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Introduction 

The notion of q uotien 1 and locはlizationof ahelian仁川egories11)' dじns仁

subcategories (i.e. Serre classes) was introduced hy Gahriel，込ndplはys

an important role in ring theory [10]， [331. The nolion of lrianguLuじd

仁ategorieswas introduced by Grothendieckはnddeveloped 11)' Verι1iじ1・

[141， [39]，孔ndis useful in rcprcsen tはlionthcoryf()J， 1121， 1331. '1'11じ

quotient of triangulated calegories by epaisse suhc孔tegories¥¥ i.lS 

仁onstructedin [39]. These two quotients were indic、aledby Grothendie<、K，

and they resemble ea仁hother. We define localization of triangulated 

categories， and study a relation between localizations and epaisse 

sub仁ategories.Beilinson， Bernstein and Deligne introdu仁edthe notion of 

t引 ru仁turewhich is similar 10 torsion theory in abelian categories [斗]. 

We仁onsidera stable t引 ructω:ur陀e，whic仁h仁ωonsists0ぱfepa剖issesubcat陀egorieι‘、叫-'

and show tha t there is a仁orrespondencebe1ween localizations of 

t汀;工riangulat肥ed仁at肥egoriesand stable l-structures. Moreover， we show tha t 

if CA/ c is the quotient of an abelian category CA by a Serre subcategory 

c， then the natural functor from the derived category D大(04)of '--~ 10 

the derived category D大(cA/C) of CA/ C is a quotient fun仁tor，where犬=ー，

十orb (Theorem 3.2). 

For a ring A， we denote by Mod A (resp.， mod A ) the category of 

right A -modules (resp.， finitely presented right A -modules). Let T be孔

finitely generated right A -module， B an endomorphism ring EndA (T ) 

of T， and 1 a tra仁eideal of T. If T is a projective A -module， then we 

have an exa仁tsequence of abelian categories: 0 → Mod A/IムModA.2 

Mod B → 0， where Q and 1 are the natural quotient and the natural 

inclusion fun仁tors，respectively. A仁cordingto Theorem 3.2， we get an 

exa仁tsequen仁eof derived仁ategories:0 →バ似lAl/ (Mod A ) ~D 大(NlodA ) 

~D 大(Mod B )→ 0， where大=+， -or b. Moreover， Q+ (resp.， Q-) is a 
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localization (resp.， a colocalization) functor (cf. f8， Proposition 1..1]). This 

result indicates us three problems. First， wh孔tcondition is 0→1) /)(ドlod

A/I ) ~ D h(Mod A ) ~ D吋ModB)→ o to be an exλct seq uence of 
derived仁ategories?Secondly， when does a right A -module T induce 

an exact sequen仁eof derived ca tegories: 0 → Ker R 11 ~ → l戸、 (Ï\lod A )む

D'
】(ModB)→ 0， where F = Ilom/¥(]: -)? Furthermore， what cOl1dition i~ 

8)1: .-.... J 
D h(Mod A)二 D'υ、10dB) to be a colocalization fUI1(、tor?Thirdly， ¥¥'hじn
does a ring morphism A → C induceは11exact seq uel1ce o[ deri¥仁ιi

categories: 0 → Db(Mod C) ! Db(Mod A )→ L) h(Mod A )/}) h( lVlod C )→ 

O? Moreover， what仁onditionis D /J(Mod l¥ )→ D h(Mod A )/ D h(tvlod C) 

to be a 10仁alizationor仁olocalizationfun仁tor?Considering the second 

problem， we are given a hint by results on equivalences for derived 

categories. Miyashita introduced the noUon of tilting modules of finite 

proje仁tivedimension [27]. Afterward， Happel， Cline， Parshall and Scott 

showed that a tilting module 九indu仁esa derived equivalence between 

D /J(ModA) and D b(ModB) [6]， [12]， [13]. Rickard introdu仁edthe 110 tio n 

ofatilting仁omplex九・ and showed that D犬(ModA)is derived equivょilent

to D*(ModB)， where B is an endomorphisrn ring EndL1川州1(f¥け小f¥¥、叶¥0ωdψω/八1¥/

Oωr b [β33斗]， [34]. Thus， a tilting module or a tilting complex plays same 

role in a derived仁ategoryas a finitely generated projective generator in 

a module仁ategory.Then， we仁onsidera partial til ting mod ule T i n a 

derived仁ategoryas a finitely generated proje仁tivemodule in a module 

は tegory.We show that proje仁tivedimension of a partial tilting module 

T as an End
A
(η-module is finite if and only if D 引nodA )色!7D h(mod 

B ) is a colocalization functor in仁aseof A being a finite dimensional 

algebra over a field k. Furthermore， we give the upper bound of the 

number of isomorphism仁lassesof indec01mposable direct summands of 

such a partial tilting module by calculating the Grothendieck groups of 

derived categories. Con仁erningto the third problem， we give a necessaη/ 
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孔ndsuffirient condition for the existencc ofはloc孔lization[unctor 1: : 

D/J(Mod A )→ D b(Mod C) which is the left以jjointof 1) /l( f¥Iod C) ~ 

Dtヲ(I¥-1odA ). Moreover， we study a relation between the second prohlem 

and the third problem. Concerning to the first problenl， the notion of 

recollement， which was introduced by Beillinson， Bernstein and Deligne， 

is useful [4]. Cline， Parshall and Scott studied algebraic stratification 

which induces recollement of derived categories of module cはtegories.

ln parti仁ular，they introdu仁edheredity ide孔Iswhich are idempoten t 

ideals ind ucing re仁ollementof derived categories of module categories， 

and studied quasi-hereditary algebras which have a sequence of heredity 

ideals [8]， [30]， [31]. We give a necessary and sufficient rondition for川

idempotent ideal AeA to induce an exa仁tsequen仁eof derived 仁川egories:

O →D引nodA/AeA)LDUnod A)式Db(mod eAe )→ o in case of A 

being a finite dimensional algebra over a field k. Furthermore， we give 

a ne仁essaryand sufficient condition for an idempotent ideal AeA to 

indu仁ere仁ollement of derived categories i n case of A being a left Noet herian 

or semiprimary ring. ln particular， we show that a minimal idempotenl 

ideal satisfies re仁ollement仁onditionsif and only if it is projective孔S

both right and left modules. 

Various results on extensions of algebras and extensions of tilting 

fun仁torswere given in representation theory. Let 0 → A → 1¥ be an 

extension of a ring A . What仁onditionis T @I¥I¥ to be a tilting 1¥-

module? What is the relation between 0 → A → 1¥ and End八(T)→  

End!¥(T③八I¥)? Tachikawa and Wakamatsu showed that T ②八1¥ is a 

仁lassicaltilting module under the仁onditionthat T is a仁lassicalti 1 ting 

A -module and that!¥ is a trivial extension algebra A T<D(tA) of A by 

D(tA )， where tA 1s a trace ideal of T [38]. ln case of 1¥ = A T<l¥久wehad 

a ne仁essaryand suffi仁ient仁onditionfor l' @I¥!¥ to be a classi仁altilting 

module [22]. Assem and Marmaridis gave a necessary and sufficient 
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condition for T @パ̂ to be a classical tilling modulc， in cωど01"splil-hy-

nilpotent extensions of rings [1]. iv1iyashitはconsidereda condi lion fOl‘ i‘ 

③八̂ to be a tilting module [271. IIoshino showed a necessaryはnd

suffi仁ientcondition for T ③Â  to bc a tilting lTIodule， in case of splil 
extensions of rings [5]. Ri仁kardgave a suf、fi仁ientcondition for T・②IiA

to be a ti1ting complex， in casc of ̂  = A T<̂/I [3叶， 13()]. Also， Rickdrd 
showed that a finile dimensionalλ1gebra 'Nhic、his derived eq IIれはた11l 1 () 

a symmetric孔1gebrais itself symmelric， and th以 if A and Hιlrじ

derived equivalent algebras， then a trivial extension algebra A Þ< l)~'\ and 

a trivial extension algebra B T<DB are also derived eq uiv辻lent(see l3()] 

for details). ln these two cases， there is the structure simi1ar to frobピnius

extensions. In case that T is a finitely generated projective gener辻tor，

Miyashita showed that if 0 →A →̂ is a Frobenius extension， then 0 
→ Endl¥(T) → Endt¥(T @I¥川 isalso a Frobenius extension [26]. We give 

仁onditionsfor extensions of rings inducing tilting complexes. Moreover 

we show that Frobenius extensions are invariant under derived 

equivalences which are induced by these tilting complexes. 

In Chapter 1， we study quotient and localization of abelian categories 

and of triangulated categories， and the relation of them. ln Section 1， 

were仁allstandard notations and terminologies of quotient and localizatiol1 

of abelian categories， and torsion theories. ln Se仁tion2， we define 

localization of triangulated仁ategories，and仁onsidera relatiol1 between 

localizations and stable t-stru仁tures(Theorem 2.6). In Section 3， we 

show that lf 04→ 04/ c is a quotient of abelian categories， then D大(df)→

D犬(04/c) is a quotient of triangulated categories， where大+，-or b 

(Theorem 3.2). Moreover， in仁aseof 04/ c having enough injectives， if 

→ 04/ c is a 10仁alizationof abelian categories， then D +(04)→ D十(CA/c) is a 

10仁alizationof triangulated仁ategories(Corollary 3.3). 
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In Chapter II， we apply the results of Chはpter1 to derived仁川じgυries

of module categories. In section 4， we stucly quotientはndlo(、aliz川 ion()f 

derived categories o[ modules by using partial tilting modules of finite 

projective dimension f6]， [27] (Propositions 4.2，斗.3，Coro11はrics斗.斗).

Moreover， in仁aseof a finite dimensional algebra A over辻 fieldk， ¥ve 

show that i[ projective dimension of a partial tilting modulc T はおはn

End八(T)-module is finitc， then the number of isomorphism clωSじお of

inde仁omposabledire仁tsummands of T is at most the rはnko{' the 

G rothendieclぇgroupof A (Propositions 4.5， 4.6， Corollaries 4.7， 4.8). In 

Section 5， we consider relations between ring epimorphisms and 

localizations (Proposition 5.1， Theorem 5.2). Moreover， we consider that 

partial til ting mod u les ind u仁ering epimorphisms and their local旬以ion

of derived仁ategories(Proposition 5.3， Corollary 5.4). In Section 6， we 

give ne仁essaryand sufficient conditions for {[j>(Mod A/ AeA) ， Lt(i'v1od 

A)， LJ>(Mod eAe)} to be recollement in 仁aseof A being left Noetherian 

or semiprimary (Theorems 6.2， 6.3). In particular， we study when a 

minimal idempotent ideal satisfies re仁ollement conditions (Proposi tions 

6.6，6.7). 

In Chapter 111， we study extensions of rings and extensions ()f tilting 

仁omplexes.In Se仁tion7， in仁aseof split-extensions of rings， we give辻

ne仁essaryand sufficient仁ondition for T •叫 i\ to be a tilting complex 

(Theorem 7.7). In Se仁tion8， in case of arbitrary extensions of rings， we 

give a ne仁essaryand sufficient 仁ondition for T ・叫i¥ to be a tilting 

仁omplexandEnd l) MOdA)(T ・)→ EndO( MαM) (T.@~~ i¥) is ring extension (Theorem 

8.1). Furthermore， we show that Frobenius extensions are invariant 

under derived eq uivalen仁eswhich are induced by tilting complexes 

satisfying the condition ofTheorem 8.1 (Theorem 8.3). 
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Chapter 1. Localization ofTriangulated Categories 

In this chapter， we assume that a11 categories are skeletally snlall. 

~ 1. Preliminaries. 

Lel CA be an ahelian catcgory. A <.、ollectioncs of arrows of ~ イ i ち( 、 a ll ed

a multiplicative syslem if il satisfies the folllowing conditions: 

(FR-l) If乙gεcS， and f og exists， then f ogεcS. For any XεcA， id.¥ 

belongs to ぷ.

(FR-2) In cA， any diagram: 

c

d

y

 

y

↓

x
 

f
↓
 
Z
 

with s ε ぷ~ can be completed to a仁ommutativediagram: 

Z~y 

f↓↓ S 

Z-ix ， 

with tξ ぷ Dittofor the opposed statement. 

(FR-3) If f and g are morphisms in cA:， the following properties are 

equivalent: 

(i) there exists s εcSsu仁hthat s of = s og ; 

6 



(ii) there exists lεA such that f 01 = g 01 <. 

A [ull subcategory c of CA is 仁alleddense provided thはlf()r e¥'ヒrぅ'

exact seq uence 1n df: 

。→ X → Y→ Z→ 0， 

X and Z be10ng to c if and on1y if Y belongs to c. 

We denote by中(c)the system o[ all morphisms f su仁hthat Ker f孔nd

Coker f are in c. Then中(c)is a multiplicative system， and the q uotien l 

仁ategoryc4/ c仁anbe defined. Moreover， c and df/ c are also abe1ian 

categories， and the natural quotient fun仁Iord fi d/c is an ex辻仁I

fun仁tor.ln this case， we will say that 0 → C → d fよc4/C→ ois an exaα 

seq uence of abelian仁ategories.

The right adjoint of Q (if it exists) is called a se仁tionfunctor. If there 

exists a se仁tionfunctor S， then {c4/ c; Q S 1 is cal1ed a localization of 

ln this仁ase，c is仁alleda 10仁川izingsubcategory of c4. If {c4/C; Q， Sl is辻

10calization of c4， then S is fully faithful. On the other hand， if T : ~.;4→ 2 

is an exa仁tfun仁torbetween abelian categories which has a fully faithful 

right adjoint S: !B →c4， then Ker T is a locallizing sub仁ategoryof c4， and T 

indu仁esan eq uivalen仁ebetween c4/KerT and!B. Colocalization of CA is 

also defined， and similar results hold (see [10] and [32] for details). 

A torsion theory for c4仁onsistsof a pair (9， 9) of full su bcategories 

satisfying the following仁onditions:

(a) Hom~(つ，ワ) = 0， 

(b) for every 0 bje仁tXεc4， there exists an exact seq uence: 

O →X'→X→X"→0， 
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with X'εつよlndX"εワ.

A torsion theory (9， '=J) is Cはlledhereditはryif CI is (、losedunder 

subobjects. If (9，ワ)is辻 hereditarytorsion theory for ___ A， then '-:J is辻

dense sub仁ategoryof cA， and then 0 → 7→ uq fi df/7→ o is ex辻仁1. For 

an object Xεワ，X is called C1-closed if Ex山9，X ) = O. Lelヤ bethe ful1 

subcategory of CA consisting ()f all 9-closed objects. Forは herヒιlitary

torsion theory (ワ，ワ)for dt， ifつisa localizing SUb(、ategoηI()f _イ，1 hじn

{cAI c; c1 Sl is 10仁川izationof cA， and then Cland S induce an equivalence 

betv、reen<v and dt/9. We apply these ideas to triはngulatεdc辻tegoriesin 
the next section. 
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~2 . Localization ofTriangulated Categories. 

。:HNITIONS. A triangulated categoryワisan additive category enduじd
with an autofun仁torT : 9 → 9 (we often denote TIX by X r i 1 for Xε'=:-r) 

and a collection S of triangles X 与y与 Z斗 TX ， called the distinguished 

triangles of 9， which satisfies the following: 

(TR-l) [very triangle which is isomorphic to some distinguished trianglじ

is distinguished. Every morphism X → Y can be imbedded in孔

distinguished triangle X 与yムZ斗 TX. The triangle X ~X → O → TX is 

distinguished for eveη1 object Xεつ.

(TR-2) X ~らy ム z ~ T X is distinguished if and only if Y与 Z二TX

is distinguished. 

!と)TY

(TR-3) Given two distinguished triangles )( 斗y与 Z斗 TX and X ' じ Y'~

Z' ¥と手TX'， and morphisms f:X→ X' andg:Y→ Y' which satisfy g oU = 

U' 0[， there exists a morphism h :Z→ Z' such that h oV = V' og， T( f )olV 

w' oh. 

(TR-4) Given distinguished triangles X 与 Y → Z'→ TX，X K3Z → Y' 

→ TX and YムZ→ X'→ TY， there exists a distinguished triangle Z'→ 

Y'→ X'→ TZ' which satisfies the following commutative diagram: 

ily'→ X = X 

↓↓↓  

T-1X'→ Y → Z → X'→ TY 

↓↓ 11 ↓ 

r → Y'→ X'→ TZ' 
↓↓  

TX =TX 
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Given two triangulated categories 7:-. and 7:-.'， a gr乱dcfunc、1υrfrom '心

to 7::，' is a pair of an additive functor F: 7:-. →宏、'孔ndはnisomorphisn1φ : 

fT→ T'F， where T and T' are the trans1.ation [unctors of 2.， and ~\ ' ， 

respectively. A grade [unctor (F，φ) is called a ()-[unctor if forヒ1ピr)・

distinguished triangle (X， Y，乙 u，V， W ) in 7::， ， (X， Y， Z， F U， F¥'，φ¥of¥v ) is 

distinguished in 7::，' (we often simply writc F unless it confounds us) r]斗，

Chapter 1， ~ 1]， [39， 1， ~ 1， n() 1]. Let r : Cb→宏、， be札止functor. lf r has a 

right or left adjoint G， then G is孔Isoa J-[unctor [18， 1.6 Proposition]. 

A sub仁ategoryru of 7::， is called epaisse if ru is a ful1 triangulated 

sub仁ategoryand ru satisfies the following condition: For any [: X'→ k 

which fa仁torsthrough an object in ru and which has a mapping cone in 

弘 X and Y are objects in弘 Wedenote by中(ru)the set of morphisms f 

which is仁ontainedin a distinguished triangle (X， Y， Z，乙g，h ) where Z is 

an objeαofμThen中(ru)is a multiplicative system which satisfies the 

following仁onditions:

(FR-4) s ε 中(ru)if and only if Tsε 中(f]l)， where T is the translation 

fun仁tor.

(FR-S) Given distinguished triangles (X， 'Y， z， u， V， w )， (X'， Y'， Z'， u'， v'， 

w')， if f and g are morphisms in中(ru)su仁hthat u' of = g oU ， then there 

exists a morphism h in中(ru)such that (乙 g，h ) is a morphism of 

distinguished triangles (see [39， 1， ~2 ， nO 1] for details). 

In this仁ase，the quotient仁ategory7::，/ru is defined， and we wiU say 

K ~ Q 
that 0 → ru→ b →7::，/匂→ ois an exact sequen仁eof triangulated 
categories (see [4，1.4.4]， [39， 1， ~2 ， n03] for details). 

Ll:Ml¥l八 2.1.Let 7::， be a triangulated category， ruλn epaisse subcatego1}' 
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0[7::>， and Q: fb→7::>/ru. a na t Llral CJ uoticnl. For Mε f].¥， the fol1ο~\'ing are 

eq uivalen t. 

(a) For every [:X→ Yε 中(ru.)，Hom(f， 1¥1 ) : IIom ~J Y， 1¥1 )→ 11 0 lTI L (X， ̂[ ) 

is bijective. 

(b) Hom'L)(ru.， M) = O. 

(c) For every X E 7:'-， Q( X， M ) : lIom'J) (X， ̂1 )→ 110m、・/1((ぴ， (び[) is 

bijec l ive. 

Proof. (a) 二今 (b): for every obje仁tU ξ ru.， 0 → LJ よ u → is は

distinguished triangle. Then 0 = Hom'.o(O，M ) ~ IIom~( U， I¥J). 

(b) =争(仁):Every morphism of Homゆ/匂(QX，Q}1 ) is represen ted by a 

diagram: 

X' 

s./ 、f
X M 

where s is contained in a distinguished triangle [J→ X'→ X → with [1 

εqム Thenthere exis ts f' : X → M in ~D su仁h1half=f'os，bec&use

Hom~(ru.， M ) = O. Hen仁eQiX， M) is surjective. Let U与 X'ふ X与 be孔

distinguished triangle wi th U εru.. If a morphism g : X → M satisfies 

g os = 0， then there exist Ll : U [1]→ Msu仁hthat g = Ll ol. Therefore g = 

0， be仁auseu εHom2)(ru.， M ) = O. Hence QiJ(， M) is inje仁tive.

(仁)=争 (a): Let f :X→ Y be a morphislm in中(ru.).Then we ha ve the 

following commutative diagram: 

IIom(f，M) 
Hom~(Y， M) → Hom'L)(X， M ) 

QJY，M)↓↓QJX， M) 
1 10m (く)f，QM)

Hom'.D/匂(QY，QM) → Hom'L)/匂(QX，QM)
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According to (仁)， Q(X， M ) and Q( Y， M ) are bijc(、tive. Sin(、eC2.J 1二 0，

Hom(Qf， Qjvf ) is bijective. Hence Hom(主人1) is bijective. 

An object /¥1 is called IU一closedif it satisfies the equivalent conditions 

of Lemma 2.1. Let 0 → ru→ D → fJ:)/ru→ o be孔nexact seq uent、じ of

triangulated categories. The righl adjoint of (ミiscalled a section fu nctof. 

If there exists a section functor S， then {r:L，¥/IU; (1 Sl is called礼 lot、al旬以ion
K ~_ CJ 

of:b， and 0 → ru→ b → :b/ru→ Oiscalledlo仁alizationexact. 

LU¥Il¥1八 2.2.For every object V εfJ:)/ru， S V is ru-(、losed.

Proof. For every f:X→ Yε 中(ru)，we have a commutative diagram: 

Ilom(f，SV) 
Hom'J)(Y， SV) ------~ - ， Hom'D(X， SV) 

I 10m (Qf，V) 

Hom~\j'ù(QY， V) Ee HomL¥j.u (QX， V ) 

Therefore Hom(f， S V) is an isomorphism. By Lemma 2.1， S V is ruベ、losed.

Let φ:QS→ 1b/fli and lp:lu→ SQbe adjunction arrows. 

PROPOSITION 2.3. Let {:b/ru; Q， S1 be a 10ωliza tion o[ :b. 

(a)φ is an isomorphism (i.e. S is fully failhful ). 

(b) For every object Xε:b， the distinguished triangle lJ→ x三SQX→

satisβes th丘tU is in ru. 

Proof. (a) For every Xε:b and Yε ~D/ru， we have a仁ommutative

diagram: 
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1 Iom.L， (X， S Y ) 

Q{X， SY) ↓ 

Hom.L，(X， SY) 

11 ~ 

Ilnm (<JX， <1、)
flom，ρj，)QX， QSY) → flom.

1
，j'u(QX， Y). 

By Lemma 2.1 and 2.2， Q(X， SY) is an isomorphism. T、"'hen110m (C:Lυ.戸χ、
an isor口morphism.for any Z ε 宝b、/(匂Lμl，tけh陀正ercexi“sts X ε fb su以iμ(、'hthよ孔川l日t1.三 (1¥'，に. 
Hence φ is an isomor印p汁his江氾I口m.

(b) It suffices to show that forはnyXεfb， C2..tJ¥. is an isomorphism. 
(現l'、 <Il()¥

By the property of adjun仁tionarrows， we have QX、→ QS(1)(== Cl..¥ = 

1ω ，and hen仁eQYx is an isomorphism. 

0)1日)I.lARY2.4. Lel Mεfb. Then M is fu-closed if and only if 1¥1 == SQAJ. 

PROPOSITION 2.5. Let 1]) and E be lriangulated categories， F : i]) → E a (j-

functor which h丘sa ful1y failhful righ t adjoin t S :ε → fb. Then F induc、εs

an equiv，丘lencebetween fb/KerF丘ndE.

Proof. Consider Q: fb → fb/KerF. Then by the universal property of Q 

we have the following commutative diagra.m: 

I]) ~E 

q、ノilR
I])/KerF 

If f:X→ Y is a morphism in 1])， then F f is an isomorphism if and only if 

Qf is an isomorphism. For every object Mεfb， FM → FSFA1 is an 

isomorphism， and then QM→ QSF M is an isomorphism. Therefore Q → 

QSF is an isomorphism. By the universal property of Qand QSF = QSRQ， 

we have 1ν 
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Let ru and rv be full sutヲcategoriesof r.l'¥ such that:よりも().孔nd、〕ノ are

stable for translations; b) Homバcu，<lノ)ニ 0;<-、)For every X εI.L¥ t t herじ

exists a distinguished triangle lJ→ X→ V→ with l!E三‘uand V ε、]ノ.Then 

ru and rv are epaisse subcategories of ib，孔nd(IU， (γ) is [-structure in thじ

sense of Beilinson-Bernstein-Deligne [4， 1..3]. We wiU call (i'[i， 11ノ)はははわた

t-stru仁ture.Moreover， there exist exact sεquences 0 →勺!二 i心!今 、]ノ→ ()

and 0 → rv ~ ib c-r 'U→ o such that Qis the lert adjoint of Rはndth川(ど is

the right adjoint of K， where K and R are n以urは1inclusions (see 1斗t1.斗.斗l

for details). Namely， {(ν; Q， Rl is a localization of fb ， and {匂;K，α1is辻

仁010仁alizationof ib. By Proposition 2.5 and [39， 6-6 Proposition]，孔nd

their duals， ib/ru is a localization of ib if and only if ru is a colocalization 

of fb， and ib/ru is a仁010仁alizationof ib if and only if ru is a localization of 

fb. We later see that re仁ollement，in the sense of [4， 1.4.3]， is equivalent 

to bilo仁alization.

PROPOSITION 2.6. Let ib be a triangulated calegory. If {rv;αRl is a 

localization Ofib， then R is fully failhful， and (Kru， Rrv) is a stablどl-Slru(、lure，

where ru = Ker Q and K is丘naturalinclusion. Conversely， i{ (ru， ，11) is a 

s臼blet-structure in ib， thenιnatural inclusion R . rv → fb haS a lefr 

adjointQsuch that {rv; Q Rl is a localization. 

Proof. Let {rv; Q Rl be a 10仁alizationof ib. Then， by Hom
1パ、(似K心ω、q弘1

Hom.心~(QKru， ピrvνノう)= 0 and Proposition 2.3， it is clear that R is fully faithful 

and (Kru， R<lノ)is a stable t-stru仁ture.The仁onverseis true by the above. 

We have the same result of Cline-Parshall-Scott [8， ~ 1， Theorem 1.1] 

under the weak仁onditions.

PROPOSlil0N 2.7. Le l F : ib → E be丘 θ-functor of lriangula ted Ca tegories. 

14 



Assume that f hasλful1}F faithful right (resp.， lefc ) adjoinl G :と → 1[¥. J { 

F h丘sa lefl (resp.， right ) adjoint II :ε → fb， 1 h e 11 1I i s a !u 11)' f~lÍ t 11 fu L)-

functor. ln lhis case， (KerF， fb， E) is a rcωl1emenl. 

Proof. Ac仁ordingto Proposition 2.5， Proposition 2.3， Theorem 2.o， 

and their duals， it is clear. 
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~3. Localization ofDerived C:ategories. 

Lel d1 be an addilive category， K (d7)辻homotopy(、ategory()f _イ，and

K +(04)， K -(cA) and K h(cA) full subcalegorlies of K (LA) generaled by the 

bounded below 仁omplexes，the bounded above complexcsはndthc bounded 

complexes， respectively. For an abelian categoryζA， a derivじdcatcgorぅ'

1) (04) (resp.， D十(cA)， D -(c4) and D h(c4)) of 04 is孔quotient of K (_イ)(rcsp.， 

K-I(c4)， K-(cA) and K h(c4)) bya mulliplicatilve sel of quasi-isomorphisms. 

Then K大(04)and D大・(04)are triangulated calegories， vvhere 大 = nOlhing， 

+， -or b [14]， [39]. In general， we denote by K*(cA) a localizing subcategory 

of K (04) (i.e. K安(cA)is a full triangulated subcategory of K (cA) and 

D大(c4)→ D(c4) is a fully fai thful a-fun仁tor，where D可。4)is a q uotien t 

of K犬(04)by a multiplicative set of quasi-isomorphisms) [14， 1， ~S] ， [39， 

II ， ~l ， n01]. For a thick abelian subcategory C of c4 (i.e. c is extension 

仁losedin c4)， we denote by D~ (cA) a full subcategory of D犬(J1)generaled 

by仁omplexesof which all homologies are in C [14， 1， ~4]. Lel a (0大(，-，4)，

D (23)) be a仁ategoryof a-functors from [) *(04) to 0 (23) and 110m，) (F， G) 

the set of morphisms from F to G for F， G εθ(D大(cA)，O(23)). Given a J-

fun仁torF : K大(c4)→ K(23)， we obtain a right derived functor R可:

D大(c4)→D(23) if there exists an object R叩 ina (D大(cA)，D(23)) such that 

Hom/R *F， -) is isomorphic to Hom
a
(仏大oF，-oQJ in a (D大(cA)，D(13))， 

where CL*: K大(04)→D犬(c4)，C2s: K (23)→D (23) are natural quotients， [14， 

1， ~5] ， [39， 1， ~2]. When R +F : D +(04)→ D (23) exists， we say F has right 

homological dimension三 non 04 if R 1 F(.X ) = 0 for all Xε04 and for all 

j > n [14， 1， ~5] ， [39， 1， ~2 ， n02]. And an object X in 04 is called a right 

F-a仁y仁licobje仁tif R j F(X ) = 0 for all i > O. We also denote by R叩 a

righ t derived fun仁torof an induced a-functor from F: c4→ 23. Let F : cif 

→ 23 be a left exa仁tadditive functor betvveen abelian categories. If 04 

has enough injeαives， and F has finite right homologi仁川 dimensionon 
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dl， then R f， R F and RわFexist， and R Flf) A(...A} ::; R大F，and morcovcr， U kr 

has image in D犬(β)，where大 = +， -or b [14， 1， ~5 J. We often denote 

R*FIJ)将(...A)by R *，I'F， where D 1'(04) is a full sub仁川egoryof D j.- ( ~~). 011 the 

other hand， if CA and 23 have enough inje仁tives孔nd projel、 1 ハ - e ~、 、

respectively， and if the derived functor R t，hF: 1) I>C-A)→ D(β) hωin1辻gじ

in D h(β) and R t，/JF: D /)(04)→ D/J(B) has孔 leftadjoinl， lhen F has辻 lefl

adjoinl G :β → CA and lhe derived functor L ，/1G: 1) /1(β)→ L) (_ ... {) ha~ 

image in D IJ(cA) which is the left adjoinl of R t句.'l6， (3.1) Lemmaj. 

LUvtt-.-1八 3.1.Let:b丘ndE be triangulλted ca tegories and F : rv. → E a d-

functor. Consider the following commutιative diagram : 

:b ~ E 

Q¥冶/河 F'

'b/KerF 

If F' is full dense， then F' is an eq uivalence. 

Proof. It suffices to show that F' is faithful. Let f be a morphism in 

~/KerF su仁hthat F' f = O. Then f is represented by a diagram in :b: 

Y' 

f' / ~\S 

x Y 

l' "'"' g '7 h with s : Y→ Y'ε 中(KerF) and Ff = O. Let X → Y → Z → X [1] be the 

distinguished triangle which仁ontainsf' in 'b. Then we have a morphism 

of distinguished triangles in 'b: 
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FX 11ムFY' I:g FZ 1.1/ 
rXll J 一一善 一一揖

11 11 ↓(よ) 11 

[X→ fY'→@ FY' EDFX [1] (→~) FX [1] . 

Since F' is full， therc exists a morphism s': Y'→ Y"ε中(KerF) and y: 1 

→ Y" in fb such that Fs' oX = Fy. Then Fs' = [s' oX ofg = f.}' oFg = F(y og ) 

is an isomorphism. Therefore we have .Y ogε 中(Kerf)， and )' og oS ヒ

中(KerF). Then f is represented by a diagram in fb: 

Y" 

y ogoF /'ヘ.yog os 
X Y. 

and y og or = O. Hen仁ef is zero morphislll in fblKer F . 

Tlll{)RFt¥l 3.2. Let 0 → C → cft→ cftlc→ o be丘nexacl seq uence o[ 

丘beli丘ncategories. Then 0 → D~ (cft)→ D *(cft) 2; D大(cftlc)→ o is an 

exact sequence of triangulated calegories， where大 = +，-or b. 

Proof. A仁仁ordingto Ker Q* = D~ (cft) and Lemma 3.1， it s uffices to 

show that the indu仁eda-fun仁tor~犬 :D 大 (cft)1D:7 (cft)→ D安(cftlc) is full 

dense. 

(1) The case of犬=b. (i)αb is dense. Let X・:…→ O→X IIkx fhl 
O3 ... 1ニム XO → O → … be a complex in D h(cAI c). Then X • is represented 

by a diagram in cft: 
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..→ O → X -1l X -0-11 XO→ O • .•. 

X '-0 X' lltl X，l 

5_n ./、d_ fl 5_ flt 1 ./ 、d_nt1 ・・・ S-l ./ 、d_， 

where 5j ε 中(c)for all i. By induction on I， we h孔vcthe follovving 

commutative diagram in CA: 

X" jd~ X" itl 

ti↓↓ 5'.什

X'ト川-イI包 X -f引川}肝川十川l 

and we have sU=S-I ot-iε 中(c)and d'_川 od'_ j = 0 f 0 r a 11 i. 1 n deed， i t i s 

clear in case of i注 1by taking X "-ftl = X "_ft1 ， X "-i= X -i' 5_什 I- 1.¥̂  1+ l ， t j = 

1x-i and d'-i = d_i. Next， by the property of a multiplicative system， ¥ve 

have the following commutative diagram in CA: 

X'ト

5"トi↓ ↓ 5'_j 

X'ート 1 d二 X-l 

where sff-rlε 中(c). Sin仁ea_i oa_f-I = 0， there exists 仁川 :X朴トl→ X'"トi-l

such that S_ f-I 05"→1 ot二lε 中(c)and 5'→tlodぐiodff-Flot二1= O. Then there 

exists t"_ f-I :X '
トトl
→ X朴卜lξ 中(c)su仁hthat d'-i od二lot'十 lot"-f-l O. Let 

ムl=Sff-Hot(Hof
『『

-F1 eL
z
 

d
 

』

s
cd r

 

e
'
t
 
O
 

L
E
 

e'‘
 

0
 

・
r
d
 

一一 S_f-lotトl Then we 

have the following仁ommutativediagram in CA: 

X'日 1
d
二与 X

，，-.i 

tf-l↓ ↓ SぐI

X 
，-;-1 d二 X-1 
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and we have 5'-i-1 sートI0 lートlε 中(C)and d'_ i od'_ t-I = O. It is eはSう.to Sじじ

that X ，. = (X II1，d'i) is a仁omplexin 1) Iヲ(υq)such th以 C2..X，. == x・，JJ1lI (どhS，. == 

X •. 

(ii)αh is full. (a) We first show that for eveηmorphisn1 [:X・→ Y.

of complexes in K h(c4/ C)， there exist a con1plex X ，.辻ndn1orphisl11S S' : 

X ，.→ Y. and [':X ，.→ Y. of仁omplexesin K h(<-_Jn such that r O(グ =Qj) 
and Q5' is an isomorphism in K句cA/C). By (i)， f= (~) :S. 

represented by the following diagram in Clq: 

…→ O →X -1l (斗X-11+1 éJ~υ X () → O 

↑5_n ↑S_ 11 t-I ↑5() 

X '-11 X '-11-11 … x ，() 

↓f_ 11 ↓f-I1+1 ↓f() 

..→ O → Y-ll (~ Y -11+1 a~ 与 y() → O

}'・ i~

where Siε 中(c)for all i. By induction on i， we have the following 

仁ommutativediagram in c4: 

X -i eJこ与X -i+1 

5' ↑ ↑s¥l  

X lI-i iJ'ム XII-itl 

f'_j↓ ↓f'_ i+1 

γI f〕 Y件 l

where 5'_jε 中(C)，and we have Ljo匂"-i= Q_f'-i and a ¥loa '_ i = 0 for a11 i . 

Indeed， i t is clear in仁aseof iと oby taking S'-i= S-i ， f'-i = fてiand d'.i= d l-

Next， by the property of a multipli仁ativesystem， we have the following 

仁ommutativediagram in c4: 



X -i 1 。トl
一一捧 X 

s…卜l↑ ↑s'_i 
X 1111 f 1 iJ'" 手 X"i

where s-rlε 中(C). Since f is a morphism of complexes in Cl ( ~イ/C)， 

there exist t'_ i-I :X 111 i 1→ X 1111 i-I孔ndtrl:X"1il→X' i 1 such th辻tS'''_ 1-1 ol二l

= S-i-l otトlε ゅ(C)and such thはtdート1of_ i-I 0 lートl=ff-l otyγ1-10仁川.i cl dH-r1 2 

d 
111
ートlol二l'f"ートI=fートlotト ，s"ート s'"ート10 1 '_ i-l s_ i-I 0 tートl・ Then ¥ve hょlVピ

the following仁ommutativediagram in 04: 

X-トl eJートlX --1 一ーヨ惨

5" ↑ ートl ↑s'_ i 
。"X"1ート1 31 X 11-1 

f" ↓ -i-I ↓f'-i 

γトl
d_
I
_1 

Y-1 --->砂

where SFLFlε 中(C)and we have人lo(yrl=QfflH・ SincesLof-lod
『1-H

= d_jOd_i-1 oS"-i-1 = 0， there exists t"-i-l : X 
11ートl→ X"1ート1E三 中(c)su仁hthat 

d Lodr:Hofff-rl=0. Let d '-Fi = d H-riofFfarl ， fl Fl = fFL H O l『『ート ，sぐトi

5"ート10 t"ートl・Then we have the following COlmmutative diagram in CA: 

X -i-l a土L X-I 

5'十 l↑ ↑ s'_j 

X II-i-l a二!ヰ X"-I

f'-i-I↓↓ f'-i 

y-i-l 
dト
一-ヨ捧砂 y-1 

where 5二1E三中(C)，and we have人10匂二1== Qf'-i-l and a '_iOa二1= O. It is 

easy to see that X ，. = (X lIi，d 'j) is a complex in K b(c4) and 5' = (5'i)' f' = 



(f') are morphisms in K 11(04) su仁hthat fムC~>' = Qf'. (b) Any morphism [: 

x・→ Y.in D h(cA/ C) is represented by the following diagran1 in 
K /J(cA/ C): 

xl. 

t..，( 、f
x・ Y.

where t is a quasi-isomorphism. According to (a)， it is eはsyto see thはl

there exist morphisms t' :Xl・→ X.and s :X2 • → X 1 ・ in K h(04) su仁hthat 

{ゆ=Qt'，Qsis an isomorphism in K h(cA/ C) andQt' is a quasi-isomorphisn1， 

and that there exist morphisms f" :X3・→ Y• and s' :X3• • X 1. in K 11(04) 

su仁hthat f'。匂， = Qf' and Qs' is an isomorphism in K わ(cA/C). We have 

the following morphism of distinguished triangles in K h(cA): 

XJムXJ→ Z・→

t"↓↓ s' 11 

XL・ふ X1・→ Z・→ . 

ByQZ・=0 in K /)(cA/ c)， r and t" are iS0I110rphisms in K 11(04/ c). Then 

Qt'ot") is a quasi-isomorphism in K h(df/C). Denoting by the same 

symbols the indu仁edmorphisms in D /)(cA) ， f or and ['0[" are morphisms 

in D b(cA) SU仁hthat t'ot"ε中(叫(cA))and f oct( t'ot") = f oRs oct(s ol" ) = 

町。ct(s'or) = (ど(f'or)，where R: K b(cA/ C)→ Dh(cA/C) is a natural quotient. 

Hen仁e~h is ful1. 

(11) The c丘seof大 LetX・:…→ X-n→ X -n+l→…→ XO→ O → …k 

a仁omplexin D-(cA/ c)， and Xj.:…→ O → X -i→ X -i+l→…→ X()→ O → …a 

truncated仁omplexin D h(cA/ c). Then， by (1)， there exists a仁omplexxt 
in D h(c:A) SU仁hthat Sj: ~ bXt e: Xj• . 



Moreover， for a natural inclusion Xi• → X什 l ・ ， we have a C001mutati¥'c 

diagram: 

Ql>xt→ (どI>Xi十 ，.

SI l l t In 5什 i

xi. 一一捧 X川 ・.

Hen仁ect-x ，.斗irなαl叉I同 g x-，where Y =111見Xi同 . For any morphis01 
f:X・→Y・inK -(dJI C)， we have a 仁ommutativediagram: 

Xi・ム η

↓↓  

x・JY. 

According to (1)， there exist a complex ~. and morphisms Si: ~.→ X/・ and

~' : X'.→ Y'・of仁omplexesin K h(dJ) SU仁hthat ~ c{る， =Qf;'. Morcover， 

for all i ， we have the following commutative diagram: 

Xi.1ιz・乙;χ・

X肝l.s'tL1.f斗l九.

Then we have f 0ぽ =Qjv，whereQF'=)取に注i'is an isomorphism in 

V(cq/C)and V=)ilEQf.In the same way as(i)，α-is also full. 
(111) The c丘seof大=十. By (1) with the arrows reversed and the dual 

of (11)， it is trivial. 

Remark. By the proof of Theorem 3.2， K 女(dJ)2; K 女(dJIc) is also a 

quotient fun仁tor，where * = +， -or b. 



。mol.l八RY3.3. Let 0 → C → d → cA/C→ o be a localiza lIon { ~~/ c; (2.， s 1 
of cA. Assume tha L CA/ c h ω enough i njec 、tivcs. Tη11Cl1 0 → lυ);パLイ吋)一→量斗lρ)令(し」イ什) 

→ D+吋(cA/々c)→ oiωs 10α(、三~a Jjza川1lυion c 

loc丘aliz丘ationo[ D+(cA付).

Proof. For any Y・εD+(乙A/c)， thcrc cxists aぐomplex1・ニ(/1'd/)ε 

K +(CA/ c) where all li are injective such that Y・E: 1・in/) tLイ/c). '1 hじ11，

given any X.ε D+(cA) and Y・εDI (cA/ c)， we ha v e H 0 m J) 1(_'1' L ) ((2.' x .， y・)== 

Hom'<+(_'lIC)(Q+X .，1・)E: Hom 1-:+(.A) (X • ，SI・).Since Q is exact and S is the right 

adjoin t of Q， S 1・=(SI 1 ，Sdi) is a complex in K→(cA)， where all S 1 1 are 

injective. Then we have Hom κr附+吋(レ. ../1ノバぷf

Therefore R +ぢSis the right adjoint of Q+. /¥仁cordingto Theorem 3.2 and 

Theorem 2.6， we are done. 



Chapter II. Partial 'Tilting Modules and H.ing Epimorphisn1ち

Let A be a ring. We denote by FreeA (rcsp.， freeA ) the (川cgory()f 

free right A -modules (resp.， finitely generはtedfree A -modules). for a 

right A -module T， we denote by Sum T the category of dircrt sun1S ()f 

copies of T. 

~4. Localizatio11 of Oerived Categories o[ iVlodules. 

Equivalen仁esof derived categories of modules were considercd in 

[12]， [6]， [33]. For a ring A， we call a right A -module T a partial tilting 

right A -module provided that it satisfies lthe conditions: a) 0 → P
Il
→ ... 

→ P1 → Po → T→ o is exa仁t，where a11 Pj are finitely generated 

projective; b) Ext~ (T， T ) = 0 for all i > O. Cline， Parshall and S仁ott

showed that if T is a partial tilting right j!¥ -module， then fD (Mod B ); -

@f{T， R -HomA(T，一)J is a仁olocalizationof L> -(Mod A )， where B = End . ~ (n. 

Moreover， if pdim J3T < ∞， then fDわ(ModB ); -@f/T， R hHomA(7~ -)1 is a 

仁010仁川izationof D b(Mod A ) (see [6， (4.2)]). ln this se仁tion，we仁onsider

quotient and localization of derived categories of modules categories for 

nngs. 

Fora仁omplexX・=(X j' dj )， we define the following truncations [14， 1， 

~7]: 

。湘(X・):…→ O → 1m dn→ X n+l→ Xn吋→…，

a~ n(X ・) :…→ X n-l→X n-1 →Ker dn→O →…・

For m豆n，we denote by D [m，n1(Mod A ) a full subcategory of D h(Mod A) 

generated by仁omplexesof which homology H1 = 0 (i < m or n < i ). 
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LLf¥If¥1八 4.1. Lel f c →~ be a a-[un(、torhelween lrianglllalどd

categories. Suppose lhere exisls a famiJ}' C7 o[ obje(、lSin c sa cis!) 'i ng l ht: 

following condi tions: 

(a) For every Xε c， lhere exisls an objecl r]~ ε ワ and a nlorphisl11 s¥: 

Tx→ X such that Z belongs to Ker F， lNhere T>.:→ X → Z → is L.l 

distinguished triλngle. 

(b) For X elnd Yεc， lhere exists a lnorphism r : T.入→ Yin c九;uch[11よlt
f oFs}J = Ff for any fε Hom~(fX ，fY). 

(仁) For every Yε r:D， there exists丘nobject Xε ヮsuchchal Y == FX . 

ThenO → Ker F→ C → b → o is ex丘ct.

Proof. It is clear by Lemma 3.1. 

PROPOSITION 4.2. Let T be a pλrtial tiJting righl A-module， B = End，，(T) 

and F = HomA(T， -) : Mod A → Mod B. If projective dimension of T，.¥ is 
JtF 

at most one， then 0 → Ker Rbf→D /J(Mod A )→ D b(iVlod B )→ o is 

eχ丘ct.

Proof. Let F-ra仁 Abe the full sub仁ategoryof ModA generated by the 

modules M su仁hthat Ext~ (T， M ) = 0 for all i > 0， and let c7 be a family 

of complexes X・:…→ O→Xm →…→X n-l→Xn→ O →… (for all m三n) 

εK /J(Mod A )， where X mεF-ra仁Aand X j is dire仁tsums of T (m < i豆

n). It suffices to show thatワsatisfies the仁onditions of Lemma 4.1. 

Sin仁eExら(T，T) = 0 (i > 0) and pdim TA 豆1，if X is genera ted by T， then 

Ext ~ (T， X ) = 0 (i > 0). The仁ondition(b) implies the existence of Rhf. 

Sin仁eD b(Mod B ) e Kーカ(FreeB)， for Y・εD1m，n1(Mod B)， there exists T・ε

K -(Sum T) su仁hthatFT・=Y・inD b(Mocl B). Furthermore， F( O>{ T・)== 

a >{ (FT・)e FT・(t< m -1). Since 1m d{ is generated by T， O>{( T・)is in C7. 

Then (仁)of Lemma 4.1 is satisfied. Given X • ε Dl川
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exists J・εKIm.n+ II(F-ra仁A ) s uc h tha t X'. s:: 1・in[J /)( iVlod A ). r:or F 1・，

there exis t T・εK (Sum ηand {: T・→ I・inK (iYlodA) such that r:r is 

an isomorphism in D (Mod B). Similarly， [= rr・→ o>t(T・)一三J • and Fg 
is an isomorphism in D h(Mod B) (l < nl -1). Then (a) of Lemm辻-t.1 is 

satisfied. Moreover， for eveηr X. and Y.εD1rη町T

and T'.εK -(Sum T) such t山ha剖tfoT.室 X.aωnd F日T、， .三 Y.，and then 1 

IIomJ) /J(~Iυd J3 )(Rh[(X・)，RhF(Y・))s:: IIom[) 1) ( ~I()d H)仔7・， Fr1・).Since rT. anu Fγ ・

ε D rm.n+II(Mod B )， for t < m -1， we have IIon1J) (~I<入山 ) (FT ・ ，0 c(FT'・)li])=()

for all i. Then we get 

HomJ) ー (~ Icx1 H) (FT .，FT'・)s:: Homlr(~IOLl H) (FT ・ ，o>/(FT ' ・))

s::Homに(Mωu/FT・，o>/(FT' .)). 

Hen仁ewe have 

Hom κ引(Mω的川(σFT.斥 l(仔FT'.つ))s:: Hom μ州(~I<叫州刈州ωJ3μj

s::Hom λUμ- /心1>(作川~I凶o以叫x刈dA川) (0尽〉片川十{- I T.，ρo >l T'.勺).

The仁ondition(b) of Lemma 4.1 is satisfied. 

PROPOSITION 4.3. Let A and B be semiprim丘ryrings and F : I'v'lod A → 

ModB丘leftexact additive functor. Assume that R+.hF has image in 

D h(Mod B ) and that RゆF:Dtヲ(ModA )→jD h(Mod B ) is a colocalization. 

Then there exists丘 rightB-A-bimodule T such that: a) F s:: Hom，，(T，ー);

b) B s:: EndA(T);仁)ExeA (T， T ) = 0 (iと 1);d) pdim九， pdim HT < ∞. 
Furthermore， R+.bF s:: Rt1f and LhG is the left adjoint of Rbf， where G = 

-0HT. 

Proo工 Thereexists a left adjoint G of F such that L -.hG: D b(Mod B ) 
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→!J h(Mod A ) is the left adjoint of Rゆ F，by r 6， (3， 1) Le m m a 1. Lc t 'j' =-C H I 

and then T is a B-A -bimodule such that F == Hom.¥ (T， -)孔ndG == --@J，rr 
Let ムandJu be Jacobson radic、alsof A and B， respectively. Since Rt lT 

has image in D h(Mod B )， R+.hF(A / J/¥) is in 0 h(Mod A )， and then there 

exists an integer n such that R iP(A / J/¥) == ExtlA (rr， A / J.J = 0 (i > 口).By 
[2， Proposition 7]， pdim九 <∞. Similarly， pdim /iT <∞. Then R，.hl' == 

RhI: and L -，hG == L r.c. Next， sincc RhF is a colocalization and T == L hG( H ) I B 
== R1干oLr.c(B ) == RI1F( T ) and T is Ker RhF-coclosed， by the dual of Lenlnl辻

2.2. Hence R Ef(T) == Ext~ (T， T) = 0 (i * 0)， and B == EndJj(B ) == End，¥ (T) as 
rings， by the dual of Lemma 2.1. 

OmOIJ八RY4.4. Under the condition of Proposition 4.5， we have gl dim 

B 三五 gl dim A + pdim 13 T . 

Proo工 Sin仁eL hG : D h(Mod B )→ D h(Mod A ) is fully faithful， for all 

B-modules M， N， we have 

Ext也ら (M， N) == Homρμρ州b町3刊(作~I(りは州x

eH句om瓜n叫1叫lυ)〆汁内刈/)川勺J刊)(1υ~1<川、刈巾山川川1<い川川{け山吋}凡υ刷川d /ωjυM川/八川1川/仏L 1G( ^1刊)， LνわGα{N)山[ドj]). 

Let pdim HT = n， then L tc-(M) and L tc-(N) are in D l-n'()!(Mod B ). lIence 

we have HomJ) b(I¥joO'¥)(L hG(M )，L fG(N )[i]) = 0 for i > gl dim A十 n.

Let A be a finite dimensional algebra over a fixed field k. Then D = 

Homl-( -，k ) induces a duality between mod A and A -mod， where A -mod 

is the category of finitely generated left A -modules. Therefore， 0 indu仁e

the duality， which we use the same symbol D， between D大(modA ) and 

DI'(A -mod)， where (ぺ#)= (+，-)， (-，+) or (b，b )， by (DX ・)1= DX -1， where X • 

(X i dj). For a finite dimensional algebra A， we know that the 
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Grothendieck group of mod A is isomorphic to a free abelian group 

which has the complete set of non-isomorphic indeωmposable proj~cti\ じ

A -modules as a basis. We denote by Grot(cJl) the Grothend刷 、kgroup ()f 

c4， where cft is an abelian category or a triangulated category. IIcrじ， ¥¥じ

use Grot(mod A) E Grot(D h(mod A)) and Proposition of Grothendieck 

(see [11] for details). 

PROj>OSlTION 4.5. Lel A be aβnitc dimensional k-algchra ~ nd T a 

partial tiJting right A-n1odule. If projective diInension o[ Tλ is dl 11]οSl 
aF 

one， then 0 → Ker Rbp→ Db(mod A )→ Db(mod B)→o isεxact. 

Proof. It is trivial by Proposition 4.3. 

Rem丘rk. A仁仁ordingto Bongartz's lemlma [5， 2.1 Lemma] and an 

equivalence of derived categories ([6， (2.1) Theorem] or [33， Theorem 

3.1.2])， we get another proof of Proposition 5.1 by Theorem 3.2. 

PROPOSITION 4.6. Let A and B be βnite dimensional algebras， F : mod A 

→ modB丘leftexact丘dditivefunctor. Then RゆFh丘5im丘gein

D わ(modB)and R+'hf : D b(mod A )→Db(mod B ) isλcolocaJiza rion if and 

only if there exists丘βnitelygener，丘tedB-A-bimodule T such char. 

(a)九is丘partialtiJting right A-module， 

(b) F E HomA(T， -)， 

(仁)B E EndA(T)， 

(d) pdim 8T<∞. 

Proo工ByProposition 4.3 and [6， (4.2)]， it is clear. 

QWOl.lARY 4.7. Under the condition of PrOIJosilion 4.6， we have gl din1 
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B壬gldim A十 pdimがT.

Proof. 1t is trivial by Corollary 4.4. 

For a finitely generated A -module M， Let n(M ) be the number of 

isomorphism仁lassesof inde仁omposabledirect summands of ̂/. 

Q)I{()1.l八RY4.8. Lel l' be a finiteJy generaced righl A-module sLlch rhal: 

a) Ext~ (T， T) = 0 (i注 1);b) pdim丸， pdimuT < ∞， where B = End..¥ (T). 

Then we h丘ven(T)豆 n(A). 

Proo工A仁仁ordingto Proposition 4.6，0 → Ker RI7f→ D わ(modA )→ 

D h(mod B )→ o is a仁olocalization. Then， by [11， ~3] ， we have the 

following spli t exact seq uen仁e:

O →Grot(Ker Rhf)→Grot(Db(mod A ))→Grot(D わ(modB ))→ O. 

Sin仁eGrot(D b(mod A )) E Grot(mod A ) i: Z n(八)and Grot(D h(mod B )) E 

Grot(mod B ) E Z n(へwehaven(T)豆n(A ). 

Remark. Under the仁onditionsof Proposition 4.6， in case that Ker RhF 

being not zero implies Grot(Ker RhF) being not zero (for example， A is 

hereditary)， Db(modA ) is equivalent to Dh(mod B) ifand only if n (T) 

= n (A ). 
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~s. Ring Epimorphisms and Oerivecl Categories. 

In this se仁tion，we consider conditions that ring homomorphisms 

induce 10仁alizationand colocalization of derived categories. i¥lorcover， 

we consider the case that a partial tilting module indu仁esa ring n1orphisn1 

which induces a colocalization of derived categories. 

For a ring A， we denote hy ~-:>八 the category of finitely包enerated

projective right A -modules. 

PROPOSITION 5.1. Let π:A→ C be a ring homomorphism between βnite 

dimensional k-algebras， E =ー @ιC!¥: mod C → mod A ， and E'= A C@( ~ : 

C-mod → A -mod. Then the fol1owing丘reeq uivalen t. 

(a) E: D-(mod C)→D-(mod A ) hasλleft丘djointG such thac 

{D-(mod C); G， E} is丘localizationof D -(mod A ). 

(b) E: D+(mod C)→D+(mod A ) h丘Sλ rightadjoint F such thal 

{D+(mod C); E， F} is丘coloωlizationofD +(mod A ). 

(仁)E': D -( C-mod)→D-(A -mod) hλSλ left丘djoinl G' suc、hLhat 

{D-(C-mod); G'， E'} is丘localizationof D -(A -nlod). 

(d) E':D+(C-mod)→D+(A -mod) h丘Sλrightddjoinfp'such 111M 

{D+(C-mod); E'， F'} isβcolocalization of D +(A -mod). 

(e)π is丘ri時 epimorphism，丘ndTort(c C) = 0 foral1 i >0. 

Moreover， in this c丘se，Ext~ (CA， CA) = Ext~ (A C'A C) = 0 for al1 i > O. 

Proof. It is well known tha t πis a ring epimorphism if and only if 

the natural morphism C ③AC→ C is an isomorphism as an C-C-bimodule 

morphism. Ifπis a ring epimorphism， then the natural ring morphism 

C→ End(CA) is an isomorphism (see [37]). 

(e) =今 (a):Let G =ー③AC ， and then G is the left adjoint of E. For X・ε

D-(mod A )， there exists a仁omplexP・εK-(free A ) su仁hthat X -== P • in 
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D-(mod A ). Given Y・εD(mod C)， we have 

Hom[) lmol1八)(X・，EY・)== IIom"¥I11(叫八)(P・，EY・)

==Homに(lll(XH/GP・，Y・). 

Since E is exact and G is the left adjoint of E， G P・isin K (ゾ-¥). Then ¥¥七

have 

HomJ)ー(mω八)(X・，EY・)== HomJ) (mou C)( L -G(X・)，Y・). 

And for Y・εD-(mod C)， there exists a complex Q ・εK-(free C) such 

that ye== Q e in D-(mod C). Sin仁eC@ぷ==C and Tor t (C C) = 0 for all i 
> 0， we have L -GoE( Y・)== GoE( Q e) == Q・by[21 ， Chapter XII， Theorem 1 2.1 ， 

12，2]. Hence we have L -GoE == idv -(mω仁) ・

(a)キ (e): By the above， we have G == L-G， where G =-③，c . Then 

L -GoE( C) == C in D -(mod C )， and hence the natural morphism C②パC→ C

is an isomorphism and Tor t (C c) = 0 for all i > O. 
(仁)~ (e): It is similar to (a) ~ (e). 

(a)φ(d) and (b) ~ (仁):Since DED == E' and DE'D == E ， they are trivi込l

by the duality. 

The仁onditions(b) and (d) imply C ==R+Homl¥(CI¥'一)oE(C) in D +(mod C) 

and C == R+Hom八(Ac -)oE'( C) inD +( C-mod)， respectively. Hence wc have 

Ext~ (CA， CA) = Ext~ (A c A C) = 0 for all i > O. 

Remark. Replacing modA and modC by ModA and ModC in Proposition 

5.1， respe仁tively，the proof of Proposition 5.1 implies that the assertions 

(a)， (仁)and (e) are eq uivalen t for arbi trary rings A and C. 

TIIH)I{l決15.2. Letπ :A→ C be λring hODlJomorphism behveen finite 

32 



dimensional k-algebras， r: = ー③八ζ.:mod C' → mod A ， and [1= ，¥CC8¥ -: 

C-mod → A -mod. Then the following are equivalent. 

(a) E: D h (mod C)→D1ヲ(modA)h丘S丘rightddjoinI P su(、hthal 
{D勺nodC);E?fjisλ colocaJjza lion of D勺nodA ). 

(b) E': D h( C-mod)→D h(A -mod) has a le白ddointC'SU(、hlhil [ 

{D h( C-mod);ο，E'} isλlocaJjz丘lionof D h(A -rnαj). 

(c) i) The natural morphism C → End((二)is an isomorphism asはring，ii) 

pdim CA < ∞， and iii) Ext~ (CI¥' CI¥) = 0 for all i > O. 

(d) i) p is a ring epimorphism， ii) pdim CAく∞，and iii) Tor; (C，C) = 0 for 

all i > O. 

Proof. (a) ~ (b)φ(d) and (a) =今 (c):They are trivial by Proposition 

5.2. 

(仁)=今 (a):It is trivial by Proposition 4.6. 

For a finitely generated right A -module九， let add T八 hethe full 

sub仁ategoryof mod A generated by dire仁tsummands of finite direct 

sums of九.

PROPOSITION 5.3. Let A be丘 βnitedimensional k-algebra， T aβnilel}' 

genera ted righ t A-module， B = End(九)and C= End(J)T)OP. Assume that T 

S丘tisflesthe following conditions: 

(a) Ext~ (T， T) = 0 (iと 1)， 

(b) pdim九くべ

(仁)there exists an exact sequence 0 → C→ 1~) → T1 →…→ Tn → o in mod 

A ，where丘11Tj are in add 九.

Then R+，bF has image in D h(mod B )丘ndR+，hF :D b(mod A )→ Dh(mod B) 

isλcolocalization. In this case， J) T is a left tilting B-module with βnite 

projective dimension， in the sense of [2 7]， a.nd C sa tisβes the ('ondi tions 
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。fTheorem5.2. 

Proof. first， it suffices to show that pdim uT < ∞. By the condit ion~ 

(a) and (c)， we have the following exact sequence in B-nl0d: 0 

110m八(Tn，T)→…→ Hom八(T()，T)→ Hom/¥(C，T)→ o. It e孔Sう1to see thは1

uT is a direct summand of Hom八(C，T )， and that all IIonl
l
¥ (Tj ，T) are lef1 

projective s-modules. Then pdim uT豆 n.l'-Jext， applying 110m /ィ(ー，T) 10 

the above sequen仁e，we get the following commu tative diag日 m:

HomJj(Hom/¥ (C， T )， T )→Homu(HomA (To ，T )， T ) →…一寸Iomu(I10mA (Tn， T)， rr) 

IH 、，，、l
 
l
 

、，s
、l
 
l
 

O → C 一ー争 引) 一一善 一一善 T
ll 

→ o. 

Then Exts (HomA( C，T )， T) = 0， and Exts (T ，T ) = 0 for a11 i > O. By the 

仁ondition (b)， we have a proje仁tiveresolution of T in mod A : 0 → Pm → 

…→ P1 → Po→ T → O. Applying Hom/¥(-，T ) to it， we get an exact 

sequen仁ein B-mod: 

O → HomA(T，T)→ HomA(P()，T)→ Hom/¥ (P
1
， T)→…→ Hom/¥(Pm，T)→ 0， 

where B = HomA (T， T) and a11 Hom /¥ (Pj， T) are in add 九.Hence u T is a 

left tilting B-module with finite projective dimension. Then it is easy to 

see that {Dわ(modC);ー③Ac) Rhf10mA ( CA ，-)} is a colocalization of Dわ(modA).

Q)ROI.l八RY5.4. Let T be丘βnitelygener，丘tedright A-module such that: 

a) Ext~ (T， T) = 0 (iと 1);b) pdim丸く∞;仁)there exists an exact 

sequence 0 → C → To→ T1→…→ Tll → o 1n mod A ， with Tjεadd T 
for all i ， where C = Biend(九). Then we have n (C) = n (βT) = n (九)壬

n (A ). 
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rxample. Let A be a finite dimensional algebra over a field k vvith 

the following quiver with relations: 

。G s Y 
+一一2.. 一-3~ー-4

with δα=α2 = ds = sy = O. Then gl dim A =∞. Le t T = 1 ( 3 ) <D ( J ( 3 ) / S ( 3 ) )， 

where S(3) is a simple right A -module corresponding to a vertex 3 ， and 

/(3) is an injective hull of S(3). Then pdim 九 =2andExt~ (T，T)=O 

for all i > O. Moreover， T satisfies the仁onditionsof Proposition 5.3. 

Next， B = EndA(T) have a quiver with a relation: 

5 .6()~ 

with ~2 = O. Then we have gl dim B = ∞and pdim HT = 1. Hence 

RbHomA(T， -) : D h(mod A )→ D h(mod B ) is a仁010仁alizationfunctor 

which has -吋bTas a仁ose仁tionfun仁tor.
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~6. ldempotent ldeals a11d Derived C:ategorics. 

Recall that an ideal 1 of a ring A is called idempotent if 1 = .Ac.4 

for some idempotent e of A; in parti仁ular，1 is a minimal idcmpotent 

ideal provided that e is primitive. An ideal ] of A is said to heは

heredity ideal of A if ，P-= ] ， j(Rad A)J = 0 ， and J~ is projecth'c. 

Then， in case of A heing a semiprin1ary ring， J is a heredity idじ川 ir 

and only if there exists an idempotent e of A sl1ch that: (1) J = AeA ; 

(2) A的 e!¥eeAE AeA; (3) eAe is a semisimple ring [9]， [31]. ln this (、asどp

Cline， Parshall and Scott showed that {rt(Mcxi A/ AeA) ， LJl(rv'lcxi A) ， 

l1(Mod eAe) l is re仁ollement[31]. Moreover， they stl1died idempotent 

ideals which induce re仁ollement of derived仁ategoriesof modules [31， 

Theorem 2.7]， [8， ~1 and 2]. Auslander， Platzeck and Todorov considered 

homological properties of idempotent ideals [3]. We give a ne仁ess孔ry

and sufficient condition for idempotent ideals to induce recollement of 

derivedαtegories of modules. 

PROPOSITION 6.1. Let A be aβnite dimensional k-algebr，ムean idelnpolen c 

of A， 1: mod A/ AeA→ mod A the n丘turalinclusion and Q: mod A 

mod eAe then丘turalquotient. Then the foUowing are equivalenc. 

(a) 0 → Db(mod A/AeA)L D b(mod A)三D勺nodeAe)→ o is exac[・

(b) Tort (A/ AeA，A/ AeA) = 0 for a1J i > O. 

(仁)(i) Tort (AeA，AeA) = 0 for all i > 0， (ii) AeAI③AAeA == AeA 

Proo工(a)コ (b):Ac仁ordingto (a)， Ib is fully faithful. Then we have 

Tort (A/ AeA，A/ AeA) E DExt~ (A/ AeA!¥， D(A/ AeA)A) 

E HOmf)b(mω八 /八凶)(A/AeAρ(A/AeA)[i]) 

= 0 for all i > O. 
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(b)コ(孔): By Proposition 5.1， 1h is fully faithful. According to l8， 

(1.3)]， D h(mod A/ J¥eA) == d:lIod4 AeA (mod /¥). Then we are done 1η 

Theorem 3.2. 

(b) ~ (c): 1t is easy. 

Rem丘rk.1n the same way as [31， Theorem 2.7]， it is easy to sce 1 ha t 

O → D (mod A/AeA)LD -(mod A)2D (mod eAe)→ o is (、olocalizd.tion 

exact if and only if (i) Tor fAe (Ae，eA) = 0 for all i > 0， and (ii) J¥ιX8)c. ¥cどA

== AeA. 1n this仁ase，we have Tort (A/ AeA，A/ AeA) = 0 for all i > O. 

Q)淑Rωoω仇)河汁I.lAl附tげy6.2. The fol1owing 丘re equivalent. 

(a) 0 → D わ(modA/AeA)L Db(mod A)三Db(mod eAe)→ o is 

coloc丘lizationex丘ct.

(b) (i) Tort (A/ AeA，A/ AeA) = 0 for丘11i > 0， (ii) pdim AAeA < ∞. 

(仁)(i) Ext~ (A/ AeAA，A/ AeAA) = 0 for all j > 0， (ii) pdim AAeA < ∞. 

(d) (i) Tort (AeA，AeA) = 0 for丘11i > 0， (ii) AeA@AAeA == AeA， (iii) 

pdim AAeA < ∞. 

(e) (i) TorfAe (Ae，eA) = 0 for all j > 0， (ii) A的山eA= AeA， (iii) pdim 

凶eeA< ∞. 

Proof. (a) ~ (b) ~ (仁): A仁仁ordingto se仁tion2， this is trivial by 

Theorem 5.2 and Proposition 6.1. 

(b) ~ (d): This is easy. 

(a) ~ (e): See [31， Theorem 2.7]. 

Remark. Repla仁ingmodA/ AeA， mooA and mod eAe by ModA/ AeA， 

ModA and Mod eAe in Corol1ary 6.2， respe仁tively，the assertions (a)， (b) 

and (e) are equivalent for an arbitrary ring A ， by the same reason of 

the remarkafter Proposition 5.1 (see also [30， (2，1) Theorem1). 
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TIII:ORt:r-.1 6.3. Suppose A is a lefl Noctherianοr semiprinlar)， ring. 

Let e be an idempoten l o[ A. The [ol1o~'ving assertions are eq Lli¥ '"llen t: 

(a) {Db(Mod AIAeA) ，Dh(Mcxi A) ， D わ(ModeAe)} is r，氏、ol1enlenc，

(b) (i) Tort (AI AeA，AI AeA) = 0 [or all j > 0 ; (ii) H 1)ο1・ (3)~ and )(1) 

or (4)}， 

(付ωCけ)(i) Ext仏~ (AIAeA八ρ，AIAeA八)= 0 fりrall i > 0 ; (ii) (1) a山I打ndH2) or (-t)川L

(d) (i) Ext~ (し!¥AIAeA

(附eり)(ωi) A 的 eAeeA == AeA and Torf戸Ae(Ae，e叫州A川)=斗of伽ο町rall iじ>0 ; (凶ii)川H川lり) 
or(3)川}丘釘nd{以(2)or(4)L 

where (1) pdim AIAeAA < ∞， (2) pdim !¥AI AeAく∞，(3)pdim Ae叫じ<

∞， and (4) pdimeAeeA <∞. 

Proof. First， we show that if A is left Noetherian or semiprimary， 

then we have wdimAAI AeA = pdimAAI AeA and wdimωeeA = pdimじ，¥c，:eA.

If A is left Noetherian， then AAeA is a finitely generated left A-module. 

Therefore we have an epimorphism AAen)→ AAeA for son1e in teger n . 

This implies that eA is a finitely generated left eAe-module. By [2， 

Theorem 4]， we have wdimAAIAeA = pdim!¥AIAeA and wdimピパじeA= 

pdimeAeeA. If A is semiprimary， then we have also same results by [2， 

Proposition 7]. A仁仁ordingto se仁tion2 and 3， it suffi仁esto show that the 

condition (i) in (a) -(e) hold， in order to show that (a) implies the other 

assertions. Conversely， if the fun仁torD b(Mod AI AeA)→ D h(Nlod A) is 

fully fai thful， then 0 → Db(Mcxi AIAeA)→ Dtヲ(McxiA)→ D b(Mcxi eAe) 

→ o is exact in the sense of [4]. According to section 2， (1) and (2) are 

eq uivalen t to (3) and (4) ， respe仁tively.And (ii) of the other assertions 

imply that {D b(Mcxi AI AeA) ， D b(Mod A) ， L) b(Mcxi eAe) 1 is re仁ollement

(see sections 2 and 3 for details). 

(a)功 (b): Db(Mod AIAeA)→ D b(Mod A) has a left adjoint， say G . 

ThenG e L -.b(-0AAI AeA) (see the remark after Corollary 6.2). Therefore 
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we have the following isomorphism in D /1(1¥100 AI AeA) : 

AI AeA == L -./l(ー③/¥AIAcA)(AI AeA) . 

ln particular， we have 

Tort (AI AeA，AI AeA) = 0 for al1 i > 0 . 

(b)キ (a): A仁cordingto the remark after Corollary G.2， Y¥'e ha¥'e斗

fully faithful fun仁torD b(MOO AI AeA)→ Db(Mod A) . 

(a) ~ (e): See [30， (2，1) Theorem] and [31， Theorem 2.7]. 

(a)キ(仁):This is trivial by the following i:somorphisms: 

Ext~ (AI AeAj¥，AI AeAA) == Hom山仰)(AIAeAA，AI AeAj¥[i]) 

== HomJ) b(ModA/A凶 )(AIAeAj¥，AI AeAAfi]) 

= 0 for all i > 0 . 

(仁)=今 (a): By Rickard's results there exists a ful1y faithful functor 

D -(Mod AIAeA)→ D -(Mod A)， in particular， a fully faithful functor 

D b(Mod AI AeA)→ Db(Mod A) (see [19]， [33] and [34]). 

(d)コ (b):Considering (仁)キ (a)in仁aseof the left module categories 

(we need not assume that A is right Noetherian)， l D b(AI AeA-i¥1od) ， 

Db(A-Mod) ，Db(eAe-Mod)1 is re仁ol1ement.As wel1 as (a) =令 (b)，we get 

Tort (AI AeA，AI AeA) = 0 for al1 i > 0 . 

(b)コ (d):Sin仁ethe仁ondition(b) is right and left symmetric， 

{D b(AI AeA-Mod) ， D b(A-Mod)， D b(eAe-Mod) 1 is re仁ol1ement(we need 

not assume that A is right Noetherian). As well as (a) =今(仁)， we get 

Ext~ (AAI AeA'AAI AeA) = 0 for all i > 0 . 
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Remark. (b) -(e) in the above theorem are also eq uiv孔1e n t [0 r r i g h t 

Noetherian rings. 

Recall that a ring A is called an孔rtinalgebra if its center Z(A) is an 

Artinian ring， and A is a finitely generated Z(A)-modulc. 

P){Oj>OSITION 6.4. Let A be e1n artin algebr，ι;， and e e1n idenlpolen l. The 

following assertions are eq uivalen t 

(a) {Dわ(mcx:iA/AeA) ， Dh(mcx:i A) ， Dh(mcx:i eAe)} is recollement， 

(b) {Dわ(ModA/AeA) ，Dh(Mod A) ，Dh(Mod eAe)1 is recollemenc. 

Proof. ln general， if R is a right coherent ring， then we have 

D h mod u(Mod R) e: D h(mod R). Let J" be the Jacobson radical of A. For a 

given Xεmod R ，if Extk (X，Aゲ~ ) = 0 or Tor ~ (AゲA，Y) = 0 for all i > 

n ，then pdim X1<豆 n(see [2] for details). 

(a) =今 (b):Let F and G be right and left adjoint fun仁torsof LJ h( mod 

A/AeA)→ D b(mod A)， respe仁tively.Since A is Artinian and A/ AeA 

is a finitely generated A-module， we have G E L -，h (ー③AA/AeA)， and 

Tor~ (A/ AeA，A/ AeA) = 0 for all i > 0 as in the proof (a)キ (b)of 

Theorem 6.3. Also we have Tort (A/JI¥ ，Ali¥eA) E Hi(G(A/JI¥)) for all i 

Sin仁eF(AペJA)is仁ontainedin D h(mod A)， pdim AA/AeA < ∞ We have 

the following isomorphisms: 

Ext~ (A/ AeA，A/JA) E Homo b(m<刈 A) ( αA/AeA)，Aゲ~UJ) 

e:: Hom/) I>(moo 1¥1八じ八)(A / A e A， F (A / Jr¥ ) [i]) 

== H'(F(A仏))for all i. 

Sin仁eF(A/JA) is仁ontainedin D h(mod A) ， we get pdim A/ AeA，¥ < ∞ . 

Hen仁e{D1ヲ(ModA/ AeA) ， D h(Mod A) ， D h(~1od eAe) 1 is re仁ollementby 

40 



Theorem 6.3. 

(b)コ (a):Let E and 11 be right and left adjoint functors of ])わ(I¥Iod 

A/AeA)→ D h(Mod A)， respectively. It is clear th辻t[) h(mod I¥//¥e/¥)→ 

D h(mod A) has a left adjoint. Sin仁eA is孔nartin algebr辻，辻nd;¥/.;-¥e;¥ 

is finitely generated， Ext仏~ (A/AeA，X刈X幻) is a f白in凶it民elりうygener辻以1民edf¥ん¥，し，ノ〆〆J〆九!¥cιAιL¥

mod ule for all X ε mod A. Then it is easy to see t山ha剖t1m fllJ) 1>ヘhいlけ川I日l川 lい is

contained i凶n 0わにn川 八(ModA). By the above equivalencc， /) Il(mod 

A/AeA)→ D h(mod A) has a right adjoint. ¥IIve are done by Theorem G.3. 

Let A be a left (or right) Noetherian or semiprimary ring. An ideal [ 

of A is仁alleda recollement ideal ofA if 1 AeA with some 

idempotent e of A which satisfies the equivalent conditions (b) -(e) 

of Theorem 6.3. The next proposition is useful to exhibiting examples of 

recollemen t ideals. 

PROPOSITION 6.5. Let R be丘commutativering， and A and B R-

algebr.丘s.Suppose A is a left or right Noetherian ring丘ndB is a 

βnitely generated projective R-module. If [ is丘recollementideal of 

A ， then 1③RB isλrecollemen t idω1 of A@uB. 

Proof. First， A@uB is a left or right Noetherian ring， because B is a 

finitely generated R-module. Sin仁eB is R-projective， we have pdim 1..¥ 

注pdim1 @UBA@!{H and pdim A1注pdimA@RIff③尺B. And let P . be a 

proje仁tiveresolution of A/I. Then we have 

ToげI<B(Aぺ③uB，A/I③RB)e: Hj(P .め拠叫A/f@uB) 

e: HlP“③八A/f)③uB
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e: Tor f (A/I，A/I)③uB 

= 0 fo r all i > 0 . 



Ll :~I~1八 6.5. If A is a lo(、alsemiprimιry ring， lhen pdim /¥1 is 0 or∞ 

for丘11moduJes M. 

PROPOSIT)ON 6.6. Suppose A is a semiprimar~y ring. Let 1 わea 

minimaJ idempotent ideal of A. Then 1 is a recollement ideal of J¥ i[ 

and only if 1 is projective as both a Jeft and right A-module. 

Proof. If 1 = AeA is projective as hoth a left and right A-module， 

then it is easy to see that A/ AeA satisfies lhe condition (b) of Theorem 

6.3.. Conversely， If 1 = AeA is a re仁ollementideal， then AeA has 

finite proje仁tivedimension. Let P. be a projective resolution of Ae as 

right eAe-modules. Then given any left A-module X， we get 

Tort (AeA刈==Tort (Ae:8>仰 eA，X)

52 Hj (P・③じAeeA③八X)

== Tor fAe (J¥e，eX) . 

For every left eAe-module Y， there exists a left A-module .X such 

that Y is isomorphic to eX. Then Ae has finite projective dimension 

in Mod eAe. Since 1 is a minimal idempotent ideal of A， eAe is辻

10仁alsemiprimary ring. Therefore Ae is a projective right eAe-module 

by Lemma 6.5. Hence AeA is a proje仁tiveright A-module by the 

above isomorphisms. Similarly， AeA is also a projective left A-module. 

Ac仁ordingto the above proposition， in order to find minimal recollemen t 

ideals， it suffices to find idempotent ideals which are two-sided proje仁tive.

But the following proposition implies that heredity ideals are best possible 

in case of rings of finite global dimension. 
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PI{()J>()SlT10N 6.7. Suppose A is a semiprimar)1 ring o[ βnitc glohal 

dimensiolJ. Let 1 be a minimal idempotenL ideal. Then 1 isιi 

recoJ1emen t idω1 if and only if 1 is a heredity ideal. 

Proof. Let 1 be AeA with some idempotent e of A， and P. a 

proje仁tiveresolution of eAe/e]e as right eAe-modules. Thcn P.@l..¥t-e，へ

is a projective resolution of eA/e]eA as right A-modules，いIherじ Iis 

the radical of A. Therefore， we get 

Tor fAe (eAe/ e]e，eX) == Hl P・@凶じeA@I¥X)

== Tort¥ (eA/e]eA，K) . 

A仁仁ordingto assumption， pdim eA/e]eA < ∞ ， and pdim eAe/e]eく∞ . 

Since eAe is a 10仁川semiprimaryring， eAe/e]e is a projective eAe-module 

by Lemma 6.5. Hen仁ee]e = O. 

Ex.丘mples. (a) Let A be a finite dimensional algebra over a field k 

which has a q uiver with re1ations: 

Qヘー YE， b ~:) 

with α2 = E2 = ys = O. Then Ae1A is proje仁tiveas both sides. tv10reover， 

e1Ae1 is isomorphic to k[x]/(x
2
) as a ring， and A/ Ae1A has the following 

quiver with relations: 
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with E2 = O. Hence we have gldim A = gldim e，Ae， = gldim A/ Ae，A =∞. 

(b) Let A be a finite dimensional algebra over a field k 'vvhich hよt~ a 

quiver with relations: 

with sα= oy =ザ=o2 = o. Then A(e[ぜ l)A is a re仁ollementideal. BUl 
Ae1A is not a recollement ideal because of pdim Ae

2
A
A 
=∞. 

44 



Chapter III. l"{ing Extensions and rrilting Complcxes 

~7. Ring Homomorphisms and Ti1ting Con1plexes. 

In this se仁tion，we仁onsidertensor products which induced by ring 

morphisms. In particular， a split extension of a ring yields a nece九%はry

and sufficient condition for tensor produclL of a complex to bどは tilting

complex. 

Let A be a ring. We denote by Proj-A the category of all projective 

right A -modules. Rickard defined a tilting complex T. for A as fo110"" s， 

(i)T・εKわ(タ八)，

(ii) HomK(MOdA) (T・， T.(i]) = 0 for all j メ 0，

(iii) add T・， the additive category of dire仁tsummands of finite direct 

sums of copies of T・， generatesK h(タ八)as a triangulated category. 

Rickard also showed that (iii) can be repla仁edby 

(iii)' For ea仁hnon-zero object X. of K-(Proj-A )， there is a some j such 

that HomK(ModA) (T・，X.[i])メO.

Then there is a derived eq uivalen t fun仁torD -(ModB)→D -(rvlodA 

which sends B to T.， where B = EndJ..:(t'-IOIJA)( T ・)(see [34] for details). 

For a tilting complex T. for A， we call HYr a tilting A -module provided 

that HiT・=0 for all j メ o([13] and [27]). In this case， we have T・2

HO r in D b(ModA ). Furthermore， we仁alla tilting module T a classical 

tilting module if proje仁tivedimension of T is less than or eq ual to 1. 

In仁asethat A is a finite dimensional algebra over a field k， there exist 

two-sided til ting仁omplexesδ・inD h(Mod(B叩②kA)) and V • in 
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D 刊Mod(AO吻~B)) such that 11 ・@~v ・== HBU and V ・@CA・==¥A¥ (scじいC>J

for details). 

Ll:t¥It¥1八 7.1. Let df， 23 e1nd c be e1ddilive categories， 1I， L : u-i → C 

additive funclors， q: H→ L丘morphisnlof (Ull(、lorsand G: CA → β dll 

additive functor which has the right adjoinl F: y3→c:A. C; I¥:en X・1・ε

αcA)， Y・εc{c)and [J・εC{.'B)， lhe [ol1owing resulls hold. 
(a) Hom-<A(X・， Z・)→ Hom-AHX-， HZ ・)induces an End~( c..-4 ) (X ・)-End k( ι J (Z ・)-

homomorphism HomK(<A)(X・，Z-[i]) → Hom~(ど) (IIx-jfz ・ [i ]) for al1 i . 

(b) Hom-cA(X・， X・)→ Hom-c(HX・， HX・)induces a ring homomorphism 

EndK(dI)(X・)→ EndK(c)(HX・). 

(仁) Hom-c(Y・， HZ・)→Hom-c(Y・， LZ・)induces an EndK(dj)( Y・)-Enれど)(Z・)-

homomorphism HomK(C)(Y・， HZ・[i])→ HomK(c)(Y-，LZ・[i]) for al1 i . 

(ωd) Hom-ユ!B(GX-， U -) s: Hom-ユ'<A(X-， F [J -) i加ndu似1(、es λnEndκ削( ~‘'1/

isomorphism HomK阿刷刷(，佃同!B到ぷB司)(GX-， [J -[i ]) == HomK(dI)()C -， F U ・[i ]) for al1 i . 

Furthermore， these correspondences are functoria1. 

LEt¥lMA 7.2. Let A → i¥ be a ring homomorphism and T・λ tilling

complex for A. If HomV( f-todA)(T ・ ， T ・@~ /¥ A[l]) = 0 for all i ~ 0 ， then 

T ・@~ i¥ is a tilting complex for i¥. 

Prooよ Wehave T ・@~ i¥ == T・③Ai¥in D b(Mod i¥ )， and T・③Ai¥belongs 

to K b(gJ;¥). Sin仁eHom-;¥(T・③Ai¥， T・③Ai¥) == Hom -A (T・，T・@八i¥A)' we have 

the following isomorphisms: 

HomD (Mod1) ( T・@fA ， T ・@~i\ 同) == HHom-;¥(T・③AA，T・@Ai¥) 

== HHom-A(T・，T・③Ai¥A) 
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== HomV(ド仙)(T・，T -@~ A A[i]) 

= 0 for all iメo.



Let X e be an object of K (Proj-A) such that 110m}) (t-.lc山 )(T・@~4 !¥ ， X .U J) 

= 0 for all j. Then we have the following isomorphisms: 

HOffiJ) (t-.kxYI) ( T・，X・@バ八[i])= H 1J 10m el¥ ( T・，X・②1¥1¥¥) 
e H1Jlome)T・③八1¥， X e) 

= Homj) (t-. I (山) (T ・③~ A ， X e[i]) 

= 0 for all i . 

Sin仁eT・isa tilting仁omplex，X・③I¥A 1¥ = 0 in ，0 (Mod A )， that is， 
H1(X・②I¥AA) = H1(X・)= 0 for all j. Therefore X・e0 in D (Mod 1¥ ). 

vmou八RY7.3 (Miyashita [27]). Lel A → A be丘ringhomomorphism 

丘ndT 丘 tiltingA-module. If Tort (日)= Ext~ (T，T③AI¥A) = 0 for all i 

> 0， then T③AA is丘 tiltingA-module . 

Proof. Let P・bea proje仁tiveresolu tion of T. Since Tor ~ (τ1¥ ) = 0 

for all i > 0， P・③AAis a proje仁tiveresolution of T@A!¥ and 

Homρ (MOdA) (P・ ， P ・@~ !¥ A[1]) e Ext~ (T，T @A!¥A) for all i > O. Then we are 

done by Lemma 7.2. 

In case of a finite dimensional algebra A over a field k， there exist a 

duality D:D b(modA )→ D h(A mod)， where D = HOffik(-，k). Then we 

仁andefine a仁otiltingcomplex T・asfollows， 

(i) T・εKわ(.oA)'where .oA is the仁ategoryof finitely generated inje仁tive

right A -modules， 

(ii) Homv (modA)(Tヮe[i])= 0 for alli ~ 0， 

(iii) DA εつ(addT・)， where C7(addT・)is the triangulated subcategory 

of K b(.oA) generated by obje仁tsin addTへ
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IIappel showed that if X. belongs to !( I>(<yコ>J，then there existsはn

Auslander-Reiten translation T/¥X • which is isomorphic to vX ・卜11， 以herじ

vA ベ8)~ DA， and then there exists an Auslander-Reiten triangle T ¥X • • 

y・→ X・→ LAX・[1]in D I>(mod A ) (see (131). ThenτJ、・is a 仁otilting 
complex for A if T・isa til ting complex for A. As wel1 as Proposition 

1.2 in [22]， we have the following result. 

PROPOSITION 7.4. Let A → i¥ be a k-algebra honlomorphism belH'eど11

finite dimensional k-algebras. If X・εKh(円 )，lhen T，1 CX・@iA )is 
isomorphic to R Homj¥ (;¥i¥A1らX・)in D h(modlA ) . 

Proof. We have the following isomorphisms: 

Q)胤R削{()川()川仇川)1汁川I.lA

ら(X ・@~ i¥ ) == (X・②Ai¥)②;¥Di¥;¥ [-1] 

==X・③八Di¥;¥[-]] 

== DHoffij¥(X・，;¥i¥八)[-1] 

== D(;¥i¥③八Hom八(X・，A)) [-1 ] 

== Homj¥ (;¥i¥j¥， l)Homj¥ (X・，A)[-11) 

== R Homj¥ (;¥i¥ /い勺X・).

f βn凶it臼edimen】sion丘alk-a丘l包'gebra丘ωs，丘訂ndT. 丘 tilling cωomηlplたex fぬりrA. 1汀

HOffiV(川mo叫dω州14川)バ(T.，T .@~ i¥ A [凶i])= 0 for丘alli ~ 0 1 t的heωn R IIoffi;ふ1

Cωot.ωilting complex fゐりri¥ . 

LFMM八 7.6.Let A → i¥ a ring homomorphism and T・anobject of 

D-(ModA ). If T・叫 i¥ is a tilting complex for i¥， then we have 

Hom[) (t-It胤)(7'， T ・@~i\ 八日) = 0 for all i 戸 o.
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Proof. We may assume that T・isan objぽ tof K (Proj-A)， t hen ¥ve 

have T ・@~ Å s:: T・@j¥A in D -(Mod A )， and T ・③ ，~A belongs to l¥.旬、'J)).

Since Hom -;¥( T ・③八A ，T・③AA ) s:: Hom・八(T・，T -@，¥A r¥)' we h孔vethe 

following isomorphisms: 

HomJ) (I¥lt凶 )(T・，T-③八A八[il).:: II1 IOlm-八(T・，T・@バパ)

s:: IFHom-;¥(T・③/，A，T・③¥A) 

== lIomJ) (1\ 1 c山) ( T ・@~A ， T ・@~ A [ij) 

= 0 for all iメO.

Tlll:OIU:M 7.7. Let μ:A → A and ε:A → A be ring homomorphisms 

such thatε。μ= idA， and T -an object of D -(ModA). Then T ・@~ A is a 

tilting complex for A if aI】donly if T・is丘 tiltingcomplex for A and 

Homv (ド凶) (T ・ ， T ・@~ A A[11) = 0 for all i 戸 O. 

In this case， there exist ring homomorphismsη:B → r andπ:r→ B 

such that Jtoll = idH， where B = EndJ)(lvluuA/T・)ωdr= 

End D (MOO¥) ( T・叫 A ). 

Proof. The 'if' part has been proved in Lemma 7.2. We may assume 

that T -is an obje仁tof K-(Proj-A )， then we have T ・@~ A s:: T・@AA in 

D -(Mod A). Since T・③AA is isomorphic to an object in K h(Q.).1)' there 

exists an obje仁t<r・ inK h(タ~) su仁hthat T・③八A == <r・ inK -( Proj-A ). 

Applying -@;¥A A to i t， we get T -@AA @fi A s::α@;¥A A in K -(Proj-A ). 
Therefore T -is isomorphic to an object in [( b(タ八)， be仁auseεoμ=idベand

A③;¥A A s:: A A・ByEOμ= idj¥' T・isa direct summand of T・③AAA in 

D(ModA). A仁仁ordingto Lemma 7.6， we get HomJ) (1¥1州 /T・，T・日)= 0 

for all i ~ O. Then we have the following isomorphisms: 

HomJ) (Mcxh) ( T・③AA，T・③AA③;¥A;¥ [11) .:: H HOlTI -;¥ ( T・③AA， T -@AA@;¥A ;¥) 
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~ H'Hom・八(T・，T②，1¥ C8¥A ¥) 

g IIOII1l){hM4)(71・，1'・[il) 

= 0 for all i戸 O.

By Lemma 7.2， T・③A!¥@"A八， that is， T -is a tilting complex for A. Byεop 

=id八， ~t and εindu仁e ~・: Hom-/¥(T ・，T・)→110m-，，( T・②八I¥，Tも ¥1¥) and t-・:

Hom-，，(T・@八I¥，T・③/¥A)→ 110m -八(T・，1'・)such that E -O~l- = id. By Lemma 

7. 1， we g e t 11 : B → r and π:r→ B su仁hthatπ0'] = idJj・

Q)ROIlARY 7.8 (Hoshino [15]). Let μ:A →!¥ and E :1¥ → A be ring 

homomorphisms such thatεOfl = id/¥， and T an A-module. Assume that 

Tort (日)= 0 for all i > O. Then T③A!¥ is丘 tilting!¥-module jf and 

only if T isλtilting A-module and Ext~ (T， T@/¥!¥ A) = 0 for alI i > 0 . 

Proof. In the same way as the proof of Corollary 2.2， we are done by 

Theorem 7.7. 
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~8. Extensions ofRings and Tilting Complexes. 

ln this section， we consider a condition for an extension (not necess辻ry

split) of a ring to induce a extension of a ring. rurthermore， we show 

that a Frobenius extension of a ring induces a Frobenius exlension of a 

ring. Next theorem is a generalization of Corollary 5.4 in [3()卜

Tlll刊U :~I 8.1. Lel J¥ be an extension ofa ring A su(、hlha l 0→ A → 

A → M → o is丘nex.丘ctsequence as A -A -bimodules. Let T. be d 

tilting complex for A， and B = EndD (MudA)Cr e)， r = Endv ( f'. I <山 ) (T ・@~ J¥ ) 

and N = HomJ) (MOO'¥) ( 1， T ・@~ M). Then the following are equivalent. 

(a) (i) T ・@~ 1¥ is a tilting complex for 1¥， 丘nd(ii) r is an extension of a 

ring B such that 0 → B → f → N →o isほnex.丘ctsequenceぉ B-B-
bimodules， 

(b) HomD (Mo品)(T ・， T ・@~ M [i]) = 0 for all i戸 O.

Proof. It is clear that T ・@~ J¥ belongs to K h(~i\). We have th 

following仁ommutativediagram: 

HomeA(T ・ ， T ・)→ Homei\(T ・③AI\，T ・③I\)~ ) 

11 

O →HomU(T1T・)→Horn-A(T-r・③1¥1¥1¥)→Horn-A(T-r・③AMA)→ 0，

where the bottom row is exact and vertical arrows are isomorphisms. 

(b) =令 (a):Sin仁eHomρ(M0d4.)(T e， T e [i ]) = H om D (t> 1{泊 )(T.，T ・@~ M[i]) = 0 

for all i ~ 0， by taking homology of the above diagram， we have 

HomD (Mod1)(T・@fA，T・叫 1¥[i]) e: Hom川t>lodt¥)( Tワ・叫 J¥A [i ]) 

e: HOffiJ) (f'.lodA) ( 1， T e叫 MA[i]) 
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= 0 [or all i戸 o

And we get the following仁ommutativediagram: 

Hom川山)(T・， T.)→ Hom/)川

11 

O →HomD(tI仙)(T・，T・)→Homl>(tllIlJ.¥げ7・叫 AJ→Hom川は1.¥)(T¥1・叫.11¥ )→0， 

where the arrow of the top row is a ring homomorphism， the bottom 

row is exa仁tas B -B -bimodules and vertical arrows are isomorphisms 

as B -B -bimodules. By Lemma 7.2， T \?J~ A is a tilting仁omplexfor A. 

(a) => (b): The仁ondition(ii) implies that Hom I料lt山) (T・ ， T ・)→ IIom Ll ~I(^.lI ) (1， 

T ・@~ A 1¥) is injective. Sin仁eT ・@~ A is a til ting仁omplexfor A， by 

Lemma 7.1， we have 

HomLJ(M哨 )(T・叫 A，T ・叫 A [i]) == HomJ) ( ~凶 ) (T・，T-叫 AI¥[i]) 

= 0 for all j 戸 o.

Then we have Homf) (ド凶)(T・，T・@~ M [i ]) = 0 for all j メ 0， by taking 

homology of the above exa仁tseq uence of仁ornplexes.

Rem丘rk.Let A and B be R-algebras which are proje仁tiveas R-modules. 

If A and B are derived equivalent R-algebras， then M is just an 

A -bimod ule which仁orrespondsto a B-bimodule N under the induced 

equivalen仁eDh(Mod AOも)?A)→ Dh(Mod BりIめRB) (see [3 6] ) . 

Example. Let A be a finite dimensional algebra over a field k which 

has the following q uiver with relations: 
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α 

Q .. 
2 •• 3 

with a3 = 0， and!¥ be a finite dimensionは1;え1gebraoverはfieldk v¥'hich 

has the following q uiver with relations: 

【X

Q 
p 

.. 
2 
争・

3 

with αs=sα= 0 and α2 = s3. Then !¥ is a non split extension of A ，and 

we have the following exact sequen仁eas A-.A-bimodules: 

O → A → A → S( 1 )(2)③).X→ 0， 

where S( 1) is simple left A -module仁orrespondingto vertex 1 and X is a 

right A -module， 

〈》 i k k 

Let T1 ，T2 and T3 be the following right A -rnodules， respectively: 

9~3~K3 F ~k2 
() 
and 0 • k • 0 

where J = (138) ，F = (~~ 9). Then T = 引@九 GJT~ satisfies the condition ¥ o i' () J ，.. -¥0 0 1 } 
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ofTheorem 8.1， and B has the following quiver with a relation: 

Q. • 2 争・1 

with a3 = 0， r has the following quiver with relations: 

α 

Q . ~. 
2 3 

p 

with αs=sα= 0 and α2 = s3， and we get the following exa仁tsequence辻S

B-B-bimodules: 

O → B → f → Y@β， (1)→ 0， 

where S' (1) is a simple right B-module仁orrespondingto vertex 1 and Y 

is a left B -module: 

O 

③ ~k 三 O

For a subring A ofl¥， A is仁alleda Frobenius extension of A provided 

that AA is a finitely generated projective right A -module， and that AA，1 

e HomA(J¥AA， AAA) as A -1¥-bimodules [16]. 

LFMl¥1A 8.2. Let A be丘ring丘ndT e a tilting complex for A. GI¥ien X・

E K b(QJA)' if Hom[) (MCX1!¥)(T・，X e[i ]) = Homv (Mu<.!A)(X・，T・[i]) = 0 for all i 7:-

0， then X e i5 isomorphic toλdirect 5ummand of丘finitedirect 5um of 
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copies of T・-

Proof. Let B = [nd J) (t-.ll刷 )(T・)and G :D -(tvlodA )→ 1) -( Tvtodβ) a 

quasi-inverse fun仁torof an equivalence fun仁torind uced hy T.. Then 

we have the following isomorphisms， 

Homlυ) (t-.l 【胤 )バ(T•ぺ， X.[ドi])==IIom，州)川(t-.h、汁巾h悦叫凡叫叫ωiレI!¥八Al(ヘ1

Homlυ川Jパ(t-.Il凡凶企れ¥)川(X.，T.[i]) 釜 Hom，川)川(t-.It入刈刷ν11¥八川¥)( (次 .，B [ドi]) = 0 for all i 手o (2幻). 

Since X・εK h(~A)' GX. is isomorphic to an objeαin K /J(~H ). Then， 

a仁仁ordingto (1)， we may assume that GX. is a B-module of finite 

projective dimension， which has a finitely generated proje仁tiveresolution. 

Therefore， a仁仁ordingto (2)， GX. is a finitely generated projective B-module. 

Hen仁eX • is isomorphic to a direct summand of a finite dire仁tsum of 

copies of T・-

The next theorem is the tilting仁omplexversion of a result of Miyashita 

[26]. 

Tlll:ORIM 8.3. Let A beλ Frobenius extension ofλ ring A such lhal 

O → A → A → M→ o is an exact sequence as A -A -bimodules. Lel T. 

be a tilting complex for A such t凶h】丘atHomv(川ドM(叫刷4)(T¥ T.② ~M[ドi]) = 0 for 

all i ~ 0， 丘創初n】d B = End叱ιιlρ削)川(川Moαω州州x刈胤刷dω州1拍判A川)ρ(げT可 つ.)，r=EndιU州川(作作川hドM仙1

H恥omρ(ド凶)パ(Tγ• T・叫M). 

Then T ・叫 A is 丘 tilting complex for 11~ ， 丘M初nd r i必S丘 Froben】iu

extension of a ring B such 】t凶h】誌t0 → B → f → N→ o is ;;λ山ln】ex，λlC、{
sequence (;丘lSB一B一binηlodules.

Proof. By Theorem 8.1， it suffi仁esto show that r is a Frobenius 

extension of B. Sin仁eT・isa tilting仁omplexfor A and ̂ A is a finitely 
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gcnerated projective right A -module， T・③八A八belongsto J¥. ItJ¥). Sincじ

;¥At¥ = Hom八(Ai¥ A' 1¥ A 1¥ ) a s A -i¥ -b i m 0 d u 1 e s ， we h a v e t h e fo 11 (山ing

isomorphisms: 

HomL) (f¥lod1> (T・@~ i¥ 1¥' T' -r i ]) == H tII om -1¥ C r・③j¥i¥I¥，T・)
== 11'1 10m -1¥ (T -，Homti (¥/¥ ぃT・)) 

== II' Hom-八(T・，T・②ペi¥，.¥) 

= 1-lor111) (f¥I(刷 (T・，T -@ ~ 1¥.¥ [j ]) 

= 0 for all i ;a! O. 

By Lemma 8.2， T-叫 i¥A is a direct summand of a finite dire仁tsum 01、

仁opiesof T・.Since I，FH is isomorphic to [I-lomj) ( f\ lc刷 ) (T ・ ， T ・@~ J¥ /¥) 8 as辻

r -B -bimod ule，ん isa finitely generated proje仁tiveright s-module. 

And we get the following isomorphisms as B-r-bimodules: 

Hom}〆jパんcrいlμ)B久13)== Homjバtパん(し1H O ImIn1 iρ引)川(ドtvl(ω{
=Hom州似1A)(T・@fA MT・)

=Homυ(f¥1州 /T・叫 i¥A' T ・@iAA) 

=srl 

G)J{OI.lARY 8.4. In the situation of Theorerrl 3.3， Endl) (f¥lod'¥)( T ・@~ 1¥，) is 

丘Frobeniusextension of EndJ) (f¥I(幼 )(T・@fA A). 

Proof. By theorem of Kas仁h[17]， End 8(EndJ) (ド凶 )(T・@~ J¥ A)8) is a 

Frobenius extension of Endv (M(出 )(T ・@~ i¥ A). And we have 

End8(Endv (Mo&.)(T ・@~ ;¥ A) /1) == Ends(Homo (f\ 1叫)(T ・ ， T ・③~ ;¥ /¥)/1) 

== Endv (1¥1tX1A) ( T ・叫 A 八).
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The next proposition is useful in exhibiting examples of Frυh~nius 

extensions of algebras which satisfy Theorern 8.3. 

PROPOSlilON 8.5. Let A be a βnilc dimensioI1dl Fr，οbenius dJgeLJra ()¥'(:r 

a field k such that 0 → k→ A → M → o is eln exacl scq uence in nlod k. 

For λβI】itedinlensional k-algebra A and a lilting complcs T・I Jcr H ニ

EndJ) (t-l州 )(T・)，r = EndJ) (~I(山)(7'・@~ (A @バ))e1nd N = 110m}> tルル(7'・，'1'・

叫 (A@川)). Then A @J.:A is a Frobenius extension of A lvhich sdlIsfj 

{力eorem3.3 with an ex丘ctsequence 0 → A →A @J.:A → A③J/d → 0， and 

B ③o is丘Frobeniusextension of B such th.al an exλct sequence 0→ β 
→B @kA → B@ιM → o is isomorphic to 0 → B →f →N → o as a 
s-B-bimodule. 

Proof. It is well known that A ③J.A is a Frobenius extension of A 

(see [29] for an example). Sin仁eA @kM is a finite direct sum of copies 

of A as an A-A-module，T・③A(A@J..A ) satisfies the仁onditionof Theorem 

8.3. We have the following commutative diagram: 

O → Hom二(T¥T・)→Hom二(T.，T.)②~j，\ → Homot\ (T\T・)③'kM → O

11 

Hom ・A(T\Tヲ→ Hom.(A③~A)(T・③'kÂ ，T・②e1) 

H ↑ 

Hom二(T¥T・)→Hom.(I\Ø~A )(T・③'t¥(A@バ)，T・③t¥(A③IkA) ) 

11 ↓ 

O → Hom
O
'1(T
O
， T・)→HomOA(T.， T 0②'t¥(A③kJ¥ ) /¥)→Hom二(T¥T・@μ@J'1))→ 0， 

where the top and the bottom rows are exa仁tseq uences， and verti仁川

arrows are isomorphisms. Then we have the following commutative 

diagram: 
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O → Endl.>(1\ 10dtl/ T ヲ→ End [>( 1\ 1州 )(T ・)③kA →End削州 )(1'・)③~M → O

11 
t
 
l
 
l
 

End川刷)(T・)→E叫 )(l¥lodA)

11 
m 

0→E叫 >(MlxJA)(T・)→Hom川刷/T'，T'叫 (A@AA ))→Hom J>(1\山げ \7、 .叫 (A@~A l )) → O 、

where the top and the bot torn rows are exact seq uences as s-}トbin10dulとお，

vertical arrows are isomorphisms as B-B-birnodules and arro¥'vs bet¥¥'ピヒ11

the top row and the se仁ondrow are isornorphisrns as rings. 

Rem丘rk.For a subring A of A， A is called a quasi-Frobenius extension 

of A provided that AI¥ is a finitely generated projective right A -module， 

and that AJ¥A is a dire仁tsurnmand of a finite dire仁tsum of copies of 

HOffiA(AA八，AAI¥)as A -J¥-bimodules and HomA (AAA' I¥AI¥) is a direct summand 

of a finite direct sum of copies of AJ¥A as A -J¥-bimodules [28]. Then "a 

Frobenius extension" in Theorem 8.3 can be replaαd by "a quasi-frobenius 

extensionぺ

Examples. (a) k [X] /(Xn) and kG satisfy the仁onditionof Proposition 

8.5， where G is a finite group and k is a fieldl. 

(b) Let A be a finite dimensional k-algebra which has the quiver: 1 

→ 3 ← 2， and 0 :A → A a k-algebra automorphism induced by 

inter仁hangingvertex 1 with vertex 2. For a group G = {l， al， we define 

a strongly G-graded k-algebra J¥ = EDgEGAg such that Ag has a natur辻i

left a仁tionof A and a righ t a仁tionof A ¥vhich is through g (i.e.辻

仁rossedprodu仁tof A wi th G which has a trivial fa仁torset). Let T 

P(1)EDP(2)EDI(3)， where P(i) (resp.， I(i)) is a proje仁tive(resp.， injective) 

indecomposable right A -module仁orrespondingto vertex i. Then A is a 

Frobenius extension of A， T satisfies Theorern 8.3. 
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(c) Ac仁ordingto [201， we have the following exan1ple. Given positi¥じ

integer n ， let A be a finite dimensional algebra over a field k which has 

the following quiver with relations: 

r-N 

with a1α1 = s2sl = 0 and (αI U1sI sl)1I = (sl f¥a1α2)n. Let 0 :A → A be辻

k-algebra automorphism indu仁edby interchanging vertex 2 with vertex 

3. Let A = <Dgεc; Ag， where G {1， 01， and let T・bethe following 

仁omplex:

P( 2 )(2)<Dp( 3 )(2)比 P(1)， 

where M = (0α2 s2 0). Then A is a FrobeniUls extension of A， and Te 

satisfies Theorem 8.3. Then B = EndK(l¥l<x.Y'1)(T・)op is a finite dimensional 

algebra over a field k which has the following quiver with relations: 

3 

with Yれl山Y2= Yれ2Y3= Y3刈

( δ久匂2Yむω2)n.Let o:B → B be a k -algebra automorphism indu 仁ed by inter 仁hanging 

vertex 2 with vertex 3. Then r is ring-isomorphic to <DgE G Bg ， where 

G = {1， o}. 
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