inf(I{) = LI(JI) and 

rlc(K) = U {F,L(ry) I ry E dc(l-i(II)) n FO(JI,.)}. 
O ~ ,. ~ 2 

For alIi E {L 2}. E,~. = U Et.· 

{ 

F,~.' (cnrl(JI)) = Ff(cnd(II)) = end(P, .). 

For all 7' E {O, 1, 2}. and for all 0' E FO (JI,.): 
Fl( (rY) = Fl.' (rY) and FD(cr) = FI? (cr). S S, . , , ,. 
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ase 2-2-2. If cnd( II) E top(W): 

PSI) (PSI PS:!.) K 
Ps = END(II) (8, 

END(8) 

e ·)) 
- 1 

wlwl'(' 1nf(J() = L1(II). 

dt(} ) = U {;::~.: (n) I (Y E dc(li(II)) n FO(II,,)}. 
O ~ 1'~ 2 

1nf(1) = L1(f)). and dr(1) is id 'llt.ical wit.h d(:(l'i(G)) as t.he subBet of 

U, 1/ < (2 FO(Gq ). 

{ 

[,~, = [.~ = ¢ . if Q = O. 
[.~, = 71In(J) U U()~ "~ 2 ['~" and [X = q>. if Q = I. 
For alll E {1. 2}. [,~. = {(Y/} U U() ~ "~2 [,L. if Q = 2. 

wh( H'. ill t.he case of Q = 2. (YI and 0'2 are fonllula-oc('urrencc, ' of Ps 
sat.isfyillg t.hat. llln (1) = {(Y I. (\'2} < wi ()' I st.ands on t.he left. hand of 0 '2 · 

{ 

F .l.· (C71d(II)) = 7nj(1). Ff(cnd.(II)) = rnd(P .). 
For all r E {D. I. 2} . ann for all (Y I:: FO(II,.): 

F,(." ((Y) = F,(':' (n) and ;::f ((Y) == F,[~ (tf). 

2.2.2 Structural reduction 

2.2.2.1 D finition (structural r duction) 

Let II 1 (' a derivat.ion satisfying t.hat 7lIj(h(II)) is a niaxinllllll fonnula in 
II. alld lct. T b a sgt. at. mj(l-l(II)) ill II sat.isfying len(T) 2:: 2. Th n. 
t.he st.ruct.ural rcduct.ion of II wit.h T is t.he t.ransfonnation of II to tIl 
derivat.ion P,c,· wh r th substitut.ion-sequ nc S is lcfined by t.he following. 

II 0 ( II, II·) ) 
UpPOS(' II = - K· Let, e be a dcrivation dcfined b G = 

END(II) , 
END(IIo) (II, II·») 
---------- 1{' whcr 1nf(1{') = 1nf(1(). and (/c(1{') is incnti-

END(II) 
cal wit.h dt(1() as a subset of FO(II,) U FO(II'2) ' Th 11. t.h substitution­
S('qU<'ll(,C is defincd by S =< IIo. T. e >. Wc call this substitutioll­
s<'qnenc(' t,he a.cc07l/.]Jo:nying subStit.UtiOll-S ClU nce of the structural reductioll 
of II wit.h T. 

2.2.2.2 Notation 

8mT) 
II ~ II' denotes the fact that t.he derivation II' is obtained by the struc-
tural reduct.ioll of II with T . 

2.2.2.3 Facts 

We have t.he following facts (1) awl (2) by definition. 
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(1) Let n~ be a j07'1I1,'u.la-occ'IJ,1·1 ·cncc 'in a dC1'ivat'ion II sal'is.f7;ing that n 'is 
the conclusion of an CLppl'ication of (V E), (::3£'). 07' el(.). Then. th cn~ 

(' :r:ists e:w.dl;1J one sgt T at (y in II such that len (T) = 2. 

(2) Let II be a dCTivo.t-lo'fl, sat'isfying that mj (l-i (II)) is a rn,a:r;imum fonrwlo, 
and is 1.11,(' conclusion of an o,ppli('ofion of (V E). (::3E) . 01' (.l r ). 511.])-

7)()S(' II ('(Jul.-J'{J,tt. ' to II'. Then. it holds that II s'!!J2') II' 7JJhc'l'c T is the 
sgt 0./. 7IIj (li (II)) in II .';atisfy·i,ng len (T) = 2. 

At. 1.11(' ('11<1 of this sectioll. we will state the fact, that: if II S!!!.}} II' holds . 
!.llCu tll( rc ('xist.s a. reduction sequcnce fnnll II to II' consis t.illg of V E-. ::3E-. 
and .lr -('olltractions (for sllbderivations). 

2.2.2.4 Notation 

For a derivation II. W(' cl('not thc srt of all sgw's ill II by SGW (II ). 

2.2.3 Mapping 

Sf{( '[' } 
When II ' ~ II' holds. wr oftcn llced to us the 1HltllT(J/nlappillg.' fron l 

GW(II) to SGW(II') and fronl oa(II ) to oa (II' ). In ord r to rcprc.' nt 
such lll<tppings. w dcfine the lllappings C 1. . OS ~,. . CS '2 . and 0 ~ for a 
subst.itutiOll-S( lUCllcr 

2.2.3.1 I I .) .) 
D finition (CS s , OSs, CS~" OS~, ) 

Let 0 a sub. titution-sc lucnc < II. W. e >. For U E SGW(II) sati, fyillg 
Unw = cP . CS .~, (U) is thc suos t of F() >« P .c.;) cl fiu cd oy 

CS .~, (U) = {< F.f(f:J). k >1< B. k >E U} 

For (y E o(J.(II)\on(W). OS .~, ((y) is the subset of oa(Ps) dcfined by OS,l ,(n) = 

{F.t ((y)}. For V E SGW(0)). CS~, (V) is t,he subset. of FO "' (Ps) dcfincd by 

1 
U',E{1.2} UAe'.~. {< -l).,(fJ) . k >1< B.k >E vrG,} 

~, (V) = u{< F.f(B)'k >1< B.k >E W}. if < cnd(fJ).O >E V . 

UIE{J,2} U)., E [~ {< ,t).,(B),k >1< B.k >E Vre,}. othcrwisc. 

where for a.·h l E {l. 2} and for ('ach ). E E,~, . 'l)., is the C()'llollical bij tiOll 
fronl FO(fJ{) (c FO(G)) to FO(sbd()')) (c FO(Ps)) . For (i E oa(fJ) \ 
{m:i(li(G))}. OS~, ({J) is t.he subset of ()(J,(Ps) defined b, 

wIler -l)., is defincd ().s abovc. 
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2.2.3.2 Facts 

Let S, U. (Y, V, awl Ii be giVCll as above . Thell, wc have the following facts 
(1) .. . . ,(4) by definition. 

(1) If (y' E OS.~.((y). then Fonn(r/) = Fonn((y). fr (i' E OS~.((3) . then 

F07'71/,(fj/) = Fonn((-J). 

(2) 
O(L (Ps) = U 0 S .~. ( (y) U U 0 S~. ((n u U { F,~.' ( r ) } 

n E, \ .3E/J ~/EolI,( \I ') 

wile'/'(' A = ()(J.(ll) \ on(W) and n = oa(G) \ {'IlIj(li(G))} , 

(3) s,l, (U) onri CS~, (V) a7'e sq'W's in Ps'. M(J'l'e01Je7' . the following facts 

IIolri . 
nnp( CS ,~,(U)) = crn]J(U), 

on ( C S ,~. ( U )) = U 0 S .U e) , 
OEon({ ') 

rm]J (C ~ ( V )) C rrn.]) ( V ) . 

071 ( 

1 
u os~.( e) u U {F.(,.' (e)}. 

:.?,(V)) = OEon(I '). OEon(II ') 

." U os~. (e) . 
OEolI.( 1 ') 

othPTWi. c. 

'if < fTld(8) . O >E v . 

(4) 

< end(Ps),O >E CS,~.(U) iff < en,d( ll).O >E U. 

< cnrl(Ps).O >E CS~.(V) iff « end(8).O >E V and < cnd( ll).O >E W) . 

2.2.3.3 D finition (CS II :!" OSII :r ) 

Let ll' 1)(' t.h' d rivation obtaincd fronl a derivation II by th st.ru t.ural 
. Sl?(n llo (lll ll·)) 

rcollctioll of II wit.h T. 1.('. II --t ll'. SllPPOl-) II = - . and 
END(ll) 

1 'to S l){' the accoillpallying sllbst.i tllt.ioll-SCqU 11C of th stru 'tural rcdu tiOll 
of II wit.h T. For W E SGW(ll). Sn :r( W) is t.hc .'ub. ' t of FO X( ll') 

orfiu('d by 

For (Y E o([.(ll). OS 1I. 'r(rc) is t.h fmbsct. of oa(ll') ocfincd by 
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2.2.3.4 Facts 

Let. ll, T, ll', W. and (\' be given aH above. Thcn, we have t.he following 
fact.H (1), ... ,(4) by t.he previons fact.H 2.2.3.2 alld by definit.ion. 

(1) fr (v' E OS If :/, ((Y). then Fonn( (v') = F01'7n( (Y). 

(2) 
Oa.(ll') = U OS I1.T(n ). 

n E o(/( 11 ) 

(3) c 11 .'(( W) -i.s (J, sg'lli in ll'. MOH~() 'IJC ·". the follo'Wing fa.cts hold. 

tmp( CS 11 .'r(W)) = crnp(W). 

on( CS If:r(W)) = U OS 1l:r(e). 
OEon( II ' ) 

(4) 
< ('nd(ll').O >E CS JI.],(W) 'iff < end(ll).O >E W. 

2.2.4 R lation hip between tructural n~duction and con­
tra tion 

2.2.4.1 Fa t 

Let S b a. ·/1,bst'it7Lt'lon-. equcnce < ll, W. e >, L t Fl and V~ bc 8gW·. 'in II 
. ati.fyirzg Vl U V:2 = Wand VI n Vz = cp. L t SI and S:2 be the .ub. tit'ution­
. (jU 71ce. dcfin d by SL =< ll. VI. - > and S'2 =< P , ' I. CS 1

.\ (V'2). e >. 
Th( rz. it hold. ' tha.t Ps = P, '2 . 

Proof. By induct.ion on t.he lcngt.h of ll. 0 

2.2.4.2 Definition (suP]J(W): upport of W) 

Lc t. W be a Hgw in ll. supp ( W) is t.he Hgw in II defin d by 

S'lJ,pp(W) = {< (y, 0 >E FOX(ll) I (Y E: 7·t(W)} 

2.2.4.3 Fact 

Let. be (J, • nbstdut .. ion-. ('q1U'.nc , < ll, W. e >. If S' ·t. til. . ub. titntiorz­
S('(j'/J.r7U'C drji71cd by S' =< ll. S7L]J]J(W), - >: th n. it hold that thc7'e e:l'­
·t. ts ([. Trri'll.('tion . cq7/,cncc from PS' to P,c,' con. ·i. t'ing of V E -. ::IE -. Q,nd ~c­
conh'art'ion, (for. ubdcrivrdio7l.s). 
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Proof. 
M J ( ld 8 )) ( 8 1 

Dy induct.ion on C(]'nl(W). Supposc 8 == END(8) 

Ca O. If W = q;: lear. 

Ca 1. If Canl(Tt(W)) = 1: Wit.hout. loss of gCllcralit.y. wc can aSSllnlC 
t.hat. 7·t(W) = {enrl(II)}. 

C 1-1. If 8'lIP]J(W) = W: Clcar. 

Ca 1-2. If S'/I,]J]J(W) #- W. li(II) = (..i r ). and < cnr1(II).l >~ W: Sup-
II 

pose II = END~II) . Thcn. t.here exist.s a sgw Wo ill IIo· such t.hat 

W = {< (,'TId(II).O >} U Woo Let. So anel So bc th subst.it.ution­
sc'qurll(,(,S defincd by So =< IIo· Wo. A > alld Sb =< IIo· ,"lL]J]J(Wo). 8 >. 

IIo 
ow. P,c," is of t.hr fonn END(II) (AI ( 2 ). Let II' b e the d riva­

END(G) 
t,iOll obt.ained frolll P ,C.;I by (..i e )-cont.raction. Then. II' is of t.he fonn 

PC," 
. II • and by ill luct.ion hYl)ot.hesis. there exists a r duction se-

END(-) ' . 

f II' 1 d" P ""o 'T> . • f E qlH'll(,(' 1'0111 t.o t. 1 envat.lOn END(G) = rs· 'onsl.'tIng 0 V -. 

3E-. awl ..ie-cont.ractions. 

Ca 1-3. If S'/l,]J]J(W) #- W. h(II) = (..i,,). and < end(II).l >E W: i. c. if 
W = {< ('nd(II).O >. < cnd(II).l >}: Easy. 

Ca 1-4. If . u]J]J(W) #- Wand li(II) = (V E) or (3E): Silllilariy to t.he 
rasr 1-2. 

Ca 2. If C(1.nl( 7·t(W)) > 1: Takr two sgw's in II . . 'ay V1 and V:2 . .'ati.'fyillg 
that. W = VI U V2 . VI n V:2 = <p. Vj #- 1;. and V2 #- 1; . Let J"'.( be t.hc 
sllbst.itntion-sequenc(~ defincd by X =< II. VI U . 'U.]J]J(12)' G >. Lrt. 
YI . Y2 . and Y3 bc t.he suost.it.ut.ion-s qurnce defined by 

au 1 
Y:~ =< p) 'J' CSL (Vd.8 > . 

sing fact. 2.2.4.1. we have PS' = P) '2 and Px = PrJ' It. holds t.hat. 
(J.T(1( L (VI)) = C(L7'(1(V1 ) and t.hat. "71pp( CSL (VI)) = C L ( up]J(1J)). 

Hrncr. 1 y induction hypot.hesis. t.ll l' exist.s a r duction scquencr fr0111 
P} '2 t.o P) :I' i .. fr0111 PS' t.o Px. consist.ing of VE-. 3E-. and ..ie -

('ont,ract.ions. Sil11ilarly. we hav t.he exist.an " of a reduction sequence 
frOlll Ps t.o Ps. cOllsist.ing of V E-. 3E-. and ..ie-cont.ract.ions. This 
lectos t.he rcsult.O 
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2.2.4.4 Fact 

Let. II' bc the dC7'-lvo.tion obtaincd ff'om (J, dC7'-lVo,tion II by thc 8i'l'uct1J,'l'al 
, f ' . 8H( T), 1 . ,/. 

H~d'lJ,dwn 0, II 'IInth T. 't,. c. II ---7 II. Thcn. t iC1'C C:t:'t8t .. ) a 'f'CO,v,ctwn 
S('fj'IW7U'(' ./1'0711. II to II' con8i, ting of V E-, 3E-. (aul ~r-r:ont7'O, ction8 (f07' 
s'II.l)(i("I'i'lla.tio'll.s) . 

Pro f. By fact. 2.2.4.3.0 

2.3 l-r duction and Church-Rosser property 

III this s('('tion, we define l-reduct.ion t.o prov thc Churdl-RosHcr propcrt.y 
of our n'dllct.ioll . h<.' definition of I-reduction is an xt.cnsion of t.hat of 

irar 1 [4, 1>1>135]. 

2.3.1 Mapping for ential r d uction 

2.3.1.1 FU otation (II ~ II') 

When a derivation II' is oLtained fr0111 a derivation II Ly 1-, 2-· Vl-. V2-. 
1~1? 

::)- . ' -. \:1-. or 3- 'ont.ractlon: w dcnot' t.h fact. by II ----+ II'. 

2.3.1.2 D finition (CEll, OE ll ) 

Let II and II' b d rivat.ions satisfying II ~ II'. For W E SGW(il) and 
for ()' E o(J.(il). CElI(W) and OE,,(r'd are t.h subset. of FCY(il') and the 
subs t of Ol1 (il') resp ctivcly. dcfined by t.h following clau,'es (1) ..... (G). 

(1) If il' is 0 bt.ained fr0111 il by ,-cont.raction (l = 1 or 2): uppo,' 
III il2 

II = A I & A:2' hen. il' = III ' Let. -i b t.h canonical bij ctlon 
A, 

frOUl FO(IId (as a subset. of FO(II)) to FO(II'). Thcn. CEn(W) 
and OE IT (ell) ar defined as follows. 

I 
{< i(f)).k >1< B.A- >E WllI/} 

E" (W) = U{ < end(II'),O >}. if < c7ui(il). 0 >E vV. 

{< i((}),k >1< f),A- >E Will/}. ot.herwise. 

DE () { 
{-i(()')}. if ()' E FO(il,). 

" ()' = A,. If' oth rwi, e. 

(2) If II' is obtain d fr0111 il by V/-cont.ra'tion (l = 1 or 2): Suppose 
ilo [Ad [A2] ilo 

II = A I V A:2 ill II'J.' Then. II' = [Ad· L t. 'i be t.he canonical 
C II, 

bi.iection £'rOI11 FO(II{) (as a subset. of FO(II)) to FO(III) (as a subs t. 
of FO(il')) , Lct. A be the subset. of FO(il') defined by 

A = {i(f)) 1 () E dc(l-i(II)) n FO(ild}. 
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For each ,A. E it let 'i>. Le the canonical bijection fnH11 FO(IIo) (as a 
subset, of FO(II)) to FO(sbd(,A.)). Thcll, CElI(W) awl OE,,({)I) are 
defilled as follows. 

E,,(W) = 

{< 'i(B).A: >1< B.A: >E WillI} U U {< i>.(fJ).k >1< B.A: >E WI"o} 
>' E. I 

u{ < end(II').O >}. if < end(II).O >E W. 

otherwise. 

if (y E FO (III) . 
if (y E FO(IIIII) wherr {l. 'l/l,} = {l. 2}. 
if (Y E FO(IIo). 

[A] 

(3) If II' is obt.ained fr0111 II by :J-collt.raction: Suppose II = A ~o B I III 

B 
III 

Tll( n. II' = [A] . L(\t. i lJ the 'anonical Lijecbon fr0111 FO (II 0) (a: ' a 
IIo 

subs('t of FO(II)) to FO(IIo) (as a suLs t of FO(II')). Let A Le the 
sllhsrt of FO(II') d fin d by A = {i(B) I () E dc(1)}. For each ,A. E A. 
1 ,t, i>. be the canonical lJij dion £'rOlll FO(IId (as a subset. of FO(II)) 
t.o FO(. bd(,A.)). TheIL CEf[(W) aud OE,,(r'r) is drfinccl ai:i followi:i. 

CE,,(W) = 
U{ < cnd(II').O >} . 

{ 
{-i(0')}. 

o E " ((y) = U { .. ( ) } >'E . I l>. (y • 

if < erzd(II).O >E W. 

>'E . I 

if C\' E FO(IIo) . 
if a E FO(II l ). 

ot.herwise. 

(4) If II' is oLtaincd fr0111 II by .-cont.raction: Silnilarly to the 'ase (3). 

([») If II' is obt.aincri £1'0111 II by V-contractiou: iluilarly to tIl case (1). 

(G) If II' is obtained fr0111 II by 3-coutra 't.ion: Sil11ilarly to th cas (2) . 

2.3 .1.3 Fa t 

Let. II, II', W. and 0' Le given as aLove. Theu, we have the following fact.s 
(I) .... ,(4) lJy definition. 

(1) fr (y' E () E /I (0') . then Fonn( e/) = Fonn( (Y) . 
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(2) 
oo.(II') = U OE If (0:). 

n E oa.(lI) 

(3) CE II (W) 'is ([. sgw in II'. Moreo1) (-T. the following facts hold. 

(4) 

C'Tn]J( CE II (W)) C crnp(1,1l). 

on( CE if (W)) = U OE II (ry). 
n E on(I\ ' ) 

< end(II') . 0 >E CE [dW) iff < cnd(II) . 0 >E W. 

2.3.2 1-1' du tion 

2.3.2 .1 D finition (1-1' duction) 

Let. II a,11d II' be d 'rivations satisfying END(II') = END(II) and OA(II') c 
OA(II). The t.ransfon11ation of II t.o II' is called l-r duction iff it .. atisfies 

011 of t.he ('onc1itions (1). (2). (3) . or (4) below. \"le dellote by II ~ II' 
t.lH' fact. t.hat. t.he t.ransforlllat.ion of II to II' is a I-reduction. l-r c1uction i .. 

defincd iuductively with a Inapping frol11 SGW(II) to GW(II'). denotec1 
by jf'. and with a lllapping fr0111 o{J.(II) to tIl(' power set of oa(II'). d notec1 

1 y oj/,; wlH'r(' C!f' and off' sat.isfy t.he following condition.' (a). (0). anc1 
(c). 

(a) For all (Y E oa,(II) and for all /3 E Off' ((\'). Fonn((\') = Fonn(/3) 
holds . 

(b) 

oa(II') = U Off' ((y) 
n E 0(/( 1/) 

(c) For all W E SGW(II). (,11/.p( cH' (W)) c C'lllp(W) and 071 ( eft (W)) = 
[J' 

Un E on(ll ' ) 0ll (n) hold. 

(1) II and II' arc identical. In t.his case . C!f' and Off' arc defined a.:' 
follows. 

For ('ach W E SGW(II). clf' (W) = W. 
For each (Y E oa(II) . Off'((Y) = {(y} . 

II (III II'2) II' (II' II') (2) II and II' are of the fonll () ]{ and 0 1 '2 ](' 
A A 

rsp<'ctivly. wh're II,I ~ II;) (for all]J E {O.1.2}). ]71f(](') = 

]nf (](). and de (]{') = Uo _ /> ::;1 Un E de( I\' )n FO( 111') 0::/:' (('t'). III this cas . 

jf' aud 0 if' ar defined as follows. 
or aell W E SGW(II) . 

II' U I I', , 
11 (W) = Cll /: (WrIlp)U{< cnd(II ).k >1< cnd(II).k >E W}UE 

o::;p::;'2 
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where 

E = { {< end(II'), 1 >}. if Inf(K) = el(. ). dc(K) n nf(W) #- (p . alld dr;( K') = (p . 
1), otherwise. 

or {'aeh ]J E {O. 1. 2} and for each (\' E oa( II) n FO (IIp). () ff' ({\' ) = 

() ":, ( ) 
If

l
• 0' . 

IIo (Ild 
(3) II is of the fo1'1n M I (Ill 

A 

II:3) where Inf (1) is an intro-
K 

d 11(' toi Oll r11le alld Inf ( K) is all elilllilla t.i on rule: and 

IIb (II~) 
M I' (II.~ II!) ) 

- . J K' 
A 

II' 

I 
wher e' IIp ----+ II;) (for all]J E {G .... . 3} ). Inf (I' ) = Inf (I ). dc( I' ) = 

U n E lk(l) 0::((1 (n ). Inf (I{' ) = Inf (J{ ), aun dc( K' ) = U1SpS:3UnEdc(/\')n FO(ll
p

) O::!.' ((d . 

In this case. C I/, and 0 jf' are dcfin d as foll ows . Let L\ be the 
II' (II' ) o I , 

(itriva t.i oll M I ( II~ II .'l ) . For ach W E SGTV (II ). 
--------------~' - K' 

A 
//,01') = CE-l (W' ) wher 

W
' - {UOSPS:3 C::,~' (Wrlll. ) u {< end (L\).G >} . if < pnd (II ).G >E W. 

- II I 

UO SpS:l CIfI~' (Wr[fI,) . oth rwi .. c. 

For each P E {G, . .. ,3} ann for each ()' E oa(II) n FO (IIp)' off' (0') = 
U n l OE-l(()) . 

OE 0 11:: (n ) 

(4) II is of t.he fo1'1n IIo (~I II '2) I{ where 177/ (K) is all clilnination 

rule and LI(JIo) is (V E). (:3E). or (..lr ): and 

IIo' (II'I II~) 
--=--~--=-=- ](' 

A 

III 
SIlt ellg (T )) 

----+ II' 

when' Ill' ~ II;) (for all T) E {O.l, 2}). Inf(]{') = Inf(](). dc(J(') = 

UI SpS2Un Edc( I\' )n FO(f II' ) O::!.' (rl'). and T i .. a sgt at. nd(IIo) in IIo 

satisfying l n(T) > 1 and lcn( C ::f (T)) > 1. In this case . cit and 

o /f' a1" define 1 as follows. Let. L\ be the derivation IIb (JIr II.j) K' 
A 

If l 

and T' tll sgt. II (: l (T) at rnd(IIb) in JIb. For each W E GW(II), 

I/'(W) = CS-l,'I'/(W') where 

W
' _ { UOSpS:2 C//:' (W r If I,) U {< end(L\), G >}, if < 'lId(II). G >E W, 

- II I 

UOSpS:2 CII I:' (W rlJl')' otherwise , 
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or cach JJ E {O. L 2} and for cach (y E oa(f1) n FO(ilp ). off' ((v) = 

U I/!, OS..JJI((}). 
(J () "I' (() ) 

2.3.2.2 Notice 

Whcn derivatiom; il and il' sat.isfying il ~ il' are givcll: it. is asslllllcd 

t.hat. t.11<' ('onst.rnction of il ~ il' is also given. and so. t.he nH1ubcr of thc 

dawH's ill (i<'finit.ioll 2.3.2.1uscd in t.he cow;t.rnction of il ~ il' is Hlliqncly 
dpt,('l'lllillCd. 

2.3.2.3 otation (Iil ~ il/l, LC(il ~ il')) 

Let, il and il' l)(' derivat.ions satisfying il ~ il'. vVe d ,not by lil ~ il' I 
tIl( nl11uhrr of tllr daHsrs in definition 2.3.2 .1n8 d in the constrnction of 

I I 
il ~ il' . Also wc de'notr by LC(il ~ il') t.h last dans(' in defillition 

2 .. 2.1 wwd in t.h ' ('onstnHtion of il ~ il'. 

2.3.2.4 Fact 

Ifo r/(l'ill{JtioTlilt, im1llrriiat iy I'('(l'IJ('(r/ to (J r/U"ilation il'. th(n it hold. ' 

tlwt il ~ n'. 

Proof. By fact. (2) of 2.2.2.3. 

2.3.2.5 Fact 

If a d 1"ivation il 'is 1-1'cdured to {J. de7·iuoJio1/. il'. i.e. il ~ il'. then fhcT( 
'.ri 'f, (l. l' (hu'i'lon . cq7tcnc , f7'm7/, il to il'. 

Proof. By fact 2.2.4.4 . 

2.3.2.6 Notation 

Lrt il. il'. and il" be derivations. For a nHtppiug f fr0111 SGW(il) to 
SGW(il') and a 111apping g fr01n SGW(il') to GW(il"). gof d notc,' thc 
lllapping frolll SGW(il) t.o SGW(il") defincd by gof(W) = g(.f(W)) . Also. 
for a llHtpping F fr0111 ()([.(il) t.o the power sct. of Oo.(il') and a 111apping G 
fr0111 ()(l,( il') t.o th' powcr set, of on( il"). Go F dCllOt. s t.he 111apping fr0111 
()(j.(il) t.o t.he' pow X S t. of O(J.(il") d 'finc i by GoF((Y) = UOE F(o) G((}) . We 
llSC thcsr not.ations also in t.ll ca:-;(' of partial nlappings. 

2.3.2.7 Main Lemlna. 

ff il ~ il' and il ~ il" hold. til. n th('1'c e:z:-i. t. a dC1'l'l ation il'll such 
-,II,(Lt il' ~ il"l. il" ~ il"l. c ll'll c/l ' C ll'll c ll " )1/111 0 11' 
I , /I' 0 /I = If II 0 11 . a 1/ d ( 11 I 0 11 = 
() 11"1 ()II" 

/I" 0 11 . 
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Maill LClllllla will be proved in t.he ucxt. sect.ioll. The following thco­
rUll. i .e. the Church- osscr property of our rcclnctioll. call bc easily provcd 
usiug fact. 2.3.2.4. fact. 2.3.2.5. aud Maill Lculllla. 

Th or m 2. (Church-Rosser property) rr two fi>n:ite Tcdv,ction se-
(j'IU'71'('('S II . . .. , E and II, .. . , E' a7'(~ g';,ven, then we can const7'1Lct two finite 
]'('r/.uttio1/. s('(j'/l.cnc('s .... . .,1 and E' . .... .,1 f07' some dC7'ivo.tion .,1. 

2.4 Proof of Main Lemma 

2.4.1 L Inn1ata 

It now n lllains for us to est.ablish tIl(' proof of Main Lelllllla. Thc Cs, 'Glltial 
part.s of t.lH' proof arc obtained fr0111 L lllnia A (2.4.1.2) aud Lcnlllla B 

(2.4.1.3). 

2.4.1.1 Notation (W -< V) 

Let W alld V be sgw 's ill a derivation. We dellot ' by W -< V the fact that 
W C V and rt(W) = Tt(V) hold. 

2.4.1.2 L mlna A 

If II ~ II', Le(II ~ II') is (2), II ~ E. and II' ~ E' hold: then. 
1 'e \', e eel/ ' \ " -, JJ ' E~E. 550 EI/= E[[,o JI.and053001~II=OE11,oOIl hold. 

2.4.1.3 L mma B 

Let b (J, 1/,b, titution-. f(juencc < II. W. e >. a:nd I t V be (J. ,gw in II 

,'ati,'fying TV -< V. If II ~ II' and e ~ E)' hold. and let S' be the 
,'1I,b.,tihdion-scq'llence defined by S' =< II'. V', -' > when) V' = e}f'(V): 
t/ze'll. tlie following fact. (0.) ..... (e) hold. 

(0) p .' ~ p .';' 

(b) For all U E SGW(II) sa.tis.fi;inq U n V = ¢. it holds tliot e;~," 0 

e .~, ( U) = es.~" 0 ejf' (U). 

P 'I 1 11' (t) Fm'oll(Y E oa(II)\on(V), ithoZdst/w,t o.~.~oOS ,dn:) = 0 ,S"oOI1 (n). 

((1) C P,,," es'2 e '2 e G' T's 0 oS' = s,o e 

(e) F01'ailaE Oo.(G) \ {mdUi(G))}. itholdstha.tO;"."oO ~.((Y)= OS~,o 
O~'(a). 
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2.4.1.4 Remark 

LClllllla A anel Lcnll11a D arc provcd W.;illg SOllle fact.s st.at.ed ill t.hc followiug. 
We st.at.e t.hese fact.s iu au abbreviat.ed fon11. N alllcly. t.hc COllllllutativity of 
mappings ou sgw's and on opcn asslll11ptions (c.g. (b). (c). (d). and (c) ill 
L( lllllla D) is llot rcprcscllt,cd ill t.hcsc stat.ClllCllt. But. all t.hcse facts stat.cd 
ill t.lH' following are hold wit.h such coulllmt.at.ivit.y. 

2.4.2 om fact 

2.4.2.1 Fact 

rr II ~ II' holds and let {J, (J.TI rl t be {J. fn'.c variable and (j, ten1/, 7'C8]Jcct-ively 
satisfying II(t/n) becom('s a dr7'ivation: th n II'(t/a) is (J dcrilJo.ti07l. and , 
II(t/a) ---t II'(t/a) holds. 

Pr of. By iudnct.ioll Oll III ~ II'I.O 

2.4.2.2 Fact 

Let 4.J ourl [~] bc rln'ludion.' .'oti·fying END(E) := A. Let P bc the .·/Lb, et 

of oo(II) d notrd by [A] in [~] . Suppo. c that E ~ E' a.nd [~] ~ ~] 

11 old 7011.('7'(' [A] in ~] denote. the. nb. t of OQ,( II') . . 'alJ P'. d ;fined by P' = 

E E' 
II' J 

Uo E P 0" ((Y). Then. 'lJIe have [A] ---t [A] 
II II' 

Proof. By illdu tiOll Oll III ~ II'I. In the cc\,.'c that. LC(II ~ II') i. 
(4). w(' usc t.h following fact.. That is, if 5 aud X arc suostitution-. cqucnc 

L1 L1 
clcfiu d by =< [~]. W. [~] > and X =< [fl] . W. [B] >. th'l1 it. hold.' that 

r 8 
E 

p .\ = [fl] wh r' wc ddin(' [fl] in ~] using OS.', and OS: .. O 
Ps s 

2.4.2.3 Fact 

Let. be (J, s'lLbstit:ut-ion-srq'll.enc(' < II. W. e >. and let V b(' a. gw in II 
s(Jhf:ljing W -< V. If f) ~ e' holds. a.nd lrt 5' b (J" ub, tihdion- cqU(,71CC 

defined by '=< II. V. (-:)' >: thrn. p.~, ~ PS' hold,. 

Proof. By induction on the 1 'ngth of II. vVc provc thi,' fact. in t.he 
case t.hat. cnrl(II) E top(W) and rnrl(II) ~ top(V) hold. since ot.hcr ca.' '8 

ar straight-forward. Now wc aSS11111C t.hat. SUPPOSI~ II and 8 are of t.h fOl'l11 
II() (II, II2) A (81 e ·)) . 

A I and fl - } l' sp ctlVc1y. Th'11. Ps and p .' a1') 
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of t.ll e fonn 
(PSI 

A 
Ps1 ) 

PS" 
8:2) and ' 0 

----------------n 

(PS~ PS' ) , 
. __ -----.:.. __ ----=-=---' reHp ec t.l vcly. 

n 
where I) =< IIJI. W 111/,.8 > aIlel S;) =< II]J. V 1111'.8' > for each ]J E 
{O. 1. 2}. Let. Va alld V j be Hgw'H ill II satisfying that. V = Vo U VI. Vo n VI = 

1>· a.lld 7't (Vc)) = {cnd(II)}. Define subHt.it.ut.ion-scqucllces X allel Xp for 

ea.ch 7) E {O.l. 2} by X =< II. VJ • e' > and Xp =< IIp. Villi". (9' > for 
«(tell l' E {O.l. 2}. Denot.e sbd(7lIj(li(Ps))) by L1o, Frolll t.he condition 

C7Id(II) E l,o]J(W) and t.he defillitioll of Vc) and VI · we have Wlffl'--< VJ Ill" 

for ('ach J) E {O. 1. 2} . Hence. by illdllCtiOll hypot,hcHiH. we have PSI' ~ p x /, 

for ('ach 1) E {O. 1.2}. Therefor . wc have L10 ~ Px usillg t.he dauf)c (2) 

for L (L1o ~ P,). sinc(' P, is of t.he fOl'lll PXo (PXI Px 2 ). Let T be .. A 
t.h( sgt. at. end (L10) ill L10 defined by 

T = {< rnd( L1o)·k >1< f'nd(II).k >E Vo} U U CS ,~,/ , (VOlfl)' 
O ~ ]J ~ :2 

and let, T' b(' t.he sgt. at, fnd(P-,,) in P-" defin d y T' = Cs':' (T). Defin 
a substitllt.ioll-Hcqn 11('(' Y by Y =< Px. T'. (9' >. By induction hypoth­
('sis (about. ('onlnlUt.ativity of nlappillgs) for IIp. we havc' T' = CS\(Vo), 
H( 11C '" by fact 2.2.4.1. PS' = p} ' holds. On t.he other han(l. we hav 

P , ((9' (9') 'i1l(T' ) 
Ps ~ p} ' b can,'c '\ 1 "2. ' ----4 P, holds wh r w snppo, 'c n . 
e' = A ( e~ 8~). Thel'efol'(" P {, ~ P C'I holds. 0 B ,.., ,.., 

2.4.2.4 Fact 

L II 1 E b 1 ,. . f' II Ell ELI b" tt a.nr. r (f7"Watwns , a,tl" ytng ----t . ('t )r (l, ,'U ,tztutwn-

,'efju('nCf < II . W. e >, and X the sub fduf'ion-, q'IL nee d fined by X =< 
[",on 

E 11 (W) . e >. Thcn, Ps ----4 Px hold" 

Pr of. By definit.ion of CE 11.0 

2.4.2.5 Fact 

Let T, a.nd Y /Jr , '7 /,b . td'u.iion-sf(j'lJ.ena, < II, W. e >. < II. VI. L1 >. 
o:nd < 8. V:2 . L1 > ?'CS1)(' cl'ivc ly : ,'a.i'is/lring W n Vj = 1;. Let - and X b 
thr . 'lib. fituf'i,on-,'equenccs drj£ned by - =< Px. C8\ (W). p} ' > and.X =< 

1 '2 p ,<,. s(Vd U CS ,dV'2). L1 >, Then. P:Z; = P .-v hold. 

Proof. By induct.ion on t.h(' lcngt.h of II . 0 

2.4.3 Proof of 1 mmata 

N ow we prove LClllllla. A, L nlllla B. and Main L 'lllnu\.. 
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2.4.3.1 Proof of Len1ma A 

IIo (II,) 
. II I~' Il " II' f' 1 f' I 1 I j' ( I ) llKC -----+ L.J, IS 0 t le onn M (II L II:3) w lcrc n 

A K 
is all introduction rulc anel Inf (K) is an clilnination rule. Thcn. II' is of 

lI{) (II~ ) 
t.h(' f01'1n M 1 

(II~ II~) where II,) -----+ II;) for each]J E {D ..... 3}. 
-------

A 
hccaw·;(' L f(II ~ II') is (2) allel Inf(I) is an introductioll rule. Thcn. 

W.;illg fact. 2.4.2.1 and fact. 2.4.2.2. we have the rcsult.O 

2.4.3.2 Proof of L n1ma B 

D. induction on III ~ II'I· 

Ca 1. LC(II ~ II') is (1): Usc fact. 2.4.2.3. 

C 2. LC(lI ~ II') is (2): Silnilarly with the proof of fact 2.4.2.3. 

Ca 3. LC(II ~ II') is (3): se fact 2.4.2.4. 

a 4. LC(II ~ lI') is (4): s fact 2.4.2.5.0 

2.4.3.3 Proof of Main Lemma. 

By indu tioll on III ~ II' I + III ~ II"I· 

Ca 

Ca 

Ca 

Ca 

1. LC(II ~ II') is (1): Takc lI" for II"' . 

1 . LC(II ~ II") is (1): Sinlilarly 1.0 thc ca.' 1. 

I , 
2. LC(II -----+ II') and LC(lI -----+ lI") arc (2): Suppo,'c lI. II'. and 

. II (lI lI·)) lI' (lI' lI' ) lI" (lI'l' lI._')') II" an' of thc £onn 0 , - 0 , ~. and _0 __ -:--__ 
A A A 

rcsp('ctiv ly. wher for ach]J E {O. 1. 2}. lip ~ lI;J and lip ~ lI;; 
hold. Thcn by induction hYl othcsis. for each p E {O. 1. 2} th TC exi, t.. 

1 · . lI"' lIn' , lI"' lI" I lI"' ell;:' cJJ~ a (e1'1vat.lOn J1 suc 1 t lat. p -----+ p' p --- p' 11;, 0 lll' = 
11'" 11" /I'" 11' /I'" II" 
1/,': 0 CJJ I' . and 0[/ 0 () If I' = () 1/:: 00 If I ' hold. Lct lI'" bc the dcri va-

l' I' I' P l' I' 

lI'lI (lI'" lI!") 
t.ion of th fonn 0 , 2. Thcn. thc r suIt. hold.' for t.his 

A 
lI"'. 

" I II 3. LC(lI -----+ II ) and LC(lI -----+ II ) ar (3): uppoSC' II i,' of t.he' 
IIo (lI,) 

fonn M (lIL II:l) , and suppose II' and lI" satisf, that 

A 

II l') (lI~ ) lI" (II") 
, 1~Il, 0 , 

M (lIl;, lI;l) -----+ II and M (lI!j lI[{) ~ lI". 
-------

A --A~---
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whcrc for cach P E {O, .... 3}. nl) ~ n;, and np ~ n;; hold. 
Thcn by indllct.ioll hypothcHiH. for cach TJ E {O ..... 3} thcrc cxiHtH a 

1 . t ' nil' I tl t n' ~ nil' nil ~ nil' c,/I;:' 0 clI;, = ( Cl'lva ,IOn I) HllC 1 , la , ,, ]J']J fJ' /1;, 11)1 

/I ;," 11;: /I ;:' /1;, 
/I" 0 C /I ' and 0/1' 0 0/1 
)1)1 )1)1 

(lcrivaLion HatiHfying 

no' (n~") 
M 

/I'" JI" o J' 0 0 ] 1 hold. Lct n'" b the 11;: IIp 

(n~' n({') nil' 

A 

Thul. by LClllllla A (2.4 .1.2). the rCHult, hoklH for t.hiH nil'. 

Ca 4. Olle' of t.ll(' LC(n ~ n' ) and LC(n -' ... nil ) iH (2) and thc othcr 

is (3): Silllilarly t.o t.he caH \ 3. 

Ca 5 . LC(n ~ n') ano LC(n ~ n") ar (4): SUPPOf)(' n is of the 

£01'1n no (nl n'2) anel SllppOHe n' and n u HatiHfy that 
A 

/1' 

n' (n~ n' ) 8m ('no(T 1 ) ) 

0 :2 ~ n' 
A 

awl 
/I" 

nil (n~' nil) S1l(Cn o(T2 )) 
0 :2 ~ nil 

A 

: wh l' for each p E {O.l. 2}. n l> ~ n;) and n p ~ n;; hold. and 
wh l' Tl and T'2 are Hgt'S at. cnd(no) in n 'o satisfying Icn(Td > 1. 

/I' /I " 
l(77(C11oO(Td) > 1. I n(T'2) > 1. ano len(ell (:l (T'2)) > 1. Then. by 
induction hypothesis, for all ]J E {O. 1.2} thel' ('xists a derivation n;;' 

, 1 '" ,,' "' [f ;:' II ;, Jl ;," II ;: such that nl) ~ nl) . nl) ~ nl) , CIT' 0 CI1 = CIl " 0 CJl . ano 
I' ]' )' l' 

/I'" /I' /I'" /I" 
0 1/ 0 Off)' = 0/1:; oOr/ hold . Lrt. T be thr sgt. at cnd( n o) in no 

/' )1 )I I' 

defiueo by T = T, U T'2. and let. Til' IH' t.he sgt. at ('71 d (no' ) in n~' 
defined by 

Til' = C IlF' 0 ell;) (T) = e /It 0 C 11;/ (T) 
II 0 110 110 110 

END (nil') (nil' nil') 
Let Gil' b \ thc dcrivat.ion of thc £01'1n 0 L '2, ano 

A 
S the sllbstit,llt.ion-scqllcncc defined by =< n~', T"' , e'" >. Let nil' 
be t.hc cl 'l'ivat.iou Ps. Then by LClllllla B (2.4 .1.3), t.he result. holds for 

t.his n'". 

Ca 6. n' of the LC(n ~ n') and LC(n -' t nil) is (2) (l,nd t.h ot.her 
is (4): Silnilarly to th case [). 0 
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Appendix A 

A remark on norrn2l1ization 
theorem 

Our l11ain Sll bject of Chapt.er 1 wa~ how t.o d fillc. in the sy~te1l1 of classical 
11at ural dr<illction. a Sil11plc reciuctioll-proceri.ure which renlOv's lllaxinllll11 
fonllulac' ill dc'rivatiolls. But. t.o r('I11ove nHl.xinllllll formula in a cl rivation 
of our SySt,(,I11 of 'lassical natural d duchon. it. is sufficr to u~ G ntz 11' ,' 
Cllt.-diluillat.ion theorel11 for t.he s .quent.-cal 'ulus LK [3]. N otic that t.he 
following fact. holds. 

Fact. If a f. ·u.t-f7'er LK-dcrivofion P whose end··, eq'lJ.ent St. · of the f0T111 
AI.· . .. Am -+ B j •..•• BII 'is g·i'vcn. then 'W( ('an can. tT/l.ct Q dCTil otion II of 
O'llr s,I}. ·tnll of do .. ·. leal natuHJ.1 deri7l.tfion . a.tisfying the following ('ondition. · 
(1). (2). and (8). 

(1) OA(II) = {A j ••••• Alii' IB j •.... ....,Bn - I }. 

(2) END(II) = {.lB,·,. if the su('('('ricnt of the. equrnt S i. ' empty. 
othrnui. e. 

(:1) II i. n01'7nal. 

Proof. By i11duction 011 the length of P . 0 

By llsillg the fact. above. we obtain the llonllalization t.lH'or III of our syst.el11 
of classical naturaJ decinctioll ill the following fonn: 

Th or 111 (Normalization th orenl). fr a de'l"ivaf'lon II 'l: gh en. tlz n 
'1/1(' ('a.n ('onst7'lLet a n07'7nal dC7'-l'lJ(dion II' such that OA(II') = OA(II) and 
END(II') = END(II). 

Proof. nppose OA(II) = {A I •... . All} and END (II) = B. First. w 'em 
'ollstruct a LK-derivation P whose nd-sequ nt i~ of the f01'111 A l . .... An -+ 

B: wIH'l'e ill t.he ca~e that B = .1. the seqnent AI ..... All ~ B st.ands 

3 



for t.he sequent. Ai . . . . . An ---+ . N cxt., by uf;illg thc cut.-cliIllillatioll thc­
orClll for LK, we call COllst.ruct. a cut-free LK-dcrivatioll p' whosc clld­
HCqllCllt. is the SaIne wit.h that of P. ThcIl, by llsing the prcviolls fact. we 
can constrnct. a nonnal derivation JI' sHcll that. OA(JI') = OA(JI) and 
END(JI') = END(JI). 0 



Appendix B 

A remark on PeircE~'s law 

The 'lassical nat.ural dcductioll for which Seldill proved the llonnalizat.ion 
t.h('ol'('lll ill [ ] is obt.aincd fr01ll t.he nat.ural deduction systelll of the intuition­
ist.it logic by adding Pcirc('s law . To t.hat systenL our reduction-procedure 
call be appli'd. The rcgularity of Peircc·s law is defined sillliiarly with that 
of (1-(.) 1.1. 2. We repr sent the contraction for Peirce· s law briefly by the 
followiug diagralll: 

M~A M --- --
A 

(el e·)) 
-------D-------- K 

M (fh fh) 
D~A D 

contract.s t.o .A 

AI 
D 
D 

wh r Inf(I) is Peirce's law and Inf(I{) is all elilllination rule. With the 
appropriat definition of segnlCnt.s, t.he llonnali7,ation theorelll can b proved 
silllilarly to that. of Chapter 1. 
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