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<Project research>   
Creative Teaching Materials, Method and the Development of the Curriculum  

-  From six years of a junior and senior high school to the uuniversity -  
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A3-2. >/���š�n�b)z�g�ö �� ���������� �� S3-2. �G0d�(�x�b�¹�’�b�N�� � � � � ����������

A3-3. 0
(ò�X�\0
(ò�X�¹8� �� ���������� �� d1. +¬!›�X�b�ô>*�¹�‰�X�b�ô>*'g�‰�X�b�ô ���� ����������

an1.>Ì  �� 
– �� ���‰&ì�'�\�Q�b�Â#Ý�� ���������� �� d1-2. ���X�<�•�� �� ����������

an2. �œ�B6õ�X�\�¢�Û�Ç ������ ���������� �� d2. �¢�Û�Ç�x�W�g�b&ã�·�í�š�g �� ����������

an3. )/�P�Í�†�µ�t6õ�X�b�¢�Û�Ç ���� ���������� �� d3. >0��6õ�X�b�K)z �� ����������

an3-2. )/�P�Í�\�ž�˜�«0°�•�†�µ�t6õ�X�b�¯�Ç�º�˜�š�”�_�|�•�¢�Û�Ç�e #ì �� ���������� �� d3-2. 8�'��í�/'� ���� ����������

An1. �� ��6õ�X�� ���������� �� d3-3. �q�±�í�q�` �� ����������

An1-2 �� ��6õ�X>&>0>'�� ���������� �� d3-4. �:"@)z�[�V�r�€�•8�'� �� ����������

An1-3 �ô�x'��b�¢�Û�Ç �� ���������� �� d3-5. ���œ�b�X ��>|�ž�g�W�?�} ž�ì�'�l>|�� ����������

An1-4. �W�[0É�Â�M�•�U0…6õ�X�b�ö2A�� ���������� �� D1. �ß)!)z ���� ����������

An2. 
Ç�Ø"á�b3Æ�� �� ���������� �� D2. �¢�Û�Ç�e#ì�b�‰�2 ��>+�¸�¡�À�ß�ª>+�l�b�î�S>+ �� ����������

An2-2. �U0…6õ�X/²�†�8�• �� ���������� �� D2-2. >1��6õ�X�b�ö2A �� ���������û��

An2-3. �•�2��#.�?�}�_�A���I�€�•�¨8o�' �� ���������� �� D3. �ß)!)z ���Q�b>0>'������ ����������

An2-4. �U0…6õ�X�b�ô�\'��b�Ø�‡ �� ���������� �� D3-2. �¤�(�‰&ì�' �� ����������

g1. �D0…�g�b�œ� �²�ó � � � � ���������� �� D3-3. �¤�(�‰&ì�'�b�Â#Ý ���� ����������

g1-2. �8�W�b�M�¦ ���� ���������� �� D3-4. 6õ�X�b�¢�Û�Ç�b�e#ì�2 ���� ����������

g1-3. �D0…�g�b�ö2A>&�ß�µ6õ�€>' �� ���������� �� D3-5. �d)z�\8�'� � � � � ����������

g1-4. �G�¨8��/�b8��x3¶�b�8�•0… �� ���������� �� Of.>Ì  �� 
–�X�†9×�/�X�Û�l�� ����������

g1-5. �U�¹�‰�b��#. �� ���������� �� O2. �w7H�a#ú�b�X�Û �� ����������

g2. �³�™�Â�í�Ó�¿�Û�˜�«�b��#. �� ���������� �� p2. 3�3Æ�^&�"á�í4�)F�š5��b&�"á �� ����������

g3. 'g�‰�/�b�)�• �� ���������� �� PHBH
. )��s�œ�ƒ�O�b&�"á�Ô�¹�Ý �� ����������

g3-2. �o3?�2 �� ���������� �� Pf2. �(�%�,�\&�"á�í)+0£�� ����������

g3-3. 'g�‰�/�b�)�•>&>0>' �� ���������� �� Pf3. !“7H7Ÿ�œ�b&�"á�� ����������
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a1-4. ���‰	[

���È
ü�ú�• �E
:
ü�ú

�ô�s
:�¶�• 
T
:�æ

�0	Å�¶�å�• �¤�¶ 1 �å
\�|�ô�Í 1 �å
\

���È�o�i�• 
:�q�Ü�|
T
:�w
Q�í

�­ �P �Ê�• ���‰	[

�¬�2�‰�~�¼
:
ü�r�w�¬�Ü�w���‰	[�•�w� �;�­

�2�‰�~�¼
:
ü�r�w�¬�Ü�x�7�‘�K�”�U�|�E
:�$�t�{�O

�\�q�U�„�q�œ�r�p�K�”�}�Š�Ø�p�x�|�\�•�’�w�¬�Ü�›�|�î

�M�w�-�‰�t�S�Z�”���‰	[�•�&�;�`�|�f�w���;
Q�›�¬�Ý

�b�”�}�‡�h�|
ü
��O���T�’�;�•�$�t�‹�T�•�|�¨	Å�$�t

�s�“�U�j�s�¬�Ü�w�2�?�$
¯�q�‹�ß�o�`�|�¬�Ü�w�™�¯�›

�î�ò�p�V�”�‘�O�t�b�”�}

a1-4.1. �2�‰�~�¼
:
ü�r�w�¬�Ü�q�f�w�2�?�$
¯�q


ü
��O��

(a + b)x = ax + bx

�w�2�?�$
¯�q�x�|�›�t a > 0, b > 0, x > 0 �q�`�o�|�Í

�w�‘�O�s�Õ�M���w
ü�Â�U�ß�Q�’�•�”�}

x

a b

�2�‰�~�¼
:
ü�r�w�¬�Ü�x
ü
��O���T�’�‹�T�•�”�U�|�,�Š

�$�s�‹�w�t�m�M�o�|�‰�7�t�2�?�$
¯�q�›�ß�Q�o�ˆ�‘�O�}

�ð 1. �Í�w�Ü�›�-�‰�`�|�›�t x > 0, y > 0, x > y
�q�`�o�|�f�w�2�?�$
¯�q�‹�&�p�s
$���›�)�Q�o�ß

�Q�‘�}

(1) (x + y)2

(2) (x Š y)2

(3) (x + y)(x Š y)

(4) (a + b)(x + y)

�r

(1) (x + y)2 = ( x + y)(x + y) = x(x + y) + y(x + y)
= x2 + xy + yx + y2 = x2 + 2xy + y2

�²�2�?�$
¯�q�³

x

y

x y

(2) (x Š y)2 = ( x + ( Šy)) 2 = x2 + 2x(Šy) + ( Šy)2

= x2 Š 2xy + y2

�²�2�?�$
¯�q�³

x

x
y

y

x

x Š y

x Š y
y

(3) (x + y)(x Š y) = x(x Š y) + y(x Š y)
= x2 Š xy + yx Š y2 = x2 Š y2

�²�2�?�$
¯�q�³

x

x

y

y

x Š y

x Š y

y

�Þ�ü
¢
æ�x�‰�a�Ø
u

(4) (a + b)(x + y) = a(x + y) + b(x + y)
= ax + ay + bx + by

�²�2�?�$
¯�q�³

x

y

a b

�

�\�\�p�x�|���‰	[�p�b�;�b�”�7�‹�,�Š�$�s�¬�Ü�w�ˆ

�›�{�l�h�U�|���w�¬�Ü�‹�2�?�$
¯�q�›�ß�Q�o�ˆ�”�q�|�¬

�Ü�w�™�¯�›�‘�“
��X�g�r�b�”�\�q�U�p�V�”�}

�Í�t�|�\�•�’�w�¬�Ü�w���o�s� �;�›�{�O�}
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�ð 2. �Í�w�Ü�›�-�‰�d�‘�}

(1) (a Š b)(x Š y)

(2) (x + a)(x + b)

(3) (10a + b)(10a + c)

(4) (a Š b)3

�r

(1) (a Š b)(x Š y) = ( a + ( Šb))( x + ( Šy))
= ax + a(Šy) + ( Šb)x + ( Šb)(Šy)
= ax Š ay Š bx + by

(2) (x + a)(x + b) = x2 + xb + ax + ab
= x2 + ( a + b)x + ab �Þ x �p
T�g�`�h	Ô�ù

(3) (10a + b)(10a + c) = (10 a)2 + ( b+ c)10a + bc
= 100a2 + 10(b+ c)a + bc

�Þ a �p
T�g�`�h	Ô�ù

(4) (aŠ b)3 = ( aŠ b)(aŠ b)2 = ( aŠ b)(a2 Š 2ab+ b2)
= a(a2 Š 2ab+ b2) Š b(a2 Š 2ab+ b2)
= a3 Š 2a2b+ ab2 Š a2b+ 2ab2 Š b3

= a3 Š 3a2b+ 3ab2 Š b3 �

�\�\�p�¬�Ý�`�h�s�Ü�x�|���‰	[�p�‘�X�b�;�^�•�”�}

a1-4.2. ���‰	[�w�,�Š

�ð 1�|�ð 2 �p	Â�Ì�`�h�¬�Ü�›�&�;�`�o�|���‰	[�w�,

�Š�›�¬�Ý�`�o�ˆ�‘�O�}

�ð 3. �Í�w�Ü�›�»
É�`�o�-�‰�d�‘�}

(1) 99 × 78

(2) 999× 681

(3) 103× 97

(4) 1002× 998

(5) 98 × 103

(6) 998× 997

(7) 9983

�r

(1) 99 × 78 = (100 Š 1) × 78 = 7800Š 78
= 7700 + 100 Š 78 = 7700 + 22 = 7722

(2) 999× 681 = (1000Š 1) × 681 = 681000Š 681
= 680000 + 1000Š 681 = 680000 + 319
= 6800319

(3) 103× 97 = (100 + 3)(100 Š 3) = 1002 Š 32

= 10000Š 9 = 9991

(4) 1002× 998 = (1000 + 2)(1000Š 2) = 10002 Š 22

= 1000000Š 4 = 999996

(5) 98 × 103 = (100Š 2)(100 + 3)
= 1002 + ( Š2 + 3) × 100Š 2 × 3
= 10000 + 100 Š 6 = 10094

(6) 998× 997 = (1000Š 2)(1000Š 3)
= 10002 + ( Š2 Š 3) × 1000 + (Š2) × (Š3)
= 1000000Š 5000 + 6
= 995000 + 6 = 995006

(7) 9983 = (1000 Š 2)3

= 10003 Š 3 × 10002 × 2 + 3 × 1000× 22 Š 23

= 1000000000Š 6000000 + 12000Š 8
= 994000000 + 11992 = 994011992 �

�ð 3 �w (1)�| (2) �w�-�‰�A�L�›�,�t���‰	[�›�ß�Q�o�ˆ

�”�q�|

99× a = (100 Š 1)a = 100a Š a

= 100(a Š 1 + 1) Š a

= 100(a Š 1) + 100 Š a (1 � a � 99),

999× b = (1000 Š 1)b = 1000bŠ b

= 1000(bŠ 1 + 1) Š b

= 1000(bŠ 1) + 1000 Š b (1 � b � 999)

�U�˜�’�•�”�}�\�\�p�|

1 � 100Š a � 99, 1 � 1000Š b � 999

�‘�“�|�f�•�g�•�|
¦�w�•�|
•�w�•�•�w�;	Í�U�“�U�s�M

�\�q�t�«�™�`�o�S�V�h�M�}

�« (2 �;�w
:�w
u ) �Í�t�)�Q�h�-�‰�x�|���‰	[�w�,�Š

�p�K�“�|�7�‘�s�Š�p	º�p�^�•�o�M�”�} �®�h�b�V�U�Z�¯�q

�z�y�•�”�® 3 × 7 + 5 × 4�¯�w�-�‰�U�0�›�t�p�V�”�w�p

�K�•�y�|�‰�‰�‹�D�ó�q�s�”�}
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3 5
4 7×

1 2 3 5
2 1
2 0

5461

3 × 7
5 × 4

3 × 4 5× 7

3 5
4 7×

1 2 3 5
4 1

5461
3 × 7 + 5 × 4

3 × 4 5× 7

�²�‰�‰�³

�²�q�Ü�³

�\�w���‰	[�w�“
Ê�ˆ�x�|

35 = 3 × 10 + 5, 47 = 4 × 10 + 7

�w�‘�O�t�| 2 �;�w
:�› 10a + b, 10c + d �q
¯�d�”�\�q

�›�b�;�`�o�|�Í�w�‘�O�t	Â�Ì�p�V�”�}

(10a + b)(10c + d)

= 10a × 10c + 10a × d + b× 10c + bd

= 100ac+ 10(ad + bc) + bd

�

a1-4.3. ���‰	[�w� �;

�Í�t�|�‘�“
ó�v�s���‰	[�t�m�M�o�ß�Q�o�ˆ�‘�O�}�h

�i�`�|�-�‰�U���?�t�s�”�°�M�p�|�K�”���S�w	Ú�E�U
ž

�A�p�K�”�\�q�t�«�™�`�o�S�V�h�M�}

�ð 4. �Í�t�)�Q�h�-�‰�t�S�M�o�|���‰	[�›�ß�Q�|�°


`�t
R�q�b�”�\�q�›���È�›�–�l�o	Â�Ì�d�‘�}

(1) 2 �;�w
:�q 11�w
u

7 2
1 1×

297

8 7
1 1×

759

(2) �°�w�•�U 5 �p�K�” 2 �;�w
:�w 2 	Ð

352 = 1225, 752 = 5625

(3) �°�w�•�U 5 �p�K�” 3 �;�w
:�w 2 	Ð

9952 = 990025, 2052 = 42025

(4) 	G�w�•�U�‰�a�p�°�w�•�w�è�U 10�p�K�” 2 �;�w


:�‰�œ�w
u

3 4
3 6×

1 2 2 4

(5) �°�w�•�U�‰�a�p	G�w�•�w�è�U 10�p�K�” 2 �;�w


:�‰�œ�w
u

4 8
6 8×

3 2 6 4

(6) 
¦�w�•�U�‰�a�p�< 2 �;�w�è�U 100�p�K�” 3 �;

�w
:�‰�œ�w
u

7 4
7 5×

6 2 4 7

5
5
55

(7) �°�w�•�U�‰�a�p	Í 2 �;�w�è�U 100�p�K�” 3 �;

�w
:�‰�œ�w
u

4 6
5 4×

5 5 4 4

7
7
92

(8) 
¦�w�•�w�è�U 10�p�< 2 �;�U�‰�a�p�K�” 3 �;�w


:�‰�œ�w
u

3 1
7 1×

2 8 3 2

8
8
42

�r

(1) (10a + b) × 11 = 110a + 11b
= 100a + 10a + 10b+ b = 100a + 10(a + b) + b

(2) (10a + 5) 2 = (10a)2 + 2 × 10a × 5 + 52

= 100a2 + 100a + 25 = 100a(a + 1) + 25
(1 � a � 9 �w�q�V )

�\�w�q�V�| (10a+ 5) 2 �w�< 2 �;�x�| •25Ž �q�s�”�\

�q�t�«�™�`�o�S�V�h�M�}

(3) (2) �t�S�M�o�| 10 � a � 99�w�q�V�›�ß�Q�•�y�‘�M�}

(4) b+ c = 10 �q�b�”�}

(10a + b)(10a + c) = (10 a)2 + ( b+ c)10a + bc
= 100a2 + 10a(b+ c) + bc
= 100a2 + 10a × 10 + bc
= 100a(a + 1) + bc

�\�\�p�| bc�x�7�G 2 �;�p�K�”�\�q�t�«�™�`�o�S�X�}

(5) a + c = 100 �q�b�”�}

(10a + b)(10c + b)
= 10a × 10c + 10a × b+ b× 10c + b2

= 100ac+ 10(a + c)b+ b2
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= 100ac+ 10 × 10× b+ b2

= 100(ac+ b) + b2

�\�\�p�| b2 �x�7�G 2 �;�p�K�”�\�q�t�«�™�`�o�S�X�}

(6) 0 � b � 99, 0 � c � 99, b+ c = 100 �q�b�”�}

(100a + b)(100a + c)
= (100a)2 + ( b+ c) × 100a + bc
= 10000a2 + 100 × 100a + bc
= 10000a(a + 1) + bc

�\�\�p�| bc�x�7�G 4 �;�p�K�”�\�q�t�«�™�`�o�S�X�}

(7) 10 � a � 99, 10 � c � 99, a + c = 100,
0 � b � 9 �q�b�”�}

(10a + b)(10c + b)
= 10a × 10c + 10a × b+ b× 10c + b2

= 100ac+ 10(a + c)b+ b2

= 100ac+ 10 × 100× b+ b2

= 100(ac+ 10b) + b2

�\�\�p�| b2 �x�7�G 2 �;�p�K�”�\�q�t�«�™�`�o�S�X�}

(8) 1 � a � 9, 1 � c � 9, a + c = 10, 0 � b � 99
�q�b�”�}

(100a + b)(100c + b)
= 100a × 100c + 100a × b+ b× 100c + b2

= 10000ac+ 100(a + c)b+ b2

= 10000ac+ 100 × 10× b+ b2

= 1000(10ac+ b) + b2

�\�\�p�| b2 �x�7�G 4 �;�s�w�p�|�è�›�q�l�h�q�V�t�|


•�w�•�p	O
ó�U�K�”�D�ó
Q�‹�K�”�} �

�7�™�t�|
Y�M���w�Ø
u�w�-�‰�›�x�a�Š�|�–�O�;�q�U

���M���M
:�w���‰	[�›�ß�Q�o�ˆ�‘�O�}

�ð 5. 81, 82, · · · , 90 �w���M
:�›�p�V�”�i�Z���X

�-�‰�d�‘�}�‡�h�|���X�-�‰�b�”�h�Š�t�|�r�w�‘�O�s

�»
É�›�`�h�T	\�‚�‘�}

�r

�°
`�t a2 Š b2 = ( a + b)(a Š b)�|�b�s�˜�j�|

a2 = ( a + b)(a Š b) + b2 · · · 1�

�U
R�q�b�”�}�›�t a = x + 1 , b = x �q�S�X�q�|

(x + 1) 2 = ( x + 1 + x)(x + 1 Š x) + x2 �‘�“

(x + 1) 2 = x2 + x + ( x + 1) · · · 2�

�U
R�q�b�”�}�m�‡�“�| (x + 1) 2 �x�| x2 �t x + ( x + 1)
�›�
�b�\�q�t�‘�l�o�˜�’�•�”�}

x2 (x + 1) 2

+ x + ( x + 1)

�7	s�w���M
:�p�K�” 812 �›�-�‰�b�”�h�Š�t�| 1� �p

a = 81, b = 19 �q�S�X�q�|

812 = (81 + 19)(81 Š 19) + 192 · · · (� )

= 100 × 62 + 361 = 6561

�p�K�“�| 2� �p x = 81 �q�S�X�q�|

822 = (81 + 1) 2 = 812 + 81 + 82

= 6561 + 163 = 6724

�›�˜�”�}�^�’�t�| 2� �p x = 82 �q�S�V�|

832 = 822 + 82 + 83

�w�‘�O�t�|���“�&�`�‰�7�t�-�‰�`�o�M�Z�y�|�{�Š�”��

�M
:�x�|	q�t

6561, 6724, 6889, 7056, 7225,

7396, 7569, 7744, 7921, 8100

�p�K�”�} �

�j�s�ˆ�t�| (� ) �t�S�M�o�| b = 1 �q�b�•�y�|

812 = (81 + 1)(81 Š 1) + 1 2

= 82 × 80 + 1 = 6560 + 1 = 6561,

b = 9 �q�b�•�y�|

812 = (81 + 9)(81 Š 9) + 9 2

= 90 × 72 + 81 = 6480 + 81 = 6561

�p�K�“�| b �›�r�w�‘�O�s�‹�t�`�o�‹�|�‰�7�w�A�L�›�˜

�”�}�‡�h�|�Í�w
Q�í

x2 (x + 1) 2

+ x + ( x + 1)

(x + 2) 2

+( x + 1) + ( x + 2)

+2

�›�b�;�`�h�r�t�•�|�o	m�t

(100Š a)2 = 10000Š 200a + a2

�›�&�;�`�h�r�t�‹�K�l�h�}

(2015� å 
 "� >)
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A 1-4. �y
\�F�w�]�J
C�_�ó�—�›�­�‰�­�P�q�`
�o�w�¦� �å�”��
:

���È
ü�ú�•�ù�‰�Ü
�ô�s
:�¶�•	s�s
T
:�æ
�0	Å�¶�å�•�ô�Í 1 �å
\
�o�i�•
T
:�w
Q�í
�­�P�Ê�•�¦� �å�”��
:�p�!�…�O

0.1 �¦� �å�”�w � ��
:

���[�•�×
µ
: m �t�0�`�z m �q�“�M�t
É�s
m �Ž�<�w�×
µ
:�w�x
:�› � (m) �q�b�”�{

�é � . �« �p �¬ �Ý � ` �o � ˆ � ‘ �O� { � (6) �x �z 6 �Ž �<
�w�×
µ
:�p 6 �q�“�M�t
É�s�‹�w�x 1, 5 �w 2 �x�s
�w�p�z � (6) = 2 �p�K�”�{�‡�h�z
É
:�x�
�q�×
ü
�×
��`�T�ÿ
:�›�Ë�h�s�M�q�M�O���[�T�’�h�i�j
�t�z p �U
É
:�q�b�”�q � (p) = pŠ 1�U
R�“�q�m�{
�o�t�z�×
µ
: n �U � (n) = n Š 1 �›�¬�h�b�q�b
�”�q�z n �x
É
:�p�K�”�{


É
:
ü
Í�›�Z�€�`�o�M�h�¦� �å�”�U���[�`�h
��
:�p�z���Ô�‡�p�^�‡�_�‡�s�Z�€�U�s�^�•�o�V
�h��
:�p�K�”�U�z�¦� �å�”��
:�x
ü�T�l�o�M�s�M
�\�q�w�M�U���M�{�h�q�Q�y�z � (3) = 2 , � (6) = 2
�w�‘�O�t�z�¦� �å�”��
:�w�‹�t 2 �›�Ë�m�‘�O�s
�×
µ
:�x	—�s�X�q�‹ 2 �x�Ž	Í�x���O�b�”�{�¦� 
�å�”��
:�w�é�.�$�s�‹�›�-�‰�`�o�ˆ�”�q�z
ž�c
�‹�U	O
ó�`�o�M�”�‘�O�t�
�o�^�•�”�{�b�s�˜�j
�¦� �å�”��
:�w�o��
:�x���A��
:�p�K�”�\�q�U
�
�o�^�•�”�U�z�\�•�x�°�r�>�ð�J�s�w�p�K�”�{

ü�T�l�o�M�s�M�\�q�U���M�q�M�O�\�q�x�z�f�•
�i�Z�®�^�‡�_�‡�s�\�q�U�’�t
œ�‰�“
Ê�ˆ�•�O��
�›
:�g�$�s�r
s�t�‘�l�o�r�V�Ì�T�f�O�¯�q�M�O
�Š�Í
:�¶�J�w�è
ª�›�a
R�b�”�h�Š�t�~�^�˜�`�M
�­�P�t�s�“�O�”�{�›�t�z�¦� �å�”��
:�x�f�w��
�[�U
‡	×�t�³�ï�Ó�ç�p�z
¯�t�`�o�Ë�Š�z�×
ü�s
�“�w�F��
Q�›
C�_�`�o	Â�Ì�b�”�\�q�U�p�V�•�y�z
�f�•�x
\�F�w���g�q�s�”�{

Q�í

€ p �U
É
:�w�q�V�z � (p) = p Š 1

€ m �›
‡
Û
T
:�z p �U
É
:�w�q�V � (pm) =
pmŠ 1(p Š 1)

€ m, n �›�“�M�t
É�s���m�w
‡
Û
T
:�q�b�”�q
�V�z � (mn) = � (m)� (n)

	Â�Ì�x�Š�Í�‰
C�­�P	B A1-3�p�¸�á�t
ü�T�“�•�b
�X	{�T�•�o�M�”�w�p�z�f�j�’�›�€	°�^�•�h�M�{�\
�\�p�x�z�k�µ�s�^�æ�x�d�c�z�¦� �å�”��
:�w�_
�M�›	\�‚�”�{�‡�c
‡
Û
T
: n �U�z

n = pm1
1 pm2

2 pm3
3 . . . pmk

k

�q
É�¼
:
ü�r�^�•�h�q�b�”�{ � (n) �w�‹�›�{�Š�”
�h�Š�t�7�‹�,�Š�$�s�M�O�z 1, 2, 3, . . . �q
:�Q�o n
�t�¸�”�‡�p�z n �q�“�M�t
É�p�s�M�‹�w�›
:�Q�”
�•�“�M�t�m�M�o�ß�o�b�”�{���o�w�h�Š�z	Í�G�w

É�¼
:
ü�r�x�z
É�¼
:�U	–�^�M	q�t���œ�p�M�”
�q�>���b�”�{�‡�c�z n �t�¸�”�‡�p�t 1 �m�è�w
É
�¼
: p1 �q�“�M�t
É�q�s�”
:�w�Â�ù�x�z p1 �w
�
:
�i�Z�U	†�T�•�”�w�p�z

p1 Š 1
p1

�p�K�”�{�f�w�K�q�z p2 �w
�
:�U	†�T�•�”�w�p�z n
�t�¸�”�‡�p p1, p2 �q�“�M�t
É�q�s�”
:�w�Â�ù�x�z

p1 Š 1
p1

p2 Š 1
p2

�q�s�”�{�\�w�ß�o�›���“�&�b�q�z n �t�¸�”�‡�p
�b�‚�o�w
É�¼�  p1, p2, . . . , pk �q�“�M�t
É�q�s�”

:�w�Â�ù�x�z

p1 Š 1
p1

p2 Š 1
p2

�y . . .
pk Š 1

pk

�q�s�”�w�p�z�i�w
: n �t�\�w�Â�ù�›
¯�b
ü
:�›
	Ð�c�”�\�q�p � (n) �w�‹�U�{�‡�”�z�q�M�l�h�ß�Q
�M�p�K�”�{ �¢�k�µ�t	Â�Ì�b�”�h�Š�t�x�z�¤���Ü	Ò
�(���g�U
ž�A�£�y�î�M�z

� (n) = n
p1 Š 1

p1

p2 Š 1
p2

�y . . .
pk Š 1

pk

= pm1
1 pm2

2 . . . pmk
k

p1 Š 1
p1

p2 Š 1
p2

�y . . .
pk Š 1

pk

= pm1Š 1
1 pm2Š 1

2 . . . pmk Š 1
k (p1Š1)(p2Š1) . . . (pkŠ1)

H	�ç�ú�þ�çH	



=
k�

i =1

pmi Š 1
i (pi Š 1)

=
k�

i=1

� (pmi
i )

�\�w�A�L�T�’�‹�z�¦� �å�”��
:�x
ì�Ÿ�s�”
É�¼

:�t�0�`�o	Ð�O�$�p�K�”�\�q�U
ü�T�”�{�^�o�z

Œ�„�r�w�-�‰�p	Z�o�V�h�z

� (n) = n
p1 Š 1

p1

p2 Š 1
p2

�y . . .
pk Š 1

pk

�x
É�¼
:
ü�r�^�Q�p�V�•�y�¦� �å�”��
:�w�‹�›
���o�t�{�Š�”�h�Š�w�¬�Ü�p�‹�K�”�{
‡
Û
T
: n
�U�z

n = pm1
1 pm2

2 pm3
3 . . . pmk

k

�q
É�¼
:
ü�r�^�•�h�q�V�z
Œ�„�r�w�Ü�›
T�g�`
�h�Ü

� (n) = n(1 Š
1
p1

)(1 Š
1
p2

) . . . (1 Š
1
pk

)

�p�)�Q�’�•�”�{�\�w�¬�Ü�t	H�Q�y�z 100 = 22× 52

�p�K�”�T�’�z

� (100) = 100(1Š
1
2

)(1 Š
1
5

) = 40

�q���o�t�-�‰�b�”�\�q�U�p�V�”�‘�O�t�s�”�{�^
�o�z�¦� �å�”��
:�U� �;	Í	O�A�s�™�¯�›�Ë�m�g
���w�
�m�t�x�z�Ñ�£�ç�Ú�”�w	–���g�w�¦�Á�U�K
�”�{

���g�• 
‡
Û
T
: a, m �U�“�M�t
É�p�K�”�q�V�z
a� (m) �ù 1 (mod m) �U
R�q�b�”�{

� ^ �‡ �_ �‡ �s 	Â � Ì �U �Œ� ’ � • �o �M� ” �U�z� ³ � ï �Ó
�ç�s�^�æ�p�A�‰�‹�w�›�)�Q�o�S�\�O�{
m �Ž�<�w�×
µ
:�p m �q�“�M�t
É�p�K�”�‘�O�s
�‹�w�›�z

x1, x2, . . . , x� (m)

�q�S�X�{�\�•�’�b�‚�o�t m �q�“�M�t
É�s�×
µ
:
a �›�T�Z�”�{

ax1, ax2, . . . , ax� (m)

�\�\�p�z a �q m �U�“�M�t
É�p�K�”�\�q�T�’�z m
�p�Â�l�h�(�“�x�z�7	s�w

x1, x2, . . . , x� (m)

�w
:�q�‰�a�‹�w�t�s�”�{�\�w�\�q�t�m�M�o�z�é�.
�«�p�¬�Ý�`�o�T�’�z	Â�Ì�›�b�”�{�h�q�Q�y m = 7
�q a = 9 �x�“�M�t
É�p�K�”�{ 7�q�“�M�t
É�s
:�x�z

1, 2, 3, 4, 5, 6

�p�z�\�•�’�›�b�‚�o 9 
��b�”�q�z

9, 18, 27, 36, 45, 54

�q�s�”�U�z�\�•�’�›�b�‚�o 7 �p�Â�l�h�(�“�x�z

2, 4, 6, 1, 3, 5

�p�K�“�z�7	s�w	B�ù�q�‰�a�‹�w�t�s�”�{�^�o�°
`
�t�z m �q�“�M�t
É�s m �Ž�<�w
ì�Ÿ�s�”�Ú�™�w 2
�m�w
: t i , t j �t�m�M�o�z m �q�“�M�t
É�s a �›�T�Z
�”�\�q�p�z ati , atj �q�M�O���m�w
:�›�m�X�“�z�\
�•�’�› m �p�Â�l�h�(�“�U�s�`�X�s�l�h�q�b�”�{
�b�s�˜�j�z

ati �ù atj (mod m)

�p�K�”�q�b�”�{ (a, m) = 1 �p�K�”�\�q�T�’�†�%�›
a �p�Â�•�o�z t i �ù t j �q�s�”�U�z�f�‹�f�‹ t i Š tj <
m �‘�“�z�\�•�x
Æ�D�ó�p�K�”�{ (c.f. �ì
¶	Ò�(�%�£
�^�o�z�¦� �å�”�w���g�w	Â�Ì�t�í�”�q�z m �q�“
�M�t
É�s
:�h�j�›�b�‚�o�T�Z�K�˜�d�h�‹�w�› m
�›�O�q�`�o�ß�o�b�”�{

x1x2 . . . x� (m) �y�ù a� (m)x1x2 . . . x� (m) (mod m) �y

�¤ xi �h�j�x m �q�x�“�M�t
É�p�K�”�w�p�z�f�•
�’�w
u�‹ m �q�x�“�M�t
É�p�K�”�{�`�h�U�l�o�†
�%�› x1x2 . . . x� (m) �p�Â�•�y�z�¦� �å�”�w���g�›
�˜�”�{

0.2 �¦� �å�”��
:�w�‹�›�
�o�b�”

	j
‹�U�Õ�X�s�l�o�`�‡�l�h�U�z�Š�J�x�¦� �å�”
��
:�w�‹�t�m�M�o�z	í�‘�q�
�o�`�o�M�X�\�q�t�K
�”�{ 1�T�’ 100�X�’�M�‡�p�w�×
µ
:�›�ß�Q�z�×
µ

:�q�¦� �å�”��
:�w�‹�›���‚�o�ˆ�”�{�¦� �å�”
��
:�w�‹�›�î�M�t�-�‰�Å	6�b�”�\�q�‹�G
~�p�K
�”�{�î�M�t�-�‰�`�o
¯�t�`�h�‹�w�U�Í�w�‹�w�p
�K�”�{�>�U
Ç�X�\�q�x�?�T�K�”�i�–�O�T�{�\�w

H	�ç�ú�ÿ�çH	




¯�›
\�F�t���Ô�`�z�?�T�>�U
Ç�X�\�q�x�s�M�T
�q
C�ð�`�o�ˆ�”�q�z	m
.�p
É�•�s
C�_�›�`�o�X
�•�”�x�c�p�K�”�{�f�w
C�_�x�z
:�¶�$�t�A�‹�U
�K�”�‹�w�T�‹�`�•�s�M�`�z�f�O�p�s�T�l�h�q�`
�o�‹�z�­�­�$�t�x�q�o�‹�G�V�s�A�‹�w�K�”
C�_
�p�K�”�q�ß�Q�o�M�”�{

n � (n) n � (n)
2 1 2 1
3 2 3 2
4 2 4 2
5 4 6 2
6 2 5 4
7 6 8 4
8 4 10 4
9 6 12 4
10 4 7 6
11 10 9 6
12 4 14 6
13 12 18 6
14 6 15 8
15 8 16 8
16 8 20 8
17 16 24 8
18 6 11 10
19 18 22 10
20 8 30 10
21 12 13 12
22 10 21 12
23 22 26 12
24 8 28 12
25 20 36 12
26 12 17 16
27 18 32 16
28 12 34 16
29 28 19 18
30 10 27 18
31 30 38 18
32 16 25 20
33 20 33 20
34 16 23 22
35 24 35 24
36 12 29 28
37 36 31 30

0.3 �'
Ý�^�•�”�
�o

�
�o�
�• � (2) = 1 �Ž�Ž
¶
æ�î
:�p�K�”�{

�‘�X�Œ�’�•�h�¦� �å�”��
:�•�Q�t�z�\�•�x�p
�h�“
²�b�W�”�w�T�‹�`�•�s�M�U�z���g�w
C�_
�x�\�O�`�h
É�•�s�
�o�T�’�•�‡�”�\�q�U���M�{

\�F�U�
�o�`�h�\�q�t�0�`�o�V�j�œ�q	Â�Ì�›
�m�Z�”�‘�O�¦�‹�b�”�\�q�x�
�A�p�K�”�{�î�M�z
n �U�z n = pm1

1 pm2
2 pm3

3 . . . pmk
k �q
É�¼
:
ü�r�^

�•�h�q�b�”�q�z�¦� �å�”��
:�w	Ð�O
Q�t�‘�“�z
�y � (n) = � (pm1

1 )� (pm2
2 ) . . . � (pmk

k ) �p�K�”�{
É

: p �t�0�`�o � (pm) = pmŠ 1(p Š 1) �q�M�O
Q
�í�›�Ë�m�\�q�T�’�z p �U 2 �p�s�Z�•�y p �x�-
É

:�p�K�”�w�p�z p Š 1 �x�î
:�p�K�”�{�`�h�U�l
�o�z � (n) �w�È�%�w�r�\�T�t�x�î
:�U�K�”�w�p�z
� (n) �x�î
:�q�s�”�{

�
�o���• �o�Ð�p�x�s�M�U�z m �U�G�V�Z�•�y
� (m) �‹�G�V�X�s�”�{

�ô� Í 1 �å�p�x�Ã�v�w�“ �æ�x�‡� i �¶	6�` �o�M
�s�M�U�z�Ã�v�w�t�?�p�t�M�õ�Q�”�q lim

m��
� (m)

�x
C�„�b�”�z�q�M�O�\�q�p�K�”�{
m �Ž�<�w
É
:�w�x
:�› p(m) �q�S�X�q�z m �Ž�<
�w
É
:�x	—�s�X�q�‹ m �q�x�“�M�t
É�s�w�p�z
p(m) � � (m) �U
R�q�b�”�{
É
:�x�Á�v�t���O
�b�”�w�p�z�¦� �å�”��
:�w�‹�‹�Á�v�t�G�V�X�s
�”�{

�
�o���• �î
:�w�‹�p���O�`�s�M�‹�w�U�K�”�{

�× 
µ 
 : � t �0 � ` �o � ¦ �   �å � ” � � 
 : �w� ‹ � › 	q 
 j �p
���‚�8�Q�o�
�o�`�o�ˆ�”�q�z

14, 26, 34. . .

�s�r�x�z�¦� �å�”��
:�w�‹�q�̀ �o�J	Ô�̀ �s�M�\�q
�U�
�o�p�V�”�{
É�¼
:
ü�r�`�o�ˆ�”�q�z 2× p (p :
�-
É
: ) �w���w
:�x�¦� �å�”��
:�w�‹�t�s�’�s
�M�w�p�x�s�M�T�q�¥�Q�”�U�z � (11) = 10 = 2 × 5
�s�w�p�z�\�w�'
Ý�x�b�Y�t�H�•�”�{ 11�U�i�Š�s
�w�p�x�s�X�z�-
É
:�x�i�M�h�M�¼�Ý�l�†�M�\�q
�‹�
�o�p�V�”�{ �®�i�M�h�M�¯�x
:�¶�$�p�x�s�M
�U�z���g�›�^�”�a���p�K�l�h�“�z	Ú�E
Ç�Z�›�Ð

H	�ç�ú���çH	



�‚�”�h�Š�t�x	O�A�s�ò
Q�p�z�°�Œ�w
:�¶�›
��Š
�”�h�Š�t�x�®�s�œ�T�z�f�œ�s�>�U�b�”�¯�U�H�°
�2�p�K�”�\�q�U���M�{�f�\�p�z p �›�-
É
:�q�`
�o�z�K�”�×
µ
: n �t�m�M�o

� (n) = 2 p

�q�s�l�h�q�>���b�”�{ n �U	—�s�X�q�‹���m�Ž	Í
�w�-
:�w
É�¼
:�›�Ë�m�q�V�z�¦� �å�”��
:�w	Ð
�O
Q�t�‘�“�
�o���q�‰�7�w�^�æ�p�z�‹�x 4 �w
�

:�t�s�”�\�q�U
ü�T�”�w�p�z�f�O�`�h n �x�b�Y
�t	†�Ž�p�V�”�{�`�h�U�l�o	Í�w�‘�O�t�s�l�h�q
�b�”�q�z�{�q�m�w�-
É
: q �›�;�M�o�z n = 2mqk

�p�K�”�\�q�U
ü�T�”�{�\�w n �t�0�`�o�¦� �å�”
��
:�›�^�;�^�d�h�‹�U 2p �q�s�”�w�p�z

2mŠ 1qkŠ 1(qŠ 1) = 2p

�q�M�O�����Ü�U�p�V�”�{ m = 2 �w�q�V�x�z p �U
�-
É
:�p�K�”�\�q�T�’�z qkŠ 1(qŠ 1) = p �q�x�s
�“�˜�s�M�h�Š�z�h�i�j�t m = 1 �p�K�”�\�q�U
ü
�T�“�z

qkŠ 1(qŠ 1) = 2p

�q�s�”�{�K�q�x
u�w	Ô�ù
ü�Z�p�^�æ�b�”�{
(1) qkŠ 1(qŠ 1) = 1 × 2p �w�q�V
q(kŠ 1) = 1 �‘�“ k = 1�z�T�m q Š 1 = 2p �q�s�”�{
�m�‡�“ q = 2p + 1 �p�K�”�{ p, q�x�-
É
:�p�K�l
�h�w�p�z�0�î�Ë�J�›	��”�\�q�t�‘�“�z�Í�w���g
�w�‘�O�s�‹�w�›�˜�”�{

�-
É
: p �t�0�`�o 2p + 1 �U
É
:�p�s�M�s�’�y
� (n) = 2 p �q�s�”�×
µ
:�x���O�`�s�M�{

(2) qkŠ 1 = p, qŠ 1 = 2 �w�q�V
�h�i�j�t p = q = 3, k = 2 �U�‹�T�•�”�{�\�•�x
���s�’�u � (9) = 6 �q�M�O�\�q�p�K�”�{�f�w��
�w	Ô�ù�‹�K�”�U�z p, q�w�-
É
:
Q�t�T�s�“
M�v
�^�•�z�A�Á (1) �w�ˆ�U���®�s	��Á�s�w�p�x�s�M
�T�q�ß�Q�’�•�”�{

0.4 �S�˜�“�t


Œ�w�ß�o�p�z 14�• 26�U�¦� �å�”��
:�w�‹�t
�s�’�s�M�\�q�x�Ô�d�h�U�z�¦� �å�”��
:�w�‹�t
�s�’�s�M�b�‚�o�w�î
:�›�â�O�`�h�˜�Z�p�x�s�M�{

�Ð�‚�o�ˆ�”�q�z�h�q�Q�y 50�x�¦� �å�”��
:�w�‹
�t�x�s�’�s�M�w�p�K�”�U�z�^�’�s�”�›�Ã�n�Z�U

ž�A�p�K�–�O�{�‡�h�z
É�•�s�
�o�w�
�m�t

�¦� �å�”��
:�x
ž�c	O
ó�`�h�‹�›�Ë�m

�\�q�‹�
�o�^�•�”�{�t�M�õ�Q�”�q�z�¦� �å�”��
:
�w�o��
:�U���A��
:�p�K�”�q�M�O�\�q�i�U�z�\
�w�ð�J�x�r�O�•�’�°�r�>�ð�J�p�z 2015�å�q�O�z
101010

�‡�p�x
Y�`�M�\�q�U�Ô�^�•�o�M�”�{�¦� 
�å�”��
:�x�Ù�å�·�©�á�æ�Â�Ÿ�U	[�•�w� �;�‹�K
�“�z�‡�b�‡�b	O�A
Q�›
ÿ�`�o�V�o�M�”�{�f�`�o�z

ü�T�l�o�M�s�M�\�q�U���M�T�’�\�f�z�­�P�q�`
�o�w�¦� �å�”��
:�w	O�A
Q�›�ò�a�o�M�h�i�Z�h
�s�’�¾�M�p�K�”�{

[�€�ß���Y ]
A1-3 �Ë�J�i�  �ô�Í�t�S�Z�”
T
:�æ�w�¦�‹�t�m
�M�o (�œ�þ�G�¶
ß���è	Ô�¤�~�ô�s�¶�Í 
:�¶�J�‰

C�­�P	B )

(2015�b�Z )

H	�ç�û�÷�çH	



 

�$�$���������s �º �Ù�† �b .� �u �� ��

6õ4��(5�>8'56ë�W�g�
�Ë�¡�º�Ý��
9×'¼�X�Û>8�æ�X�Û�
�Ä�1�Û����
�P1ß�Û�º>8�p�Û>1�º#Õ�
9×�/>/>*>0�º#Õ  
6õ4��"
–>8�Ë�¡�º�Ý  
�M �¦  �¡>8�Ë�¡�º�Ý�b�Â#Ý��

�Ð�s�º�Ù�†�b.��u �Ñ 
�� �¾�¿#.&É�±�Û�X�Û�M*ñ%Ê'2�d�@���‹�K�Z�8�•��#.�X
(Ô9×�/#Õ�b�S�u�b�X�Û�ö&O�Û�Š1*�����_�
���b�e8Ÿ�@
�6�•��  
�e8Ÿ>/>,  

��

��
0Ž'Å�[��

��

�� �������� �º�b1*��)��Ý�_�|�•�\�G'Å"á�c ����>#&ì�Ø�[�6
�W�S��
Æ'��̂ �]�b�Â#Ý�b�S�u%$�º�Ù�†�[�b�B�(/²&g�c
���(�_�æ�_�I�€�•�@�
�G�b�]�̂ �W�g�l�b�Â#Ý�_�X�8�Z
�c#.0Ž�@�Y���(�[�6�•�G�\�@'Z�ƒ�€�•���K�?�K�•�e�c
�•2A$×�_���\� �L�6�•�G�\�†*ƒ�<�•�\�
�G'Å�@�±�š�a
�̂ �8����
��
�e8Ÿ>/�C��
���b�Y'¼�'�@/²�M8•�æ�†�W&g�O�|����

���Ì x y�� �Ì�������
���Ì x �
���Ì y ��

��

�� �� �� ��

�� �� �� ��

�� ���� �� ��

�2�� �� ���� ��

��
�� �M+á�_�Ù�†3H�c%$�º�K�Z�8�•�‰�@*ƒ�<�Æ�8�@�
�W�g
�_�|�W�Z�c��#.�K�_�C�8���œ�@�6�•���Q�b�|�:�̂ �\�A
�_�Ë�¡�º�Ý�@�w� �_�̂ �•��"‚'g�K�S �� �X�b�Ë�¡�º�Ý�[
�Ú�b�M�m�Z�@/²�O�•�G�\�c�
�W�g�l�b�Â#Ý��8��[5�0[
�̂ �G�\�[�6�~�
�v�U�•�‡�G�b>0�X�b�Ë�¡�º�Ý�c%$�º�K
�Z�8�̂ �8�‰�@��3û�[�6�•����

/œ�4�†#Ý�8�S 1 ���š�n�@9×'¼�Û�/�[�…�ƒ�€�̂ �C�̂ �W
�S�S�u�
#Õ�•4)�@�s�º�Ù�†�†*ƒ�<�•��8��@�±�š�a�̂ �C
�̂ �W�S��"I�•�_7 �́K�8�G�\�[�c�̂ �8�b�[�
�Ë�¡�º�Ý�b
�æ�_�b�6�‡�b�•7u�?�}�s�º�Ù�†�†�…�8�
�Q�b�q#Ý�†�W
�•�\�\�v�_�
�Ë�¡�º�Ý�b�W�g�l�b�Â#Ý�Š�†�õ�8�S�8����
��
�� �è�W�
�6�u�_�s�º�Ù�†�b�q#Ý�[�†&g�K�S�‹�
�s�º�Ù
�†�†�µ�u�S�Ë�¡�º�Ý�b�æ�_�b�v�€�†0°�M����
��

�$�������������s �º �Ù�† �b �q#Ý�[ ��

�� ���b�e8Ÿ�c�
�:"@)z�[�V�r�€�•8�'�>&�M�¦ �G���������g

!·>' �
�•�Â�Ü�š�Ü�b�N#.�b�<#Ý>&�M�¦ �G������ 8�'��í�/'���

�g!·>'�†�…�W�S�‹�
�•�/�p�Û �� �º#Õ�@�v�~)��‡�T�e8Ÿ

�[�6�•����

x   

y   

H	�ç�û�ø�çH	



H	�ç�û�ù�çH	



H	�ç�û�ú�çH	



H	�ç�û�û�çH	






























