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An excitonic Floquet state in semiconductor superlattices (SLs) driven by an intense monochromatic laser is
examined based on multichannel scattering theory, where this state is supported by a photon sideband attributed
to a SL joint miniband. It is shown that the excitonic Fano resonance (FR) is caused by the coupling between
photon sidebands, and thus one obtains the possibility of dynamic quantum control of this exciton state by means
of laser tuning. This FR differs from the conventional FR observed in the original SLs without laser irradiation
in that the latter FR results from the static Coulomb coupling between different SL joint minibands. Both the q
parameter and the spectral width  associated with the excitonic FR of concern vary notably with a change of
laser strength. In particular, it is found that the FR is made stable, that is, 1/|q| and  become minimized, when
the laser strength is appropriately tuned to the condition of what is called dynamic localization.
DOI: 10.1103/PhysRevB.85.205305

PACS number(s): 78.67.Pt, 71.35.Cc, 78.20.Bh

I. INTRODUCTION

Nonlinear effects of ac electric fields on materials have
been of great importance in studies aimed at revealing unexplored quantum dynamics and realizing the related coherent
control.1,2 Phenomena caused by a temporally periodic drive
are of particular interest; they can be analyzed theoretically by
means of the Floquet formalism.3 In particular, the coherent
destruction of tunneling4,5 (CDT) in double wells is a typical
phenomenon which can easily be explained in this way. The
quantum driven tunneling dynamics in this system can be
controlled by means of tuning the strength and frequency of
an applied monochromatic cw laser.
A pheomenon closely related to CDT in condensed matter
physics is the dynamic localization6,7 (DL) manifested in
semiconductor superlattices (SLs) with a temporally periodic
ac electric field F (t) = Fac cos(ωt) at time t with strength
and frequency Fac and ω, respectively. The relation of DL
to CDT can be understood by a unified analytic treatment,8
and further it can be discussed from the viewpoint of group
theory and the Landau-Zener problem.9 In the present system
of ac-field-driven SLs, the nonlinear effect of the ac field
is renormalized to an effective miniband width given by
eff = bare |J0 (x)|,7 where bare is the bare miniband width,
and J0 (x) is the zeroth-order Bessel function of the first kind
with x = eFac d/h̄ω, where e, d, and h̄ represent the elementary
charge, the lattice constant of the SLs, and Planck’s constant
divided by 2π , respectively. When x is tuned so as to satisfy the
equation J0 (x) = 0, the effective miniband collapses, resulting
in DL in a similar manner to CDT.
The first observation of DL was made on electron-doped
semiconductor SLs driven by a terahertz (THz) wave.10 In
addition to this, DL has also been observed in diverse physical
systems such as a cold atomic gas in a one-dimensional optical
lattice,11 an atomic Bose-Einstein condensate,12 and light in
curved waveguide arrays.13–15 Further, DL has been discussed
in double-quantum-dot molecules,16 one-dimensional lattices
under the influence of ac electric and magnetic fields,17 Cooper
pairs in Josephson qubits,18 and strongly correlated electron
systems.19
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The recent progress in THz light sources has encouraged
experimental studies of coherent control of excitonic states in
undoped SLs with a relatively weak THz field.20–28 Further, the
development of higher-power THz light sources with a peak
intensity of the order of hundreds of kV/cm and above29–31
enables one to investigate the unexplored research area of
the Floquet exciton under consideration here; this exciton is
composed of a photodressed electron-hole pair, each carrier
of which is generated by THz-wave irradiation. Thus far, a
number of theoretical studies have been devoted to revealing
the anomalous behavior of such excitonic states regarding
negative absorption (optical gain).32–35
In this paper, we focus on the possibility of realizing
Fano resonance (FR) of the Floquet exciton in a laser-driven
SL system; hereafter, the Floquet exciton is also termed a
photodressed exciton. Particular attention is paid to understanding how the DL affects the photodressed-excitonic FR.
It is expected that the FR of concern is caused by a coupling
between photon sidebands mediated by ac Zener tunneling,
where the photon sidebands are attributed to the joint SL
minibands of a pair of a conduction band and a valence band.
Hereafter, these bands are labeled c and v, respectively, and
the coupling mediated by the ac Zener tunneling is termed ac
Zener coupling (ac ZC).36 To see this situation in more detail,
the manifold formation in the present system is schematically
shown in Fig. 1, where two photon sidebands labeled as μ̄ and
μ̄ are depicted. The manifold label μ̄() represents a group
()
()
of indices (bc() ,bv() ,n()
p ), where bc and bv are SL miniband
indices belonging to the c and v bands, respectively, and n()
p is
the photon number relevant to absorption and emission. When
the effect of ac ZC is small, these indices are still considered as
good quantum numbers. It is shown in Fig. 1 that the discrete
photodressed-excitonic state labeled as EX is supported by
the photon sideband μ̄, and, further, this is also embedded in
the continuum of the alternative photon sideband μ̄ . Thus, it
is likely that FR occurs due to a close coupling between the
two photon sidebands μ̄ and μ̄ , and, eventually, the EX state
decays into the continuum state that belongs to μ̄ .
This coupling is classified into two types, that is, the ac ZC
and the Coulomb coupling, in terms of the difference of the
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large bias field, as is discussed in Ref. 38. Thus, this DFR
has no contribution in the present bias-free SL system. On the
other hand, in the latter study, excitonic FR was dealt with.
However, the applied THz wave was so weak that ac ZC was
of no importance, and hence the FR was caused simply by a
Coulomb interaction.
In addition to these two studies, the nonlinear Fano effect
was discussed in semiconductor quantum wells and quantum
dots in Refs. 40 and 25, respectively, where the FR arising from
static couplings was probed in an optically nonlinear regime
at high power. This is somewhat similar to laser-induced
autoionization,41,42 rather than to the laser-induced continuum
structure43 akin to the DFR discussed here.
This paper is organized as follows. Section II describes
the theoretical framework. Section III presents the results and
discussion. Finally, Sec. IV presents the conclusions. Atomic
units (a.u.) are used throughout unless otherwise stated.

ac ZC
EX

FIG. 1. Schematic diagram of manifold formation of the photodressed excitonic system. This shows the coupling mechanism in
which the exciton state (EX) supported by the sideband μ̄ interacts
with the continuum state belonging to the sideband μ̄ under ac ZC,
leading to Fano decay.

photon numbers np = |np − np |. The former coupling has
np = 0 and the latter coupling np = 0. In the former type
of FR, the spectral profile and intensity can be controlled to
some extent by modulating the laser parameters Fac and ω in
an appropriate manner, since the strength of ac ZC depends
exclusively on both the external parameters. On the other
hand, in the latter type of FR, there is little possibility of
such quantum control of the FR spectra, since it is considered
difficult to modify the strength of the Coulomb interaction by
means of the laser tuning. In this context, hereafter, the former
type of FR is termed dynamic FR (DFR) in order to distinguish
it from the latter type of static FR. When Fac is weak enough
to suppress the effect of ac ZC, the photodressed-excitonic
FR is dominated by the Coulomb coupling. Its underlying
physics can be understood as almost the same as that of the
conventional FR observed in the original SLs without laser
irradiation and in biased SLs with a weak bias field.37
As is shown later in detail, both the q parameter (asymmetry
parameter) and the spectral width  characteristic of the
excitonic DFR vary notably with the change of Fac . In
particular, it is found that 1/|q| and  are minimized when Fac
is appropriately tuned into the condition of DL, implying that
the photodressed exciton is made stable with a long lifetime.
In the following, recent investigations related to the present
study of DFR are briefly described and the differences among
them clarified. For studies of a dynamic Wannier-Stark ladder,
the terminology of DFR was used in different senses in Refs. 38
and 39. In the former study, the present authors and co-workers
showed that a Floquet state of a single electron—differing
from that of the exciton considered here—was unstable under a
relatively intense THz field due to the ac ZC, and, in particular,
when DL occurred, its instability could be understood in terms
of the Fano-type decay mechanism. This was termed DFR.
It should be noted that such instability is inherent to the
Wannier-Stark ladder, namely, biased SLs, with a relatively

II. THEORETICAL FRAMEWORK

This section consists of two subsections. In Sec. II A, we
derive the nontrivial expression for the optical absorption
spectra of the present Floquet system driven by F (t), where
the spectra are probed by an alternative weak laser.35,44,45 This
expression is obtained by solving the semiconductor Bloch
equations. The resulting microscopic polarization function
is expressed as a linear combination of the photodressedexcitonic states satisfying the Wannier equation. In Sec. II B,
we show that the Wannier equation, namely, the excitonic
Floquet equation, is reduced to the coupled equations for
the multichannel scattering problem relevant to the DFR of
concern.
A. Optical absorption spectra

The total Hamiltonian of the system concerned comprises
a SL Hamiltonian composed of field-free Hamiltonians for the
c and the v bands, a Coulomb interaction between electrons,
an intersubband interaction caused by the driving laser F (t),
and an interband interaction invoked by the probe laser fp (t),
where fp (t) = fp0 cos (ωp t) with fp0 the amplitude and ωp
the frequency. The formulation developed here is directed
toward seeking the nontrivial time evolution of the microscopic
polarization of the interband transition (the off-diagonal part
of the density matrix). This is obtained by solving the Liouville
equation of the present system, based on a similar theoretical
framework to that in Ref. 44. The microscopic polarization is
(v)†
defined as pλλ K (t) ≡ aλK aλ(c) K , where O represents the
expectation value of the operator O. Here, λ() represents
the joint SL miniband index b() and the SL site l () , namely,
λ() = (b() ,l () ), and K is the in-plane momentum associated
with the relative motion of the pair of a c-band and a v-band
electron; in plane is defined as in the plane normal to the
(s)†
(s)
)
direction of crystal growth (the z axis). Further, aλK (aλK
represents the creation (annihilation) operator of the electron
with λ and K in the band s.
The main approximations made here are summarized in
the following; for more detail, consult Ref. 44, in which the
validity and criteria of applicability of the approximations are
also discussed. (i) The nearest-neighbor tight-binding model
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for the c- and v-band SL Hamiltonians is employed. (ii) The
Wannier function expressed as z|λ is approximated by the
corresponding wave function of a single quantum well with an
infinite potential barrier, where z|λ represents the function
at the position z − ld in miniband b with d the lattice constant
of the concerned SLs. (iii) Just the Coulomb interaction for an
exciton composed of only a single pair of a c-band and v-band
electron is retained, and the many-body Coulomb correlation
effect is neglected. (iv) It is assumed that the probe laser is
weak enough to satisfy the relation Fac  fp0 and that ωp is
much greater than ω, namely, ω  ωp . Hence, the resulting
absorption coefficient is linear in fp (t) but nonlinear in F (t).
We begin with the equation of motion for the microscopic
polarization given by
i

 (v)† (c) 
∂
,H ,
pλλ K = aλK aλK
∂t

(1)

where H is the total Hamiltonian under consideration. By
making the approximation (iii) in addition to the other
approximations mentioned above and using the rotating wave
approximation for the probe laser, the above equation becomes the semiconductor Bloch equation for the polarization
p̄(ρ,zv ,zc ,t) as follows:


∂
i + iγ + ωp p̄(ρ,zv ,zc ,t)
∂t
+ (2π )2 eiωp t fp(+) (t)d0(vc) δ(ρ)δ(zv − zc )

(c)
= dz[p̄(ρ,zv ,z,t)HTB
(z,zc ,t)
(v)
− HTB
(zv ,z,t)p̄(ρ,z,zc ,t)]
+ H(ρ,zv ,zc )p̄(ρ,zv ,zc ,t),

where p̄(ρ,zv ,zc ,t) is defined in the real-space representation
as

iωp t
p̄(ρ,zv ,zc ,t) = e
d K ei K ·ρ zv |λ
λ,λ

(3)

Here, d0(vc) is the interband dipole moment of the bulk material,
fp(+) (t) ≡ (fp /2)e−iωp t , and γ is an infinitesimal positive
number. The Hamiltonian given by
H(ρ,zv ,zc ) = −

∇ρ2
2m

+ V (ρ,zv ,zc )

λ=(b,l)

× (s)
b (|l,bl + 1,b| + |l + 1,bl,b|)
|λZλλ λ |,

− F (t)

(4)

is composed of a kinetic-energy term in the ρ plane and the
Coulomb interaction


(7)

λλ
(s)
and (s)
with 0b
b as the band center and the width of b,
respectively, and, further, σ s = 0 (for s = c) and 1 (for s = v).
The last term of Eq. (7) represents the dipole interaction
induced by the driving laser with Zλ,λ as a dipole matrix
element. It should be noted that the off-diagonal contribution
of Zλ,λ with b = b induces the ac ZC to be highlighted below.
The concerned function p̄(ρ,zv ,zc ,t) can be expressed
by use of the complete set of Floquet wave functions
ψEβ (ρ,zv ,zc ,t) (for more details, see the Appendix), satisfying


∂
i + E ψEβ (ρ,zv ,zc ,t)
∂t

(c)
= dz[ψEβ (ρ,zv ,z,t)HTB
(z,zc ,t)
(v)
−HTB
(zv ,z,t)ψEβ (ρ,z,zc ,t)]
+H(ρ,zv ,zc )ψEβ (ρ,zv ,zc ,t),

(8)

since this is read as the homogeneous equation corresponding
to the inhomogeneous equation (2). Here, the temporally
periodic boundary condition
ψEβ (ρ,zv ,zc ,t) = ψEβ (ρ,zv ,zc ,t + T )

(2)

× pλλ K (t)λ |zc .

in the real-space representation, where
 (s)
(s)
b+σ s
(t) =
/4}
ĤTB
0b |λλ| + {(−1)

is imposed on Eq. (8), and the orthogonality relation




1 T
∗
dt dρ dzv dzc ψEβ
(ρ,zv ,zc ,t)
T 0
×ψE  β  (ρ,zv ,zc ,t) = δ(E − E  )δββ 

(9)

(10)

is ensured, with E () and T = 2π/ω as a quasienergy and the
time period of the driving laser field, respectively. Equation (8)
is nothing but the Wannier equation of the photodressed
exciton of concern. It should be noted that this is cast into
the multichannel scattering equations, as shown in Sec. II B,
and hence the Floquet wave function of ψEβ (ρ,zv ,zc ,t) forms a
continuum spectrum designated by both E and β representing
the label of an open channel. This multichannel feature is
brought about by the strong driving laser F (t) that closely
couples an excitonic bound state with continua.
By using Eq. (10), p̄(ρ,zv ,zc ,t) can be expanded as

aEβ ψEβ (ρ,zv ,zc ,t),
(11)
p̄(ρ,zv ,zc ,t) = dE
β

V (ρ,zv ,zc ) = −

1
ρ 2 + (zv − zc )

,

(5)

with m and as the in-plane reduced mass and static dielectric
constant, respectively, and with ρ = |ρ|.
The tight-binding Hamiltonian in Eq. (2) is given by
(s)
(s)
(z,z ,t) ≡ z|ĤTB
(t)|z 
HTB

and immediately the expansion coefficient aEβ is obtained as
 T
(2π )2 d0(vc)
aEβ =
dt  ψ̄Eβ (t  ),
(12)
(E − ωp − iγ )T 0
where

(6)
205305-3
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The linear optical susceptibility χ (t) with respect to fp (t) is
provided by44
2 
d (vc)
OEβ (t)
,
(14)
χ (t) = 0
dE
E
−
ωp − iγ
0
β
where
1
OEβ (t) = ψ̄Eβ (t)
T



T
0

∗
dt  ψ̄Eβ
(t  )

(16)

j

the absorption coefficient to be calculated is given in terms of
the imaginary part of the Fourier coefficient χj (ωp ; ω) by
ωp
α(ωp ; ω) =
Imχj (ωp ; ω)
(17)
c j
with c representing the speed of light. Taking account of the
Fourier-series expansion
eij ωt ÕEβj ,

(18)

j

α(ωp ; ω) ends up as
α(ωp ; ω) = π

ωp d0(vc)
c 0

2

Õωp βj ,

(19)

βj

where the limit of γ → +0 is taken.
B. Multichannel scattering equations of the photodressed
exciton

The next task is to solve Eq. (8) and obtain the set of
wave functions, {ψEβ (ρ,zv ,zc ,t)}, followed by the evaluation
of Eq. (13) and then Eq. (17). With this aim, first, we expand
ψEβ (ρ,zv ,zc ,t) as
ψEβ (ρ,zv ,zc ,t) =

μ (zv ,zc ,t)Fμβ (ρ),

(20)

μ

where the argument of the function of Fμβ is considered as ρ
rather than ρ, since higher-angular-momentum components
than the s component to be taken here have no effect on
Eq. (13). In Eq. (20), μ (zv ,zc ,t) is the real-space representation of the Floquet state |μ (t), that is, μ (zv ,zc ,t) =
zv ,zc |μ (t), satisfying
ĤTB − i

(23)

μ

eij ωt χj (ωp ; ω),

OEβ (t) =

Lμν Fνβ (ρ) = EFμβ (ρ),

(15)

and 0 is the dielectric constant of vacuum. By expressing χ (t)
as the Fourier-series expansion
χ (t) ≡

hand, the quantum number k always remains conserved, since
Eq. (21) ensures spatial periodicity. To be specific, we bear
in mind the Houston representation that is provided by the
appropriate gauge transformation of Eq. (21).44
In view of Eq. (20), the Wannier equation of Eq. (8) can be
reduced to the coupled equations for the radial wave function
Fνβ (ρ),

∂
|μ  = Eμ |μ ,
∂t

(21)

where Lμν is the operator given by
 2

1
d
1 d
Lμν = δμν −
+ Eμ + Vμν (ρ). (24)
+
2m dρ 2
ρ dρ
The matrix element of the Coulomb interaction Vμν (ρ) is
defined as



1 T
Vμν (ρ) =
dt dzv dzc ∗μ (zv ,zc ,t)V (ρ,zv ,zc )
T 0
(25)
× ν (zv ,zc ,t).
Equations (23) are considered as the multichannel scattering equations, because Vμν (ρ) ∼ 0 at ρ  1. Actually,
for a given E, the channel μ satisfying E > Eμ is an open
channel, while the channel μ satisfying E < Eμ is a closed
channel. Thus, the label μ of Fμβ plays the role of a scattering
channel. On the other hand, there are the same number
of independent solutions as open channels, since as many
scattering boundary conditions are imposed on the present
problem in the asymptotic region of ρ. Here, the label β of
Fμβ means the number of independent solutions satisfying
Eq. (23), as mentioned in Sec. II A.
Equation (23) can be numerically evaluated by virtue of
the R-matrix propagation method. It is demonstrated that this
sophisticated formalism provides a stable numerical algorithm
with extremely high accuracy. Lately, this method has been
applied to semiconductor nanostructures to investigate their
optical properties,38,46,47 in addition to the conventional applications to the studies of electronic collisions with atomic
and molecular targets and chemical reactions. Aside from
the above-mentioned advantages, in general, the algorithm
requires large-scale computation to obtain physical quantities
such as spectral functions. In order to remedy this difficulty,
intensive efforts have been made to develop a parallelization
of the R-matrix formalism.48–50 Recently, the present authors
have explored a parallelization scheme from a different point
of view than the conventional schemes.45 The algorithm
thus developed is fully applied to the present photodressedexcitonic problem. For more detail of the framework of this
parallelization and the resulting degree of numerical efficiency,
consult Ref. 45.

where
(c)
(v)
ĤTB ≡ ĤTB
+ ĤTB
,

(22)

and Eμ is the μth quasienergy. It is noted that the index of μ is
considered as an approximate quantum number consisting of
the composite quantum number of μ̄ introduced in Sec. I and
the Bloch momentum k of the joint miniband of (bc ,bv ), that is,
μ ≈ [μ̄,k] ≡ [bc ,bv ,np ,k]. As mentioned in Sec. I, μ̄ becomes
a set of good quantum numbers as Fac decreases. On the other

III. RESULTS AND DISCUSSION

This section consists of two subsections. First of all,
in Sec. III A, we present the calculated absorption spectra,
followed by discussing the overall spectral alteration with
respect to Fac . In Sec. III B, we pay particular attention to
the spectra with a Fano-type line shape manifested in the
relatively large Fac region; this is DFR of the photodressed
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Optical Absorption Spectra (arb. units)

200 kV/cm
180 kV/cm
160 kV/cm
140 kV/cm
120 kV/cm
100 kV/cm
80 kV/cm
60 kV/cm
40 kV/cm
20 kV/cm

1.52

1.54

1.56

1.58

(eV)

EX1

exciton arising from the mechanism shown in Fig. 1. We also
discuss the effect of DL on the DFR.

A. Overall spectral alteration with respect to Fac

Numerical calculations are done for semiconductor SLs
composed of ten quantum wells by employing the same
physical parameters as those in Refs. 35 and 47, where each
quantum well consists of a 9.9-nm-thick well layer of GaAs
and a 3.1-nm-thick barrier layer of Ga0.75 Al0.25 As. In the
present calculations, the joint SL minibands of (bc ,bv ) = (1,1)
and (2,1), and the associated manifolds of (bc ,bv ,np ) =
(1,1,np ) and (2,1,np ) with np = −3–3 are included. Here,
the frequency ω is set equal to 91 meV, which is identical to
the difference between the centers of the joint minibands (1,1)
and (2,1).
Figure 2 shows the calculated natural spectra of α(ωp ; ω)
as a function of ωp in the range of Fac = 20–200 kV/cm. The
structure of the quasienergy Eμ of the two photon sidebands
with μ̄ = (1,1,0) and (2,1, − 1) is superimposed on these
spectra, where the values of Eμ are given on the abscissa
as a function of Fac . Since one-photon resonance between
the joint miniband centers of (1,1) and (2,1) takes place, the
bandwidth of E[1,1,0,k] overlaps that of E[2,1,−1,k] at Fac = 0, as
seen in Fig. 2, where the former narrower sideband is situated
around ωp = 1.552–1.563 eV, while the latter wider sideband
is around ωp = 1.538–1.576 eV. Hereafter, the sidebands
(1,1,0) and (2,1,−1) are termed A and B, respectively. As
Fac becomes more than approximately 70 kV/cm, these two
sidebands cause each other to curve, leading to splitting into
two parts due to ac ZC. Thus, it is no longer possible to
assign these sidebands simply in terms of the labels A and
B. Hereafter, the sideband on the higher-energy side and that
on the lower-energy side are termed the upper and lower

EX3

Fac=10kV/cm

1

1
0

0
EX1

EX2

Fac=40kV/cm

2

1
EX3

1
0

0
EX1

2

EX2

Fac=120kV/cm

EX4

1

1
0

0
EX1

2

EX2 F =200kV/cm
ac

EX4

1

1
0
1.52

FIG. 2. (Color online) The optical absorption spectra α(ωp ; ω)
as a function of ωp for Fac = 10–200 kV/cm (solid lines), where
the colored traces are shifted vertically to enhance the presentation.
Further, the quasienergies Eμ as a function of Fac are also included
(dotted lines). For more detail, consult the text.

EX2

2

Normalized DOS

Optical Absorption Spectra (arb. units)
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1.54

1.56

0
1.58

(eV)
FIG. 3. (Color online) The optical absorption spectra as a function
of ωp at Fac =10, 40, 120, and 200 kV/cm; the natural spectra
α(ωp ; ω) (solid lines) and their Lorentzian-convoluted forms α̃(ωp ; ω)
with homogeneous broadening of 1 meV (red dotted lines). The
normalized densities of states D̃(ωp ) for photodressed SLs are
depicted by the blue dashed lines. The labels of EXn with n = 1–4
represent the spectral peaks relevant to characteristic photodressed
excitonic states. For more detail, consult the text.

sidebands, respectively. It is noted that these two sidebands
form DL around Fac ≈ 170kV/cm.
As is seen in the spectra at Fac = 20 and 40 kV/cm of
Fig. 2, sharp spectral peaks manifest themselves right below
the lower edges of the sidebands of A and B. On the analogy of
excitonic spectra of field-free SLs,37 it seems certain that these
discernible peaks can be attributed to photodressed-excitonic
states pertaining to nearby photon sidebands. In the greaterFac region, however, it is more difficult to determine whether
the observed spectral peaks can be assigned to photodressedexcitonic states pertaining to the upper or to the lower sideband.
The four representative spectra at Fac =10, 40, 120, and
200 kV/cm are shown again in Fig. 3 to examine the spectral
variation. The normalized density of states (DOS) defined as
D̃(ωp ) =

D(ωp )
D(1.58 eV)

(26)

is also depicted, where D(ωp ) ≡ D(ωp ) − D(1.52 eV).
Here, D(ωp ) represents the three-dimensional DOS of a
free-electron pair belonging to the c and v bands, given by
D(ωp ) = D2D

(ωp − Eμ ),

(27)

μ

where (ωp − Eμ ) is the Heaviside function, and D2D is a
constant representing the two-dimensional DOS of this pair
associated with the relative motion in the ρ plane. Obviously,
D̃(ωp ) reflects the structure of the quasienergy Eμ , showing the
ascending steplike shape. It is remarked that D(1.58 eV) is
constant and independent of Fac as long as Fac  200 kV/cm,
as shown in Fig. 3, since all channels below ωp = 1.58 eV
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where α(ωp ; ω) is convoluted with a Lorentzian function
defined by fL (ωp ,ωp ) ≡ (δ/π)/[(ωp − ωp )2 + δ 2 ]. Here, the
value of δ is set equal to 1 meV, corresponding to a realistic
homogeneous broadening. For Fac = 10 kV/cm, α̃(ωp ; ω)

upper sideband
EX4

1.56
(eV)

are open, and hence the number of open channels remains
unaltered; that is, D̃(1.58 eV) = 1. Here, the sidebands A and
B give equal contributions to this value of unity, and so do
the upper and lower sidebands. For a given ωp , in general,
D̃(ωp ) becomes larger with an increase in the number of open
channels. For instance, in the lowest two panels of Fig. 3, 0 <
D̃(ωp ) < 0.5 if the channels relevant to the lower sideband are
partially open, while 0.5 < D̃(ωp ) < 1 if the channels relevant
to the upper sideband are partially open.
At Fac =10 and 40 kV/cm, there are three sharp exciton
peaks discerned at ωp = 1.536, 1.538, and 1.546 eV, which are
labeled as EX1, EX2, and EX3, respectively. According to the
discussion above, it is speculated that EX1 can be assigned to a
1s state supported by the B sideband, while EX2 and EX3 can
be assigned to 1s and 2s states supported by the A sideband;
for more detail, consult the discussion below in this section.
As Fac increases from 10 to 40 kV/cm, the EX3 line profile
becomes broadened due to the interaction with the continuum
relevant to the B sideband; the manner of this is similar to the
DFR mechanism mentioned in Sec. I. With a still larger Fac , the
EX3 peak becomes faint, as shown in the spectra at Fac = 60
and 80 kV/cm of Fig. 2. At Fac = 120 and 200 kV/cm, where
the hybridized band composed of the A and B sidebands is
split into the upper and lower sidebands, a new excitonic peak
labeled EX4 appears between these two sidebands. It should
be noted that the EX4 spectra show an asymmetric Fano profile
with a peak followed by a dip; these are formed by the DFR
mechanism shown in Fig. 1, and this excitonic state would be
supported by the upper sideband, as is shown later in deeper
discussion. Hereafter, it is understood that the location of the
EXn peak is represented by EEXn with n = 1–4.
Next, we discuss the difference between the DFR spectra
of EX3 in the top two panels for Fac = 10 and 40 kV/cm,
and those of EX4 in the bottom two panels for Fac = 120 and
200 kV/cm, where the former spectra look almost symmetric
and the latter spectra look asymmetric. The shape of the DFR
spectra is governed by the so-called q parameter corresponding
to the ratio of the contribution of a discrete level to that of
the continuum background; with a decrease in |q|, the profile
becomes more asymmetric, except in the very-small-|q| region
where a symmetric transparent window appears. As is seen in
the spectra of EX3, the associated normalized DOS D̃(EEX3 ) is
still smaller than 0.5, that is, the contribution of the continuum
background is relatively small. Because of this fact, it is understood that the spectra are almost symmetric. On the other hand,
as regards the DFR of EX4, the contribution of the continuum
background is considered comparable to that of the excitonic
discrete state, since all of the channels associated with the
lower sideband are open; D̃(EEX4 ) = 0.5. This is the reason
why the DFR spectra of EX4 are asymmetric. More detailed
discussion of the DFR of EX4 will be deferred to Sec. III B.
In Fig. 3, we also show the spectra provided by

(28)
α̃(ωp ; ω) = dωp fL (ωp ,ωp )α(ωp ; ω),

A- sideband

EX3 B-sideband

lower sideband

1.54

EX2
EX1

0

100
Fac (kV/cm)

200

FIG. 4. The peak positions of the photodressed excitonic states
EXn with n = 1–4 as a function of Fac . The labels have the same
meaning as those in Fig. 3. The calculated results represented by
the filled circles are connected by the solid lines in order to aid
the presentation. The lower bounds (absorption edges) of the photon
sidebands of A and B and those of the upper and lower sidebands are
also depicted by the dotted lines.

shows only two peaks pertaining to EX2 and EX3, whereas
the spectrum of EX1 is no longer discernible, presumably due
to the relatively weak ac ZC between the two sidebands A
and B. As is seen in this panel of Fig. 3, the peak height
of α̃(EEX2 ; ω) is much smaller than that of α̃(EEX3 ; ω). In fact,
this tiny contribution of EX2 can be attributed just to numerical
inaccuracy, since it is speculated that the energy mesh, namely,
5 × 10−2 meV, adopted in our numerical calculation is still
larger than the natural width of the EX2 spectrum. That is, the
excitonic state of EX2 is considered as a pure bound state rather
than a DFR state, differing from that of EX3. This statement is
confirmed by the fact that D̃(EEX3 ) ≈ 0. For Fac = 40 kV/cm,
the natural width of EX2 grows, so that the spectra can be more
accurately evaluated in our calculation. Actually, α̃(EEX2 ; ω)
turns out to be larger than α̃(EEX3 ; ω), as is expected. This
is the key reason why the EX2 peak is assigned to the 1s
state belonging to the manifold of A rather than the 2s state
belonging to the manifold of B.
As Fac further increases, α̃(EEX1 ; ω) becomes gradually
larger, and at Fac = 120 kV/cm, a small shoulder appears
due to the mixing between the upper and lower sidebands,
while α̃(EEX3 ; ω) almost disappears. As regards the DFR
spectra of EX4 at Fac = 120 and 200 kV/cm, the asymmetric
profile found in α(EEX4 ; ω) is blurred to some extent in the
more realistic spectrum of α̃(EEX4 ; ω). Therefore, it would be
difficult to observe such asymmetry in actual experiments, as
it stands. This issue will be mentioned again in Sec. IV.
Figure 4 shows EEXn (n = 1–4) as a function of Fac . With
an increase in Fac , a redshift of the peak positions of EEX1
and EEX2 is obvious, aside from the transient blueshift in the
intermediate region of Fac . This is in agreement with the results
of Ref. 35, in which variational calculations were implemented
without taking account of the multichannel scattering nature
of the present problem, and ω was set equal to 30 meV so
as to satisfy the condition of three-photon resonance between
the joint-miniband centers of A and B. In contrast, the peak
position of EEX4 is blueshifted as Fac increases in the region of
Fac  100 kV/cm.
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Optical Absorption Spectra (arb. units)

100
160 kV/cm

0
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101.561 1.562 1.563 1.564

50
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(eV)
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180 kV/cm
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140 kV/cm

0

0
p

EX4

0.1
(meV)
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FIG. 5. The optical absorption spectra of α(ωp ; ω) in the vicinity
of EEX4 as a function of ωp − EEX4 for Fac = 140–200 kV/cm, where
the traces are shifted vertically to enhance the presentation. The inset
shows the calculated results of α(ωp ; ω) as a function of ωp at Fac =
160 kV/cm (filled circles) and the fitting curve in terms of Eq. (29)
(solid line).

condition:
α(ωp ; ω) = A

(q + ω̄p )2
,
1 + ω̄p2

(29)

where ω̄p = (ωp − EEX4 )/(/2) represents a normalized frequency, q is the asymmetry parameter explained already in
Sec. III A, and A is a proportionality constant representing the
transition probability of direct ionization of the photodressed
exciton. In the inset of Fig. 5, it is demonstrated that the
calculated results are perfectly in harmony with Eq. (29),
where q is negative.
According to this fitting procedure, the inverse of q, namely,
1/q, and the DFR width  are obtained and are shown in
Fig. 6 as a function of Fac . These results clearly indicate that
both of 1/q and  strongly depend on Fac . This implies that

(meV)

B. Dynamic Fano resonance

A detailed discussion of DFR of EX4 is given here,
following the discussion of its binding energy in the preceding
section. Figure 5 shows α(ωp ; ω) around ωp = EEX4 as a
function of ωp − EEX4 for Fac = 140–200 kV/cm. It is seen
that all of these spectra show an asymmetric shape with a
peak followed by a dip. Moreover, α(ωp ; ω) vanishes when ωp
matches the energy of the dip, that is, a completely transparent
window opens. This implies that the DFR of concern is
predominantly formed by the interaction between one open
channel (the lower sideband) and one closed channel (the
upper sideband).52 Therefore, the calculated spectra can be
fitted to the following Fano formula suitable for such a channel

2

10

1/q

It is noted that the evaluation of a binding energy is not
always a manageable task in such a multichannel scattering
problem, since if there are two or more closed channels, we
cannot uniquely determine the threshold energy as the reference energy from which the binding energies are reckoned. In
Fig. 4, the lower bounds of the A and B sidebands and those of
the upper and lower sidebands are also indicated. In the region
of Fac  40 kV/cm, where ac ZC is not dominant, the binding
energies of the excitonic states of EX1, EX2, and EX3 will be
provided by the difference between the lower edge of sideband
B and EEX1 , the difference between the lower edge of sideband
A and EEX2 , and the difference between the lower edge of
the sideband A and EEX3 , respectively. On the other hand, in
the region of Fac  100 kV/cm, where ac ZC is dominant, it
seems difficult to relate the excitonic states of EEX1 and EEX2
with either the upper sideband edge or the lower sideband
edge on a one-to-one basis. If the excitonic state of EEX2
at Fac = 200 kV/cm was supported by the upper sideband,
the resulting binding energy would amount to 35 meV; this
seems too large since the binding energy of a conventional
undressed exciton is of the order of 10 meV. On the contrary,
if this excitonic state was supported by the lower sideband, the
resulting binding energy would be nothing but approximately
1 meV; this is of the same order as δ adopted in the calculation
of α̃(EEX2 ; ω), which leads to the paradoxical conclusion that
the EX2 peak would likely be blurred out against the fact that
it is clearly discernible in Fig. 3. Further, in the intermediate
region of Fac between 40 and 100 kV/cm, it is impossible to
unequivocally determine the sideband supporting the excitonic
states of EX1 and EX2.
As regards the binding energy of the excitonic state of EX4,
the situation differs greatly from the situation concerning EX1
and EX2 in the region of Fac  100 kV/cm, since the upper
sideband works effectively as only one closed channel located
above EEX4 within our calculations; indeed, higher closed
channels are located far above this, at least by approximately
the value of ω. Therefore, it is concluded that the binding
energy of the excitonic state of EX4, represented as EEX4
here, can be evaluated as the difference between the upper
sideband edge and EEX4 . As is seen in Fig. 4, EEX4 becomes
maximized in the vicinity of Fac = 170 kV/cm where DL
occurs; EEX4 amounts to approximately 10 meV. This fact is
incompatible with the result of Ref. 51 for the binding-energy
calculations in the dynamic Wannier-Stark ladder, although
the ac ZC is neglected there.

140

160

180

200

Fac (kV/cm)
FIG. 6. (a) Inverse of the Fano line-shape parameter q and (b) the
natural spectral width of DFR, , as functions of Fac . The calculated
results represented by the filled circles are connected by the solid
lines in order to aid the presentation.
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the modulation of laser intensity enables one to control the
spectral profile as well as the binding energy of the excitonic
DFR state. In particular, it should be noted that the minima of
|1/q| and  are located in the vicinity of Fac = 170 kV/cm
where the DL condition is ensured. Actually, the DFR state
with smaller |1/q| and  is more similar to a pure bound state;
both parameters vanish in the pure bound state, aside from
a radiative decay that we are not concerned with here. Also,
it should be brought to mind that the largest values of both
EEX4 and α(EEX4 ,ω) are realized around the DL, as shown
in Figs. 4 and 5. In view of these facts, the DL is considered
to fulfill the special role of quantum control of photodressed
excitonic states.
IV. CONCLUSION

The high-resolution optical absorption spectra of laserdriven SLs are calculated based on multichannel scattering
theory by virtue of the R-matrix propagation method. The
obtained photodressed-excitonic state shows the characteristic
DFR structure induced by ac ZC. Further, the corresponding
q value, spectral width , and binding energy EEX4 are
altered with a change of Fac in a relatively large Fac
region. In particular, in the vicinity of the DL condition, the
photodressed-excitonic state becomes similar to a bound state
rather than a resonance state. In other words, this state can be
made more stable around the DL. These results add a further
possibility of quantum control of excitons by means of laser
irradiation, namely, dynamic quantum control.
Although we have succeed in bringing the DFR of the
photodressed exciton to light, the spectral width of order less
than δ still seems too small to be confirmed by experiments. In
our calculations, the Coulomb many-body effect is neglected,
as is mentioned in Sec. I. At the Hartree-Fock level, at least
the self-energy correction to the electronic energy and the
vertex correction to the Rabi energy have to be incorporated
into the theory.53 It is straightforward to speculate that with
an increase in Fac , both corrections will affect the DFR of
concern more dominantly. To be specific, the larger effective
Rabi energy attributed to the vertex correction would make the
net ac ZC stronger, resulting in such a great DFR width that
experimental measurement would be accessible. As regards
the effect of the self-energy correction on DFR, the resonance
position might be somewhat blueshifted, similarly to reported
results in different systems.40 On the other hand, beyond
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APPENDIX: FLOQUET FORMALISM

In this appendix, we briefly introduce the Floquet formalism
and the associated Floquet wave function which are used in
this paper. Let us consider the wave function of a system
driven by a temporally periodioc field with period T . Then the
Schrödinger equation of the system is given by
∂
(t) = H(t)(t),
(A1)
∂t
where (t) is the wave function of the system and the
Hamiltonian H(t) has the time periodicity
i

H(t + T ) = H(t).

(A2)

Here spatial cordinates such as zc are omitted for simplicity.
According to the Floquet theorem, there is a solution of
Eq. (A1) in the form
(t) = e−iEt ψ(t),

(A3)

where ψ(t) is the Floquet wave function, which satisfies the
periodicity
ψ(t + T ) = ψ(t),

(A4)

and E is the quasienergy. Substituting Eq. (A3) into Eq. (A1),
we obtain an eigenvalue equation
H(t) − i

7

∂
ψ(t) = Eψ(t).
∂t

(A5)
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