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The possible exotic meson Zc ð3900Þ, found in eþ e− reactions, is studied by the method of coupledchannel scattering in lattice QCD. The interactions among πJ=ψ, ρηc , and DD channels are derived
from (2 þ 1)-flavor QCD simulations at mπ ¼ 410–700 MeV. The interactions are dominated by the offdiagonal πJ=ψ-DD and ρηc -DD couplings, which indicates that the Zc ð3900Þ is not a usual resonance
but a threshold cusp. Semiphenomenological analyses with the coupled-channel interaction are also
presented to confirm this conclusion.
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One of the long-standing problems in hadron physics is
to identify the existence of exotic hadrons different from
the quark-antiquark states (mesons) and three-quark states
(baryons). Candidates of such exotic hadrons include the
þ
pentaquark states Pþ
c ð4380Þ and Pc ð4450Þ observed by the
LHCb Collaboration [1] and the tetraquark states Zc ð3900Þ
reported by the BESIII [2], Belle [3], and CLEO-c [4]
Collaborations. In particular, Zc ð3900Þ appears as a peak in
both the π  J=ψ and DD invariant mass spectra in the
reaction, eþ e− → Yð4260Þ → π  π ∓ J=ψ; πDD : Its quantum numbers are then identified as I G ðJPC Þ ¼ 1þ ð1þ− Þ, so
that at least four quarks, ccud (or its isospin partners), are
involved. (See the level structure and the decay scheme
in Fig. 1).
So far, there have been various phenomenological attempts to characterize the Zc ð3900Þ as a hadrocharmonium, a compact tetraquark, a hadronic molecule
(e.g., Refs. [5,6]) as well as a kinematical threshold effect
(e.g., Refs. [7,8]). However, due to the lack of information
of the diagonal and off-diagonal interactions among different channels (such as πJ=ψ, ρηc , and DD ), the predictions
of those models are not well under theoretical control.
On the other hand, the direct lattice QCD studies with the
standard method of temporal correlations show no candidate for the Zc ð3900Þ eigenstate [9,10], which indicates
that the Zc ð3900Þ may not be an ordinary resonance state.
Under these circumstances, it is most desirable to carry out
manifestly coupled-channel analyses with the firstprinciples QCD inputs.
0031-9007=16=117(24)=242001(6)

The purpose of this Letter is to report a first attempt to
determine the nature of the Zc ð3900Þ on the basis of the
HAL QCD method [11–14]. We consider three two-body
channels below Zc ð3900Þ (πJ=ψ, ρηc , and DD ) which
couple with each other. The interactions among these
channels faithful to the QCD S matrix are derived from
the equal-time Nambu-Bethe-Salpeter (NBS) wave functions on the lattice according to the coupled-channel
formulation of the HAL QCD method [15–17].
The s-wave interactions and the S matrix thus obtained
are used to search for the complex poles in the πJ=ψ

FIG. 1. A possible decay scheme of the Yð4260Þ through
Zcð3900Þ, together with the relevant two-meson thresholds of the
Zc ð3900Þ decay at mπ ≃ 140 (Expt.), 410 (case I), 570 (case II),
and 700 (case III) MeV. The arrows represent the observed decay
modes in the experiments [2–4].
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and DD scattering amplitudes to unravel the nature of the
Zc ð3900Þ. We note here that the conventional resonances
such as the ρ meson and the Δ baryon have not yet been
analyzed in the HAL QCD method, and the comparison
with the Lüscher’s method [18] in these channels is one of
the important future subjects. (Such comparison in the
nonresonant ππ channel has been done in Refs. [19,20]; see
also Ref. [21]). Note also that the coupled-channel HAL
QCD method has not been experimentally tested in other
systems yet: Baryon-baryon interactions with hyperons are
currently underway [22] for comparison with future experimental data. With these reservations in mind, we extract
invariant mass spectra of the three-body decays Yð4260Þ →
ππJ=ψ and πDD using the scattering amplitudes obtained
in lattice QCD, and the results are then compared with
experimental data.
The starting point of the coupled-channel HAL QCD
method [15–17] is a normalized correlation function
X
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cαβ ð~r; tÞ ≡
h0jϕα1 ð~x þ ~r; tÞϕα2 ð~x; tÞJ β j0i= Zα1 Zα2 ; ð1Þ
x~

where each channel is specified by α ¼ ðπJ=ψ; ρηc ; DD Þ,
and ϕαi ð~y; tÞ is a local Heisenberg operator at Euclidian time
t > 0 and the spatial point y~ for the meson ið¼ 1; 2Þ with
mass mαi in channel α. The corresponding wave function
renormalization factor is given by Zαi . J β denotes a twomeson operator in channel β with a zero-momentum wall
quark source located at t ¼ 0. The NBS wave function
ψ αn ð~rÞ for each scattering state specified by n on the lattice
P
is related to Eq. (1) as Cαβ ð~r; tÞ ¼ n ψ αn ð~rÞAβn e−W n t with
W n being the eigenvalue of the nth QCD eigenstate. Aβn ≡
hW n jJ β j0i is an overlap between the eigenstate and QCD
vacuum by the insertion of J β . It can be shown that
α
α
Rαβ ð~r; tÞ ≡ Cαβ ð~r; tÞeðm1 þm2 Þt satisfies the Schrödingertype equation [13,16],


∂
α
− − H0 Rαβ ð~r; tÞ
∂t
Z
X
¼
Δαγ dr~0 U αγ ð~r; r~0 ÞRγβ ðr~0 ; tÞ;
ð2Þ
γ

where H α0 ¼ −∇2 =2μα with the reduced mass μα ¼
γ
γ
α
α
mα1 mα2 =ðmα1 þ mα2 Þ and Δαγ ¼ eðm1 þm2 Þt =eðm1 þm2 Þt . In the
above equation, we neglect terms associated with relativistic corrections, O(ð∂ 2t =mα1;2 Þð∂ t =mα1;2 Þn ) with n ≥ 0.
We have checked that the relativistic corrections are
negligible in the present lattice setup with relatively large
pion masses. Here we consider t sufficiently large so that
the inelastic states (The lowest one is D D in the present
lattice QCD setup) becomes negligible in Uαβ , otherwise
these channels should be taken into account explicitly. The
energy-independent coupled-channel potential Uαβ ð~r; r~0 Þ
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guarantees that the S matrix is unitary below the D D
threshold [15,16] and gives the correct scattering amplitude. In the following, we take the s-wave projection
(Aþ
1 projection of the cubic group on the lattice) and also
employ the lowest order of the velocity expansion,
Uαβ ð~r; r~0 Þ ¼ V αβ ð~rÞδð~r − r~0 Þ þ Oð∇2 Þ to extract the spherical and local potential V αβ ðrÞ. The systematic errors
originating from higher derivative terms are estimated by
the t dependence of the observables [13].
We note here that the HAL QCD method and the
conventional Lüscher’s method are both based on
Eq. (1). In the coupled-channel Lüscher’s method proposed
in Refs. [23–25], some phenomenological parametrization
of the K matrix is employed that approximates the energy
dependence of the coupled-channel S matrix, while in
the present method, the velocity expansion is employed that
approximates the nonlocality of the coupled-channel
potentials.
In order to extract V αβ ðrÞ from lattice QCD simulation, we
employ (2 þ 1)-flavor QCD gauge configurations generated
by the PACS-CS Collaboration [26,27] on a 323 × 64 lattice
with the renormalization group improved gauge action
at βlat ¼ 1.90 and the nonperturbatively OðaÞ-improved
Wilson quark action at CSW ¼ 1.715. These parameters
correspond to the lattice spacing a ¼ 0.0907ð13Þ fm and
the spatial lattice volume L3 ≃ ð2.9 fmÞ3 . The hopping
parameters are taken to be κud ¼ 0.13700, 0.13727,
0.13754 for u and d quarks and κ s ¼ 0.13640 for the s
quark. We employ the relativistic heavy quark action for
the charm quark [28] to remove the leading order and
next-to-leading order cutoff errors, O(ðmc aÞn ) and
O(ðmc aÞn ðaΛQCD Þ), respectively [29,30]. To improve the
statistics, measurements are repeated twice for each configuration by shifting the source in time direction. The
statistical errors are evaluated by the jackknife method.
The calculated meson masses and the number of configurations N cfg used in our simulations are listed in Table I,
together with the physical meson masses. The two-meson
thresholds relevant to our analysis are shown in Fig. 1:
Because of the heavy pion mass in our simulation, the
πψ 0 ð3826Þ threshold is above the DD threshold. Also,
ρ → ππ decay is not allowed with L ≃ 3 fm, so that ρηc
is a well-defined two-body channel. Pair annihilations of
charm quarks are not considered in the present simulations.
In Fig. 2, we show the results of the s-wave
πJ=ψ-ρηc -DD coupled-channel potentials at time slice
t ¼ 13, where the time-slice dependence in t ¼ 11–15 on
the potentials V αβ is found to be weak: This implies that
contributions from the inelastic D D scattering states to
V αβ are negligible, and the convergence of the derivative
expansion is reliable. We find that all diagonal potentials,


(a) V DD ;DD , (c) V ρηc ;ρηc , and (f) V πJ=ψ;πJ=ψ are very weak.
This observation indicates that the Zc ð3900Þ is neither a
simple πJ=ψ nor DD molecule. Among the off-diagonal
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Case I
Case II
Case III
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Meson masses in MeV units and the number of configurations used in our simulations.
mπ

mρ

mηc

mJ=ψ

mD̄

mD

N cfg

140
411(1)
570(1)
701(1)

775
896(8)
1000(5)
1097(4)

2984
2988(1)
3005(1)
3024(1)

3097
3097(1)
3118(1)
3143(1)

1870
1903(1)
1947(1)
2000(1)

2007
2056(3)
2101(2)
2159(2)

450
400
399

potentials, we find that the πJ=ψ-ρηc coupling in Fig. 2(e)
is also weak: This is consistent with the heavy-quark spin
symmetry, which tells us that the spin flip amplitudes of the
charm quark are suppressed by Oð1=mc Þ. On the other
hand, (b) the ρηc -DD coupling and (d) the πJ=ψ-DD
coupling are both strong: They correspond to the rearrangement of quarks between the hidden charm sector and
the open charm sector.
As a first step to investigate the structure of the Zc ð3900Þ
on the basis of V αβ just obtained, let us consider the
two-body T matrix [see, e.g., Eq. (16.43) of Ref. [31]]:
~ β ; W c:m: Þ
tαβ ð~
pα ; p
~ βÞ
pα ; p
¼ V αβ ð~
Z
X
~ β ; W c:m: Þ
V αγ ð~
pα ; q~ γ Þtγβ ð~qγ ; p
dq~γ
;
þ
W c:m: − Eγ ð~qγ Þ þ iϵ
γ

ð3Þ

~ α (~qγ ) indicates the on-shell (off-shell) momentum
where p
of the two-meson state in channel α (γ). W c:m: , and Eγ ð~qγ Þ
represent the scattering energy in the center-of-mass (c.m.)

frame and the energy of the intermediate states in channel γ,
respectively.
Shown in Fig. 3(a) are the invariant mass spectra
Imf αα ðW c:m: Þ ¼ −πμα Imtαα ðW c:m: Þ in the πJ=ψ (red
circles), ρηc (green triangles), and DD (blue squares)
channels obtained from lattice QCD for case I in Table I.
The amplitude f αβ ðW c:m: Þ is related to the differential cross
section as dσ αβ =dΩ ¼ jf αβ ðW c:m: Þj2 . In Fig. 3(a), the inner
errors are statistical only, while the outer ones are statistical
and systematic errors added in quadrature: The systematic
errors from the truncation of the derivative expansion are
evaluated by the difference between Imf αα at t ¼ 13 and
that at t ¼ 15. The peak structures in ρηc and DD spectra
are caused by the opening of the s-wave thresholds. The
sudden enhancement in the πJ=ψ spectrum just above the
DD threshold is induced by the πJ=ψ-DD coupling.
Indeed, if we switch off the off-diagonal components of
V αβ , the red circles turn into the black crosses without any
peak structure. This implies that the peak structure in the
πJ=ψ spectrum [called Zc ð3900Þ] is a typical “threshold
cusp” [31,32] due to the opening of the s-wave DD
threshold.

FIG. 2. The s-wave potentials for the (a) D̄D -D̄D , (b) ρηc -D̄D , (c) ρηc -ρηc , (d) πJ=ψ-D̄D , (e) πJ=ψ-ρηc , and (f) πJ=ψ-πJ=ψ
channels. The coupled-channel potentials are obtained at time slice t ¼ 13 for case I (red circles), case II (blue squares), and case III
(black triangles).
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(b)

FIG. 3. (a) The two-body invariant mass spectra in the πJ=ψ (red circles, scaled by 5), ρηc (green triangles), and D̄D (blue squares)
channels. The two-body πJ=ψ spectrum without the off-diagonal component of V αβ is also shown by Imf0πJ=ψ;πJ=ψ (black crosses, scaled
by 25). (b) The pole of the S matrix on the [bbb] sheet in the notation of Ref. [33] for πJ=ψ, ρηc , and D̄D channels
(z ¼ mα1 þ mα2 þ p2α =2μα ). Both figures correspond to the case I in Table I. In Fig. 3(a), the inner error is statistical, while the
outer one is statistical and systematic combined in quadrature.

To make sure that the Zc ð3900Þ is not associated with
the resonance structure, we examine the pole positions of
the S matrix on the complex energy plane according to the
notation and procedure in Ref. [33]. The complex energy
is defined as z ¼ mα1 þ mα2 þ p2α =2μα , and the “top [t]”
(“bottom [b]”) sheet corresponds to 0 ≤ arg pα < π
(π ≤ arg pα < 2π) for the complex momentum in each
channel (α ¼ πJ=ψ, ρηc , DD ). Among 8 Riemann sheets
for the present three-channel scattering, the most
relevant one is the [bbb] sheet in the notation of
Ref. [33]. We find a pole with a large imaginary part
on this sheet (see Supplemental Material [34]): z − ðmD þ
mD Þ ¼ −167ð94Þð27Þ − i183ð46Þð19Þ MeV for case I,
−128ð76Þð33Þ − i157ð32Þð19Þ MeV for case II, and
−190ð56Þð42Þ − i44ð27Þð27Þ MeV for case III, with the
first and second parentheses indicating the statistical
and systematic errors, respectively. Shown in Fig. 3(b) is
the complex pole on the [bbb] sheet for case I. It is located
far from the DD threshold on the real axis, so that the
amplitude is hardly affected by the pole.
To make further connection between the above result and
the experimentally observed structure in πJ=ψ and DD
invariant mass spectra [2–4], let us now consider semiphenomenological analysis of the three-body decays
Yð4260Þ → ππJ=ψ, πDD by taking into account the final
state rescattering due to V αβ extracted from lattice QCD
simulations. We model the primary vertex by complex
constants CY→πþα [α ¼ ðπJ=ψ; DD Þ]. Then the threebody T matrix T Y→πþβ [β ¼ ðπJ=ψ; DD Þ] is given by
T Y→πþβ ð~
p; q~ β ; W 3 Þ
X
CY→πþα
¼
α¼πJ=ψ;DD


Z
× δαβ þ d~qα


~ ; W3Þ
tαβ ð~qα ; q~ β ; p
;
W 3 − Eπ ð~
pÞ − Eα ð~
p; q~ α Þ þ iϵ

ð4Þ

pÞ, and Eα ð~
p; q~ α Þ represent the energies of
where W 3 , Eπ ð~
~
the Yð4260Þ, the spectator pion with the momentum p

and the interacting pairs with the relative momentum q~ α in
channel α, respectively (see Supplemental Material [34]).
The decay rate in the rest frame of Yð4260Þ is obtained as
dΓY→πþβ ðW 3 Þ ¼ ð2πÞ4 δðW 3 − Eπ ð~
pÞ − Eβ ð~
p; q~ β ÞÞd~
pd~qβ
jT Y→πþβ ð~
p; q~ β ; W 3 Þj2 .
In order to have the same phase space as the experiments,
we employ the physical hadron masses while tαβ is taken
from the lattice data for case I. The complex couplings
CY→πþα are fitted to the BESIII data [2]. Since the
experimental data are in the arbitrary scale, we focus only
(a)

(b)

FIG. 4. The invariant mass spectra of (a) Yð4260Þ → ππJ=ψ
and (b) Yð4260Þ → π D̄D below the D̄ D threshold calculated
with V αβ for case I in Table I. The shaded areas show the
statistical errors. The vertical arrows show the predicted peak
positions from the calculations. The blue dashed lines show the
invariant mass spectra of the Yð4260Þ decay without the offdiagonal components of V αβ . The experimental data are taken
from Ref. [2].
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on the line shapes of the invariant mass spectra. In this case,

we have two real parameters, R ≡ jCY→πðDD Þ =CY→πðπJ=ψÞ j

and θ ≡ argðCY→πðDD Þ =CY→πðπJ=ψÞ Þ, and the best fit values
are R ¼ 0.95ð18Þ and θ ¼ −58ð44Þ degree. To compare
with the raw data of the experiment, we find
N πJ=ψ jCY→πðπJ=ψÞ j ¼ 0.40ð22Þ GeV−2 for the πJ=ψ and
N DD jCY→πðπJ=ψÞ j ¼ 0.76ð42Þ GeV−2 for the DD invariant mass distributions, where N α are the normalization
factors to the raw data. Resulting decay spectra are shown
in Figs. 4(a) and 4(b), where the shaded bands denote the
statistical errors: We find that the coupled-channel potential
V αβ well reproduces the peak structures just above the DD
threshold at 3.9 GeV. The deviation from the experimental
data around 4 GeV may be attributed to the contributions
from the higher partial waves between the spectator pion
and interacting pairs or from the D D states, which are not
considered in the present study. If we turn off the offdiagonal components of V αβ with the same constants
CY→πþα , we obtain the results shown by the blue dashed
lines, where the lines are normalized to the results obtained
from the full calculations at 4 GeV. The peak structures at
3.9 GeV disappear in this case.
In summary, we have studied the πJ=ψ-ρηc -DD
coupled-channel interactions using (2 þ 1)-flavor full
QCD gauge configurations in order to study the structure
of the tetraquark candidate Zc ð3900Þ. Thanks to the HAL
QCD method, we obtain the full coupled-channel potential
V αβ , whose diagonal components are all small, so that
Zc ð3900Þ cannot be a simple hadro-charmonium or DD
molecular state.
Also, we found a strong off-diagonal transition between
πJ=ψ and DD , which indicates that the Zc ð3900Þ can be
explained as a threshold cusp. To confirm this, we
calculated the invariant mass spectra and pole positions
associated with the coupled-channel two-body S matrix on
the basis of V αβ . The results indeed support that the peak in
the πJ=ψ invariant mass spectrum is not associated with a
conventional resonance state but is a threshold cusp
induced by the strong πJ=ψ-DD coupling. To further
strengthen our conclusion, we made a semiphenomenological analysis of the three-body decay of the Yð4260Þ,
and found that the experimentally observed peak structures
just above the DD threshold are well reproduced in the
Yð4260Þ → ππJ=ψ and the Yð4260Þ → πDD decays.
To make a definite conclusion on the structure of the
Zc ð3900Þ in the real world, we plan to carry out full QCD
simulations near the physical point. It is also an interesting
future problem to study the structure of pentaquark canþ
didates Pþ
c ð4380Þ and Pc ð4450Þ on the basis of the
coupled-channel HAL QCD method.
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