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We derive the exact mass-coupling relation of the simplest multiscale quantum integrable model, i.e.,
the homogeneous sine-Gordon model with two mass scales. The relation is obtained by comparing the
perturbed conformal field theory description of the model valid at short distances to the large distance
bootstrap description based on the model’s integrability. In particular, we find a differential equation for the
relation by constructing conserved tensor currents, which satisfy a generalization of the Θ sum rule Ward
identity. The mass-coupling relation is written in terms of hypergeometric functions.
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Introduction.—One of the most difficult problems in a
quantum field theory is to determine the mass-coupling
relation, i.e., the relation between the renormalized couplings related to the Lagrangian definition of the theory and
the physical masses. Such an exact relation would express,
for example, the dynamically generated nucleon mass in
the chiral limit of quantum chromodynamics in units of
the perturbative Lambda-parameter Λ which is defined in,
say, the MS scheme. The difficulty lies in the fact that the
Lagrangian is defined at short distances (or ultraviolet—
UV—scale), while the masses are the parameters at large
distances (or infrared—IR—scale).
There is one family of models where such a relation
can be found exactly, namely, two dimensional integrable
models. The mass=Λ ratio was indeed exactly determined
[1,2] in the nonlinear sigma (NLS) model. To this end,
one adds an external field coupled to one of the conserved
charges, calculates the free energy perturbatively on the
UV side, and compares it to the large field expansion from
the Bethe Ansatz integral equation or the thermodynamic
Bethe Ansatz (TBA) equation [3] on the IR side. Later this
method was applied to many other models [4–10].
In contrast to the NLS model with marginally relevant
perturbations, there is also a large class of integrable models
which can be defined as perturbations of their UV-limiting
conformal field theories (CFTs) by strictly relevant scaling
operators. In this case, coupling constants are dimensionful,
and one can show [11,12] that they are not renormalized in
the perturbative CFT scheme and hence, are physical themselves. When a model in this class has only one perturbing
operator, the relation between the coupling constant and the
(lowest) physical mass boils down to a single proportionality
constant. This nontrivial constant was determined as well by
the method described above for the sine-Gordon and affineToda field theories and their reductions [13,14].
A common feature of all these models is that they have
only one mass scale. In some of these models, the particles
0031-9007=16=116(18)=181601(5)

have a nontrivial spectrum but all mass ratios are encoded
in the S matrix: the UV=IR relation is complete once the
lowest mass is expressed by Λ, the coupling, or some other
physical dimensionful parameter related to the Lagrangian.
However, when the models have several independent
perturbing operators, the particle spectrum continuously
depends on the couplings and not fixed by the S matrix. In
this sense, such models can be called multiscale, to which
the method in the single-scale case is not applicable, and
hence, there are no results for multiscale mass-coupling
relations in the literature.
The aim of this Letter is therefore to provide a novel
method which can fill this gap. Though our method
is conceptually more general, we focus on a class of
multiscale quantum integrable models with strictly relevant
perturbations, i.e., the homogenous sine-Gordon (HSG)
model [15–20]. We present our ideas in particular for its
simplest case with two scales. The mass-coupling relation
gives the one-point functions of the perturbing operators,
encoding all the nonperturbative information which is not
captured by the CFT perturbation. Via the gauge-string
duality, it is applied to the four-dimensional maximally
supersymmetric gauge theory at strong coupling, which is
one of the recent main subjects in field and string theories:
it provides the missing link to derive an analytic expansion
[21–24] of the strong-coupling amplitudes [25]. These are
also our main motivations. Below, we analyze the model
both from the UV and IR side, and compare the results to
obtain the mass-coupling relation.
UV: perturbed CFT.—The simplest multiscale HSG
model is the perturbation of the suð3Þ2 =uð1Þ2 coset CFT
by its weight-0 adjoint primary fields. Fortunately, the coset
allows an equivalent representation in terms of the projected
product [26] of the Ising and the tricritical Ising (TCI)
minimal models, providing a handy calculational basis:
suð3Þ2 =uð1Þ2 ∼ M3;4 ⊗ M4;5 , where Mp;q stands for the
minimal model with central charge c ¼ 1 − 6ðp − qÞ2 =pq.
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The coset chiral algebra is larger than the Virasoro algebra;
thus, its diagonal modular invariant partition function
representing the spectrum decomposes into the product
of Virasoro characters nondiagonally as Z ¼ 2χ 161 803 χ̄ 161 803 þ
2χ 161 167 χ̄ 161 167 þðχ 00 þ χ 12 32 Þðχ̄ 00 þ χ̄ 12 32 Þþðχ 120 þ χ 0 32 Þðχ̄ 12 0 þ χ̄ 0 32 Þþ
ðχ 0 101 þ χ 12 35 Þðχ̄ 0 101 þ χ̄ 12 35 Þ þ ðχ 0 35 þ χ 12 101 Þðχ̄ 0 35 þ χ̄ 12 101 Þ,
where
ð1Þ ð2Þ

χ hh0 ¼ χ h χ h0 refers to the characters in the tensor product
with h, h0 being the dimension of primaries. The chiral
algebra can be taken to be the product of the free fermion
algebra generated by ψðzÞ of dimension 1=2 on the
Ising side and the superconformal algebra generated by
Lð2Þ ðzÞ; GðzÞ on the TCI part. The full Virasoro field is the
sum LðzÞ ¼ Lð1Þ ðzÞ þ Lð2Þ ðzÞ, where the Ising contribution
is Lð1Þ ðzÞ ¼ −ð1=2ÞψðzÞ∂ψðzÞ. There are four fields of
dimension (3=5, 3=5), which can be obtained from Φðz; z̄Þ ≡
Φ1=10;1=10 ðz; z̄Þ by acting with the left and right chiral
generators:
ðiÞ

ðjÞ

Φij ðz; z̄Þ ¼ ψ −1=2 ψ̄ −1=2 Φðz; z̄Þ;

h0jXjθ1 ; …; θn ia1 …an ¼ FXa1 ;…;an ðfθi gÞ:
These form factors have the structure
Y
FXa1 …an ðfθi gÞ ¼ QXa1 …an ðfxi gÞ Faj ak ðθj ; θk Þ;

ð5Þ

j<k

where xi ¼ eθi , and the two particle form factors are
F11 ðθ1 ; θ2 Þ ¼ F22 ðθ1 ; θ2 Þ ¼ −

2
sinh θ1 −θ
2
2πðx1 þ x2 Þ

ð6Þ

and F12 ðθ1 ; θ2 Þ ≡ fðθ1 − θ2 Þ, which is the minimal solution of the equation fðθÞ ¼ S12 ðθÞfðθ þ 2iπÞ; see [27] for
the details. F21 ðθ1 ; θ2 Þ is then F21 ðθ1 ; θ2 Þ ¼ fðθ2 − θ1 Þ=
S12 ðθ2 − θ1 Þ. The factors QXa1 …an ðfxi gÞ are polynomials in
xi and 1=xi . For the trace of the stress tensor, Θ, they were
calculated explicitly in [27,28] and have the structure
2
QΘ
a1 …an ðfxi gÞ ¼ Pðfxi gÞ qa1 …an ðfxi gÞ;

ð1Þ
ð1Þ

ð4Þ

ð7Þ

where, to streamline the notations, we introduced ψ −1=2 ¼
pﬃﬃﬃ
ð2Þ
ψ −1=2 and ψ −1=2 ¼ 5G−1=2 . This ensures the proper
normalization of the operators hΦij jΦkl i ¼ δik δjl . The
Lagrangian of the HSG theory is defined to be


where P2 ¼ Pþ P− and P ¼ P
ð1Þ þ Pð2Þ contain the contributions of
type to the light cone momenta:
Peach particle
1
P
¼
m
x
.
We
can easily define four local
a
j∈type a j
ðaÞ
operators Xab by their form factors:

L ¼ LCFT − λi λ̄j Φij ðz; z̄Þ;

−
QXa1ab…an ¼ Pþ
ðaÞ PðbÞ qa1 …an :

ð2Þ

where summation is understood for i ¼ 1, 2 and j ¼ 1, 2.
Since the transformations λi → βλi and λ̄i → β−1 λ̄i with β
being constant do not change the perturbation, we have
effectively three parameters. We also have further discrete
symmetries: The remnant of the S3 Weyl symmetry in the
coset translates into the λi → ωij λj invariance of the perturbation, where ωij stands for the rotation by 2π=3 or the
reflection λ1 → −λ1 . We have similar independent transformations for the right chiral half.
IR: scattering theory.—The Hilbert space on the IR side
contains the scattering states jθ1 ; …; θn ia1 …an of two types
of particles with masses m1 and m2 which can take arbitrary
values. Here, θj is the rapidity of the jth particle of type aj
whose energy is E ¼ maj cosh θj . The theory is integrable,
and the two particle scattering matrix contains one resonance parameter σ [18]:


1
π
S12 ðθ − σÞ ¼ −S21 ðθ þ σÞ ¼ tanh
θ − i : ð3Þ
2
2
These fermionic particles scatter on themselves trivially:
S11 ðθÞ ¼ S22 ðθÞ ¼ −1. Our aim is to express the three IR
parameters, m1 , m2 , and σ in terms of the UV parameters λi
and λ̄j . Since the UV parameters depend on the choice of
the basis for Φij, we have to map these operators to their IR
counterparts. On the IR side, operators are characterized
by their form factors. For a local operator X, they are
denoted by

ð8Þ

We analyzed numerically the UV expansion of their two
point functions by including six particles in the form factor
expansion and confirmed that they all have dimensions
(3=5, 3=5). Note that these operators depend on the masses
only through the prefactors P
ðaÞ . As a consequence, their
vacuum expectation values and matrix elements inherit the
same mass dependence. The IR Xab operators are the linear
combinations of the perturbing UVoperators Φij , and in the
following, we relate the two bases to each other.
UV- IR operator relation.—In relating the UV and IR
bases, note that Θ can be written in both languages,
X
4X
λi λ̄j Φij ¼
Xab ;
ð9Þ
Θ¼−
5 i;j
a;b
and its vacuum expectation value is related to the free
energy density as F ¼ −limV→∞ ð1=VÞ ln Z ¼ 12 hΘi. From
the definition of the partition function, we can write
∂ i F ¼ −hΨi i;
∂¯ j F ¼ −hΨ̄j i;

Ψi ¼ −λ̄j Φij ;
Ψ̄j ¼ −λi Φij ;

ð10Þ

where ∂ i is the shorthand for ∂=∂λi and similarly, ∂¯ j for
∂=∂ λ̄j . Form factor perturbation theory expresses the
change in the particle masses in terms of the diagonal
one particle form factors, FXaa ≡ FXaa ðiπ; 0Þ, of the perturbing operator as [29]
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Ψ̄
∂¯ j m2a ¼ −4πFaaj :

ð11Þ

The change in the scattering matrix is related to
i
the diagonal two particle form factors FΨ
abab ðθÞ ≡
Ψi
limϵ→0 Fabab ðθ þ iπ; iπ; θ þ ϵ; ϵÞ as [29]
i
8π 2 iFΨ
abab ðθÞ ¼ 2ma mb sinh θ∂ i Sab ðθÞ

− ½∂ i m2a þ ∂ i m2b
þ 2 cosh θ∂ i ðma mb Þ∂ θ Sab ðθÞ:

ð12Þ

TBA analyses relate the bulk energy density to the mass
and resonance parameters as F ¼ 12 m1 m2 cosh σ (see [22]).
On the IR basis, taking into account the mass dependence
of the operators Xab , it implies for the vacuum expectation
values that hXaa i ¼ 0 and hX 12 þ X21 i ¼ 2F . The diagonal
one particle matrix element of Θ is normalized with respect
2
to the masses as FΘ
aa ðiπ; 0Þ ¼ ma =2π, which implies
2πFXaabc ¼ δab δac m2a :

ð13Þ

From the explicit form of qa1 …an in [27,28], one can calculate
that
ab
4π 2 iFX1212
ðθÞ ¼ ma mb eðb−aÞθ ∂ θ S12 ðθÞ:

ð14Þ

Expanding Ψi by Xab, and comparing (11) with (13) and
(12) with (14), we arrive at the relation
Ψi ¼ −X11 ∂ i ln m1 − X12 ∂ i lnðm1 m2 e−σ Þ1=2
− X22 ∂ i ln m2 − X21 ∂ i lnðm1 m2 eσ Þ1=2 :

ð15Þ

A similar relation for Ψ̄i is obtained by replacing ∂ i with ∂¯ i .
The consistency of hΨi i from (10) and (15) gives hX12 i ¼
1
−σ
and hX21 i ¼ 12 m1 m2 eσ . Together with these
2 m1 m2 e
results, we restrict the mass-coupling relation from conservation laws in the following.
UV conserved charges.—In the UV CFT, any element of
the chiral algebra, ΛðzÞ, is a component of a conserved
¯
current: ∂ΛðzÞ
¼ 0. Once we switch on the perturbation,
this is no longer true, but we can systematically calculate
the corrections. The leading order formula is
I
¯∂Λðz; z̄Þ ¼ −λi λ̄j dw ΛðzÞΦij ðw; z̄Þ:
ð16Þ
z 2i
Comparing the dimensions on the two sides, one can show
that higher order terms cannot contribute, and the first order
formula is actually exact.
Given (16), conserved currents are found by the counting
argument [30,31]. For example, at the second level, we
have three operators: the Ising stress tensor Lð1Þ ðzÞ, the TCI
one Lð2Þ ðzÞ, and the product Lð3Þ ðzÞ ¼ ψðzÞGðzÞ. By
analyzing carefully their operator product expansion
(OPE) with the perturbing fields, Φij , we find two

conservation laws. The first combination is the conservation of the energy L ¼ Lð1Þ þ Lð2Þ,
¯ ¼ πð1 − hÞλi ∂Ψi ;
∂L

ð17Þ

where h ¼ 35 is the chiral conformal dimension of
the perturbing operators. The conservation of the other
combination,
pﬃﬃﬃ
5 λ1
−
ð1Þ
ð3Þ
J ¼ L þ αL ;
α¼
;
ð18Þ
4 λ2
follows from the singular part of the OPE J− ðzÞλi Φij ðw; w̄Þ¼
3
5
2
2 ½vi Φij ðw; w̄Þ=ðz−wÞ þ 2 ½vi ∂Φij ðw; w̄Þ=ðz−wÞ as
¯ − ¼ ∂Jþ ≡ vi ∂Ψi ;
∂J

ð19Þ

ðπ=6Þðλ21 =λ2 Þ.

We denote
where v1 ¼ ðπ=2Þλ1 and v2 ¼
the corresponding conserved charge by Q. Clearly, we
have similar equations for the antichiral half, J̄− and J̄ þ .
We can also calculate
how the charge Q acts on J̄ − :
H
−
½Q; J̄ ðz; z̄Þ ¼ −π ðdw=2πiÞJ − ðwÞv̄j Ψ̄j ðz; z̄Þ. Using the
short distance OPEs, we obtain
5
½Q; J̄−  ¼ − vi v̄j ∂Φij :
ð20Þ
2
IR conserved charges.—From the two conservation laws
for L and for J−, it is clear that they have linear combinations
¯ i for i ¼ 1, 2, and similarly,
τi such that Ψi satisfies ∂Ψi ¼ ∂τ
Ψi
for Ψ̄i. As a consequence, F ∝ Pþ and FΨ̄i ∝ P− , which
together with (8) and (15) give the relations




m1 −σ
m1 σ
∂ i ln
¼ 0;
∂¯ i ln
ð21Þ
e
e ¼ 0:
m2
m2
Now it is advantageous to introduce the parameters
m
m
μa ¼ a eσa ;
μ̄a ¼ a e−σ a :
ð22Þ
2
2
All physical combinations depend only on the difference of
σ a , namely, σ ¼ σ 1 − σ 2 . The equations above imply that
μ1 =μ2 depends only on η ¼ λ1 =λ2 and μ̄1 =μ̄2 on η̄ ¼ λ̄1 =λ̄2 .
In this notation, hX12 i ¼ 2μ2 μ̄1 and hX21 i ¼ 2μ1 μ̄2 .
The action of the conserved currents and charges on
multiparticle states are found using their forms such as (15),
(19) with (21), and the relevant form factors given above.
The commutator ½Q; J̄−  is thus expressed in terms of the IR
basis Xab . Comparing the resulting expression to the UV
result (20), we can derive the relation
4
Φij ¼ − ð∂ i ln ma Þð∂¯ j ln mb ÞXba :
ð23Þ
5
Master formula.—Our final ingredient for the masscoupling relation is the master formula, which is a
generalization of the Θ sum rule of [32] for a conserved
spin two current. Let us assume that Y μν satisfies
∂ μ Y μν ¼ 0 and that Ψ is some scalar operator, such
that the leading term of their conformal OPE is
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hY −− ðzÞΨð0Þi ¼ Cð0Þ=z2 þ   . By following the calculation that leads to the Θ sum rule, we obtain
Z
d2 xhY þ− ðxÞΨð0Þic ¼ −πCð0Þ;
ð24Þ
where h·ic stands for the connected part. For this, we used
relativistic invariance to parametrize the two point function
as hY μν ðxÞΨð0Þic ¼ −xμ xν r−4 Cðr2 Þ þ ημν Aðr2 Þ þ ϵμν Bðr2 Þ.
The conservation law then leads to G=r2 ¼
ðd=dr2 ÞðC þ GÞ, where G ¼ C þ 2A þ 2B. In massive
theories Cð∞Þ ¼ Gð∞Þ ¼ 0 and a relevant conformal
dimension, Δ < 1, for Ψ implies Gð0Þ ¼ 0.
Applying theseRformulas to the stress tensor, we recover
the Θ sum rule: d2 xhΘðxÞΨð0Þic ¼ −2ΔhΨi. Since the
second tensor index of Y μν can be regarded as a label of
the current, the formula can be applied to the other
conserved current Jμ ∼ Y μ− . This leads to a differential
equation for the mass-coupling relation.
Mass-coupling relation.—To see this, first note that the
master formula (24) enables us to calculate the free energy
Ward identity,
Z
5
¯
∂ i ∂ j F ¼ −hΦij i − d2 xhΨi ðxÞΨ̄j ð0Þic ¼ − hΦij i: ð25Þ
2
Together with F ¼ μ1 μ̄2 þ μ2 μ̄1 , this implies complete
factorization; i.e., μa depends on λi as μa ðλ1 ; λ2 Þ, and
similarly, μ̄a as μ̄a ðλ̄1 ; λ̄2 Þ. This means that the original
three-variable mass-coupling relation is reduced to two
identical copies of the chiral two-variable mass-coupling
relation. On dimensional grounds, we can thus write
λ5=2
λ̄5=2
1
μ̄a ¼ 1 qa ðη̄Þ;
ð26Þ
qa ðηÞ;
2
2
so as to maintain the left-right symmetry of the problem,
where as before η ¼ λ1 =λ2 .
The master formula implies also that
Z
π
ð27Þ
vi ∂ i hΦkj i ¼ d2 xhJþ ðxÞΦkj ic ¼ Mki hΦij i;
2
μa ¼

where from the OPEs, we obtain M11 ¼ 1,
M12 ¼ M21 ¼ 12 η, and M 22 ¼ 0. Through (23), this actually
translates into the following differential equation for qa :




η2 00
2η2 0 5
2
η 1−
q þη 4−
qa þ qa ¼ 0; ð28Þ
4
3 a
3
which is a hypergeometric differential equation whose
solutions need to be fixed from the boundary conditions.
One special case can be obtained by sending λ1 ¼ λ̄1 to 0. In
this case, only the TCI model is perturbed with λ2 λ̄2 Φ22 ,
and the masses are explicitly known as m1 ¼ 0 and
m2 ¼ κðλ2 λ̄2 Þ5=4 with κ ¼ ½56ð21πÞ1=4 =55=2 f½Γð− 75ÞΓð15Þ=
4
½Γð12
5 ÞΓð5Þg [13,22]. The solution of (28) for such vanishing
μ1 is unique up to normalization, giving

2

1.2
0.8
0.4
0.

0.4

0.8

1.2

1

FIG. 1. Plots of (μ1 , μ2 ) versus (λ1 , λ2 ). On the left, the red and
blue surfaces represent μ1 ðλi Þ and μ2 ðλi Þ in (29) and (30),
respectively. The red and blue points represent the numerical
data ½λ1 ðμa Þ; λ2 ðμa Þ; μb  ðb ¼ 1; 2Þ from the TBA equations,
which are solved for given μa ¼ μ̄a . Each sequence from the
bottom to the top corresponds to ðμ2 Þ2=5 ¼ 1=2; 1; 3=2; 2, with μ1
varied. λi are determined by comparing the TBA free energy
with the CFT perturbation. On the right, the diamonds (⋄)
represent the projections of the left points to the (λ1 , λ2 ) plane.
The solid lines are the contours in the fundamental domain for
½μ2 ðλi Þ2=5 ¼ 1=2; 1; 3=2; 2 from (30).

μ1 ðλ1 ; λ2 Þ ¼ Bλ21 ðλ1 þ

pﬃﬃﬃ
3λ2 Þ1=2 F


2λ1
pﬃﬃﬃ
;
λ1 þ 3λ2



ð29Þ

where FðzÞ ¼ 2 F1 ð− 12 ; 32 ; 3jzÞ. The S3 symmetry then yields
pﬃﬃﬃ

 pﬃﬃﬃ
B ð 3λ2 − λ1 Þ2
3λ2 − λ1
pﬃﬃﬃ −1=2 F
pﬃﬃﬃ
: ð30Þ
μ2 ðλ1 ; λ2 Þ ¼
4 ðλ1 þ 3λ2 Þ
λ1 þ 3 λ2
(29) andpﬃﬃﬃ(30) hold in the fundamental domain
0 ≤ λ1 ≤ 3λ2 , which are continued outside by the S3
symmetry. The normalization ispﬃﬃﬃfixed by the above
single-mass result: B ¼ κð5π=16 4 3Þ. This is our main
result, which we have checked numerically from the
TBA equations [19]. Figure 1 shows the agreement of
(29), (30), and samples
pﬃﬃﬃ of numerical data. Furthermore,
at ðλp
;
λ
Þ
¼
ðλ=2;
3λ=2Þ, we confirm that μ1 ¼ μ2 ¼
1 ﬃﬃﬃ 2
5=2
ðB=2 2ÞFð1=2Þλ , which exactly reproduces the masscoupling relation in the equal-mass case [14,22]. The
mass-coupling relation enables us to express the free energy
density F in terms of (λi , λ̄i ), which then can be used via (25)
to obtain the one-point functions of Φij .
Conclusions.—In this Letter, we developed a new
method to calculate the exact mass-coupling relation for
multiscale quantum integrable models. We combined form
factor perturbation theory with the construction of conserved tensor currents. The generalization of the Θ sum rule
Ward identity of these currents provided a differential
equation for the mass-coupling relations, leading to solutions in terms of hypergeometric functions. This is the first
result for multiscale mass-coupling relations. Our work
provides the missing link to develop an analytic expansion
of ten-particle scattering amplitudes of the fourdimensional maximally supersymmetric gauge theory at
strong coupling around a Z10 -symmetric kinematic point
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[33]. Although we analyzed here the simplest multiscale
HSG model, the methods can be extended for other
multiscale perturbed CFTs. More details and related results
will be reported elsewhere [34].
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