sity of Tsukuba
Reposntory '

Synthetic differential geometry within
homotopy type theory I

goodd OO0 OO

page range 1-39

year 2016-10-26

URL http://hdl_handle.net/2241/00142921




arXiv:1606.06540v2 [math.CT] 26 Oct 2016

Synthetic Differential Geometry
within
Homotopy Type Theory
|

Hirokazu NISHIMURA
Institute of Mathematics, University of Tsukuba
Tsukuba, Ibaraki 305-8571
Japan

October 27, 2016

Abstract

Both syntheticc differential geometry and homotopy type theory pre-
fer synthetic arguments to analytical ones. This paper gives a first step
towards developing synthetic differential geometry within homotopy type
theory. Model theory of this approach will be discussed in a subsequent
paper.

1 Introduction

Homotopy type theory (cf. [I1I]), born at the crossroads of type theory and
homotopy theory in the first decade of this century ([I] and [10]) inspired by
[2], is expected to give a solid foundation to mathematics. A large portion of
classical homotopy theory has already been developed within homotopy type
theory with new formulations and new proofs of celebrated classical results
such as the Freudenthal suspension theorem, the van Kampen theorem and the
Whitehead theorem being discovered by the intimate collaboration of men and
the proof assistant system COQ in the process of developing.

Synthetic differential geometry is developed synthetically by using nilpotent
infinitesimals. For standard textbooks on synthetic differential geometry the
reader is referred to [5] and [7]. The principal objective in this paper is to
develop synthetic differential geometry within homotopy type theory. Since
both theories prefer synthetic arguments to analytic ones, there is a tremendous
affinity between them. In the next section (§2) we will set up the foundation
for types of nilpotent infinitesimals and announce the homotopical generalized
Kock-Lawvere axiom. After enjoying elementary differential calculus up to the
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Taylor expansion (cf. [3] and [4]) in §3] we will discuss microlinearity in § and
tangency in in §5l by using the machinery of set truncation. {6l is devoted to
strong differences. It culminates in a streamlined presentation of the general
Jacobi identity discussed in [§] and [9]. The last section (§7)) deals with vector
fields on a microlinear type. In a subsequent paper we will discuss model theory
of this approach.

2 Nilpotent Infinitesimals

Axiom 1 The type R is a set which is a Q-algebra, where Q is the type of
rational numbers.

Definition 2 A finitely presented R-algebra of the form
R [Xl, ,Xn] / (X{nl, ...,X7T", f1 (Xl, ey Xn) s ey fk (Xl, ey Xn))

with f;’s being polynomials in X1, ..., X,, with coefficients in R is called a Weil algebra.
It should be recalled that finitely presented R-algebras are to be defined by higher
induction in homotopy type theory.

Notation 3 Given a Weil algebra 20, we denote by Specg2T the type of homo-
morphisms of R-algebras from the R-algebra 25 to the R-algebra R By way of
example, the type

SpecgR [X] /(X?)

18 equivalent to the subtype
D:={d:R|d>=0}
of the type R, while the type
SpecgR[X,Y] /(X% Y2 XY)
1s equivalent to the subtype
D (2) := {(d1,d2) : D* | dydy = 0}
of the type D?.

Definition 4 Given a Weil algebra 20, the type SpecgU is called the infinitesimal type
associated to the Weil algebra 20.

Definition 5 The diagram of infinitesimal types resulting from a finite limit
diagram of Weil algebras by application of the contravariant functor Specy is
called a quasi-colimit diagram of infinitesimal types.




Axiom 6 (Homotopical Generalized Kock-Lawvere Axiom) Given a Weil alge-
bra 20, the canonical homomorphism of R-algebras from the R-algebra 20 to the
R-algebra Specg?0 — R

)\x:m)\f:SpccRmf (:E)
is an equivalence, namely,
W « SpecpW — R

Remark 7 Under Aziom[d, a finite diagram of infinitesimal types is a quasi-
colimit diagram iff the diagram resulting from it by application of the contravari-
ant functor — R is a limit diagram.

We recall the notion of a simplicial small object introduced in §4 of [§].

Notation 8 (Simplicial infinitesimal types) Given n : N and a finite set p of
lists of natural numbers i with 1 <i < n, we denote by D™ {p} a set

(di,ndy): D" | [ diyodi, =0

By way of example, we have
D(2) = D*{(1,2)}
D (3) =D’ {(L 2) ) (17 3) ’ (2a 3)}

while both D? {(1)} and D? {(2)} are equivalent to D via the equivalences A\g.p (0, d)
and Ag.p (d,0) respectively.

Axiom 9 The type R is a set endowed with a structure of a unitary commutative
ring such that

I isContr (Z [ @ ==f(0)+ ad> (1)

f::D—R a:R d:D

where D stands for the subtype

Z 22 =R 0
z:R

of R.

3 Elementary Differential Calculus

Notation 10 Given f:R — R and z : R, we write
f(z):R
for one of the propositionally identical a : R abiding by

[T vnf @+ ) (@ == Aynf (x+9)) (0) +ad
d:D



Proposition 11 We have

H isContr( Z HHf(x-i-d) ZRf(JU)‘FQ(iU)d)

fR—=R g:R—R z:R d:D

Proof. This follows from the above axiom by the principle of unique choice
(83.9 of [I1]). m

Notation 12 Given f: R — R, we write
ff'R—=R
for one of the propositionally identical g : R — R abiding by

[HI[fG@+d) == f@) +g(z)d

z:R d:D

Given n : N, we can define
fM:R-R

inductively on n.

Proposition 13 We have
II [[¢9 @=F(@g@+f(@)gd ()
fi9:R—R z:R
Proof. Let d: D. We have
fla+d)g(z +d) = (f(z) + f'(2)d) (9(z) + ¢'(z)d)
= f(@)g(@) + (f' (=
= f(z)g(z) + (f' (=

[since d* vanishes]

NN

so that the desired conclusion follows. m

Proposition 14 We have
II ITwen @=gf(@)f ()
fi9:R—=R z:R
Proof. Let d: D. We have
g(f(x+d)) =g (f(2)+ f(z)d)

f
=g(f(@)+4 (f (@) (f (x)d)
[since f'(z)d : D]

=g(f(@) + (¢ (f (2)) f' (2))d

so that the desired conclusion follows. m



Notation 15 Given n : N, we write
Listp (n)
for the type of lists of elements in D with length n. Thus the type Listp (n)
consists of (di,...,dn) s with d; : D (1 <i <n). In particular, Listp (0) consists
only of (). Given m,n : N, we define
Sym,, ,,, : Listp (n) — R
by induction on n. We decree that
Symyg o := Az:Listp(0) 1

and
SymO,erl = Am:ListD(O)O

whatever m may be. We decree that

Syanrl,O = /\w:ListD(n-i—l)l

and that

Symn-{-l,m-{-l (d17 ceey dn—i—l)
= Symy, 41 (1, oy dp) + dny1Sym,, , (dyy ooy dip)

whatever m may be.
It is easy to see that
Lemma 16 Given m,n : N, we have
Sym,, n, = Ag:Listp (n)0
provided that n < m.
Now we have the infinitesimal Taylor expansion theorem.

Theorem 17 Given f: R - R, z: R and n : N, we have

f (:C + Sym,, 4 (dy, ..., dn))
=f(z)+f () Sym,, ; (di,...,dn) + 1" (z) Sym,, 5 (di, ..., dn) + ...
+ fO8ym,, ; (di, .evdy) + oo + F™Sym, , (di, .. dy)



Proof. By induction on n. If n = 0, the theorem holds trivially. We have

f(z+Sym, 1 (di, ...y dnir))
= f(z +Sym,, ; (di,...,dn) + dny1Sym,,  (d1, ..., dy))
=f (:1: + Sym,, ; (di, ..., dn) —|—dn+1)
f (@ +Sym,, ; (di,...,dn)) + dns1 f' (x4 Sym,, ; (di,...,dyn))
f(@) + f () Sym,, 1 (di,....dn) + ... + f) (2) Sym,, ,, (d1, ... dn) +
dn 1{f’( )+ " (@ )Symn)l(dl,...,dn)-i-...—i—f("ﬂ) (2) Sym, , (i, - dn) }
fx)+ f(z) (Sym (di,.cosdn) + dpg1) +
(x) (Sym,, 5 (dy, ..., dn) + dps1Sym,, 1 (du, ... dn)) + ...

+1) JJ) n+1Symn n (dl, ceey dn)

(
f@)+ 1 (@) Symy, 10 (dis s digr) + 7 (2) Symy g o (dyy ooy dnga) + 4
(

n+1) 'r) Symn+1 n+1 (dlv ) dn+1)

]
The familiar form of the Taylor expansion theorem goes as follows:

Corollary 18 We assume that the ring R is an algebra over the rationals Q.
Given f :R —> R, z: R and n: N, we have

f (:v + Sym,, ; (di, ..., dn))
= F @)+ @) Sym (i, da) + 3 f (@) Sy, (s o))’ ot

n

% (Symy, 1 (1, .0y dn)) + .o + % (Symy, ; (di, ..., dy))
Proof. This follows directly from the theorem simply by observing that
i1Sym,, ; (di, .y dn) = (Symy, 1 (di, .y dn))’ (1 <i<m)

]
Definition 19 An R-module E is called Euclidean if it abides by the following

condition:
H isContr <Z H fd )+ ad)

fu:D—E a:E d:D

Given X : Y and an R-module E (z) for each = : X, the type [[,. ¢ E () is
naturally an R-module. It is easy to see that

Proposition 20 If the R-module E (z) is Euclidean for each x : X, then the
R-module [],. E (x) is also Euclidean.



Proof. By the function extensionality axiom (Axiom 2.9.3 of [I1]) and the
principle of unique choice (§3.9 of [11]). m

Notation 21 Given an R-module E, a Fuclidean R-module F' and f : E — F,
we write
ffE—-E—=F

for one of the propositionally identical f' abiding by
ITIIII /(@ +ad) = f(z) + f'(z,0)d
z:Ea:Ed:D
Proposition 22 Given an R-module E, a Euclidean R-module F and f : E —

F, we have
ITIITI s (o +0) = £ (z.a) + £ (2.b)

z:Ea:E b:E

HHHf’(:v,m):rf’(x,a)

z:E a:E r:R

and

In other words,

f'(@): E—=F

18 a homomorphism of R-modules.
Proof. Given d : D, we have

f(x+(a+b)d) = f((x+ad) + bd)

£
(z +ad)+ f' (x4 ad,b)d

(@) + 1 @ @) d+ {1 (@.0) + (e s (9,0)) (w,0)d} d
(

(

,T) ( (‘Taa)'i_f/(va))d'i_()‘yiEf/(yub))/(xva)CF
z) + (f' (z,0) + ' (2,b)) d

since d* vanishes]

f
f
f
=/

while we have

fe+(ra)d) = f (z +a(rd))
= f(@)+ ' (2,0) (rd)
[since rd : D]
= f(@) + (rf' (2,0))d

so that the desired conclusion follows. m

Notation 23 Given an R-module E, a Fuclidean R-module F' and f : E — F,
we have
flE—-E—=F



Since the R-module E — F' is FEuclidean by Proposition , we have
(fV:E-FE—-E—>F
We will often write f" in place of (f')’.
It is easy to see that

Proposition 24 Given an R-module E, a FEuclidean R-module F and f : E —
F, we have

H H Hf” (z,a1 + az,b) = " (z,a1,b) + [ (x,az2,b)

z:FE a1,a2:FE b:FE

HH H " (z,a,b1 + b2) = f" (z,a,b1) + f" (z,a,bs)

z:Ea:E by,ba:E

[TTITIII#" @ rab) = rf" (z.a.0)

z:Ea:Eb:E rR

ITIITIIL " (oot = " a,0)

z:E a:E b:E rR

In short, " (x) is bilinear.

and

Proof. By Proposition22l =
We can say more.

Proposition 25 Given an R-module E, a Euclidean R-module F and f : E —

F, we have
HHHf” (z,a,b) = f" (x,b,a)

z:Ea:E b:E
Proof. Given di,ds : D, we compute

flx+ady +bds) — f(x+ ady) — f(x 4+ bda) + f(x)
= f(x 4+ ady + bda) — f(x + bds) — f(z+ ady) + f(x)

in two different ways. On the one hand, we have

flx+ady +bds) — f(x+ady) — f(x+ bda) + f(x)

= (f(z 4+ ady + bd2) — f(z 4+ adr)) — (f(z + bds) — f(x))
(x + ady,b)dy — f' (x,b) da

"(x +adi) = f'(z)) (b) do

"(z,a)dy) (b)da

"(x,a,b) dids

(f
f/
(f
(f
f



On the other hand, we have

f(x+adi +bdz) — f(z +bd2) — f(x +adi) + f(z)

= (f(z + adi +bds) — f(x + bd2)) — (f(z + ad1) — f())
= f(z + bdz,a)dy — f(z,a)ds

= (f'(z +bdz) — " (x)) (a) dy

= (f" (z,0) dz2) (a) dr

= f"(z,b,a) didz

Therefore the desired conclusion follows. m

4 Microlinearity

Definition 26 The diagram of small objects resulting from a limit diagram of
Weil algebras by application of the contravariant functor

Specp

1s called a quasi-colimit diagram of small objects. Therefore, by Axiom 77, a
diagram D of small objects is a quasi-colimit diagram iff the exponentiation
D — R of the diagram D over the type R is a limit diagram.

Definition 27 A type M is called microlinear provided that the exponentia-
tion D — ||M||, of any quasi-colimit diagram D of small objects over the set
truncation || M|, of the type M is a limit diagram.of types.

It is easy to see that

Proposition 28 (c¢f. Proposition 1 of §2.3 in [7]) We have the following:
1. A type M is microlinear iff its set truncation || M|, is so.
2. The type R is microlinear.

8. If M is a microlinear set and X is an arbitrary type, then X — M is a
microlinear set.

4. If M s the limit of a diagram M of microlinear sets, then M is a micro-
linear set.

Proof. The first statement follows directly from the very definition of micro-
linearity. The second statement follows from the axiom. Let D be a quasi-colimit
diagram of small objects. For the third statement, we note that the diagram

D—->X—>M

is equivalent to the diagram
X—-D—->M



which is a limit diagram because of the assumption that D — M is a limit
diagram. For the fourth statement, we note that the diagram

D—-M
is a limit diagram of diagrams of types over the diagram M so that the diagram
D—+M

is a limit diagram, because, roughly speaking, double limits commute. m

5 Tangency

Notation 29 Given a microlinear type M and x : M, the type T, M of tangent vectors to M at x
stands for the subtype

{t:D— Ml [t(0) = |xlo}
of the type
D — || M|,
We recall that.

Lemma 30 (¢f. Proposition 6 of §2.2 in [7]) The following diagram is a quasi-
colimit diagram:
1 — D

{ 1 Aa:p (0,d)
D den (@0 D)

Corollary 31 Let M be a microlinear set with x : M. Given t1,to : D — M
with t1 (0) = t2 (0) = x, there exists Iy, +,) : D(2) = M such that

lt1,62) © (Aa:p (d,0)) =t
[(t1.42) © (Aaep (0, ) =t
The above lemma has the following variant.

Lemma 32 The following diagram is a quasi-colimit diagram:

1
v b N
D D D
N
D (3)
where the lower three arrows stand from left to right for
Aa:p (d,0,0)
Aa:p (0,d,0)
)\d:D (07 07 d)

respectively.

10



Corollary 33 Let M be a microlinear set with x : M. Given t1,to : D — M
with ty (0) = t2 (0) = x, there exists [y, 1,1 ) = M such that

D(3
[ty ta,t5) © (Ma:D (d,0,0)) =ty
[ty ta,ts) © (Aa:D (0,d,0)) = t2
[ty t0,t) © (Aa:D (0,0,d)) = t3
Definition 34 Given a microlinear type M with @ : M, we define addition and

scalar multiplication on TM as follows:For t,t1,to : T,M and o : R, t1 + to
and at are defined to be

t1 +t2 := Aa:Dlt, 1) (d, d)
at := A\g.pt (od)

Theorem 35 Let M be a microlinear type with x : M. Given o, : R and
t,ty,ta,ts : Tu(M), we have

(t1 +t2) +t3 =t1 + (t2 + 13) (2)
ti+to =ty + 1 (3)

1t =t (4)
(a+pB)t=at+pt (5)
a(ty +t2) = aty + ats (6)
(aB)t = o (B) 7)

In a word, the type T,(M) is an R-module.
Proof. We deal with the six properties in order.

1. Tt is easy to see that

()‘(dl,dz)iD(Q)[(t17t2,t3) (d17 da, O)) © ()‘diD (d7 0)) = Aa:pt1 (d)
()‘(dl,dz)iD(Q)[(t17t2,t3) (d17 da, O)) © ()‘diD (07 d)) = Ad:pl2 (d)

so that
(b1 ,t2) = AN(dr,da):D(2) V(b1 ta,t5) (d1, d2,0)
and consequently

t1 +t2 = Aa:pl(t, ta,t5) (d,d, 0)

It is easy to see that

(Adi,da):D(2) (b1t (d1,d1,d2)) © (Aa:p (d,0)) = Aa:Dlty ty85) (dd,0) = t1 + 12

(Md,da): D) (11 ta,t) (d1,d1,d2)) © (Aa:p (0,d)) = Aa:Dlty t.t5) (0,0,d) = t3

so that
Lty tta,ts) = A(drdz):D(2) (k1 ta,ts) (d1, d1, da)

11



and consequently
(tl + t2) + t3 = )\d:D[(tl,tg,tg,) (du du d) (8)
On the other hand, it is easy to see that
(Adada):D2) (11 t2,8) (0, d1,d2)) © (Aa:p (d,0)) = Aa.pt2 (d)
(Adisda): @) (11 ta,t) (0, d1,d2)) © (Aa:p (0,d)) = Xa:pts (d)
so that
Uta,t5) = Nda,do):D(2) (11 t0,t5) (05 d1, d2)
and consequently
ta +1t3 = Aa:Dl(t, ta,t5) (0, d, d)
It is easy to see that
(Adr,do): @) tr st ,t9) (d1, 2, d2)) © (Aa:p (d,0)) = Xa:Dley 10 ,4) (d,0,0) =ty
(Mdida):D(2) (11t (A1, d2s d2)) © (Aaip (0,d)) = Aa:D Uity 4505) (0,d,d) =t + t3
so that
Uty tatts) = A(drda):D(2) k1 ta,t5) (d1, d2, da)
and consequently
t1 + (t2 +t3) = Aa:Dl(t, ta,t5) (d, d, d) 9)
It follows from () and (@) that ([2) obtains.
. It is easy to see that
(Adr,da): D@ k1 1) (d2, d1)) © (Na:p (d,0)) = Aa:pta (d)
(Adr,da):D@) (11 ,t2) (d2,d1)) © (Aa:p (0,d)) = Ag:pty (d)

so that
(to,t1) = A(drda):D(2) V(b1 ,t2) (d2y d1)

Therefore we have

ta + 11 = Mg D[(t2 t1) (d d)
- )\d D[(tl t2 (d d)
= Aa:p (t1 + t2) (d)

so that (B obtains.

. It is easy to see that, for any d : D, we have

(1¢) (d) = t (1d) =t (d)
so that (@) obtains.

12



4. Tt is easy to see that

(Mdy.do):D(2)t (dy + Bd2)) © (Aa:p (d,0)) = Aa:pt (ad) = Aa.p (o) (d)
(Mdido):D(2)t (dy + Bd2)) © (Aa:p (0,d)) = Aa:pt (Bd) = Aa.p (Bt) (d)
so that
lat,Bt) = Ndy,do):D(2)t (d1 + Bda)
Therefore, for any d : D, we have
(a+B)t=Napt ((a+ ) d)
= Aa:pt (ad + Bd)
= Aa:pl(at,p1) (d, d)
= A\a.p (ot + St) (d)
so that (B obtains.
5. It is easy to see that

()\(dhdz);p(g)[(tlh) (ady, Oédg)) o (Aa:p (d,0)) = Aa.pt1 (ad) = Aa.p (aty) (d)
()\(dhdz);p(g)[(tlh) (ady, Oédg)) o (Aa:p (0,d)) = Aa:pta (ad) = Aa.p (atz2) (d)
so that
lats,ats) = Mdi,da):D(2) Ktr,t0) (i, adz)
Therefore, for any d : D, we have
a(ty +t2) =« ()‘d:D[(tl,tg) (d.d))

= XDty t,) (ad.ad)

= A&:Dlat, ,aty) (d.d)

= A\a.p (at1 + ata) (d)
so that (@) obtains.

6. It is easy to see that
(aB)t = Aa.pt (afd)

= Aa:p (Bt) (od)

= Aa:p (a (B)) (d)
so that (7)) obtains.

]
We recall that

Lemma 36 (cf.Proposition 7 of §2.2 in [7]) The following is a quasi-colimit
diagram:

Ad:D(dvoz
D Ad;D(O,dZ D xD A\, dy):pxpdid2 D
e s

Ad:D (0,0!

13



Corollary 37 Let M be a microlinear set. Given
0:DxD—M
in accordance with
00 (Aa:p (d,0)) =00 (Aa:p (0,d)) = 0o (Aa:p (0,0))
there exists a homotopically unique
t:D—-M

in accordance with
to ()\(dlﬁdz):DXDdldg) =60

Theorem 38 (cf. Proposition 2 of §3.1.1 in [7]) Let M be a microlinear type.
For any x : M, the R-module T, (M) is Euclidean.

Proof. It is easy to see that

(Adr.da):Dx (2 (d1) — ¢ (0)) (d2)) © (Aa:p (d,0)) = Aa:p |z,
(Adr.da):Dx (2 (d1) — ¢ (0)) (d2)) © (Aa:p (0,d)) = Aa:p |zl
(Adr,da):pxp (2 (d1) — ¢ (0)) (d2)) © (Aa:p (0,0)) = Aa:p |z,

Therefore, by dint of Corollary 37, there exists ¢t : D — || M|, such that
A(dy,ds):DxD (¢ (d1) — 0 (0)) (d2) = Nay,do):Dx Dt (d1d2)
which is no other than

[Te@ —¢(0) =at
d:D

This completes the proof. m
6 Strong Differences

‘We recall that

Lemma 39 (The first Lemma of §3.4 in [7]) The following diagram is a quasi-
colimit diagram:

D*{(1,2)} Adi,ds):D?{(1,2)} (d1,d2) D?
Ady,do):D2{(1,2)} (d1,d2) | b Ndy do):p2 (d1, do, dids)
D? Ads da:0? (d1,d2,0) D*{(1,3),(2,3)}

14



Corollary 40 Let M be a microlinear set. Given 61,05 : D> — M with
01 0 (Mdyda):02{(1,2)} (d1,d2)) = 02 0 (Aay.a5):02((1,2)} (d1,d2))
there exists mg, g,y : D*{(1,3),(2,3)} — M with
M (g, 05) © (Ady,d):02 (d1,d2,0)) = 62
Mg, 0,) © (Mdydn):02 (d1, d2, d1d2)) = 64
Now we define strong differences.
Definition 41 Let M be a microlinear set. Given 01,05 : D> — M with
01 0 (Mdyda):02{(1,2)} (d1,d2)) = 02 0 (Aay.a5):02((1,2)} (d1,d2))
we define 91;92:D—>M to be
91 — 92 = /\d;Dm(ghgz) (0, 0, d)
We recall that

Proposition 42 (c¢f. Proposition 8 of §3.4 in [7]) Let M be a microlinear set.
Given 01,65 : D?> — M with

010 (Ndy,do):02((1,2)} (d1,d2)) = 02 0 (N(ay,d0):D2{ (1,2} (d1, d2))
we have

01 0 (May,dz):02 (d2,d1)) © (Nay,da):p2{(1,2)) (d1,d2))
=020 (Aay,d2):02 (d2,d1)) © (A(4y,da):02((1,2)} (d1, d2))

and
010 (A(dy,dz): 02 (d2,d1)) — 00 (Ady,d):p2 (d2,d1))
=01 — 0,

Proof. The first identity should be obvious. For the second identity, it
suffices to note that

M (010(A 0, a2 (2:01)) 820 (Mg ty o2 () = Az d):D?{(1,3),(2,3)} M (61,02) (d2, o, d3)
]
Definition 43 Let M be a microlinear set. We give two definitions:
o Given 01,605 : D> — M with
01 0 (Aa:p (0,d)) = 62 0 (A\a.p (0,d))
we define 61 —1-92 : D? 5 M to be

9141—92 ‘= Ndy,do):D? (Ady:DAdy:001 (d1, d2) + Aay:DAay:pO2 (di,d2)) (di) (d2)

15



o Given a:R and 6 : D> = M, we deﬁneaiH to be
@+ 0= My dp):02 (@ (Ady:0Adz: 08 (1, d2))) (dr) (da2)

Lemma 44 The diagram consisting of

N :=D°{(1,2),(1,4),(1,5),(2,4),(2,5), (4,5)}
L11 := D?, L1 := D?, Loy := D?, Loy := D?
P, := D*{(1,2)}, P2 := D*{(1,2)}
Q1:=D,Q5:=D

)‘(d1 dy):D? (dl,O dg,dldg, ) : £11 — N, )\(dl,d2):D2 (dl,o,dg,0,0) : £21 — N
)‘(d1 dy):D? (0 di,ds, 0, dldg) : L9 —>N A (dy,dz): D2 (0 dy,ds, 0, 0) : Lo - N
Adr,do):D2{(1,2)} (d1,d2) : P1 = L11, Nay do):D2{(1,2)} (d1,d2) : P1 = Lo
) P2 = L12, Nd,,do):D2{(1,2)} (d1,d2) : Pa — Lao

d): Q1 — L11,Aa:p (0,d) : Q1 — Li2

d) : Q2 — Lo1,Aa:p (0,d) : Q2 — Lo

Ady,do):D2{(1,2)} (d1, d2
)\d:D( )
)\d:D (
s a quasi-colimit diagram.
Proof. By Axiom [f] we are sure that, given
AL 412 021 022 p2 LR
there exist

1 11 11 12 12 12 12 21 21 21 21 22 22 22
a/ al 70/2 ,a127a/ al ,a2 70/12,a a/l ,a2 70/12,a a/l 70/2 ,a12 ]R

such that

= /\(dl,dg):DQ CL21 + G%1d1 + G%ldz + a%%dldQ)

The conditions

Yo (Ndy da)p2{(1,2) (d1,d2)) =

72 0 (Mdy,do)p2{(1,2)} (d1,d2)) =

721 © (/\(d17d2)12D2{(1,2)} (dh dQ))
722 © (/\(d17d2)12D2{(1,2)} (dh dQ))



imply that

all = g1 g1l = g2 g1l = o2
al? = a2, 1% = ¢22 12 = o22

The conditions

Y™ o (Aa:p (0,d)) =" o (Aa:p (0,4d))
721 o ()‘d:D ) )) = ’722 o ()‘d:D 5 )
imply that
ol — alZ,a%I _ a;z
a2l — a22,a§1 — 22
Therefore we have
all = 12 — 421 — 422

11 _ 21 12 _ 22
apy =ap,a; =a

_ 12 21 _ 22
Qg = Qg = A9 = Gy

which implies that there exist
b, b1,b2,b3,b13,b23,b4,b5 : R
such that

(Ao ds,da,ds):ND + brdy + bada + bsds + bigdids + bagdads + bady + bsds)
o (Mdy.dz):02 (d1,0,d2, d1d2,0))

— A1

(Ao ds,da,ds):ND + brdy + bada + bsds + bigdids + bagdads + bady + bsds)
© (A(dl,dg):D2 (d17 05 d27 05 O))

e

(Ndado,ds,da,ds):ND + brdy + bada + byds + bisdids + bagdads + bady + bsds)
o (Mdy.dg):02 (0,d1,d2,0,d1d2))

— 12

(N, da,ds,da,ds): N + b1d1 + bads + bsds + bisdids + bazdads + bads + bsds)
0 (Mdy.da):02 (0,d1,d2,0,0))

= 422

This completes the proof. m
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Corollary 45 Let M be a microlinear set. Given 611,012,091,02 : D* — M
with
011 © (N(dy,a0):02{(1,2)} (d1,d2)) = 021 0 (A(ay,d0):02{(1,2)} (d1,d2))
012 © (A(dy,da):D2{(1,2)} (d1,d2)) = 022 0 (ANay,a0):02{(1,2)} (d1,d2))
911 [e] ()\d D (0 d)) 9 ] ()\d D (0 d))
921 O (Ad D (O d)) 9 ()\d :D (0 d))
there exists

N(011,012,021,022) N =M

such that

(011,012,021,022) © ()\(dlde).[p (d1,0,ds,d1ds, )) =01
N(011,012.,021,022) © (M(di,dz):0? (d1,0,d2,0,0)) = 01

N(011,012,021,022) © ()\(dl d):02 (0, dy,d>, 0, dldz))
N(011,012,091,023) © (A(da,da):02 (0,d1,d2,0,0)) = a2

Proposition 46 Let M be a microlinear set. Given 011,012,091, 020 : D* — M
with

0110 (A(dy.d):02{(1.2) (di, d2) Ndy,d2):D2{(1,2)} (d1,d2))

011 0 (Aa:p (0,d) o (Aa:p (0,d))

) =021 0(
012 © (A(dy,da):02{(1,2)} (d1,d2)) = 022 0 (Aay,a0):02{(1,2)} (d1,d2))
) =0120(
021 0 (Aa:p (0,d)) = 22 0 (Aa:p (0,d))

we have

<911 T 912>O(/\(d1,d2):D2{(1,2)} (di,dy)) = <921 T 922>O(/\(d1,d2):D2{(1,2)} (dy,d))

(911 -{- 912) - (921 -{- 922) = (911 - 921) + (912 - 922)

Proof. Since

and

)‘(dl,dg,dg):D3{(1,3),(2,3)}m( (di,da,ds3)

9114{912-,9214{922)
= AN(dy,da,ds): D3{(1,3),(2,3)}(011,01,021,022) (A1, d1, d2, d3, d3)

and

A o [ C\(dd
(d1.d2):D2{(1,2)} (enfemﬁm,gm)( 1,ds)

= /\(dl7d2)¢D2{(1>2)}n(911791279217922) (Oa 0,0,ds, d2)

18



we have

(o 587) (o 102))

= )\d;Dm( ) (0,0,d)

9114{91279211“922
= )‘diDn(911791279217922) (0’ 0,0, d’ d)

= Aa.p! ( ) (d,d)

011—021,012—022

= Aa:D ((911 - 921) + (912 - 922)) (d)
This completes the proof. m

Proposition 47 Let M be a microlinear set. Given o : R and 61,05 : D* — M
with

010 (Ndy,do):02((1,2)} (d1,d2)) = 02 0 (N(ay,d0):D2{ (1,2} (d1,d2))

we have

(a : 91) o (Ady,da):02{(1,2)} (d1,d2)) = (a : 92) 0 (Mdy,da):02{(1,2)} (d1,d2))

and
(070) (010 =02
Proof. Since

>‘(d1,dg,dg):D3{(1,3),(2,3)}m( ) (di,da, ds3)

a-01,0-60
(P02

= N(dy,d2,ds): D3{(1,3),(2,3)} (0 ,65) (a1, da, cudz)

we have
A:D (a (91 - 92)) (d)
= )\d;Dm(ghgz) (0, O, Ozd)
= Ad:Dm(a-(ﬁ,a-(b) (0, 0, d)
i (0 ()
[

Lemma 48 The diagram

D4 {(173) ) (273) ? (174) ) (274) ? (374)}

/ T N
D? D? D?
N T /
D*{(1,2)}



18 a quast-colimit diagram, where the lower three arrows are all

A(dy,do)::02{(1,2)} (d1, d2)
while the upper three arrows are
)‘(dl,dQ)::Dz (dl 5 d27 07 0)

/\(d17d2):;D2 (dla d27 dldQ, 0)
/\(d17d2):;D2 (dla d27 dldQ, dldg)

from left to right
Proof. By Axiom [f] we are sure that, given
79%9% D =R
there exist
a’l’ CL}, CL%, 0&27 (1,27 a%, 0:%, CL%2, CL3, CL?, (;z,g7 ai’2 ‘R
such that
Ndy dz):027" (di, dz)
= Ads,da):D2 (al + ajdy + ayds + abdldz)
Ady d2):027° (di, dz)
— )\(dl,d2):D2 (a2 + a%dl + a%dz + a%2d1d2)
My d2):027° (d1, d2)
= Mdydo):02 (6° + afdy + a3da + afydidy)
If they satisfy
70 (M d):D2((1,2)) (d1, d2))
= 72 © ()‘(dl,d2)::D2{(1,2)} (dl, dg))
= 73 °© ()‘(dl,d2)::D2{(1,2)} (d1, d2))

then we have

al = a2 = g3
1_ . 2_ 3
a; = a; = ag
1_.2_ 3
Ay = Gy = ag

Therefore there exist
b,b1,b2,b12,03,04 : R

20



such that

(Ads s ds,da): D4{(1,3),( 3),(1,4),(2,4),(3,4)} 0 + brdy + bady + biadidy + bsds + bydy)
o (A(dr.do):027" (d1,d2))

(A da.ds,da):DA{(1,3),(2,3),(1,4),(2,4), (3,00} + b1d1 + bada + bizdida + bsds + bada)
0 N(dy,dy)::02 (d1, d2, d1da, 0)

=~2

(ANl sdods,da): DA{(1,3),(2,3),(1,4),(2,4),(3,4)}b & b1d1 + bada + biadida + bsds + bady)
0 Ndy,dp)::02 (d1, d2, drda, didz)

This completes the proof. m

Corollary 49 Let M be a microlinear set. Given 61,605,603 : D> — M with

01 0 (Mdy,do):02{(1,2)} (d1, d2))
= 02 0 (A(dy,do):02{(1,2)} (d1, d2))
=030 (Aay,d2):02{(1,2)} (d1,d2))

there exists
M(oy,05,00) 1 D {(1,3),(2,3),(1,4),(2,4),(3,4)} = M
such that
M (g, .05,04) © (A(dy,do)i:0? (d1, da, dida, dids)) = 64

m(91,92,93) o ()\(dl,dg)::D2 (dla d2; d1d25 O)) = 92
m(91,92,93) © (A(dl,dz):2D2 (dla d27 0) O)) = 93

Proposition 50 (The primordial general Jacobi identity) Let M be a micro-
linear set. Given 01,064,605 : D> — M with

01 0 (Mdy,d2):D2{(1,2)} (d1, d2))
=020 (Aay,d2):02{(1,2)} (d1,d2))
=030 (Aay,d2):02{(1,2)} (d1,d2))

(01 02) + (02— 0s) = 01— 5
(01 =62) + (02 01) =0

21
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Proof. Since

)\(dl,dg):DZ{(l,2)}[< ) (dv,d2)

01—02,05—63
= Ndy,d2):D?{(1,2)} (0, ,05,05) (0,0, d1, d2)

and

A(dydz,d3):D3{(1,3),(2,3)}M(6,,65) (d1, d2, d3)
= N(dy,dz,ds):D3{(1,3),(2,3)} (01 ,05,85) (d1, d2, d3, d3)

oo (0 + (0 -0))

(d, d)

we have

- /\d:D[(eléez,@;%)

= A\d:DM (g, 9,,05) (0,0, d, d)
- Ad:Dn’l(Gl,Gg) (07 Oa d)

= Aap (91 - 93) (d)

This completes the proof. m
Now we define relative strong differences.

Definition 51 Let M be a microlinear set. We give three definitions:
o Given 01,605 : D3 — M with
010 (Ndy dads):D3{(1,2)} (d1,d2,d3)) = 020 (N, dg.ds):D2{(1,2)} (d1,d2,d3))
we define 61 é@g :D? — M to be
01 — 05
3
(Adydo): D2 Adg: D01 (di, d2, d3)) -
= A(dy,da): D2 (A(ds,dz):D? Ads:p02 (d1, da, d3)) (d2) (d1)
o (A(dy,da):p2 (d2,d1))
o Given 01,605 : D3> — M with
010 (Ndy dads):03{(1,3)} (d1,d2,d3)) = 020 (N, dg.ds):D2{(1,3)} (d1,d2,d3))

we define 6, ;92 :D? — M to be
2

01 ?92 = 01 0 (N(dy da.ds):D? (d2, d3,d1)) §92 0 (N(dy,da,ds): 02 (d2, d3, d1))

22



o Given 01,605 : D3 — M with
010 (Ady,do,ds):D5{(2,3)} (d1,d2,d3)) = 020 (N(ay,ds,ds):05((2,3)} (d1,d2, d3))

we define 61 ;92 :D? — M to be
1

th T92 =01 0 (Ndy,da,ds): 02 (d3, d1, d2)) §92 0 (Ady.da.dg): 02 (d3, d1,d2))

Lemma 52 The diagram

Dn+m1+m2 (n+i7n+m1 +.7) |
1<i<my,1<j<mg

/ N

Dn+m1+m2 (n + 1) PRRES) Dn+m1+m2 (n + mi + 1
(n+m) (n+m1 +
N /

D'n.
(10)
with the four arrows being the canonical injections is a quasi-colimit diagram.

Corollary 53 Let M be a microlinear set. Given 01,0 : D™F™tmz s Nf

Oy | DT (i n 4+ my +5) |1 <i<mi, 1< 5 < mo}
=0y | D" (0 i+ my 4 ) [ 1<i<my, 1< j < ma}

obtains iff both

0 | DM L 4 1) (n+ma)} =62 | DT {(n 1), (n4ma) )

and

01 | DT Lt my + 1), (R my +ma)} =6 | D" T2 L+ my + 1), ., (R4 my +ma)}
obtain.

Proposition 54 Let M be a microlinear set and 01, 602,05,0, : D> — M. Then
we have the following:

e Let us suppose that the identities

01 0 (Mdy,do,ds):D3{(2,3)} (d1,d2,d3)) = 02 0 (N(ay dy,ds):D5{(2,3)} (d1, da, d3))
03 © (May,do,ds):D3{(2,3)} (d1,d2,d3)) = 040 (Nay dy,ds):D3{(2,3)} (d1, da, d3))

hold so that the strong differences
61 — 0,
1

6 — 6,
1
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are to be defined. If the identies

010 (Ndydads):D3{(1,2),(1,3)} (d1,d2,d3)) = 03 0 (A(dy da,ds):D?{(1,2),(1,3)} (d1, d2,d3))
(11)

02 0 (Ndy,da.ds):D3{(1,2),(1,3)} (d1,d2,d3)) = 050 (N(dy da,ds):D?{(1,2),(1,3)} (d1, d2, d3))
(12)

obtain, then the identity

(91 faz‘)o(Ndl,dz):DZ{(Lz)} (d1,ds)) = (93 T 94)°(A<d1,d2>;m{<1,2>} (d1,d2))

obtains so that the strong difference
(91 - 92) - <93 — 94>
1 1

Let us suppose that the identities

is to be defined.

010 (Ndy,da,ds):03{(1,3)} (d1,d2,d3)) = 02 0 (Ndy ds.ds):D3{(1,3)} (d1,d2,d3))
03 0 (N(ds,dads): D3 {(1,3)} (d1,d2,d3)) = 010 (A, da,ds):D3{(1,3)} (d1, d2,d3))

hold so that the strong differences
0, — 0o
2
03 — 0.
2

are to be defined. If the identies

010 (Ndy,da,ds):D3{(1,2),2,3)} (d1,d2,d3)) = 03 0 (A(dy da,ds):D?{(1,2),(2,3)} (d1, d2, d3))
(13)

02 0 (N(dy,dards): D3{(1,2),2,3)} (d1,d2,d3)) = 010 (Ndy d.ds):D3{(1,2),(2,3)} (d1, d2, d3))
(14)

obtain, then the identity

(91 ;92)0()\(d1,d2):D2{(1,2)} (di,d2)) = (93 ; 94)0()\(d1,d2):D2{(1,2)} (d1,d2))

obtains so that the strong difference

(45 0) = (5 0)
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o Let us suppose that the identities
010 (Ndy,da.ds):D3{(1,2)} (d1,d2,d3)) =02 0 (Ndy.d5.d5): D3 {(1,2)} (d1,d2,d3))
03 0 (N(dy,dads):03{(1,2)} (d1,d2,d3)) = 040 (N, .d,d5):03{(1,2)} (d1, d2, d3))
hold so that the strong differences

01 — 05
3
05 — 0,
3
are to be defined. If the identies
010 (Ndy,da,ds):D3{(1,3),(2,3)} (d1,d2,d3)) = 03 0 (A(dy,da,ds): D?{(1,3),(2,3)}
(15)
02 0 (AN(dy,dads):D3{(1,3),2,3)} (d1,d2,d3)) = 040 (Ady dadg): D3{(1,3),(2,3)}
(16)

(d
5
(d17 d27 d3))
6

obtain, then the identity

(91 §92)°(A<d1,d2>:D2{<172>} (d1,ds)) = (93 3 04)0()\(d1,d2):D2{(1,2)} (d1,d2))

obtains so that the St'l“O’flg diﬂerence
(91 - 92) - <93 - 94>
3 3

Proof. We deal only with the first statement, safely leaving the second and
third ones to the reader. We have to show that

<91 - 92> © (Aar.day:n2((1.2)} (d1, d2)) = (93 - 94) © (Mar da):02((1,2)} (d1, d2))
which is, by dint of Corollary 53] with respect to the quasi-colimit diagram
D?{(1,2)}

/ N
D*{(1)} D*{(2)}
AN /
D*{(1),(2)}

with the four arrows being the canonical injections (Lemma [B2] with n = 0,
m1 = 1 and mg = 1), tantamount to showing that

is to be defined.

(61 02) 102 0 = (005 ) 1 2 (0 7
(612 02) 1D2 (2 = (00 ) 1 2 (21 )

25
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Due to the quasi-colimit diagram
D*{(1,2),(1,3)}
/ N
D{((1)} . D*{(2),(3)}

S
D*{(1),(2),(3)}

with the four arrows being the canonical injections (Lemma (2] with n = 0,
my = 1 and mo = 2), the condition (IIJ) is equivalent by dint of Corollary (3] to
the conditions

01| D*{(1)} =05 | D*{(1)} (19)

011 D°{(2),(3)} =65 | D°{(2),(3)} (20)
while the condition (I2) is equivalent to the conditions

02| D*{(1)} = 04 | D*{(1)} (21)

02| D*{(2),(3)} = 02 | D*{(2),(3)} (22)

In order to show that (7)) obtains, we note that the quasi-colimit diagram (cf.
Lemma 2.1 in [8])

D*{(2,4),(3,4)}
a N
D3 D3
N a
D*{(2,3)}

with the upper arrows being

A(dy,dz,dz):D8 (d1,d2,d3,0)
A(dy,da,d3): D8 (d1, d2, d3, d2d3)

from left to right and the lower arrow being the canonical injections is to be
restricted to the quasi-colimit diagram

DH{(1),(2,4),(3,4)}
/ N
D*{(1)} D {(1)}
N /
D*{(1),(2,3)}

so that the conditions (??) and (2I) imply (7). It is easy to see that
)

= (61 | D*{(2),(3)}) o (\a:p (d,0,0)) = (62 | D*{(2),(3)}) o (Aa:p (d,0,0))

<<93—94) |D2 {(2)} ) o (A\a.p (d,0))

) ) =

= (031 D*{(2),(3)}) o (\a:p (d, 0,0)) = (04 | D*{(2),(3)}) © (A\a:p (d, 0, 0))



obtain so that (20) and (22) imply ([I8). This completes the proof. m

Lemma 55 The diagram consisting of

(2,4),(3,4),(1,5),(3,5),(1,6),(2,6),(4,5), (4,6), (5,6),
G:= D" (1.7).(2.7).(3,7).(0.7).(5.7),(6.7)..(7.8).
(1.8).(2,8). (3.8).(4,8).(5.8), (6.8)

Haos := D? Hize := D?, Horz := D3 Hogy := D? Harz := D3 Haor = D?
’C%QBJBQ =D’ {(2,3)}, 1@31 321 ‘= D? {(2,3)}, K%Bl 213 ‘= D? {(1,3)},
K3i2,132 .= D*{(1,3)}, K319.301 := D*{(1,2)}, i3 013 := D*{(1,2)}

J123 := Ny, do,dg):p® (d1,d2,d3,0,0,0,0,0) : Hioz3 = G
dy,ds,ds,dads,0,0,0,0) : Hiza > G
dy,ds,ds3,0,0,d1d2,0,0) : Ho1s > G
dy,ds,ds,0,d1ds, d1d2,0,0) : Hoz1 — G
f312 = Ndy do ds di,da,ds, dads, d1ds, 0, d1dads, 0) : Haiz — G
f321 1= Ndy,do,dy):D8 (d1,d2, d3, d2d3, did3, didz,0,d1dads) : Hzo1 — G
a3 = Ady dads):D3{(2,3)} (d1, da, d3) : Klog 130 = Hios

)

f132 = )\(dl,dg, ds 3

3

Ds
D
D3

f231 = Ny ,do,ds):D

Ds

~ o~~~

3

)E
):
J213 = A(dy,da.ds):
)E
)E
):

1 el
h132 = >\(d17d2,d3 :D3{(2,3)} dy,da,d3) : ’C123,132 — Hizz
ds3

d3

héSl = Nda,da,ds):D3{(2,3)} (d1 : ’C%31,321 — Hazi

h§21 = ANdy da,ds):D3{(2,3)} (d1 : K%31,321 — Ha2
dq

dq

IS

2 L2
h3s1 := A(dy,da,ds): D3{(1,3)} 3) : K331,013 = Hazi

S

2 L2
h313 = A(dy da,ds):D3{(1,3)} 3) 1 K331 013 = Ho1s

)
IS

2 L2
hiso := A(dy,da,ds): D3{(1,3)} 3) 1 K312,130 = His2

dq

S

L3
3) 1 K512,321 = Hz12
ds3

ds3

h312 = A(d1,da,ds):D3{(1,2)}

h§21 = AN(dy,do,ds):D3{(1,2)} (d1 : ’Cg12,321 — Mz

L3
1 Kias 013 — Hi2s

(
(d1,d2,ds)
(d1,d2, d3)
(d1,dz2,ds)
(d1,d2, d3)
K319 = Ndy da,ds):D3{(1,3)} (d1, da, d3) - IC§12,132 — Hsz12
(d1,d2,ds)
(d1,d2, d3)
(d1,d2,ds)
s = Ndy da,ds):D3{(1,2)} (d1, d2, d3)
( )

K313 = Ay da.ds): D2 {(1,2)} (d1,do,d3) 0 Kiyg 015 — Hots
s a quasi-colimit diagram.

Proof. By Axiom [f] we are sure that, given

123 132 213 231 312 321 . 3
YT Ty DY = R
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there exist

123 123 ql23 123 123 123 123 123
a ,a; ,0y ,03 ,Q12 ,013 ;023 ,0A123 -

132 132 132 132 132 132 132 132 .
a ,a; ,0y ,Q3 ,019 ,013 ;023 ;07123

213 213 213 213 213 213 213 213
a " ,a; ,0g ,0Q3 ",Q19 ,013 ;023 ,0A1923 :
231 231 231 231 231 231 231 231,
a ,a; ,0y ,0a3 ;019,413 ,023 ;7123 ¢
312 312 312 (312 312 312 312 312
a",a; ;09 ,0Q3 ,Q19 ,013 ;023 ,A123 :

321 321 321 321 321 321 321 _321 .
a ,a; ,03 ,03 ,0Q12 ,013 ,023 ,A123 -

H B B B B B

such that

)‘(dl,d2,d3):D3’7 (d17 da, d3
- \ 123 + a123d1 + a123d2 + a123d3—|—
(d1,d2,d3):D 123d1d2 + a133d1d3 4 a233d2d3 + a123d1d2d3

/\(d17d2,d3):D37132 (di1,da,ds)
) ) a'? + a132d; + al®dy + alds+
(ool 132d1d2 + aif?dids + ad3?dads + al33didads

/\(d17d2,d3):D37213 (d da, dg)
. a®® + o234 + a23dy + a23dy+
= Mtz * ( 2boaid, 4 sy + adfidods + adiichdads

)‘(dl,d2,d3):D3’7231 (d da, d3)

B )\ 231 + a231d + a231d2 + a231d3+
— /\(dy,d2,d3):D3 231d1d2 + a%gldld3 4 a%gldzdg 4 a123d1d2d3

/\(dl,dz,dg);pwm (di1,da,ds)
) ) @312 4 a312d1 + a312d2 +ad'2ds+
(oo 312d1d2 + a3i?dids + a33%dads + a3i3didads

/\(dl,dz,dg);Dw321 (di1,da,ds)

-\ 321 + G321d1 + a321d2 4 a321d3+

e 321d1d2 + a$3ldyds + a33'dads + af3ididads
If it holds that

7o h123 =70 hisz
7?0 hggy =% 0 hgy
7?2 o h3z = 1% 0 hiyy
Y12 o 31y =712 0 iy
Y12 o b1y =% o hiy
7o h123 =7"Yo hgw
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then we have

231

321

312

132

123

213
)

Q123 — a132,a%23 _ a%32,a%23
a23! — a321,a§31 _ afm,a%?’l
a23! — a213,a%31 _ a%l?’,a%‘o’l
o312 — a132,a§12 _ aisz,agu
0312 — a321,a§12 _ a?m,agm
ql23 — a213,a%23 _ a%lg,a%%
al? = 31 aizs = a?
al3? — 32 a%32 =d
0231 a?’lz,a%m =a?
a3 = 132, %13 =a!
0312 a123,a§12 =al
0321 — a213,a§21 = a?
which is tantamout to
ql23 — 4132 _
a}23 aisz
a%23 _ a%‘”
a§23 _ a§32
123 _ 132
12 = Q12
ai3’ = ai3’ =
123 213 _
23 = Qg3 =
This means that there exist

b, b1, b2, b3, b4, bs, bg, bz, bg, b12, b13, b2z, b123, b14, bas, b3g : R

29

132
as

321

= aj3

= 0}, ol = o}, alf’ = alf?, aff’ =
= a3 = ! o = a3 a3} =
A L L R
= 0l 63" = " 0312 = ol a3y? =
= a2 = o, alf? = o} alf? =
= 317, ol = a3%, a3 = o}’ aff’ =
,al? = o231 gl28 = 4231 4128 _ 231
’a%32 — a%?lj aéB? — ag?lj aég? _ aggl
,a23! = g312 231 = 312 231 = 4312
218 = gl82 o218 = g132 4218 _ 132
La12 = 123 312 = 123 (312 — 4123

ag?l — a%lB,a§21 — ang,a?§1 — a§%3
a213 a231 a312 a321
a§13 — a%Bl — a?l? — a?21
213 = o231 = 312 = 432
a§13 a§31 a§12 — a§21

12 and a3f? = o3 = a3’

a3y and o = afl? = a3

221 and aff? = a3f? = o33!

213
az3

132

= Qg3

321
az3

213
Qg3



such that

b+ bidi + bads + bsds + bady + bsds+
bedg + brdy + bgdg+
biadydy + bizdyd3 + bazdads + bi2zdidadz+
biadidy + basdads + baedsds

/\(dl,dz,d37d4,d5,d67d7,d8)¢G o fi23

123

b+ bidi + bads + bzdsz + bady + bsds+
bedg + brd7 + bgds+
biadida + bi3d1d3 + bazdads + biazdidadz+
b14d1dy + basdads + b3edsde

)\(dl1d21d37d41d51d67d71d8)ﬁc o f132

|l

— 132
b+ bidi + bady + bsds + bads + bsds+
bgdg + brd7 + bgdg+
biadida + bi3d1d3 + bazdadz + biazdidadz+

)
)
)
)
)

)\(dl1d21d37d41d51d67d71d8)ﬁc o fa13

— 213
b+ bidi + bads + bsds + bady + bsds+
bgdg + brdy + bgds+
biadid + biadids + basdads + biazdidads+
biadydy + basdads + baedsds

/\(dl,dz,d37d4,d5,d67d7,d8)iG o fa31

— 4231
b+ bidi + bads + bsds + bady + bsds+
bedg + brd7 + bgds+
biadydy + bizdids + bazdads 4 biazdidads+
biadydy + basdads + baedsds

)\(dl1d21d37d41d51d67d71d8)3c ° f312

312

b+ bidi + bady + bsds + bads + bsds+
bedg + byd7 + bgdg+
biadida + bi3d1dz + bazdads + biazdidadz+
b14didy + basdads + bzedsds

)\(dl1d21d37d41d51d67d71d8)3c o f321

e e e e e

|l

— 432
This completes the proof. m

Corollary 56 Let M be a microlinear set. Given

.3
0123, 0132, 0213, 0231, 0312, 0321 : D° — M
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with

0125 © (N(dy,da,ds):D3{(2,3)} (d1,d2,d3)) = 0132 0 (N(ay,da,ds):D?{(2,3)} (d1, d2,d3))
0231 © (A(dyd.ds):D3{(2,3)} (d1,d2,d3)) = 0321 0 (A(ay,da,da):D3{(2,3)} (d1,d2,d3))
0231 © (A(dy,da.ds):D3{(1,3)} (d1,d2,d3)) = 0213 0 (A(ay,da,da):D3((1,3)} (d1,d2,d3))
0312 © (A(dy,da,ds):D3{(1,3)} (d1,d2,d3)) = 0132 0 (N(ay,da,ds):D3{(1,3)} (d1, d2,d3))
0312 © (AN(dy,da,ds): D2 {(1,2)} (d1,d2,d3)) = 0321 0 (N(ay,da,ds):D3{(1,2)} (d1, d2,d3))
0125 © (N(dy,da,ds):D3{(1,2)} (d1,d2,d3)) = 0213 0 (N(ay,da,ds):D?{(1,2)} (d1,d2,d3))

there exists
:G— M

E(‘9123,‘913279213792317931279321)

such that

E(9123,‘9132,‘9213,‘9231,9312,9321) o fi23 = 0123
E(9123,‘9132>‘9213>‘92317931279321) o fiz2 = 132
E(9123,‘9132,‘9213,‘9231,9312,9321) o fa13 = 0213
E(9123,‘9132,‘9213,‘9231,9312,9321) o fag1 = 0231
E(9123,‘9132>‘9213>‘92317931279321) o f312 = b312
E(9123,‘9132>‘9213>‘92317931279321) o f312 = b312

Theorem 57 (The general Jacobi identity) Let M be a microlinear set and
9123, 6‘132, 9213, 9231, 6‘312, 9321 : D3 — M. If the identities

0125 © (A(dy,da,ds):D3{(2,3)} (d1, d2,d3)) = 0132 0 (A(ay,da,ds):D?{(2,3)} (d1, d2,d3))
0231 © (A(dy,da,ds):D3{(2,3)} (d1, d2,d3)) = 0321 0 (N(ay,da,ds):D3{(2,3)} (d1, d2,d3))
0231 © (A(dyda.ds):D?{(1,3)} (d1,d2,d3)) = 0213 0 (A(ay da,da):D2{(1,3)} (d1, d2, d3))
0312 © (AN(dy,da,ds): D2 {(1,3)} (d1,d2,d3)) = 0132 0 (N(ay,da,ds):D3{(1,3)} (d1,d2,d3))
0312 © (AN(dy,da,ds):D3{(1,2)} (d1,d2,d3)) = 0321 0 (N(ay,da,ds):D?{(1,2)} (d1, d2,d3))
0125 © (N(dy,da,ds):D3{(1,2)} (d1,d2,d3)) = 0213 0 (N(ay,da,ds):D?{(1,2)} (d1, d2,d3))

obtain so that the six relative strong differences
0123 n 0132
0231 — 0321
1
0231 — 0213
2
0312 — 0132
2
0312 — 0321
3

9123 g 9213

31



are to be defined, then the identities

0123 © (A(dydds):D3{(1,2),(1,3)} (d1, d2,d3)) = 0231 0 (N(dy,dads): D3{(1,2),(1,3)} (d1,d2,d3))
)

0132 0 (N(dy,da,ds):D?{(1,2),(1,3)} (d1,d2,d3)) = 0321 © (A(dy.d.ds): D3{(1,2),(1,3)} da, d3))
)

0231 © (N(dy,da,ds):D?{(1,2),(2,3)} (d1,d2,d3)) = 0312 © (N d.ds): D3{(1,2),(2,3)} da, d3))
)

0312 © (N(dy,da,ds):D?{(1,3),(2,3)} (d1,d2,d3)) = 0123 0 (A(dy.d.ds): D3{(1,3),(2,3)} da, d3))

(23
(dlu
(24
(dlu
(25

0213 © (A(dydds):D3{(1,2),(2,3)} (d1,d2,d3)) = 0132 0 (N(dy,dads): D3 {(1,2),2,3)} (d1,d2,d3))
(26)
(dlu
(27

0321 © (N(dy,da.ds):D?{(1,3),(2,3)} (d1,d2,d3)) = 0213 © (A(dy.dsds): D3 {(1,3),(2,3)} (d1,

(28

dy, d3))
)

obtain so that the three strong differences

<9123 - 9132) - <9231 - 9321)
1 1

<9231 - 9213) - <9312 — 9132)
2 2

(9312 - 9321) - (9123 - 9213)
3 3

are to be defined (by dint of Proposition [5]]) and to sum up only to vanish,
namely,

<<9123 T 9132) - (9231 T9321>) + <<9231 ;9213> - (9312 ; 9132)) +
<<9312 — 9321) - (9123 — 9213))
3 3

-0 (29)
Proof. The proof is divided into the proof of ([23)-(28) and that of (29).

1. Since the identity

02310 (N(dy da.ds): D7 {(1,3)} (d1, d2,d3)) = 02130 (A, da.ds):02{(1,3)} (d1, d2, d3))

obtains by assumption, we have

02310 (A(dy da,ds): D3 {(1,2),(1,3)} (A1, d2,d3)) = 02130 (N(dy,da,ds):D3{(1,2),(1,3)} (d1, d2, d3))

Since the identity

01230 (N(dydads):D3{(1,2)} (A1, d2,d3)) = 02130 (N(dy ds,d5):03{(1,2)} (d1, d2, d3))
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obtains by assumption, we have

01230 (A (dy da,ds): D3{(1,2),(1,3)} (1, d2,d3)) = 02130 (N(ay dads):D3{(1,2),(1,3)} (1, d2, d3))

Therefore we have

01230 (A (dyda.ds): D3 {(1,2),(1,3)} (A1, d2,d3)) = 02310 (N(dy da,ds):D3{(1,2),(1,3)} (d1, d2,d3))

which is no other than 23]). The remaining five identities ([24)-(28]) can
be dealt with by the same token.

. Since the identities

A(dyda,ds): 030123 (d1, da2, d3)

= N(dy,da,d3): D3 E(8125,0152,0213,0231 ,0312,0301) (d1,d2,d3,0,0,0,0,0)

A(dy,da,ds): 030132 (d1, d2, d3)

= Ndy,da,ds): D3 E(8125,0152,0213,0231 ,0512,0501) (A1, d2, d3, d2d3,0,0,0,0)
A(dyda,ds): 030213 (d1, da2, d3)

= Ndy,d2,ds): D3 E(0125,0152,0913,0251 ,0312,0501) (d1,d2,d3,0,0,d1d2,0,0)
A(dy,da,ds): 30231 (d1, d2, d3)

= N(dy,d2,ds): D3 E(0125,0152,0913,0231,0312,0521) (d1,d2,d3,0,d1d3, drd2, 0,0)
A(dy,da,ds): 030312 (d1, d2, d3)

= Ndy,d2,ds): D3 E(0125,0152,0013,0251,0312,0501) (A1, d2, d3, d2d3, d1d3,0, d1dads, 0)
A(dy,da,ds): 30321 (d1, d2, d3)

= Ndy,d2,ds): D3 E(0125,0152,0913,0251 ,0312,0521) (A1, d2, d3, d2d3, d1d3, d1dz, 0, dydads)
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obtain so that the identities

A(d1,ds):D? (9123 T 9132) (dy,d2)

= Ndy,d2): D28 (0123,0132,0215,0231,0312,0321) (41, 0,0, —=d2,0,0,0,0)
A(dy,d):D? <9231 T 9321) (di,d>)

= N(d1,d2):D2€(0125.0152,0213,0231.,0312.0521) (A1, 0,0, —d2,0,0,0, —d1d>)
A(dy,ds): D2 (9231 ; 9213) (d1,d2)

= Nd1,d2):D?€(0125,0132,0213,0231,0312,0301) (0-d1,0,d2,0,0,0,0)
A(dy,ds):D? (9312 5 9132) (d1,d2)

= Ndy,d2):D?€(0123,0152,0215.,02310512,0321) (05 d1,0,0,d2,0,d1dz,0)
A(dy,dz):D? <9312 § 9321) (dy,d>)

= N(d1,d2):D2(0125.0152,0213,0231,0312.0521) (050, d1,0,0, —da, dida, —di1d2)
A(dy,ds): D2 (9123 g 9213) (d1,d2)

= Ndy,d2): D2 €(0125,0152,0213,0231,0312,0321) (050, d1, 0,0, —d2,0,0)

take place, we have

(o 00) (om0

= )\d:DE(01237013219213192311931219321) (07 0,0,0,0,0,0, d)

Ad:D ((9231 ;9213) - (9312 ;9132» (d)

= )\d:DE(01237013219213192311931219321) (07 0,0,0,0,0, —d, O)

(o) ()0

= )‘dCDE(912379132,9213,9231,9312,9321) (0’ 0,0,0,0,0,d, _d)

This completes the proof.

7 Vector Fields

The trinity of the three notions of vector fields in synthetic differential geometry,
namely the identification of sections of tangent vector bundles, infinitesimal
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flows and infinitesimal transformations discussed in §3.2.1 of [7], remains valid
in the following sense.

Theorem 58 Let M be a microlinear type. The following three types are mu-
tually equivalent.

o the type of sections of the fibration Ag.ps ToM : M — U, namely,
[[T.M
x: M

e the type of infinitesimal flows on |M]||,, namely, mappings f : D x
| M|, = [|M]], in accordance with

H f0,z) =z

z:{| M|

e the type of infinitesimal transformations of | M]||,, namely, mappings X :
D — ||M|, — || M]|, in accordance with

Xo =idju,
where we prefer to write Xg in place of X (d) as in [7).

Proof. A section of the dependent type family A,.ps T, M can be identified
with a mapping _
f:M— D —|M|,

in accordance with

[1/70) = lal,
x:M

which can naturally be identified with a mapping
f:D—M—|M|,
in accordance with N
Hf(ovx) = |‘T|O
x: M
Since
M = [[M[ly = [[M[lg — [|M]l,
obtains naturally, fcan be identified with a mapping
foD =My — [[Mll

in accordance with

H f(0,2) ==

z:(| Ml

This has established the equivalence between the first and the second. The
equivalence between the second and the third can be established more directly,
which is safely left to the reader. m
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Notation 59 Given a microlinear type M, the notaion X (M) denotes one of
the equivalent three types in the above theorem, but it usually means the third
one in the rest of this paper unless specified otherwise.

Proposition 60 (c¢f. Proposition 3 of §5.2 in [7]) Let M be a microlinear type.
Let X : X (M). Then we have

H Xay 0 Xdy, = Xdy+d,
(dl,dz)iD(2)

Proof. It is easy to see that
(Mdi,da):D(2)Xdy © Xdy) © (Aa:n (d,0)) = (Ady d0):D(2) Xy +ds) © (Aa:D (d,0))
(Mdi,da):D(2)Xdy © Xdy) © (Aa:p (0,d)) = (Ady d0):D(2) Xy +ds) © (Aa:p (0,d))
so that the desired result follows by dint of Corollary 31l m

Proposition 61 (c¢f. Proposition 6 of §3.2 in [7]) Let M be a microlinear type.
Let X, Y : X (M). Then we have

HXdOYd =(X+Y),
d:D

HYdOXd: (X+Y),
d:D

Proof. It is easy to see that
(Mdi,da):D(2)Xdy © Yay) © (Aa:p (d,0)) = Aa:p X4
(Ady,d2):D(2)Xa, ©Ya,) © (Aa:p (0,d)) = Aa:pYa
so that the first desired result follows by dint of Corollary 311
(Mdida):D(2) Yo © Xay) © (Aa:p (d,0)) = Aa:p X4
(Mdida):D(2) Y © Xay) © (Aa:p (0,d)) = Aa:pYa
so that the second desired result follows by dint of Corollary BIl m

Definition 62 Let M be a microlinear set. Given

01: D™ — M — M
Oy : D" — M — M
we define
01 %0y : D2 5 M s M
to be

91 * 92 = )\( :D”1+"201 (dn2+1, ceey dn1+n2) [e) 92 (dl, veey dn2)

d17~~~7dn1+n2)
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It is easy to see that
Lemma 63 Let M be a microlinear type. Given

601: D™ — M — M
0o : D" — M — M
O3 : D" — M — M

we have

(91 *92)*93 = 91 * (92 *93)

Remark 64 Therefore, when various 6; : D" — M — M (1 <i<m) are
concatenated by *, we can omit parentheses, so that we can write

01 % ook Oy D™ T M M
Definition 65 Let M be a microlinear type. Given X,Y : X (M), we have

(Y % X) 0 (Mdy.da):02{(1,2)} (d1,d2))
= (X *Y) o (Ndy,da):02 (d2,d1)) © (Ndy,da): D24 (1,2)} (d1,d2))

so that we can define
[X,Y]:= (Y *X) — (X *Y) 0 (Aay.a0):02 (do, 1))

Lemma 66 Let M be a microlinear type. Given X1, Xo, X3 : X (M), we define
9123 = X3 * Xg * Xl
0132 := (X2 % X3 X1) 0 (N dp,ds):p5 (d1,d3,d2))

0231 := (X1 * X3 % X2) 0 (Ady,da,ds):D? (d2, d3,d1))
0321 := (X1 * Xo * X3) 0 (N(dy,da,ds):D? (d3, d2,d1))

Then we have

dl; d27 d3

dy,da,ds3
1,

) = 0132 0 (N(ds,da,ds):03{(2,3)} (d1, d2, d3))
)= 0 (A(dy,da,ds):D3{(2,3)} (d1,d2,d3))
da,ds)) = 9231 0 (A(dy,ds,ds):D3{(1,2),(1,3)} (d1,d2,ds))

0123 © (A(dy,da,ds):D3{(2,3)} )
0231 © (A(dy da,ds):D3{(2,3)} ( )

0125 © (AN(dy,da,ds):D?{(1,2),(1,3)} (d
),(1,3)) (d1,da,d3)) = 0321 0 (ANay,da,ds):D3{(1,2),(1,3)} (d1, d2, d3))

0132 © (A(dy,da.ds): D3 {(1,2),(1,3

(X2, X3] * X1 = 6123 T 0132
(X1 % [ X2, X3]) 0 (Ady,0):02 (d2, d1)) = a1 i9321

(X1, [Xo2, X3]] = <9123 T 9132) - <9231 T 9321)
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Lemma 67 Let M be a microlinear type. Given X1, Xo, X3 : X (M), we define

f103 := X3 x Xo x X3

0132 := (X2 % X3 % X1) 0 (N4 da,ds): 02 (d1,d3,d2))

0213 := (X3 % X1 % X2) 0 (N4, da,ds): D3 (d2,d1,d3))

0231 := (X1 * X3 % X2) 0 (A(dy,da,ds):D? (d2, d3,d1))

0312 := (X2 % X1 * X3) 0 (Aay,da,ds): 02 (d3, d1, da))
( )o( ( )

321 = (X1 * X2 x X3) 0 (Nay,dy,dz): 03 (d3,d2, d1

Then we have

0123 © (N(dy dads):D3{(2,3)} (d1,d2,d3)) = 0132 0 (N(dy,d,ds):D3{(2,3)} (1, d2, d3))
0231 © (N(dy dads):D3{(2,3)} (d1, d2,d3)) = 0321 0 (N(ay,dy.ds):03((2,3)} (1, d2, d3))
0231 © (A(dy da.ds):D3{(1,3)} (d1,d2,d3)) = 0213 0 (A(ay,da,ds):D3{(1,3)} (d1,d2, d3))
0312 © (A(dyda.ds):D3{(1,3)} (d1,d2,d3)) = 0132 0 (A(ay,da,da):D3((1,3)} (d1,d2,d3))
0312 © (A(dy ,ds.ds):D3{(1,2)} (d1,d2,d3)) = 0321 0 (A(ay,da,da):D3((1,2)} (d1,d2,d3))
0123 © (A(dy,dads):D3{(1,2)} (d1,d2,d3)) = 0213 0 (N(dy,ds,de):D?((1,2)} (d1, 2, d3))

Theorem 68 Let M be a microlinear type. Given o : R and X, X2, X3 :
X (M), we have

(X1 + Xo, X3] = [X3, X3] +[X2, X5]  (30)
[a Xy, Xo] = [X17X2] (31)
] (32)
] (33)

[leXQ] [XZa 1 32
(X1, [Xa, X5]] + [Xo, [X5, Xu]] + [ X5, [X1, X2 33

In a word, the Lie bracket |-, ] is bilinear, antisymmetric, and satisfies the Jacobi
identity.

Proof. The property B0) follows from Proposition The property (?7)
follows from Proposition @7, The property [B2) follows from Proposition B0
The property 33) follows from Theorem 57 m
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