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Abstract
It is shown that errors due to spatially correlated noises can be corrected by
the quantum error-correction code and error-correction procedure prepared for
those for independent noises. A model of noisy-channel which is under the influence of spatially correlated quantum Brownian motion is investigated within
the framework of non-equilibrium thermo field dynamics that is a canonical
operator formalism for dissipative quantum systems.

Dissipative interactions between the system of qubits and its environment produce unexpected transitions of the qubits in a stochastic manner, and cause errors in the quantum information (codeword) stored in the qubits. In order to
recover the original information, quantum error-correction codes have been developed [1, 2, 3, 4, 5]. However, the existing quantum error-correction codes are designed under the hypothesis that each qubit is suﬀering from noises that are spatially
and/or temporally independent [1, 6, 7, 8, 9]. However, the validity of the hypothesis is not evident in practical circumstances of quantum information processing [1].
The spatial independence of noise is realized only when the distance between adjacent qubits is quite large compared to the correlation length of noise. Therefore, it
should be investigated how well the existing quantum error-correction codes, created
under the hypothesis, function in such realistic situations where noise is considered
to be correlated.
In this paper, we will show that errors due to spatially correlated noises can be
corrected by the same quantum error-correction code and error-correction procedure
as those for independent noises by investigating a model of noisy-channel which is
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under the inﬂuence of spatially correlated quantum Brownian motion. This result
is valid generally for the stabilizer code [5], which is quite a large class of quantum
error-correction codes including the 3-qubit bit-ﬂip code, Shor’s 9-qubit code [1],
the CSS code [3, 4].
Our analysis is presented in terms of non-equilibrium thermo ﬁeld dynamics
(NETFD) [10, 11, 12, 13, 14] that provides us with a full set of methods to tackle
problems in quantum information theory, especially, those related to decoherence
or dissipation. NETFD is a canonical operator formalism to treat non-equilibrium
quantum systems in a similar way as quantum ﬁeld theory, i.e., the sophisticated
interpretations of nature is possible based on both the operator algebra and the
representation space. Within NETFD, the dynamics of dissipative quantum systems
is described by the “Schrödinger equation” for unstable vacuum, which has the
same amount of information contained in the quantum master equation for density
operator. In fact, a consistent and uniﬁed system of stochastic diﬀerential equations
in operator formalism, together with a theory of quantum Brownian motion, allows
one to analyze time-evolution under correlated noise in a practical manner. In
addition, by the introduction of tilde degrees of freedom, completely positive maps
(CP maps) describing the error or the error-correction procedure are represented
within NETFD by operators acting on both bra- and ket-thermal vacuums for
qubits, which makes analyses of error-correction procedures transparent; this makes
a contrast to the case within the density operator formalism where CP maps are
super-operator acting on density operator.
The dynamics of the noisy channel, described by the “Schrödinger equation”
∂ |0(t)/∂t = Π̂ |0(t) for the ket-vacuum |0(t) within NETFD, is solved, with
the initial condition |0(t = 0) = |0, to give |0(t) = Ê(t)|0 with the spatially
correlated error operator [15]


1 
∗
2αβ̃ − βα − α̃β̃ .
(1)
Π̂ =
Dαβ
Ê(t) = etΠ̂ ,
2
(1)
α,β∈G

Here, α and β stand for an element in G (1) ≡ {Xi , Yi , Zi }ni=1 where Xi , Yi and Zi represent the Pauli operators acting on the qubit at the ith site. The c-number matrix
D, the correlation matrix, is an Hermitian matrix with positive eigenvalues characterizing physical nature of noises aﬀecting qubits. Since the noises are supposed
to be spatially correlated, Dαi βj = 0 (for i = j) in general, where αi ∈ {Xi , Yi , Zi }
and βj ∈ {Xj , Yj , Zj }. Note that Π̂ has zero eigenvalue for bra-vacuum θ|, i.e.,
θ|Π̂ = 0,

(2)

which is a manifestation of the conservation of probability, i.e., θ|O(t) = 1. Note
also that the bra-vacuum has the property
θ| α̃ = θ| α†
for α ∈ G (1) , which is called thermal state condition for the bra-vacuum.
2

(3)

ˆ cannot be written as a product of
Because of spatial correlation of noise, E(t)
error operators for individual qubit. Note that Ê(t) is completely positive due to
the positivity of the correlation matrix D. A block of n qubits can suﬀer errors
like Xi , Zi , Yi , Xi Xj , Xi Yj Zk , etc.. Thus, it is natural to consider the group G =
{±I, ±X, ±iY, ±Z}⊗n, the Pauli group, which is formed by all possible products of
operators {±Ii , ±Xi , ±iYi , ±Zi }ni=1 for n qubits. The properties of the Pauli group
read, for ∀g, g  ∈ G, 1) g 2 = I or −I, 2) g −1 = g † , and 3) [g, g  ] = 0 or [g, g  ]+ = 0.
When the adjacent qubits are well separated, the noise aﬀecting each qubit
becomes statistically independent, i.e., Dαi βj ∝ δi,j . In a more extreme case where
the noises acting on each qubits are mutually independent, we have Dαβ = Dα δα,β .
This “fully independent” correlation matrix leads to

Ê0 (t) = etΠ̂0 ,
Π̂0 =
Dα (αα̃ − 1) .
(4)
α∈G (1)

Note that, within the ﬁrst order in t, Ê0 (t) gives the depolarizing channel.
For a given subspace C (= {0}) of the total Hilbert space H2⊗n , elements g (∈ G)
that behaves as I on C form an Abelian subgroup S = {g ∈ G | g|φ = |φ, ∀|φ ∈ C}
which is called the stabilizer of C. Note that g −1 = g † = g (i.e., g 2 = I) for ∀g ∈ S.
The set of elements g (∈ G) commuting with all the elements of the stabilizer S, i.e.,
NS = {g ∈ G | [g, g  ] = 0, ∀g  ∈ S}, is called the commutant of the stabilizer. Since
S is Abelian, S ⊆ NS . Note that φ |g|φ = 0 for ∀g ∈ G − NS and ∀|φ, |φ  ∈ C.
This is because, for such a g (∈ G − NS ), there exists at least one element g  (∈ S)
satisfying [g, g  ]+ = 0, and thus, φ |g|φ = φ |g  g|φ = −φ |gg  |φ = −φ |g|φ for
∀|φ, |φ  ∈ C.
One can say, without loss of generality, that the quantum error-correction codes
are constructed for the error operator of the form
Ê0 =

m


pμ Eμ Ẽμ ,

with Eμ ∈ G and

μ=0

m


pμ = 1 (pμ ≥ 0).

(5)

μ=0

The condition for errors created by the error-operator to be corrected on the code
C stabilized by S reads
Eμ , Eμ† Eν ∈ (G − NS ) ∪ S

for all μ, ν.

(6)

The condition Eμ ∈ (G −NS )∪S ensures that the error Eμ is detectable or harmless.
On the other hand, the condition Eμ† Eν ∈ (G − NS ) ∪ S ensures that two errors
Eμ , Eν are distinguishable or equivalent. Note that Eμ transforms the code C into
a subspace Eμ C of the same dimension, since Eμ (∈ G) is unitary. In the following,
we arrange Eμ as E0 = I and Eμ≥1 = I.
The recovery operator R̂ against the error operator (5) with {Eμ } satisfying the
error-correction condition (6) is given by
R̂ =


x∈Zs2

gx† g̃x† Px P̃x ,

Px =

3

s

1 + (−1)xa Ma
.
2
a=1

(7)

Here, Px is the projection operator [9], and {Ma }sa=1 the generator of S satisfying
EMa E † = (−1)xa (E) Ma

(8)

with x(E) ≡ [x1 (E), . . . , xs (E)] (xa (E) ∈ Z2 , s = dim S) being the syndrome of an
error E (∈ G). Here, Z2 ≡ {0, 1} is the binary ﬁeld. The element gx (∈ G) appeared
in (7) satisﬁes x(gx ) = x , and is determined by the algorithm:
if x = 0, then gx = I,


if x = x(Eμ ), then g

x

(9)
= (one out of {Eν | x(Eν ) = x(Eμ )}).

(10)

Here, “one out of” means that any one out of the set is equally eligible for gx . 1
Px is the projection operator onto the simultaneous eigenspace of generators Ma
with eigenvalues (−1)xa . Each factor [1 + (−1)xa Ma ]/2 on the rhs of the second
equation in (7) is the projection operator onto the eigenspace of Ma with eigenvalue
(−1)xa . Thus, the product of them is the projection operator onto the intersection
of those eigenspaces. Especially, P0 ≡ P[0,...,0] is the projection operator onto the
code C. Px ’s satisfy the orthogonality condition
Px Px = δx,x Px ,
where δx,x =

s

a=1 δxa ,xa ,

(11)

and the completeness condition

Px = I

(12)

x∈Zs2

that is consistent with
θ|R̂ = θ|

(13)

which follows from the thermal state condition (3) and the completeness condition
(12). We see that, for ∀g ∈ G,
gP0 g † = Px(g) .

(14)

Simultaneous measurements of the generators {Ma }sa=1 on the corrupted codeword E|φL  tell the syndrome x(E) via the results {ma }sa=1 of the measurements
as ma = (−1)xa (E) , since Ma (E|φL ) = (−1)xa (E) EMa |φL  = (−1)xa (E) (E|φL )
for ∀|φL  ∈ C. The syndrome x(E) provides us with necessary and suﬃcient information to detect and correct the error. By deﬁnition, it satisﬁes the properties:
x(EE  ) = x(E) + x(E  ) (mod 2), x(E) = x(E † ), and x(E) = x(E  ) ⇔ x(EE  ) =
0 ⇔ EE  ∈ NS . Due to the latter two properties, we have, for the error set {Eμ }
satisfying the quantum error-correction condition (6), the error syndrome:

1 When

when x(Eμ ) = x(Eν ),

Eμ† Eν ∈ S,

(15)

when x(Eμ ) = x(Eν ),

Eμ† Eν

(16)

∈ G − NS .

the code is degenerate [8, 9], there exist Eμ , Eν (Eμ = Eν ) satisfying x(Eμ ) = x(Eν ).
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Furthermore, with the last property and the quantum error-correction condition
(6), we see, for all Eμ ,
†
Eμ ∈ S.
(17)
gx(E
μ)
Thus, according to the syndrome, one can apply Eμ−1 (= Eμ† ) to retrieve the original
codeword |φL . When two diﬀerent errors Eμ and Eν yield the same syndrome,
i.e., x(Eμ ) = x(Eν ), an application of Eμ−1 (= Eμ† ) correctly recovers the original
codeword even if the error actually occurred is Eν . Note that the syndrome x(Eμ )
do not depend on the codeword but only the error occurred on it. Therefore,
the syndrome measurement does not provide us with any information about the
codeword itself, which is necessary for quantum error-correction to be successful.
With the above preparations, we can show that the function of the recovery
operator R̂ on the code C is just like Ê0−1 , i.e.,

R̂ Ê0 P0 P̃0 =
pμ R̂ Eμ Ẽμ P0 P̃0
μ=0

=



pμ R̂Px(Eμ ) P̃x(Eμ ) Eμ Ẽμ

μ=0

=



μ=0

=



μ=0

=



†
pμ gx(E
g̃ †
Px(Eμ ) P̃x(Eμ ) Eμ Ẽμ
μ ) x(Eμ )
†
†
Ẽμ
pμ P0 P̃0 gx(E
Eμ g̃x(E
μ)
μ)

pμ P0 P̃0

μ=0

=

P0 P̃0 .

(18)

Here, (14) has been used at the second and the fourth equality, (11) at the third,

and μ=0 pμ = 1 at the last equality. At the ﬁfth equality, used are (17) and the

property g = P0 + x∈Zs ;(x=0) cx Px (cx = +1 or −1) satisﬁed by ∀g ∈ S. It can
2

be proved, similarly, that the recovery operator R̂ has the property
R̂ Eμ Ẽν P0 P̃0 = δx(Eμ Eν ),0 P0 P̃0 ,

for Eμ , Eν ∈ G.

(19)

Now, let us investigate the function of R̂ on the error operator Ê(t), caused by
spatially
correlated noises. Let Cm be a stabilizer code which can correct Ê0 (t) up

to O (tΠ̂0 )m for m = 0. The quantum error-correction condition
α1 ,

α1 α2 ,

...,

α1 . . . α2m ∈ (G − NSm ) ∪ Sm

(∀αi ∈ G (1) )

(20)

is satisﬁed with Sm being the stabilizer for Cm . The corresponding recovery operator
R̂m is determined by the algorithm (9) and (10) for Eμ ∈ {α, · · · , α1 · · · αm } with
α, αi ∈ G (1) . We observe that Π̂ m is a linear combination of products of the forms
α1 . . . α2m ,

α1 . . . αp α̃p+1 . . . α̃2m
5

(1 ≤ p ≤ m),

(21)

and their tilde-conjugates, with αi ∈ G (1) and α̃i ∈ G̃ (1) . It is proved that all these
products satisfy the operator relation (19). Therefore, we have
R̂m Π̂ m P0 P̃0 = c P0 P̃0

(for m = 0)

(22)

with c being a c-number that is proved to be zero as follows. Multiplying θ| on
both sides of (22), we have
(23)
0 = θ|c P0 ,
where use has been made of (13), (2) and θ|P̃0 = θ|P0 . As θ|P0 = 0, (23) gives
c = 0. Then, we have
R̂m Π̂ m P0 P̃0 = 0 (for m = 0).

(24)

Similar results hold for Π̂  (1 ≤ < m). Thus, we obtain [15]


R̂m Ê(t)P0 P̃0 = P0 P̃0

(25)

up to O (tΠ̂ )m for a positive integer m.
Within the present model of spatially correlated noise, we have conﬁrmed through
the result (25) that the spatially correlated errors happening on quantum codeword
are something which can be dealt with, at each order in Π̂ , by the existing stabilizer
code for independent errors, or something which does not contribute to the ﬁnal
state after the correction procedure. This is the reason why spatially correlated
errors can be corrected by the same stabilizer code and recovery operation as those
for independent errors.
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