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Abstract

We study Seiberg-Witten Geometry to describe the non-perturbative low-energy be-
havior of N = 2 supersymmetric gauge theories in four dimensions. T'he methodof N =1
confining phase superpotential is employed for this purpose. It is shown that the ALE
space of type ADE fibered over CP" is natural geometry for the N = 2 supersymimnetric
gauge theories with ADE gauge groups. Furthermore, we obtain in this approach previ-
ously unknown Seiberg-Witten geometry for four-dimensional N = 2 gange theory with
gauge group i with massive fundamental hypermultiplets. By cousidering the gauge
symmetry breaking in this £y gauge theory, we also obtain Seiberg-Witten geometries for
N = 2 gauge theory with SO(2N,) (&, < 5) with massive spinor and vector hypermul-
tiplets. In a similar way the Seiberg-Witten geometry is determined for N =2 SU(N,)

(N, < 6) gauge theory with massive antisymmetric and fundamental hypermultiplets.
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Chapter 1

Introduction

For almost 25 years four-dimensional supersymmetric gauge field theories have been in-
vestigated very intensively. One reason for this is that supersymmetric theories have a
remarkable property of canceling out the divergence in the self-encrgies which is desir-
able to construct a more natural phenomenological model at high energies beyond the
standard model. Furthermore a proposal of the unification of the gauge groups of the
standard model seewms to be more attractive by requiring the theory to have softly broken
supersymmetry.

Supersymmetric gauge theories have also been considered as theoretical models to un-
derstand the strong coupling effects. These effects such as color confinement and chiral
symuietry breaking are difficult to study analytically in the theories without the super-
symmetry. On the other hand the action of the supersymmnetric field theory is highly
constrained by its supersymunetry and in some cases even the exact descriptions of the
low-energy theories of these have been obtained on the basis of the idea of duality and
holomorphy [1]-[4]. Consequently, the non-perturbative effects in the supersymmetric
theory can be evaluated quantitatively.

Another reason for the importance of the study of supersymmetric gauge field theories
is their close relation to the superstring theory. Superstring theories receive a lot of
current research interest since they are the only known unified models including quantum
gravity in a consistent manner and have enough gauge symmetries to contain the standard
model. Moreover the superstring theory predicts the spacetime supersymmetry. Therefore

supersymimetric gauge field theories naturally appear in the study of the superstring



theory.

In the superstring theory, the supersymmetric gauge field theories appear in two ways.
A conventional way is to have a supersymmetric field theory on the lower dimensional
spacetime after the ten-dimensional superstring is compactified. The other novel way
is that supersymmetric gaunge theories in various dimensions are realized on the world
volume of D-branes which are higher dimensional objects on which the open strings can
end. In the framework of the superstring theory, the gauge field theories with extended
supersymmetry * are important because ten-dimensional superstring theories have more
supercharges than lower-dimensional N = 1 (i.e. minimal) supersymmetnc theory and
some or all of these supercharges are unbroken if we compactify the superstring theory
on a suttably chosen manifold.

In the case of N = 2 supersymmetry, a substantial progress was made by Seiberg
and Witten {3, 4]. They have shown that the low-energy effective theory of the Coulomb
phase of four-dimensional N = 2 supersymmetric SU(2) gauge theory can be described
by an auxiliary complex curve, called the Seiberg-Witten curve, whose shape depends
on the vacuum moduli ¢ = Tr®? In this beautiful mathematical description, massless
solitons are recognized as vanishing cycles associated with the degeneracy of the curves
and their masses are obtained as the integral of certain one-form, which is called the
Seiberg-Witten form, over these cycles. Soon after these works, generalizations to the
other N = 2 supersymmetric gauge theory with the classical gauge groups have been
carried out by several groups [5]-{12]. However all these generalizations are based on
the assumption that auxiliary complex curves are of hyperelliptic type. Without this
assumption, simple extensions of the original work [3, 4] are not promising to determine
the curves. Thus it is desired to invent other methods for deriving the curve without the
assumption on the types of curves.

To this end, we notice the fact that the singularity of quantum moduli space of the
vacua of the theory corresponds to the appearance of massless solitons. Near the singular-

ity, therefore, we observe interesting non-perturbative properties of the theories. Moreover

“Here the extended supersymnietric theory has more supercharges thaun minimal supersyuunetric the-
ory (N = 1 supersynunetry). For example, the N = 2 supersymuetry s two times as large as the ¥ =1
supersytnetry
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the Seiberg-Witten curves are determined almost completely from the information of the
locations of singularities on the moduli space. In order to explore physics near N = 2
singularities the microscopic superpotential explicitly breaking N = 2 to N = 1 super-
symmetry is often considered [3, 4, 13, 14]. Examining the resulting superpotential fora
low-energy effective Abelian theory it is found that the generic N = 2 vacuum is lifted
and only the singular loci of moduli space remain as the N = 1 vacua where monopoles
or dyons can condense. The resulting N = 1 theory is shown to be in the confining phase
in accordance with the old idea of the confinement via the condensation of monopole.

This observation suggests that we may start with a microscopic N = 1 theory which we
introduce by perturbing an N = 2 theory by adding a tree-level superpotential built out of
the Casimirs of the adjoint field in the vector multiplet [13, 15, 16] toward the construction
of the N = 2 curves. Let us concentrate on a phase with a single confined photon in our
N =1 theory which corresponds to the classical SU(2) x U(1)™~! vacua with r being the
rank of the gauge group. Then the low-energy effective theory containing non-perturbative
effects provides us with the data of the vacua with massless solitons {17, 13]. From this
we can identify the singular points in the Coulomb phase of N = 2 theories and construct
the N = 2 Seiberg-Witten curves. This idea, called ”confining phase superpotential
technique”, has been successfully applied to N = 2 supersymmetric SU (N.) pure Yang-
Mills theory [15]. We extend their result to the case of N = 2 supersymmetric pure Yang-
Mills theory with arbitrary classical gauge group [19] as well as N = 2 supersymmetiric
QCD [21] (see also [13]-{20]). The resulting curves are hyperelliptic type and agree with
those of [7}-[12].

On the other hand, for exceptional gauge groups there were proposals based on the
relation between Seiberg-Witten theory and the integrable systems that Seiberg-Witten
curves are not realized by hyperelliptic curves [23, 24, 25]. In [23] it is claimed that
the Seiberg-Witten curves for the N = 2 supersymmetric pure Yang-Mills theory with
arbitrary simple gauge group are given by the spectral curves for the affine Toda lattice
which has a form of a foliation over CP'. For Gy gauge group, this has been confirmed
by the confining phase superpotential {26] and the one instanton calculation [27].

The application of the confining phase superpotential technique to the Eg, Er, Eg gauge

groups seems to be difficult at first sight because of the complicated structure of the
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£, groups. Nonetheless we have shown that this technique can be applied in a unified
way in determining the singularity structure of moduli space of the Coulomb phase in
supersymmetric pure Yang-Mills theories with ADE gauge groups {28]. Not only the
classical case of A,, D, groups but the exceptional case of g, Ii7, [7g groups can be treated
on an equal footing since our discussion is based on the fundamental properties of the
root system of the simply-laced Lie algebras. The resulting Riemann surface is described
as a foliation over CP! and satisfies the singularity conditions we have obtained from the
N = 1 confining phase superpotential. This Riemann surface is not of hyperelliptic type
for exceptional gauge groups.

[n the consideration within the scope of four-dimensional field theory, it was unclear
if the Riemann surface in the exact description is an auxiliary object for mathematical
setup or a real physical object. It turns out that four-dimensional N == 2 gauge theory
on R* is realized in the type [IA superstring theory by an Neveu-Schwarz fivebrane on
R* x $ where ¥ is the Seiberg-Witten curve [29]. (This fivebrane description of the gauge
theory is more transparent in view of 11 dimensional M theory [30].) The T-dual of this
curved fivebrane configuration is obtained as type [[B superstring theory compactified ona
Clalabi-Yau three-fold which is a compact complex Kihler manifold of complex dimension
three with vanishing first Chern class, Here we should take this Calabi-Yau three-fold
to be a form of K3 fibration over CP* with a certain limit which implies the decoupling
of gravity. The singulatities of K3, where some two-cycles get shrinked, are classified by
the ADE singularity types and the gauge group of four-dimensional theory corresponds
to these ADE singularities of K3. From the point of view of four-dimensional theory,
this limiting Calabi-Yau three-fold is cousidered as a higher dimensional generalization
of the auxiliary Seiberg-Witten curve and called Seiberg-Witten geometry. For ADE
type gauge groups, this Seiberg-Witten geometry may be a more nataral object than the
curve since the curve depends on the representation of the gauge group, furthermore,
there are the Seiberg-Witten geometries which are difficult to be reduced to the carve.
Surprisingly it has been shown that this Seiberg- Witten geometry of the form of ADE
singularity fibration over CP' naturally appearsin the framework of the confining phase
superpotential [28, 31, 32] despite that this method has no relation to K3 or Calabi- Yau

manifold at first sight.
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Some extension to inchude matter hypermultiplets in representations other than the
fundamentals can be also considered as the compactification on the Calabi-Yau three-
fold [33, 34]. In his approach, however, only massless matters have been treated and
the representation of matters are very restricted. Oun the other hand, the technique
of confining phase superpotential can be also applied to supersymmetric theories with
matter hypermultiplets and be used to investigate wider class of the theory. Indeed we
have succeecled in deriving previously unknown Seiberg-Witten geometries for the N = 2
theory with fig gauge group with the massive fundamental hypermultiplets {31]. Moreover
breaking the £y symmetry down to SO(2N,) (N, < 5), we derive the Seiberg-Witten
geometry for N = 2 SO(2N,) theory with massive spinor and vector hypermultiplets [32].
In the massless limit, our SO(10) result is in complete agreement with the one obtained in
[34]. Breaking of Eg to SU(N,) (N, £ 6) is also considered in [32}, and the Seiberg-Witten
geometry for the N = 2 SU(N.,) theory with antisymmetric matters have been obtained.
The singularity structure exhibited by the complex curve obtained by M-theory fivebrane
{35, 36| is realized in our result. This is regarded as non trivial evidence for the validity
of our results.

As we have described so far the four-dimensional ¥ = 2 supersymmetric gauge field
theories have very rich physical content and their relation to the superstring theory renders
them further interesting subjects to study. In particular the Seiberg-Witten geometry
plays a very important role to control the dynamics of N =2 theories. Our aim in this
thesis is to understand the Seiberg-Witten geometry for various N = 2 supersymmetric
theories in the systematic way. Ia particular, we study the Seiberg-Witten curve and
Seiberg-Witten geometry of the NV = 2 supersymmetric theory using the confining phase
superpotential.

The organization of this thesis is as follows. In chapter two, we review the exact
description of the low-energy effective theory of the Coulomb phase of four-dimensional
N = 2 supersymmetric gauge theory in terms of the Seiberg-Witten curve or Seiberg-
Witten geometry. In chapter three, we derive the Seiberg-Witten curves of N = 2 su-
persymumetric gauge theories by ticans of the N = | confining phase superpotential. [n
chapter four, we apply the confining phase superpotential method to the N = I super-

symmetric pure Yang-Mills theory with an adjoint matter with classical or ADE gauge



groups. The results can be used to derive the Seiberg-Witten curves for N = 2 super-
symumetric pure Yang-Mills theory with classical or ADE gauge groups in the form of a
foliation over CP*. Transferring the critical points in the N = 2 Coulomb phase to the
N = 1 theories we find non-trivial N = 1 SCFT with the adjoint matter field governed by
a superpotential. In chapter five, using the confining phase superpotential we determine
the curves describing the Coulomb phase of N = 2 supersymmetric gauge theories with
matter multiplets. For N = 2 supersymmetric QCD with classical gauge groups, our
results recover the kuown curves. We also obtain previously unknown Seiberg- Witten
geometry for four-dimensional N = 2 gange theory with gauge group g with massive
fundamental hypermultipicts. By considering the gauge symmetry breaking in this Fg
gauge theory, we also obtain Seiberg-Witten geometries for N = 2 gauge theory with
SO(2N.) (N, < 5) with massive spinor and vector hypermultiplets. In a situilac way the
Seiberg-Witten geometry is determined for N = 2 SU(N,) (N, < 6) gauge theory with
massive antisymmetric and fundamental hy permultiplets. Finally, chapter six is devoted

to our conclusions.



Chapter 2

Seiberg-Witten Geometry

In this chapter we review the exact description of the low-energy effective theory of the
soulomb phase of four-dimensional N = 2 supersymmetric gauge theory in terms of the

Seiberg-Witten curve or the Seiberg-Witten geometry.

2.1 Seiberg-Witten curve

Let us consider NV = 2 supersymmetric pure Yang-Mills theory with the gauge group (.
This theory contains only an N = 2 vectormultiplet in the adjoint representation of ¢
which cousists of an N = | vector multiplet W, and an N = 1 chiral multiplet ¢. The

scalar field ¢ belonging to @ has the potential
V(¢) = Trlg, '™ (2.1)

This is minimized by taking ¢ = ¥ ¢; /1%, where H* belongs to the Cartan subalgebra, and
thus the classical vacua of this theory are degenerate and parametrized by the Casimirs
built out from ¢; after being divided by the gauge transformation. The sct of Casimirs is
a gauge nvariant coordinate of the space of inequivalent vacua which is called the moduli
space.

The generic classical vacua of the theory have unbroken U(1)" gauge groups and are
called the Coulomb phase where 7 = rank (. At the singularity of the classical moduli
space of vacua, there appears a non-Abelian unbroken gauge group which implies that
massless gauge bosons exist there. For the Abelian gauge group case, it is known from

supersymmetry that the general low energy effective Lagrangian up to two derivatives is
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completely determined by a holomorphic prepotential F and must be of the form

. 1 iy Py 4 . l Py € ¢
£ =l [ f 440 K(D,B) + [ ) (§ZT(<D)E»V W(,)} , (2.2)

“Gm

in the N = 1 superfield language. Here, & = >0, ®; H', and
k¢
[((‘t’, ‘b) P W““"i;“—' ‘Dg (23)

is the Kahler potential which prescribes a supersymmetric non-linear o-mnodel for the field

®, and
. 02 F(®)

(@) = 56,50, (24)

This Lagrangian (2.2) coutains the terms Im{m;) Fy - £ + Re{ry;) Fi - Fy, from which we
see that

represents the complexified effective gauge coupling. Classically, ¥(®) = ;i"r(,’.["r 4, where
7o 18 the bare coupling constant.

How is this classical moduli space of vacua modified by the quantum effects? Seiberg
and Witten have proposed for the SU(2) pure Yang-Mills theory on the basis of holo-
morphy and duality that the quantwm moduli space of vacua is still parametrized by the
Casimirs, but all the vacua have only U(1) [3]. Although there axe still singularitics in the
moduali space, the singularities in the quantum moduli space correspond to the appearance
of the massless monopoles or dyons, not to the massless gauge bosons. Moreover it has
been shown that the prepotential F, in particular the coupling constant 7, and also the
mass of the BPS saturated state are computed from the geometric data of the auxiliary
complex curve, called the Seiberg-Witten curve, and a certain meromorphic one-form over
it, called the Seiberg-Witten form Agy. Here the Seiberg-Witten curve is determined as
the function over the moduli space of vacua. The Seiberg-Witten type solutions for other
N = 2 theories with larger gauge groups and matters have been obtained in [4]-[12].

As an llustration of the basic idea of Seiberg-Witten, we briefly review the case of
the N = 2 supersymmetric SU{2) pure Yang-Mills theory. In this case, there are two

singularities corresponding to the appearance of the massless monopole or dyon at v =



+2A%, where u = ;i;’].‘rgﬁ"g and A is thescale of the theory. Note that the classical singularity

at the origin u = 0 disappears. The Seiberg-Witten curve is a torus and given by
p P 2 i y iy A p gAR ‘
y = (;1:'“ - u) — AA = (;B’a - U+ 21\3) (:v‘Z = Zr\“) ) (2.6)

which is degenerate as y* = 2%(2® F 4A%) at the singular point v = +2A’. The Seiberg-
Witten one-form takes the form

i, de
/\ \ R ;z._..._-....m_.._.... . 2-7
W= 2 e ) (20

The mass of the BPS state which has electric charge p and magnetic charge ¢ is given in

terms of the integral of Mgy over the canonical basis homology cycles of the torus «, 3as

m = {pa + qap, (28)

where the period integrals
a{u) = ﬁf\swg (2.9)
ap{u) = }jj Asw (2.10)

are assoclated with the chiral superficlds belonging to the cectric U(1) multiplet and
its dual magnetic (1} multiplet respectively. The coupling constant of the low-energy

theory is identified with the period matrix of this torus which is written as

(2.11)

which has the required properties Im(7) > 0.
The Seiberg-Witten curves for the other classical gange groups are also proposed and

verified by the one instanton calculation. One for the N = 2 SU(N,)} gauge theory is
3t = Px)? — 1A(xz), (2.12)

where P(z) = {(det{z— ®)) is the characteristic equation of @ which is chosen as the
N, x N, matrix of the fundamental representation. For the N = 2 SU(N,) pure Yang-
Mills theory, A(z) = A*™ [5, 6] and for the N =2 SU(N,) theory with Ny fundamental
flavors (QCD) [9, 10],

A(z) = ANV dety, (z +m), (2.13)
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where m is the Ny x Ny mass matrix of the fundamental flavors.
"The Seiberg-Witten curves for N =2 SO(2N,) gauge theory read [§]

y? = P(2)? ~ 42 A(x), (2.14)

where P(z) = (det (z — ®)) = P(—x) is the characteristic equation of ® which is chosen
as the 2N, X 2N, matrix of the fundamental representation. Here for the pure Yang-Mills
case A(z) = A= and for the QCD case

Alz) = AUWV-1-2N; detoy, (2 + m) = A(—2). (2.15)
For SO(2N, + 1) gauge groups, the curves are

= (~I—P(a:))2 ~ 427 A(2), (2.16)

X

with A(z) = A?Ne-1) for the pure Yang-Mills theory [7] and
A(z) = AN 1-N)) detoy, (z + ) = A(—=z), (2.17)

for QCD [11, 12].
The curves for Sp(2N,) theory are slightly different from the ones for the other gauge
groups. They are given by

2%y = (22 P(a) + 2B(2)) ~ 4A(®), (2.18)
with B = A?Ne¥2 and A(z) = A*2N*2) for the pure Yang-Mills theory [11], whereas

B(x) = A2Nt2-Nipfom (2.19)

and
A(z) = ABNAEND gety (24 m) = A(-z) (2.20)

for QCD [11].

There is an interesting connection between the four-dimensional N = 2 pure Yang-
Mills theory and the integrable systems. The connection is that the Seiberg-Witten curve
for the N = 2 pure Yang-Mills theory with the gauge group G is identified with the
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spectral curve for the periodic Toda theory for the group G' [23]. Moreover the Seiberg-
Witten form and relevant one-cycles can be also read from the spectral curve. What
we want to emphasize here is that this correspondence is trme for the arbitrary simple
groups, especially for the exceptional groups. However, as we will see just below, for
the exceptional gauge group case the Seiberg-Witten curve is not of hyperelliptic type.

Introducing the characteristic polynomial in & of order dim R
Pr(z,u.) = det(z —~ ®x), (2.21)
where R is an arbitrary representation of G, the spectral curve is given by
Prlz, z,u) = Pr (:c Uy + (z + g)) =0, (2.22)

which has a form of a foliation over CP!. Here & is a representation matrix of R and
uy, are Casimirs built out of ®x. If we choose R as a large representation of 7, however,
the genus of the curve is larger than the rank of GG. This means that we should suitably
choose 2r cycles to define a and ap since the unbroken gauge group is U(1)". Tn particular,
for the exceptional gauge groups, the dim R is always much larger than r. Although this
problem is solved just in terms of the integrable system, it seems somewhat unnatural and
we expect that there exists a more transparent formulation. Indeed the generalization
of the Seiberg-Witten curve to the complex dimension three manifold, which is called
Seiberg-Witten geometry, is motivated by the string theory andis recognized to provide
us with a desired formulation. This description is equivalent to the one using the curve
for the theory considered in this section and more interestingly available to the N = 2
exceptional gauge theory with the matter flavors and N = 2 classical gauge theory with
matter flavors in the non fundamental representation. They have not been described in

term of the curve so far. We will discuss this generalization in the following sections.

2.2 Seiberg-Witten geometry

To see how the Seiberg-Witten geometry arises from the string theory, we first consider
the Eg X E; heterotic string theory on K3 x T2, In the low energy region, this theory
becomes effectively four dimensional N == 2 supersymmetric theory with possibly non-

Abelian gauge bosons and gravitons. To obtain the four dimensional non- Abelian gauge

12



field theory without gravity, we should take the limit o — 0 and simultaneously the weak
string coupling limit as

QL = ~blog (ValA) — oo, (2.23)

ghet
where gne is a coupling constant of the heterotic string theory, which is considered as

the four dimensional gauge coupling at the plank scale o ~7 and b is the coefficient of
the one loop beta function of the gauge field. The condition (2.23) is required to make
the dynamical scale of the non-Abelian gauge theory A fixed at a finite value. Although
in this setting we can obtain the four dimensional N = 2 supersymmetric non-Abelian
gauge field theory, it is still difficult to compute the prepotential 7 of the Coulomb phase
of the theory if the coupling constant gy (more precisely A) is not small.

Fortunately there is a duality between the heterotic string theory on K3 X T% and
the type 1IA string theory on a Calabi-Yau three-fold X; [37, 38]. What is important is
that the type IIA dilaton, whose expectation value is the type IIA string coupling, is in
hypermultiplet. Therefore in the type ITA side the exact moduli space of the Coulomb
phase can be determined from classical computation. Here we have used the fact that the
N = 2 supersymmetry prevents couplings between neutral vector and hypermultiplets in
the low energy effective action [39]. Note that the heterotic string coupling constant is
converted to the geometrical data, Kihler structure moduli. Since the Kahler structure
moduli is corrected by the string world sheet instantons, the type IIA description is not
sufficiently simple to deal with. Remember here that the mirror symmetry maps the
type ITA superstring on X3 to a type IIB superstring on the mirror Calabi-Yau three-fold
X5 with interchanging the Kihler structure moduli and the complex structure moduli.
Thus in this type IIB description classical string sigma model answer for the original
vector moduli space is already the full exact result. This implies that the Seiberg-Witten
geometry for the gauge field theory is identified with the compactification manifold Xa.
The Calabi-Yau three-fold has the canonical holomorphic three-form € and @, ap are
obtained as the integration of €2 over the three-cycles I'y,, ,I'ys, I, J =1,.. ha{Xs) 41,
which span a integral symplectic basis of H, with the o-type of cycles being dual to the
B-type of cycles,

0 = fFQ ap; = /P Q. (2.24)

#Ly;
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Here 4, j runs from one to the rank of the gauge group of the heterotic string theory. The
other cycles is not relevant in the field theory limit since its integration diverges in the
limit o/ — 0.

To obtain the Seiberg-Witten geometry, we should take the limit o — 0 of X5. To this
end, we introduce the asymptotically local Buclidean space (ALE space) Wypg(z;) = 0

with ADE singularity at the origin. Here the polynomial W4pg(z;) is given as follows

. — 1 1 -2
Wa, (21, 22,230) = zi™ 4 2oz + oz + 0327 4 - 02y 4 Unr, (2.25)
1 2 2
W, (21,22, 23;0) = @ " +zza” — 23
72 +—3 2 26
Fugz, " A ugry T e U2yt + Voproy) + 0, 82,(2.26)
. 4 3, .2
W, (21, 22, 25;w) = af +x; +23
g :13%232 + Wy T1L9 + Wg ‘.'8% + wg g + we xy -+ Wio, (227)
3 3 2 2 2
We, (21,22, 23;w) = 1"+ 2120° + 25 — wak] Ty — Wey
2
—Wgl 1Ty — WipTy — W12k — Wiado — Wis, (228)

3 5 2 3 2
z1" + 182‘) -+ Ty — Wk Ty ~— Wel1Xy

W, (1, Z2, 23; W)

3 2
—W1aTy — Wi4T 1Ty — Wigly — Wagly — Wap, (2.29)

where v, and wy, correspond to the degree k Casimirs which resolve the singularity at the
origin. Then the mirror Calabi-Yau three-fold X, for the N = 2 pure Yang-Mills theory

is written as

2h
Wi (2, 2w) = E(Z et WADE(mj,wk)) +o(®) =0, (2.30)

where € = o/ and the gauge group is represented by the ADE singularity. Here & is the
dual Coxeter number for the ADE Lie algebra. Therefore the Seiberg-Witten geometry
for the N = 2 pure Yang-Mills theory is obtained as

2h
z -+ ““Z_"{"WADE(mj:wk) = (. (23].)

It is relatively easier for the SU(N,) gauge group case to see the equivalence of the
description using this Seiberg-Witten geometry and the Seiberg-Witten curve [29]. From

the fact that the variables zo, z3 are both quadratic in Wy, _,, it was shown that these
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variables can be "integrated out” from Wy _, [29]. Then changing the coordinate y =
—22+ P, we see that the curve (2.12) is equivalent to the corresponding Seiberg-Witten
geometry. For SO(2N,) case almost the same procedure can be applied, while for E, case
the Seiberg-Witten geometry (2.31) does not resemble to the curve (2.22). This problem
is solved by finding a certain transformation of (2.31) to get(2.22) [24, 25].
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Chapter 3

Confining Phase Superpotential

In this chapter, we will apply the confining phase superpotential technique to the N =2
supersymmetric pure Yang-Mills theories. A simplest example of the application of this
is the N = 2 SU(2) gauge theory [13]. We will see that only for this case the confining
phase superpotential technique is exact and for other cases this technique is applicable

under a mild assumption.

3.1 Simplest example: SU(2) gauge theory

For the SU(2) gauge group, we take a tree-level superpotential W = mu, where © =
%Tr $? and m is a mass parameter of the adjoint chiral superfield ®. If m is very small,
we can consider this theory as the N == 2 supersymmetric SU(2) pure Yang-Mills the-
ory perturbed by the N = 1 small mass term W. The exact low-energy theory of the
N = 2 theory near the massless monopole singularity has a U/ (1) vector multiplet and a
monopole hypermultiplet with a superpotential determined by the requirement of N = 2

supersymmetry

Wil = ApMM, (3.1)
where A p is the dual U(1) vector multiplet and the M, M are monopole hypermultiplet
[3]. Note that the bosonic part of Ap is ap and its VEV determines the mass of the
monopole. Thus the equation of motion, which should be satisfied for a supersymmetric

ground state, of the theory perturbed by W becomes

eff .
oW~ _ (3.2)

0 = ETi ApM,
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owesf

0 = — = ApM, 3.3

EY; D (3.3)
oweff  pAp -

0 = = 5y MM + m, (3.4)

where Weff = W, + W. The equations (3.2), (3.3) may be reduced to 0 = (A) = (Ap),
which means that only the N = 2 vacuum where the monopole becomes massless remains
as N = 1 vacuum. From the equation (3.3), we see that there is a non-zero monopole
condensation (MM) = —-m/ 3—;‘9. The non zero monopole condensation is regarded as
the source of confinement.

On the other hand, if mass m is very large, then we can integrate out the adjoint
chiral superfield ® and low-energy effective theory becomes the NV = 1 supersymmetric
SU(2) pure Yang-Mills theory which is believed to be in the confining phase. The relation
between the high-energy scale A and the low-energy scale Ay is determined by matching

the scale at the adjoint mass m as
A = A (m) R (3.5)

Since the gaugino condensation dynamically generates the superpotential in the N =1

SU(2) theory the low-energy effective superpotential takes the form
W, = £2mAZ. (3.6)

Although this effective superpotential is evaluated in the region oflarge m, it is shown that
(3.6) is exact for all values of m [13] by virtue of holomorphy, symmetry and asymptotic
dependence on the parameter of the theory [1}. Thus the relation (u) = 0Wy J8m = £2A%
holds exactly. Finally taking the N = 2 limit m — 0, we obtain the correct singularities
of the moduli space of the N = 2 supersymmetric SU(2) Yang-Mills theory at u = +2A%,

The N = 2 supersymmetric SU(2) QCD, which has fundamental hypermultiplets, has
been studied in an analogous way and shown to yields the known singularity structure of

the curve [15, 16].

3.2 Outline of confining phase superpotential

In this section, we generalize the above method to the case of other gauge groups. Let

us consider the low energy theory for a generic vacuum in the Coulomb phase of N =
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2 supersymmetric gauge theory with the gauge group G. Generically the low energy
behavior of this theory is described by N = 2 supersymmetric U(1)*™ pure Yang-Mills
theory. As in the previous section, we add a tree level superpotential W' = 32, gruy,
where wu;, are the Casimirs built out of the adjoint chiral superfield @, to this N = 2
theory. According to the technique called the confining phase superpotential [18], we
concentrate on investigating the vicinity of a singular point of the N =2 moduli space of
vacua where a single monopole or dyon becomes massless. The low energy N =1 theory

has a superpotential which is approximately given by
weff = AD(uk)MM 4 nguk, (37)
k
as in the SU(2) case. The equation of motion of this perturbed theory becomes

Apw) = 0, (3.8)

8AD(’U,;;) ~ _
B MM = —g. (3.9)

It is important in this equation that only the N = 2 vacua with, at least, a single massless
monopole or dyon remain as the N =1 vacua. In these N = 1 vacua, the monopole or
dyon can condense so as to confine a single U(1) photon.

Conversely, we can start with a microscopic N = 1 gauge theory which is obtained
from an N = 2 gauge theory perturbed by W. If we can calculate the low energy effective
superpotential as the function of the scale A of the original theory and g;, then by taking
the N = 2 limit g; — 0 we can find the location of the singularity in the moduli space of
the N — 2 theory.

Let us consider N = 2 SU(3) Yang-Mills theory as an illustration of the method.
Perturbing by W = mu + gv, where v = %TrfI)2 and v = %TI<I>3, leads to classical vacua

with @ = 0, in which SU(3) is unbroken, and
® = diag (% m —23) , (3.10)

in which there is a classically unbroken SU(2) x U(1). We focus on the vacuum with
unbroken SU(2) x U(1) gauge group. In the semiclassical approximation, the low-energy
theory for this vacuum consists of the N = 1 5U (2) Yang-Mills theory with asuperpoten-
tial W and a decoupled N = 2 U(1) Yang-Mills theory. (This U (1) theory is free and we
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can ignore it in the following consideration.) The scale A of this SU(2) theory is related
to the high-energy SU(3) scale A by

722 3m -2 2.3

which is obtained by matching the SU(3) scale to the SU(2) scale at the scale (m/g) —
(—2m/g) = (3m/g) of the W bosons which become massive by the Higgs effect. The

superpotential W may be evaluated as

~ 1 , 1 3m g
W= §W”(m/g) I‘rfbng)«ké—.—iW"’(m/g) Tr®sy() = “é““Tf‘I’iU(z)‘l‘g'I‘T‘I’%U(z), (3.12)

where W(z) = 2z + 42° and D5y (2) is an unbroken SU(2) part of @. Note that in W
we suppress the terms which are not relevant to the SU (2) theory. Therefore the adjoint
chiral superficld @5y (2) has a mass 3m and can be integrated out. We are then left with
an N = 1 SU(2) pure Yang-Mills theory with a scale A which is related to the scale A
by

A3? = (3m)?A%% = g%A°. (3.13)

Since the gaugino condensation dynamically generates the superpotential in the N =1
SU(2) pure Yang-Mills theory the low-energy effective superpotential finally takes the

form
m

m3 3
W, = 7 + 2A% = 7 + 2gA3, (3.14)
where the first term is the tree level term W evaluated for ® = diag(m/g, m/g,—2m /9).
We note that to obtain (3.14) we should integrate out all the fields in the original theory
then no dynamical fields are remained.

The superpotential (3.14) is certainly correct in the limit m > A and m/g > A,
where the original theory is broken to our low energy theory at a very high scale. In
the case of (3.14), however, we can not directly rule out additive corrections of the form
Wa = 32, a,(m®/g%)(gA/m)®. We will simply assume that (3.14) is exact for all values
of the parameters [18]. This assumption is referred to as the assumption of vanishing Wa
[17]. We will see in the following that this assumption is correct at least for the theory
we have investigated. However there is a subtle point concerned with the choice of the

basis of the Casimirs of the gauge group. This point is discussed later. It will be seen
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also that the statement that Wa = 0 seems to reflect the absence of mixing of various
classical vacua like # vacua in QCD.

Once assuming (3.14) is exact, we obtain

() = aWL:a(ff'i), (3.15)

dm g
oW 3
(v) = 5gL:—2 (%) + 273, (3.16)

In the N = 2 limit m, g — 0, these two vacua of the perturbed theory must lie on the
singularities of the moduli space of the Coulomb phase of the N = 2 theory since in this
limit the vacuum condition (3.9) is valid. Therefore the vacua (3.16) must parameterize
the singularities of the Seiberg-Witten curve y* = (2° —zu—v)?—4A°® for the N =2 5U (3)
pure Yang-Mills theory. The singularities of the curve are indicated by the discriminant

locus

Asy(s) = 4’ — 2707 ~ 108A°F 1082A% = 0. (3.17)

Indeed, if we eliminate m/g from (3.16) then we obtain Agy(s) = 0. We have thus con-
firmed that the proposed Seiberg-Witten curve for SU(3) pure Yang-Mills theory is correct
using the confining phase superpotential. Note that the parameter of the singularities of
the N = 2 moduli space corresponds to the ratio m/g.

In the following chapters, we will apply this confining phase superpotential technique
to various N = 2 supersymmetric gauge theories in order to verify the proposed Seiberg-

Witten geometries or derive the new Seiberg-Witten geometries if they are unknown.
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Chapter 4

N = 2 Pure Yang-Mills Theory

4.1 Classical gauge groups

Now we apply the confining phase superpotential method to N = 2 supersymmetric pure
Yang-Mills theories with classical gauge groups.

First we begin with the SU(N,) gauge theory [18]. The gauge symmetry breaks
down to U(1)¥1 in the Coulomb phase of N = 2 SU(N:) Yang-Mills theories. Near
the singularity of a single massless dyon we have a photon coupled to the light dyon
hypermultiplet while the photons for the rest U (1)Ve2 factors remain free. We now

perturb the theory by adding a tree-level superpotential

- 1
W= Z Gnltha, Uy = ETI o, (41)

n=1
where ® is the adjoint N = 1 superfield in the N = 2 vectormultiplet and g, is an auxiliary
field implementing Tr & = 0. In view of the macroscopic theory, we see that under the
perturbation by (4.1) only the N = 2 singular loci survive as the N = 1 vacua where a
single photon is confined and the U(1)"<~* factors decouple.

The result should be directly recovered when we start with the microscopic N=1
SU(N,) gauge theory which is obtained from N = 2 5U (N,) Yang-Mills theory perturbed
by (4.1). For this we study the vacuum with unbroken SU (2) x U(1)¥~2 The classical
vacua of the theory are determined by the equation of motion W'(®) = N 98 = 0.

Then the roots a; of
N—1

W'(z) = Zjlg,;mi—l = gw. 1] (- a) (4.2)

i=1
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give the eigenvalues of ®. In particular the unbroken SU(2) x U(1)¥~2 vacuum is de-
scribed by
® = diag(alaalaailaaﬁ:"' aa'Nc—l)' (4-3)

In the low-energy limit the adjoint superfield for SU(2) becomes massive and will be
decoupled. We are then left with an N = 1 SU(2) Ya,ng-Mills theory which is in the
confining phase and the photon multiplets for U(1)¥ 2 are decoupled.

The relation between the high-energy SU(N,,) scale A and the low-energy SU(2) scale
Ay is determined by first matching at the scale of SU(N,}/SU(2) W bosons and then by
matching at the SU(2} adjoint mass M,q. One finds [40], [18]

N1 2
AzN“ = AL3.2 ( H (Cbl — aé)) (Ma.d)_2- (4.4)
=2
To compute M,y we decompose
® =&, + 6B 4§, (4.5)

where §® denotes the fluctuation along the unbroken SU(2) direction and 63 along the

other directions. Substituting this into W we have

W o= d+zgﬁ‘ L (5020, 7) +

i

Wy + 5W"(fm Tr 632 +

1 K
= H/C[ -+ ~2= gNu H(Gl - H,i) Tré(bz + .. s (46)
1=2

where [6®,®,] = 0 has been used and W, is the tree-level superpotential evaluated in

the classical vacuum. Hence, Moy = gy, I3 *(a; — ;) and the relation (4.4) reduces to
,ALG = g;zngZN”. (47)

Since the gauginc condensation dynamically generates the superpotential in the N = 1

SU(2) theory the low-energy effective superpotential finally takes the form [18]

Wp=Wut QAL =Wyt 29N ANe, (48)
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We simply assume here that the superpotential (4.8) is exact for any values of the

parameters. (This is equivalent to assume W, = 0 [17], [18].) From (4.8) we obtain

oW
(un) = 39:’ = ufl(g) £ 206, v, (4.9)

with « being a classical value of u,. As we argued above these vacua should correspond
to the singular loci of N = 2 massless dyons. This can be easily confirmed by plugging
(4.9) in the N = 2 SU(N,) curve [6], {5]

y? = (det(x — ®))° — 4A™ = (ch — ﬁ(sm”ﬂ)? — 4A%Ne, (4.10)
i=2
where .
ksk+giskmiu,¢ =0, k=1,2-- (4.11)
with sg = —1 and s; = u; = 0. “Vi;e have
o= (:I:.Nc — sflpNe=? — ... ——s‘}f,c) (:EN” — sVt — s?\',c + 4AN")

= (¢ —a)(z—a2) (2 —aw,-1) ((:n —a)? o (z-ay.q) 4AN‘;). (4.12)

Since the curve exhibits the quadratic degeneracy we are exactly at the singular point of
a massless dyon in the N = 2 SU(N.) Yang-Mills vacuum.

Let us now apply our procedure to the N = 2 SO(2N,) Yang-Mills theory. We take a
tree-level superpotential to break N =2to N =1 as

N.—1
W= goutian + 2, (4.13)
n=1
where
1 T,
Uon = EETI' @2 Y
v=Pfd = LIRS UCT S/ (4.14)

and the adjoint superfield & is an antisymmetric 2N, X 9N, tensor. This theory has

classical vacua which satisfy the condition

N1

“ . A .

w'(@)= ) gu(®* 1)y — meijklkzlilz«.@"l’”?@lllz =0, (4.15)
=1 ¢ .
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For the skew-diagonal form of ¢

: {0 -
® = diag(oaep, 0ze1, O9e2,° -+, 02€Nc—1), 02 = 1( 1 01 ) (4-16)
the vacuum condition (4.15) becomes
N.~1 ) ) A Ne—1
Y o= e 4 (=)o [ =0, 0<n< N~ 1 (4.17)
i=1 7 =0

Thus we see that e, (# 0) are the roots of f(z) defined by
Ne—1

f2)= > g™ + d, (4.18)

i=1
— N1 Nc“l
where we put d = (—i)" A1 e
Since our main concern is the vacuum with a single confined photon we focus on the

unbroken SU(2) x U(1)~! vacuum. Thus writing (4.18) as

Ne—1
fz) = gaw.—1y I (2* = o), (4.19)
i=1
we take
® = diag(oaa1, 02ay, 0202, , 020N, 1) (4.20)

with d = (—i)¥ 1 Aa? TTY; ! a;. We then make the scale matching between the high-energy
SO(2N,) scale A and the low-energy SU(2) scale Ay, Following the steps as in the SU(N.)

case yields
N.—1

AZAND) A 32( II (a‘f~a§))2(Mml)—2, (4.21)

i=2
where the factor arising through the Higgs mechanism is easily calculated in an explicit

basis of SO(2N,). In order to evaluate the SU(2) adjoint mass M, we first substitute

the decomposition (4.5) in W and proceed as follows:

N.—1 .
< 20—1
W = Wyt §_ 9 2) 4 A(PL8D) (Plaw, -2 )+

Nc—l

1 N.—1
= Wit Z a2 L my(s020%2) 4 A(Zfrmp?) (H (—mk)) +
=2

1 d
- Wit e f-@ Tr 6% - -
2dx\ @ a—ay
N1
= Wa+gan.-1 ] (a}—a?)Tréd® + -, (4.22)
=2
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where Pf; is the Pfaffian of a upper-left 4 x 4 sub-matrix and Pfyy, 2 is the Plaffian
of a lower-right 2(N, — 2) x 2(N, - 2) sub-matrix. Thus we observe that M.q cancels
out the Higgs factor in (4.21), which leads to Az® = gfy _)A*¥~!. The low-energy

superpotential is now given by
Wy = W4 205 = Wy £ 205w, 1)A* 7Y, (4.23)

where the second term is due to the gaugino condensation in the low-energy SU(2) theory.

The vacuum expectation values of gauge invariants are obtained from W7 as

ow -
(’ILZ?L) - 8g2L = /u‘gln(ga A) * 2A2(Nc 1)511,N¢—13
oW
(v) = 57" = va(9, ) (4.24)

The curve for N = 2 SO(2N,) is known to be [8]

2 = (det(z — @) ~ 4AFeLgd

N1 _ 9
= (e — 3 (su)a® ) 4 (0)?) — 4N, (4.25)
i==1
where .
ks, + Ziskmiu% =, k=1,2,--- (4.26)
i=1
with s; = —1. At the values (4.24) of the moduli coordinates we see the quadratic
degenecracy
= (a:zM — s‘z":c2(N°‘"1) - — sgz(Ncﬁl,ﬁ + vfl)
% (mzm N Sglwz(mnl) L SrZEI(N,_.—l)m2 + ’Ufz i4A2(Nc-—1)$2)
= (2® —a})’(z® - a3) - (2® — ay,_))
X ((mz ~a)¥z? —ad) - (2% — o} ) & 4A2‘N"“”$2). (4.27)

This is our desired result. Notice that the apparent singularity at (v) = 0 is not realized
in our N = 1 theory. Thus the point (v} = 0 does not correspond to massless solitons in
agreement with the result of [8].

Our next task is to study the SO(2ZN,, + 1) gauge theory. A tree-level superpotential
breaking N =2 to N = 1is assumed to be

N,
= 1
W =3, goatien,  tn =5 Tr&™. (4.28)

=l
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The classical vacua obey W/(®) = T, g2,8%* ! = 0. The eigenvalues of & are given by

the roots a; of

. _ No—1
= 2922‘3:22—1 =gn2 [] (z? — o). (4.29)
=1 i=1

As in the previous consideration we take the SU(2) x U(1)¥~! vacuum. Notice that
there are two ways of breaking SO(2N, + 1) to SU(2) x U(1)*~". One is to take all
the eigenvalues distinct (corresponding to SO(3) x U(1)~'). The other is to choose
two eigenvalues coinciding and the rest distinct (corresponding to SU(2) x U(1)¥~" with

a; # 0). Here we examine the latter case
. (0 ~1
® = diag(oza1, 091, 0a20g, -+ ,02aN,-1, 0), m=il, 4 | (4.30)

In this vacuum the high-energy SO(2N, + 1) scale A and the low-energy SU(2) scale Ay

are related by
N-1

2
AZEN—1) — A 32,2 ( H (a2 - af)) (M,a4)72, (4.31)

_ i=2
where the SU(2) adjoint mass M, is read off from

Tr (6®20%2) +-- -

W = Wa+ Zgzz

= Wu+ EW”(al) Ty 6@ +

N.—1
= Wa+ gnal [] (af — ) Tré®% +---. (4.32)

i=2

So, we obtain A% = g2, a?A%2¥~1 The low-energy effective superpotential becomes
9oy, 4 g
Wy, = Wy £ 2A,% = Wy + 22,01 A% (4.33)

If we assume W = 0 the expectation values (uy;) are calculated from Wy by expressing
a; as a function of go;.
For the sake of illustration let us discuss the SO(5) theory explicitly. From (4.33) we
get
24 1,3
ay
(w) = afFa’ (4.34)
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and a? = —ga/gs. We eliminate ¢; from (4.34) to obtain
27TA"E — A%u3 + 36ASuqus — ujuy + 8ujul — 16u] = 0. (4.35)
This should be compared with the N = 2 SO(5) discriminant [7]
s2(2TA2 - ASsT — 36A%52 + stsy + 85252 + 1653)° = 0, (4.36)

where 8; = uy and sg = uq — u2/2 according to (4.26). Thus we see the discrepancy
between (4.35) and (4.36) which implies that our simple assumption of W = 0 does
not work. Inspecting (4.35) and (4.36), however, we notice how to remedy the difficulty.

Instead of (4.28) we take a tree-level superpotential
1
W = G231 - G482 == gola + g4 (’IL4 o 51&2) . (437)
The classical vacuum condition is
W'(®) = (g2 — gauz)® + 929° = 0. (4.38)

To proceed, therefore, we can make use of the results obtained in the foregoing analysis

just by making the replacement

94 — g1 = Ga,

g2 — 2= ga— UnGs. (4.39)

(especially evaluation of M,q is not invalidated because Tré® = 0.) The eigenvalues of &

are now determined in a self-consistent manner by

W(z) = gz + Gaz® = fax (m2 + %‘3—) = gu(a® —a?) =0, (4.40)

Then we have ugf = 2a% = —2g3/dy and gy = —g from {4.39), which leads to

ot =2 (4.41)
94
Substituting this in (4.33) we calculate (s;) and find the relation of s; which is precisely

the discriminant (4.36) except for the classical singularity at (sq) = 0.
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The above SO(5) result indicates that an appropriate mixing term with respect to ug;
variables in a microscopic superpotential will be required for SO(2N, + 1) theories. We

are led to assume
No-1

W = Z Goitiz; + Gon SN, (1.42)

i=1
for the gauge group SO(2N,. + 1) with N,. > 3. Then the following analysis is analogous
to the SO(5) theory. First of all notice that

SN, = UgN. — Ua(N,—1)%2 + (polynomials of ugg, 1 < k< N, — 1. (4.43)
Therefore the eigenvalues of & are given by the roots of (4.29) with the replacement
gan. — GN, = 2N
Go(N.—1) ™ GaN.-1) = Go(N.~1) — U202N.- (4.44)
Then we have uy = a2 + Yo7 & = af — Gow,—1)/ Gow, and find

o = PNel) (4.45)
2N,

It follows that the effective superpotential is given by

W[, = WE’ + QQ/QQNCQQ(NcW]_)AZN”ml. (446)
The vacuum expectation values of gauge invariants are obtained from Wy, as

(s.) = s2(g), 1<n <N, —2
1 o
(SNC—1> = 3%671(9)21:;1“1\”“ 1,

(sw.) = s§(9)+aA® (4.47)

For these {s;) the curve describing the N = 2 SO(2N, + 1) theory [7] is shown to be

degenerate as follows:

e (det(z — B)) ~ 42 A22N—D)
= (@™ — (s1)2® M) — o — (sy—1)2® — () + 22470

x (@ ~ (s} - — (s, ) = (sn,) — 2wAMT)
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2
= [Pl = A (-2 - )]

a1
2
X {(cc2 — a3y (z® - al) - (a® - a?vcml) 4 AN (—2—; —ay — 23:)}
) A2Ne-t
= (;1:2 _ ag)z ((L‘C —+ a1)3($2 _ a,g) ce (;1:2 — a,%',c_l) F P )
- A2Ncm1
x ((:L‘ — (1,1) (:I: — ag) ces (;CQ — a?vcﬁl) F - ) . (4.48)

Thus we see the theory with the superpotential (4.42) recover the N = 2 curve correctly
with the assumption Wa = 0. As in the SO(2N,) case, the singularity at (sy,) = 0, which
corresponds to the classical SO(3) x U(1)<~! vacuum, does not arise in our theory.

We remark that the particular form of superpotential (4.42) is not unique to derive

the singularity manifold. In fact we may start with a superpotential

N1
W= 3" gai(usi +ha(s)) + gan. (s, + hn(s)), (4.49)
i1

where h;(s) are arbitrary polynomials of s; with 7 > N, — 2, to verify the N = 2 curve.
However, we are not allowed to take a superpotential such as W = Zf‘f_ﬁ‘l g8, because
there are no SU(2) x U(1)¥~! vacua (there exist no solutions for gyy,-1)). Note also
that there are no SO(3) x U(1)¥~! vacua in the theory with superpotential (4.49).
Finally we discuss the Sp(2N,) gauge theory. The adjoint superfield ® is a 2N, X 2N,

tensor which is subject to

1 = J®J <= J® issymmetric, (4.50)
where J = diag(ioa, - - ,405). Let us assume a tree-level superpotential
N 1
W = Z G2nl2n, Uz = %Tr (I)2n- (451)

n=1

Then our analysis will become quite similar to that for SO(2ZN,+ 1). The classical vacuum

with unbroken SU(2) x U(1)¥<~! gauge group corresponds to

. 01
J® = diag(oiay, 01¢1, O1az, -+, 018N, 1), oL = ( 10 ) . (4.52)
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The scale matching relation becomes

No—1 2
a0 = 2+t (1 2 - ) ()™ .58

=2

21\71(1

Since the SU(2) adjoint mass is given by Mu = gan 07 [[i25 a?) we get Ap® =

G AVt (g2 The low-energy effective superpotential thus turns out to be
Wy = Wy + 2928 g 20+, (4.54)
ay
Checking the result with Sp(4) we encounter the same problem as in the S'O(5) theory.
Instead of (4.51), thus, we take a superpotential in the form (4.37), reproducing the N = 2
Sp(4) curve {11]. Similarly, for Sp(2N.) we study a superpotential (4.42). It turns out

that (s;) are calculated as

(sa) = s3(9), 15n5Nc—2,
(sn.-1) = s%_1(9)- Az(N"“),
1
() = % (g) +pAREAD), (4.55)

l
These satisfy the N = 2 Sp(2N,) singularity condition [11] since the curve exhibits the

quadratic degeneracy
eyt = (mz (det(z — ®)) + A%V “'"1)) — AN
— (mz(Nc+1) . (31>$2N - (SN€—1)394 . (3N0)$2 + 2A2(N.,+1))
X( 2(Ne+1) _ (S ) 2Ne L <SN_1):B4-(SN )mz)
4 2
o~ { Ha? - a2)(2? — ad)- -+ (2% — af ) + 203N (( ) -2 (33-«) + 1) }
151 ay
X (a:zdet(:r: - @cl))
AZ(N+1)

= (2 - d})? (:r;z(:cz —ad)- (2P —ak )+ a ) X (mgdet(m - (I)d)) . (4.56)

It should be mentioned that our remarks on SO(2N, + 1) theories also apply here.

4.2 ADE gauge groups

Our purpose in this section is to show that, under an appropriate ansatz, the low-energy

effective superpotential for the Coulomb phase is obtained in a unified way for all ADE
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gauge groups just by using the fundamental properties of the root system A. Let us
consider the case of the gauge group G is simple and simply-laced, namely, G is of ADE
type. Our notation for the root system is as follows. The simple roots of G are denoted as
@; where 1 < i < r with r being the rank of G. Any root is decomposed as a = 3.1, d*ey;.
The component indices are lowered by a; = 37 Aijaj where 4;; is the ADE Cartan

matrix. The inner product of two roots «, 3 are then defined by
a-f = iaibi = i a Ayl (4.57)
i=1 ij=1
where § = Y7, b'a;. For ADE all roots have the equal norm and we normalize o = 2.
In our N = 1 theory we take a tree-level superpotential
W= gaunl(®) (4.58)
k=1
where uy, is the k-th Casimir of (7 constructed from ® and g; are coupling constants. The
mass dimension of u;, is e, + 1 with e, being the k-th exponent of G. When g, =0 ¢
is considered as the chiral field in the N = 2 vector multiplet and we have N = 2 ADE
supersymmetric gauge theory.
We first make a classical analysis of the theory with the superpotential {4.58). The
classical vacua are determined by the equation of motion %_vg = 0 and the D-term equation.
Due to the D-term equation, we can restrict @ to take the values in the Cartan subalgebra

by the gauge rotation. We denote the vector in the Cartan subalgebra corresponding to

the classical value of ® as @ = Y.}, a*a;. Then the superpotential becomes
W(a) =3 grw(a), (4.59)
k=1

and the equation of motion reads
ow r :
W(a) _ E:%M —0 (4.60)

dat = dat

For g # 0 we must have

J(a) = det (-‘-9%2?) ~0. (4.61)

According to {41] it follows that

Jay=¢ [] a ¢ (4.62)

aEAT
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where A1 is a set of positive roots and ¢; is a certain constant.
The condition J(a) = 0 means that the vector a hits a wall of the Weyl chamber and
there occurs enhanced gauge symmetry. Suppose that the vector a is orthogonal to a

root, say, o
a- oy =0, {4.63)

where a; may be taken to be a simple root. In this case we have the unbroken gauge
group SU(2) x U(1)™~! where the SU(2) factor is spanned by {ey - H, Ea,, E-a,} in the
Cartan-Wey! basis. If some other factors of J vanish besides a- @; the gauge group is
further enhanced from SU(2). Since SU(2) x U(1)"" is the most generic unbroken gauge
group we shall restrict ourselves to this case in what follows.

We remark here that there is the case in which the SU(2) x U(1)™! vacuum is not

generic. As a simple, but instructive example consider SU{4) theory. Casimirs are taken

to be
1
U = 5TI‘¢2,
1
Uy = gﬁ@f",
1 4 1 2 2
u = =Trd —a(gTﬂI)) , (4.64)

where « is an arbitrary constant. If we set e = 1/2 it is observed that the STU(2) x U(1)?
vacuum exists only for the special values of coupling constants, (g92/93)* = g1/ ¢gs. Thus,
for & = 1/2, the SU(2) x U(1)? vacuum is not generic though it does so for a # 1/2. This
points out that we have to choose the appropriate basis for Casimirs when writing down
(4.58) to have the SU(2) x U(1)~! vacuum generically {19].

Now we assume that there is no mixing between the SU(2) x U(1)"™! vacuum and
other vacua with different unbroken gauge groups. According to the arguments of [49], we
should not consider the broken gauge group instantons. We thus expect that there is only
perturbative effect in the energy scale above the scale Ay of the low-energy effective
N = 1 supersymmetric SU(2) Yang-Mills theory.

Our next task is to evaluate the Higgs scale associated with the spontaneous breaking
of the gauge group G to SU(2) x U(1)"~1. For this purpose we decompose the adjoint
representation of G to irreducible representations of SU(2). We fix the SU(2) direction
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by taking a simple root . It is clear that the spin j of every representation obtained
in this decomposition satisfies j < 1 since all roots have the same norm and the SU(2)
raising (or lowering) operator shifts a root & to o+ a (or @ — ;). The fact that there
is no degeneration of roots indicates that the j = 1 multiplet has the roots (e, 0, —oy)
corresponding to the unbroken SU(2) generators. The roots orthogenal to a; represent
the 7 = 0 multiplets. The j = 1/2 multiplets have the roots « obeying - a; = +1. Let
us define a set of these roots by Ay = {aja € A, o« oy = £1}. For each root a € Ay
there appears a massive gauge boson. These massive bosons pair up in SU(2) doublets
with weights (@, @ &£ ;) which indeed have the same mass |¢- a| = |a -+ (o £+ o)} since
a- oy = 0.

We now integrate out the fields that become massive by the Higgs mechanism. The
massless U(1)"~! degrees of freedom are decoupled. The resulting theory characterized
by the scale Ay is N =1 SU(2) theory with an adjoint chiral multiplet. The Higgs scale
Apg is related to the high-energy scale A through the scale matching relation

£
A%xﬁf( I a-ﬁ), (4.65)

peng,B>0

where 2h = 4 + lny/2, ny is the number of elements in Ay and h stands for the dual
Coxeter number of G; h=7r+1,2r — 2,12,18,30 for G = A,, D,, g, E7, Eg respectively.
The reason for # > 0 in (4.65) is that weights (3,8 & oy} of an SU(2) doublet are either
both positive or both negative since o is the simple root, and gauge bosons associated
with # < 0 and § > 0 have the same contribution to the relation (4.65).

To fix £ we calculate n, by evaluating the quadratic Casimir C; of the adjoint repre-
sentation in the following way. Taking hermitian generators we express Cy in terms of the
structure constants fu. through 3, farefarwr = —Co ov. From the commutation relation

[ar - H, Es) = (@ - @), one can check
1 , \ ) 1
Co= 9 Z (a1-a) =~ Z (o @) + 2 - a)* | =5 (nq+ 8). (4.66)
ach 2 €Ay 2

On the other hand, the dual Coxeter number % is given by h = C,/# with 8 being the
highest root. We thus find
ng = 4(h — 2) (4.67)
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and (4.65) becomes
A =22 I a-p. (4.68)

BeAL B0
After integrating out the massive fields due to the Higgs mechanism we are left with

N =1 5U(2) theory with the massive adjoint. In order to evaluate the mass of the adjoint
chiral multiplet ® we need to clarify some properties of Casimirs. Let oy be an element
of the Weyl group of G specified by a root § = Y7 ba;. The Weyl transformation of a

root « is given by

og(a) = a—(a- B)B. (4.69)

When oy acts on the Higgs v.e.v. vector a = ¥}, a'a; we have
dt = -leﬂij o Sﬁ"'j = &, — by, (4.70)
where og(a) = X7, ¢". Since the Casimirs ug(a) are Weyl invariants it is obvious to

see
(4.71)

%uk(G)Z“g@;%k ZSﬂ ("'“’""“’v ))

Let @ be a particular v.e.v. which is fixed under the action of g, then we find the identity

a—a'

T ) N 8
szjl (6 — 54 5@ %a:ﬁ =0 (4.72)
for all ¢, and thus
d
Z bj—a—;uk(a) ={. . (473)

This implies that for any v.e.v. vector a and root # we can write down

}: b7——uk = (a- 8) vi(a), (4.74)
where uf (@) is some polynomial of a*. If we set § = a;, a simple root, we obtain a useful
formula

3 s
—8'{;:‘1[.;( ) = uk‘(a). (475)

As an immediate application of the above results, for instance, we point out that (4.62)

is derived from (4.74) and the fact that the mass dimension of J{a} is given by

Z e = dlm G — 1), (4.76)
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where ¢, is the k-th exponent of GG.
Let us further discuss the properties of 4’ (a). Define D,,, as
Do = (=1 ™det (3@;5—-5;)“) , 1<m,n<r, (4.77)
where 1 < 7,7 < r with 1 # m,j # n, then Dy, is a homogeneous polynomial of & with
the mass dimension Y, ex. — ¢,. We also denote A, as a set of positive roots where oy
and SU(2) doublet roots o with o + &1 ¢ AT are excluded. If weseta; =0 and a-8 =0
where 3 is any root in A, we see Dy, = 0 from the identity (4.74). Consequently we can

expand

Din = ha(a) ] (a- ) + arfu(a), (4.78)

BEA,
where h,(a), f,(a) are polynomials of a;. In particular
Din=c ]___[ (a‘)@) +a1f'r(a’)a (4'79)
AeA,
where ¢y is a constant. Notice that the first term on the rhs has the correct mass dimension

since the number of roots in A, reads

1
E(dimG—r)—l——— Eek— -1} (4.80)
where we have used (4.67) and e, = h— 1.

We are now ready to evaluate the mass of ® in intermediate SU(2) theory. The
fluctuation of W(a) around the classical vacunm yields the adjoint mass. To find the
mass relevant for the scale matching we should only consider the components of ® which

are coupled to the unbroken SU(2). The mass My of these components is then given by

o* 7] 0
Mg = mw(a) Fa l(a1W1) ( —6'—1W1 + 2W1) = 2W1| s (4.81)
where W) = (331 _; grus'){a) and a* are understood as solutions of the equation of motion

(4.60).
To proceed further it is convenient to rewrite the equation motion (4.60) and the

vacuum condition (4.63) with the simple root a; as follows:

Qiigzi"‘igr = Dyt Dy,
o = O (4.82)
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The solutions of these equations are expressed as functions of the ratio ¢;/g,. Then we

notice that J(a) defined in {4.61) turns out to be

? Dy g 8 W
J= Z “‘Du Y g or = D=t (4.83)

gr =1 Gr
Combining (4.62) and (4.79) we obtain
2
Mi=wi)’=(2) ¢ TI b (4.80)
€2 ped g, B0

Upon integrating out the massive adjoint we relate the scale Ay with the scale Ay pr
of the low-energy N = 1 SU(2) Yang-Mills theory by
AEr = A32 /M2 (4.85)
We finally find from this and (4.65), (4.84) that the scale matching relation becomes
AF = A, (4.86)

where the top Casimir u, has been rescaled so that we can set ¢fey = 1.
Following the previous discussions and the perturbative nonrenormalization theorem

for the superpotential, we derive the low-energy effective superpotential
Wi = Walg) £2Ava = Wa(g) £ 2g,A", (4.87)

where the term #+2Ay° appears as a result of the gaugino condensation in low-energy
SU(2) theory and Wy(g) is the tree-level superpotential evaluated at the classical values
a'(g). We will assume that (4.87) is the exact effective superpotential valid for all values
of parameters.

The vacuum expectation values of gauge invariants are obtained from W7,
oW,
(we) = Z—= = u{(g) £ 2A%4,,. (4.88)
g

We now wish to show that the expectation values (4.88) parametrize the singularities of

algebraic curves. For this let us introduce
Pr(z,u) = det{z — Br) (4.89)
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which is the characteristic polynomial in z of order dimR where R is an irreducible
representation of G. Here ®$x is a representation matrix of R and ug are Casimirs built
out of . The eigenvalues of 5 are given in terms of the weights A; of the representation
R. Diagonalizing ® we may express (4.89) as

dim R

Pr(z,0) H (z—a- ) (4.90)

where a is a Higgs v.e.v. vector, the discriminant of which takes the form

Ag = (Ha' (A -—,\3—)) : (4.91)

i

Tt is seen that, for a which is a solution to (4.60), we have Ar = 0, that is
Pr(z, 4 () = 8, Pr(z,ufl(a)) =0 (4.92)

for any representation. The solutions of the classical equation of motion thus give rise to
the singularities of the level manifold Pr (z,uf) = 0.

In order to include the quantum effect what we should do is to modify the top Casimir
u, term so that the gluino condensation in (4.88) is properly taken into account. We are

then led to take a curve
Prlz, z,u) = Pr (a:,uk + bps (z + "—;1)) = (), (4.93)

where ;2 = A2* and an additional complex variable z has been introduced. Let us check
the degeneracy of the curve at the expectation values {4.88), which means to check if the

following three equations hold

pﬁ(ﬂ?, Z, {uk)) = 0, (494)
8, Prlz, 2,{w)) = 0, (4.95)
8, Prlz, 2,{u)) = (1 — 52-) 8y, Pr(z, z, (i) = 0. (4.96)

The last equation (4.96) has an obvious solution z = F/4. Substituting this into the first

two equations we see that the singularity conditions reduce to the classical ones (4.92)

Pr{z, Fv/i, (u)) :' Pr (z, (u} F 6rs24/) = Priz, ) =0, (4.97)
6$}3(m,$f, (ug)) = 0.Pr (z, (u) Foer2y/p) = 8, Pr(z, uf) = 0. (4.98)
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Thus we have shown that (4.88) parametrize the singularities of the Riemann surface
described by (4.93) irrespective of the representation R.

Let us take the N = 2limit by letting all g; — 0 with the ratio g;/g, fixed, then (4.93)
is the curve describing the Coulomb phase of N = 2 supersymmetric Yang-Mills theory
with ADE gauge groups. Indeed the curve (4.93) in this particular form of foliation agrees
with the one obtained systematically in [23] in view of integrable systems [42],[43] (44].
For By and E; see [24],[25].

Finally we remark that there is a possibility of (4.96) having another solutions besides
z = Fy/pi. lf we take the fundamental representation such solutions are absent for G = A,,
and for G = D, there is a solution with vanishing degree » Casimir (i.e. Pfaffian), but it
is known that this is an apparent singularity [8]. For B, gauge groups there could exist
additional solutions, We expect that these singularities are apparent and do not represent

physical massless solitons.

4.2.1 N =1 superconformal field theory

We will discuss non-trivial fixed points in our N = 1 theory characterized by the mi-
croscopic superpotential (4.58). To find critical points we rely on the construction of
N = 2 superconformal field theories realized at particular points in the moduli space of
the Coulomb phase [14],[45],[46],[47]. At these N = 2 critical points mutually non-local
massless dyons coexist. Thus the critical points lie on the singularities in the moduli
space which are parametrized by the N = 1 expectation values (4.88) as was shown in the
previous section. This enables us to adjust the microscopic parameters in N = 1 theory
to the values of N = 2 non-trivial fixed points. Doing so in N = 2 SU(3) Yang-Mills
theory Argyres and Douglas found non-trivial N =1 fixed points [14]. We now show that
this class of N = 1 fixed points exists in all ADE N = I theories in general.

Let us start with rederiving N = 2 critical behavior based on the curve (4.93). An
advantage of using the curve (4.93) is that one can identify higher critical points and
determine the crifical exponents independently of the details of the curve.

If we set z = F,/fi the condition for higher critical points is

P’R,(m: “Zl) = agpﬂ(waug) =0 (4'99)
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with n > 2. Hence there exist higher critical points at u; = uf’” + 2A" 8§, where u""”
are the classical values of 1, for which the gauge group H with rank larger than one is
left unbroken. The highest critical point corresponding to the unbroken (7 is located at
uy, = £2A%5; .

Near the highest critical point the curve (4.93) behaves as

U, + 2+ % = czh 4 fuy 27, (4.100)

where the second term on the rhs with § = h — (e, + 1) represents a small perturbation
around the criticality at Juj = 0. A constant ¢ is irrelevant and will be set to ¢ = 1. Let
wy = £2A 2 = 5ul/ " s and 2 & A* = p, then (4.100) becomes

—h 1 1
p o §ult T (FAM)2(sh - o7 (4.101)

We now apply the technique of [46] to verify the scaling behavior of the period integral of
the Seiberg-Witten differential Agw. For the curve (4.93) it is known that Ay = zdz /z.

Near the critical value z = F,/f we evaluate

){/\sw = fﬂ:@ﬁ fmdp

hsh —!-335'
~ 2{?!--))
¢ ds o (4.102)

Since the period has the mass dimension one we read off critical exponents

z%ﬁ_l—_i;—), k=121 (4.103)
in agreement with the results obtained eatlier for N = 2 ADE Yang-Mills theories [46],[47].

When our N = 1 theory is viewed as N = 2 theory perturbed by the tree-level
superpotential (4.58) we understand that the mass gap in N =1 theory arises from the
dyon condensation {3]. Let us show that the dyon condensate vanishes as we approach
the N = 2 highest critical point under N = 1 perturbation. The SU(2) x U(1)" ! vacuum
in N = 1 theory corresponds to the N = 2 vacuum where a single monopole or dyon
becomes massless. The low-energy effective superpotential takes the form

W, = V2AMM + Y, g:Us, (4.104)
k=1
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where A is the N = 1 chiral superfield in the N = 2 U(1) vector multiplet, M ,M are
the N = 1 chiral superfields of an N = 2 dyon hypermultiplet and U, represent the
superfields corresponding to Casimirs uz(®). We will use lower-case letters to denote the
lowest components of the corresponding upper-case superfields. Note that {(a) = 0 in the
vacuum with a massless soliton.

The equation of motion dW,, = Qis given by

-2~ MM, 1<k<r 4,105
\/5 o, - ( )
and AM = AM = 0, from which we have

g Oafduy

2o TR 1<k<r—1,  {4.106

g Oajdu, =E=T ( )

when {a) = 0. The vicinity of N = 2 highest criticality may be parametrized by
() = 2026, + ¢ e, ¢, = constant, (4.107)

where € is an overall mass scale. From (4.102) one obtains

APy 1<k<r, (4.108)
auk
so that
Iepdma-t 0 1<k<r—1 (4.109)
9r _
as € — 0. The scaling behavior of dyon condensate is easily derived from (4.105)
gr 1/2 (h-2)/4
my={ - ="V~ fgre —s 0. (4.110)
m) ( \/i@@/é‘u,,.) o

Therefore the gap in the N = 1 confining phase vanishes. We thus find that N =1 ADE

gauge theory with an adjoint matter with a tree-level superpotential
Werit = grttr(®) (4.111)

exhibits non-trivial fixed points. The higher-order polynomial u,(®) is a dangerously
irrelevant operator which is irrelevant at the UV gaussian fixed point, but affects the

long-distance behavior significantly [40].
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Chapter 5

N = 2 Gauge Theory with Matter
Multiplets

In this chapter, we extend our analysis to describe the Coulomb phase of N =1 supersym-
metric gauge theories with Ny flavors of chiral matter multiplets Q, Q,- (1< 1,7 < Nf)
in addition to the adjoint matter . Here @ belongs to an irreducible representation
R of the gauge group G with the dimension dp and Q belongs to the conjugate repre-
sentation of R. A tree-level superpotential consists of the Yukawa-like term Q¥'Q in
addition to the Casimir terms built out of ®, and we shall consider arbitrary classical
gauge groups and ADE gauge groups. In the appropriate limit the theory is reduced to
N =2 supersymmetric QCD.

5.1 Classical gauge groups and fundamental mat-
ters

We start with discussing N = 1 SU(N,) supersymmetric gauge theory with an adjoint
matter field ®, Ny flavors of fundamentals @ and anti-fundamentals Q. We take a tree-

level superpotential

N, r - 1
W = Z Uy -+ ZTer )‘I Q‘I)IQ';- Uy = ;TI‘ @n, (5'1)
=()

n=1 !

where Try, A\ Q8'Q = Ef\rjzl()\;);@@'@j and r < N, — 1. If we set (Ao); = m} with
[m,mi] = 0, (M) = 5;;, (A): =0forl >1andall g; =0, eq.(5.1) recovers the superpo-

tential in N = 2 SU(N,) supersymmetric QCD with quark mass m. The second term in
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(5.1) was considered in a recent work [48],

Let us focus on the classical vacua with Q@ = @ = 0 and an unbroken SU(2) x U(1)"-=2
symmetry which means & = diag(ai,a1,as,as, -, an,—1) up to gauge transformations.
(Note that the superpotential (5.1) has no classical vacua with unbroken U(1)¥%) In
this vacuum, we will evaluate semiclassicaly the low-energy effective superpotential. Our
procedure is slightly different from that adopted in [18] upon treating @ and Q. We
investigate the tree-level parameter region where the Higgs mechanism occurs at very
high energies and the adjoint matter field & is quite heavy. Then the massive particles

are integrated out and the scale matching relation becomes
ALSNs = g AP (5.2)

where A is the dynamical scale of high-energy SU{N,) theory with Ny flavors and Ay is
the scale of low-energy SU(2) theory with Ny flavors, Eq.(5.2) is derived by following
the SU(N,) Yang-Mills case [18] while taking into account the existence of undamental
flavors at low energies [40]. '

The semiclassical superpotential in low-energy SU(2) theory with Ny flavors reads

N r N
W = E gn'u:: + Z all T‘I‘Nf MQQ (53)
=0

=1
which is obtained by substituting the classical values of ® and integrating out all the

fields except for those coupled to the SU(2) gauge boson. Here, the constraint Ted =

a; + 2N 1qa; = 0 and the classical equation of motion sVl oy = —gy, -1/ 9w, yield [20]
ay = el (5.4)
gNL'

Below the flavor masses which can be read off from the superpotential {5.3), the low-energy

theory becomes N = 1 SU(2) Yang-Mills theory with the superpotential

Nr:
W=7 gu. (5.5)

n=l

This low-energy theory has the dynamical scale Ayar which 1s related to A through

Ayy® = det (Z )\lai) g3 A2N T, (5.6)

I=0
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As in the previous literatures {18],[19] we simply assume here that the superpoten-
tial (5.5) and the scale matching relation (5.6) are exact for any values of the tree-level
parameters. Now we add to (5.5) a dynamically generated piece which arises from gaug-
ino condensation in SU(2) Yang-Mills theory. The resulting effective superpotential Wy,

where all the matter fields have been integrated out is thus given by

W, = ZQ,,,U"I:i:ZAf,M

=1

N
= Z gﬂun :*: ng A(a‘l) (57)
n=1

with A being defined as A(z) = A¥¥r det (T7_g Mizt). From () = 8W, /89, we find
1=0

AJ al)
\/ Ci'.1 \/A(al

If we define a hyperelliptic curve

<’Mn> = ?.L ( ) + 6,1 N— 2A a1 - alA (C\',g_)) (58)

y? = Pz)* — 4A(z), (5.9)

where P(z) = (det(x — ®)) is the characteristic equation of &, the curve is quadratically
degenerate at the vacuum expectation values (5.8). This can be seen by plugging (5.8) in

P(z)

) (al) ! ay) — @ .
P(z) = Pu(z) \ﬂ"‘ ) \/A p” (24(a1) — mA'(a)), (5.10)
where Py(z) = det (z — ®.), and hence
Pla) = 72yAla),  Pla)=7 A;fz)). (5.11)

Then the degeneracy of the curve is confirmed by checking Y?|pma, = O and %yz[:ﬂ:ﬂ_1 = 0.

The transition points from the confining to the Coulomb phase are reached by taking
the limit g -— 0 while keeping the ratio g;/g; fixed [18]. These points correspond to
the singularities in the moduli space. Therefore the curve (5.9) is regarded as the curve
relevant to describe the Coulomb phase of the theory with the tree-level superpotential

W = 3o Trn, A Q¥'Q. Indeed, the curve (5.9) agrees with the one obtained in [48].
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Especially in the parameter region that has N = 2 supersymmetry, we find agreement
with the curves for N =2 SU(N,) QCD with Ny < 2N, — 1 {9],[L0],[11].1

The procedure discussed above can be also applied to the other classical gauge groups.
Let us consider N = 1 SO(2N,) supersymmetric gauge theory with an adjoint matter field
@ which is an antisymmetric 2N, x 2N, tensor, and 2Ny flavors of fundamentals Q. We

assume a tree-level superpotential

N2 r

< 1

W= gontiza+ gan.-1)Sn—1 + A0+ 5 S Tran, M QI'Q, (5.12)
n=1 I=0

where r < 2N, -1,

Ugy = i‘ﬂ‘,Tf @211,’ y=PfP® = Z_MI—V_ffili2jljz"-q)un(bnn AN (513)

and ;
ksy, + Ziskwiu% =0, sp = —1, k=1,2,---. (514)

i=1
Here, 'A; = (—1)'); and the N = 2 supersymmetry is present when we set (M) = m

—1

where [m;m!] = 0, (A )i = diag(io, igy, - - -) with 02 = ([3 0 ) , (M); =0for I >1and
all g; = 0.

As in the case of SU(N,), we concentrate on the unbroken SU(2) x U (1)M~1 vacua
with ® = diag(a102,a102, @202, a30q, -+, ay,~102) and @ = 0. By virtue of using sy,
instead of uay, in (5.12) the degenerate eigenvalue of ¢ is expressed by g;

o2 = S22 (5.15)

G2(N.~1)

as found for the SO{2N, + 1) case [19]. Note that the superpotential (5.12) has no classical
vacua with unbroken SO(4) x U(1)¥ 1 when go(y,—2) # 0. We also note that the funda-
mental representation of SO(2N,) is decomposed into two fundamental representations of
SU(2) under the above embedding. It is then observed that the scale matching relation
between the high-energy SO(2N,) scale A and the scale Ay, of low-energy SU(2) theory
with 2V; fundamental flavors is given by

AL = Qg(Nc—i)A4{Nc_1)m2Nf‘ (5.16)

tFor Ny = 2N, — 1 an instanton may generate a mass term and shift the bare quark mass in A(z). If
we include this effect the curve (5.9) completely agrees with the result in {11].
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The superpotential for low-energy N = 1 5U(2) QCD with 2Ny flavors can be obtained
in a similar way to the SU(N,) case, but the duplication of the fundamental flavors are
taken into consideration. After some manipulations it turns out that the superpotential
for low-energy N = 1 SU(2) QCD with 2Ny flavors is written as

N.—2 v —
W = 2 ggn’u,gi]_ + g Nu—l)s(l:\lfc—l + )\'Ud + Za’lTrng Al QQ, (517)
n=1 {=A)
where
;1 QI“%Qz) ra (Q]“F%Qz)
e = 5.18

Upon integrating out the S’ U(2) flavors we have the scale matching between A and Ay
for N =1 SU(2) Yang-Mills theory

Ay = det (z Azai) Qg(Ncml)A(i(NcmndN"a (5.19)
i=0
and we get the effective superpotential
Ne—
WL - Z g’nun +92(N w1)31\,r 1+)\’U :i:QA
n=1
Ne— 1
= Z gﬂ,uu + GanN. ul)SN +)\'UC :I:Qg2(N¢m1)‘[A(a1), (5‘20)
n=1

where A is defined by A(z) = A*Y—1-281 det (E}‘ZO A;m’) = A{-z).

The vacuum expectation values of gauge invariants are obtained from W, as

A (11) 2 4!
(sa) = 8(9) % bun— ,__w_ b .~ ,___.(2A a) — i} A'a))
a1 a1
(v) = v"(g), (5.21)

where A'(z) = 5% A(z). It is now easy to see that a curve
y? = P(z) - 42*A(z) {5.22)

with P(z) = (det (z — @)) is degenerate at these values of (82, (v}, and reproduces the
known N =2 curve [12], [11].
The only difference between SO(2N,) and SO(2N, + 1) is that the gauge invariant

Pf ® vanishes for SO(2N, + 1). Thus, taking a tree-level superpotential

Ne—1
W = Z g2ﬂu2n + GoN, SN, + = ZTIM\Q- )\l Q(I)IQ: r S 2Nc1 (523)

n=1
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we focus on the unbroken SU(2) x U(1)Me~! vacuum which has the classical expectation
values ® = diag(a;09, 4,02, 0202, - ,ay,-102,0) and @ = 0 [19]. As in the SO(2N,)
case we make use of the scale matching relation between the high-energy scale A and the
low-energy N = 1 SU(2) Yang-Mills scale Ay

AYMG == det (Z )\;all) gZNCgthcml)A2(2N,_.——1-Nf)' (524)
[=0
As a result we find the effective superpotential

Ne-1
We = 3 Geutiy + Gon s, + 203y

=1

Ne-1
= Y gaul + gon, Sy, 2\/92Nc92(Ncw1)A(&1), (5.25)

n=1
where A is defined as A(z) = AX2N177) det ( o )\Im‘).
Noting the relation a? == gaw, 1)/ gan. [19] we calculate the vacuum expectation values

of gauge invariants

8y,) = 8% : Ala) a;A'(a
(n) n(g) B ‘Sn‘Nc—l A(al)( a + IA( ))

4 5%,N;—-1—;—) (wh(or) - a2 A(a)). (5.26)

JaGe

For these (s,) we observe the quadratic degeneracy of the curve
2
/= (%P(:c)) — 4P A(2), (5.27)

where P(z) = (det (z — ®)). In the N = 2 limit we see agreement with the curve con-
structed in [12],{11]. The confining phase superpotential for the S0(5) gauge group was
obtained also in [26].

Let us now turn to Sp(2N,) gauge theory. We take for matter content an adjoint field
& and 2N; fundamental fields Q. The 2N, X 9N, tensor ® is subject to ‘@ = JBJ with

J = diag(ioy, - - - ,i02). Our tree-level superpotential reads

N.-—1 7

& 1 . .

W = Z Goanton + g2N. SN, + §Z'II2Nf A QJ(I)‘Q, (528)
n=1 " 1=0
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where )y = (—1)*'; and r < 2N, — 1. The classical vacuum with the unbroken SU(2) x

U(1)¥:~1 gauge group corresponds o

. 01
J® = diag(oya1, 0101, O102,* -+, 01GN,1), o1 = ( L0 ) , (5.29)

where a? = ga(y._1)/g2n.. The scale Ay, for low-energy SU(2) theory with 2Ny flavors is

expressed as [19]

2 2
AgS2Ns :( 92N, ) AX2NA+2-Nj) (5.30)
9'2(N:_—1)

There exists a subtle point in the analysis of Sp(2N.) theory. When Sp(2N,) is broken
to SU(2) x U(1)¥~1 the instantons in the broken part of the gauge group play a role
since the index of the embedding of the unbroken SU(2) in Sp(2N,) is larger than one (see
eq.(5.30)) 49],[50]. The possible instanton contribution to Wy, will be of the same order
in A as low-energy SU(2) gaugino condensation. Therefore even in the lowest quantum
corrections the instanton term must be added to Wy,

For clarity we begin with discussing Sp(4) Yang-Mills theory. In this theory by the
symmetry and holomorphy the eflective superpotential is determined to take the form
Wiy =f (;L:Az) %%AG with f being certain holomorphic function. If we assume that there
is only one-instanton effect, the precise form of Wy including the low-energy gaugino
condensation effect may be given by

936 4 %40
W = 2=2A° £ 2=A7, (5.31)
g2 9 _
as in the case of SO(4) ~ SU(2) x SU(2) breaking to the diagonal SU(2). This is due
to the fact Sp(4) ~ SO(5) and the natural embedding of SO(4) in 50(5). Our low-
energy SU(2) gauge group is identified with the one diagonally embedded in SO(4) =~
SU(2) x SU(2) [49],[51). Accordingly, in Sp(2N,) Yang-Mills theory, we first make the
matching at the scale of Sp(2N.)/Sp(4) W bosons by taking all the a; — a; large. Then
the low-energy superpotential is found to be
W, = Wy 4 250 p2¥ert) 4 g P20 p2(N D), (5.32)
s ay
Let us turn on the coupling to fundamental flavors @ and evaluate the instanton

contribution. When flavor masses vanish there is a global O{2Ny) =~ SO(2N¢) X Zg
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symmetry. The couplings A; and instantons break a “parity” symmetry Z,. We treat this
Zy as unbroken by assigning odd parity to the instanton factor A2N*2-¥ and O(2Ny)
charges to A;. Symmetry consideration then leads to the one-instanton factor proportional

to B(a;) where
Blz) = A®N-+2-Nypf ( 3 Alm[) : (5.33)

{ even

Note that B(z) is parity invariant since Pfaffian has odd parity. Thus the superpotential
for low-energy N = 1 SU(2) QCD with 2Ny flavors including the instanton effect turns

out to be

W = Z Gan 't + Gon, 5%, + Ea Tran, M QQ + 29 i:;m } B{ay), (5.34)
n=1 2 -1

@=(3), a-(9) (535

When integrating out the SU(2) flavors, the scale matching relation between A and the
scale Ay of N = 1 SU(2) Yang-Mills theory becomes

T 2 2
Ay’ = det (ZA,ag) (____gch ) AMENA2=Ng), (5.36)
)

=0 J2w.—1

where

and we finally obtain the effective superpotential

WL - Z gnun + N, SN + 2A3 YM + 2 QZN B(CL]_)
Jon,-1)
N -1 2
= Y g 4 gL 4 2B (B(al) + A(al)) , (5.37)
=1 g2(N¢ -1)

where A(z) = A22NH2-N5) det (L7 Me').

The gauge invariant expectation values (s, ) are

(5) = 52(9) + bumrm (—2B(a1)+2a%3'(a1)i: : (sz(al)m%A'(al)))
at )

(4A(a) - a%A'(al))) (5.38)

1

+ bun s (43(&1) - ZaIB’(al) +

1
yA(ar)

Substituting these into a curve
2y = (2*P(z) + 2B(2)) - 4A(e), (5.39)
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we see that the curve is degenerate at (5.38). In this case too our result (5.39) agrees
with the N = 2 curve obtained in [11].

Before concluding this section, we should note that the effective superpotentials Wy
obtained in this section are also confirmed in the approach based on the brane dynamics
[63, 54].

5.2 ADE gauge groups and various matters

Let us consider N = 1 gauge theory with the ADE gauge group and Ny flavors of chi-
ral matter multiplets @, Qj in addition to the adjoint matter &. We take a tree-level

superpotential

T q ~
W =3 qun(®) + ) Tew, 1 QPHQ, (5.40)
=0

k=1
where &5 is a dp X dp matrix representation of ® in R and (), 1 < 4,5 < Ny, are the
coupling constants and ¢ should be restricted so that Q(P’RQ is irreducible in the sense
that it cannot be factored into gauge invariants. If we set (yo): = m§ with [m,mi] =
()i = V2685, ()5 = 0 for { > 1 and all g; = 0, (5.40) reduces to the superpotential in
N = 2 supersymmetric Yang-Mills theory with massive Ny hypermultiplets.

Let us focus on the classical vacua of the Coulomb phase with ¢ = § = 0 and an
unbroken SU(2) x U(1)"! gauge group symmetry. The vacuum condition for & is given

by (4.82) and the classical vacuum takes the form as in the Yang-Mills case
@R_ﬂdi&g(a'/\1,&'/\2,"',0‘,')\d3), (541)

where ); are the weights of the representation R. In this vacuum, we will evaluate
semiclassically the low-energy effective superpotential in the tree-level parameter region
where the Higgs mechanism occurs at very high energies and the adjoint matter field ¢ is
quite heavy. Then the massive particles are integrated out and we get low-energy SU(2)
theory with flavors.

This integrating-out process results in the scale matching relation which is essentially
the same as the the Yang-Mills case (4.86) except that we here have to take into account
flavor loops. The one instanton factor in high-energy theory is given by ARy Here

the index I(R) of the representation R is defined by {R)5u = Te(TuT) y) where T, is the
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representation matrix of R with root vectors normalized as a? = 2. The index is always

an integer [52]. The scale matching relation becomes

AsL-z_zm)Nf = GZAPURN (5.42)

where A; is the scale of low-energy SU(2) theory with massive flavors.
To consider the superpotential for low-energy SU(2) theory with Ny flavors we de-
compose the matter representation R of G in terms of the SU (2) subgroup. We have

ng
R =P Riy(e) ®singlets, (5.43)

a=1
where Ry (o, stands for a non-singlet SU(2) representation. Accordingly @* is decom-
posed into SU(2) singlets and Qf (1 < ¢ < Nf, 1< 5 <ng)inan SU(2) representation
Rsvay Q; is decomposed in a similar manner. The singlet components are decoupled in

low-energy SU(2) theory.
The semiclassical superpotential for SU(2) theory with Ny flavors is now given by

T nyg 4 .
W= gui + 3.3 (adw,) Try, nQQs, (5.44)
k:l a=1 l=ﬂ

where Ag_ is a weight of R which branches to the weights in R (5)- Here we assume that
R is a representation which does not break up info integer spin representations of SU(2);
otherwise we would be in trouble when 7, = 0. The fundamental representations of ADE
groups except for Fg are in accord with this assumption.

We now integrate out massive flavors to obtain low-energy N =1 SU(2) Yang-Mills
theory with the dynamical scale Ayas. Reading off the flavor masses from (5.44) we get

the scale matching
A?”%V[ = ng(a)a-

R b I{RSSU(Z))
Ala) = AR TT { det (Z ~ila - /\725)1) ’ (5.45)

=1 1=0

where [(Ryy ) is the index of Ry (g which is related to [(R) through

N

I(R) = Z l(Rgv(z))- (5.46)
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The index of the spin m/2 representation of SU(2) is given by m(m + 1)(m + 2)/6.
Including the effect of SU(2) gaugino condensation we finally arrive at the effective

superpotential for low-energy SU(2) theory
Wy, = Wa(g) £ 2A0%,, = Walg) £ 2.1/ Ala), (5.47)

The expectation values (ug) = W /dgy are found to be

VA
og;

(u,) = u‘"":i:2(\/—+ Z

1<j<r—~1,

! dg, 0VA
89, g,

(u;) = uf 20—

= u? 2 (f i gka\/_-) , (5.48)

where we have set g, = gi/¢g- and used the fact that u§! and A are functions of g since
a; in (5.47) are solutions of (4.60) (see also (4.82)).

Let us show that the vacuum expectation values (5.48) obey the singularity condition
for the family of (r —1)-dimensional complex manifolds defined by W = 0 with coordinates

2,21, Lp_1 Where
W=z + Zm, (uz "f’(a:n)) . (5.49)

Here we have introduced the variables z; (1 < i < r —1) instead of g; to express Algh)
and u*(g'), =, = 1 and u; are moduli parameters. The manifold W = 0 is singular when

ow oW
L = =0 5.50
Oz 0. Bur; (5:50)

Then, if we set z = £/ A(xy), T = gj, and u; = (u;) it is easy to show that the singularity

conditions are satisfied

Wi = 2/al) - D () —uileh)) =0

W

o = °

] 1 8A(g, d [ e

L ) )4 2 (S o)

Oz, \/I(Q—’k) 0g; 95 \i=1
= -y Walg) 0 1<j<r—1 (5.51)
= —uj (gk)+gragj( . ) , <j<
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Thus the singularities of the manifold defined by W = 0 are parametrized by the expec-
tation values {(uy).

Let us explain how the known curves for SU (N,) and SO(2N,) supersymmetric QCD
are reproduced from (5.49). First we consider SU(N,) theory with N fundamental flavors.
Here we denote the degree ¢ Casimir by v; and correspondingly change the notations for

z; and gj. Tt is shown in [20],[21] that

g
A= ANidety, (Z(al)l"n) , a' =gy 1 (5.52)

I=0

and hence (5.49) becomes

Alzn,—
W=z4 ——— xNL 1 Zm:(uz wn ) (553)
Since A depends only on zy,__; one can eliminate other variables 24, - -, @y, .2 by imposing
W/8z; = 0 to get the relation
u?(a:n) = 1; (5.54)
for 2 <j < N,—2, and then
Alzy .
W=z + A0 0 (0) el —walm). (559
Remember that
0 = det (a1 - d)c;) = (a')¥ - sd(al)t — s — 5%, {5.56)
where .
' 1
ksy + ) isp-1u; =0, Uy = ;L-Tr o, k=1,2,--- (5.57)

i=1

with sy = ~1 and s; = u; = 0. We see with the aid of (5.56) that

u(;\lfc+$Ns—1“?\Irc~1 = (“‘I\lf _SN)+$N ~1(”N~—1 SN —1)+(5N + TN - 151\lr 1)

= (uy, —sn.)+2n, 1 {1~ SN.~1)

+{@n ) = salen-0)¥ T = = sw2), (5.58)
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where (5.54) and the fact that sy, = uy, +(polynomial of uz, 2 < k < N, —2) have been

utilized. We now rewrite (5.55) as

cl

A
W = Z + “'"'ii) - (Iu’NC + :E‘uNc“‘l) + (u(lz\lrc + $uNc‘—1)

A
_ im) b sl gy (5.59)

where 2,1 was replaced by z for notational simplicity. This reproduces the hyperelliptic
curve derived in [48],[21] after making a change of variable y = z — A(z)/z and agrees
with the N = 2 curve obtained in [9],[10],[11] in the N =2 limit .

Next we consider SO(2N,) theory with 2Ny fundamental flavors Q. Following [21] we

take a tree-level superpotential

No—2 g
< 1
W = Z; Gorlak + G2(w,-1)5N.—1 + A + 5; Trox, 1 Q¥'Q, (5.60)
where
Uy = l’ﬁqﬂ’“ 1<k<N,—1
2k ’ - " ’
v = PI® = g, 8100 (5.61)
and i
ksk+2iskﬁ,’uzi:0, Sy = —1, k=1,2-. {5.62)

i=1

According to [19] we have

Ne—1 '
(a')? = ghy.—ay N =2 ] (—id'), v = —ghy._yN/? (5.63)
j=2 ‘
and [21]
_ q
A= AV D detyy (Z(ﬂl)r’w) y (5.04)
i=0
and thus
A('?:Nc"Q) ! cl ol 5.65
W=z+ - 3 @iug — ugi{ma)) — (v — 0™ (z4)), (5.65)
=1

where X' = A/gan,—1) Was replaced by z and ga; [92(mw,-1) bY .
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In view of (5.64) we again notice that there are redundant variables which can be

eliminated by imposing the condition 89W/8z; = 0 so as to obtain
ug(2a) = ug; (5.66)

for 1 < j < N,— 3. We then find

W=2z+ ————A(m:°_2)

— (Ua(m,—1) = Uy,—1y(®n) — Ty—2(Unv,—2) — Uy, 2)(@n)

— z{v —v¥(z,)). (5.67)

Using det{a' — &) = 0 we proceed further as in the SU(N,) case. The final result reads

A 1 -
W = z+ —-(-E{l + — (?JN“ — sy -~y g+ ’”d(%)2)
z oy
~a(v — v (@)
A 1
= z+ _(E@ B Z$2y+ yMet — syt — e~ sy — v, (5.68)

where we have set ¥ = zy,_2 and used (5.63). It is now easy to check that imposing
OW/0z = 0 to eliminate = yields the known curve in [21] which has the correct N =2
limit [12],[11].

It should be noted here that adding gaussian variables in (5.59) and (5.68) we have

Aly -
Wy, ., = 2+ (21) oyt - syt — e s, Y S,
A 1 L — T —
Wp, = z+ ——(fl) - Zyiyl pyt syt o s — vy U5 (5.69)

These are equations describing ALE spaces of AD type fibered over CP!. Inclusion of
matter hypermultiplets makes fibrations more complicated than those for pure Yang-Mills
theory. For A, the result is rather obvious, but for D, it may be interesting to follow how
two variables y1, ya come out naturally from (5.49). These variables are traced back to
coupling constants gan-2)/9a(n-1), A 92(n-1) TEspectively, and their degrees indeed agree
(1] = {g20-2)/ G2tu—1)] = 25 [42] = M G2(0-1)] = 1 - 2.

This observation suggests a possibility that even in the FE, case we may eliminate
redundant variables and derive the desired ALE form of Seiberg-Witten geometry directly

from (5.49). This issue is considered in the next subsection.
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5.2.1 FE; theory with fundamental matters

In this subsection we will show that an extension of [28] enables us to obtain exceptional
Seiberg-Witten geometry with fundamental hypermultiplets. The resulting manifold takes
the form of a fibration of the ALE space of type E;.

Let us consider N = 1 Eg gauge theory with Ny fundamental matters Q*',Qj (1<
i,7 < Ny) and an adjoint matter ®. Q',Q; are in 27 and 27, and ® in 78 of Eg. The
coefficient of the one-loop beta function is given by b = 24 — 6N, and hence the theory
is asymptotically free for Ny = 0,1,2,3 and finite for Ny = 4. We take a tree-level

superpotential

W= 3 gesu(®) + Try, 10 §Q + Try, 11 Q2Q, (5.70)
kes

where S = {2,5,6,8,9,12} denotes the set of degrees of E; Casimirs s,(®) and g, (7a)f
(1 < 4,5 < Nj) are coupling constants. A basis for the Fg Casimirs will be specified
momentarily. When we put (7o) = v2m} with [m, m'] =0, (11)} = V26! and all g, = 0,
(5.70) is reduced to the superpotential in N = 2 supersymmetric Yang-Mills theory with

massive Ny hypermultiplets.
We now look at the Coulomb phase with Q = @ = 0. Since ¢ is restricted to take the

values in the Cartan subalgebra we express the classical value of ® in terms of a vector *
a = zﬁ:a,-a,- (5.71)
i=1
with a; being the simple roots of Els. Then the classical vacuum is parametrized by
8 = diag{a - A,a- A, -+, 0 Aa7), (5.72)

where ); are the weights for 27 of Es. For the notation of roots and weights we follow

[52]. We define a basis for the Eg Casimirs uy(®) by

- 1L ISV S
Uy == 12){2, Uy == 60X5’ Ug = GXG 6-122X2’

e = 1 +1 1 4 e = — 1 4 1 2
87 "o X8 T Tgg WX T g A X VT Ty e X 0.6
PR SRS SV S LISV

12 = 60%12 5-63X6 5.123)62}(5

29

5 2 I 3 i
T T e e g X 6.7

*Our notation is slightly different from [28]. Here we use a; with lower index instead of a? in {28].
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where y,, = Tr®*. The standard basis w;(®)} are written in terms of u, as follows

b wsm—tus,  wp = (wo—ul),
o = — = —— —
2 2 % 5 4 By 5 = 9'6 il <
—1(u+luu—lu4) Wy = — 1(71.—12)
'w8—96 8 4 2Ug g2} 9= 18 9 4’“2“5
1 3.5 842 3 14
Y127 3156 ( wa + 330~ Uit ~ Tgtate t 16"2) ‘ (5.74)
The basis {u} and (5.74) were first introduced in [24].7 In our superpotential (5.70) we
then set
L o
82 = Wy, S5 =Us, S6= We, S5 = Ws, Sy= Uy, §12=W1s = ;Ws. (5.75)
We will discuss later why this particular form is assumed.
The equations of motion are given by
oW a
Wia) _ 5,000 (5.76)

3(1.5 kes a;
Let us focus on the classical vacua with an unbroken SU(2) x U(1)° gauge symmetry. Fix
the SU(2) direction by choosing the simple root a;, then we have the vacuum condition

a-a = 2&1 - Gy = 0. (577)

It follows from (5.76), (5.77) that
go _ Do

q12 D1,12

1
2
= —§(2a1a5a4 — w40 + dday + adaz — azad + a3

m2a1a§ + Qalaé — Qaial — asai — 2a1a36¢6 + 2a4a3a1),

s _ Dig
g2 Dian
1
= —ME§(12a1aF a4 — 6aiai — Galaﬁ ddias + daday + 2030y + 2a3ag — a3
—3a3a: —~ 3a3a3 — a3 — — 12a1a50% - 2aza402 + 8aaza3 + 3a}

+6a1a4a3 - 8a4a§a1 Qara4a3 2a4a3a6 + GaIarau; - 2a4a3a6

+2a5a§a3 - 2a§a3a6 + 2a4a3a6 - a5 - 2a5a4a3 - 2a1a3 — 6a1a4

The Casimirs wy, Uo, 13, by, U, % 1L [24] arc denoted here as s, us. g, itg, tg, V12, respectively.
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+2a2a2 + 2d%a2 + 20%d3 + 6a5az0s — 8ayatas + 8ajasa, — dalayag

+2anaq030¢ + 4as0421a3 + 2a3a4 -~ 3a4a5 + 2a,4a5 + 2a4a5 + 2aga3),

96 _ Do
g2 Dip
1
= 103 (4a3a1a5 18a3a?as + 13a5a} — ajaZ — Ta3al + 9alad + - -), (5.78)

where D, is the cofactor for a (1, k) element of the 6 x 6 matrix {ds;(e)/0a;], ¢ € S and
j=1,...,6[28]. In (5.78) the explicit expression for gs/gi2 is too long to be presented
here, and hence suppressed., Denoting ¥1 = go/g12, Y2 = g8/ 912, U3 = g6/ 912, We find that

the others are expressed in terms of ¥, y2

G2 Do g - Dag
= 2 =yl — = = = Y1l2. 5,79
g2 Dyiz Gz Doy (5.79)

This means that our superpotential specified with Casimirs (5.75) realizes the SU(2) x
U(1)° vacua only when the coupling constants are subject to the relation (5.79).

Notice that reading off degrees of 41, %2, ¥a from (5.78) gives [y1] = 3, [y2] =4, [va] = 6.
Thus, if we regard 1, %, ys as variables to describe the Fg singularity, (5.78) and (5.79)
may be identified as relevant monomials in versal deformations of the Fg singularity. In
fact we now point out an intimate relationship between classical solutions corresponding
to the symmetry breaking Fs D SU(2) x U(1)® and the E; singularity, For this we

examine the superpotential {5.40) at classical solutions

Wa = 9122(‘“) da

kes

g2 (53030 +silymn + sys + sy + s +58). - (5.80)
Evaluating the RHS with the use of (5.77)-(5.79) leads to

Wa = —g12 (Q?J%ya + 5 —~ 9"3?) (5.81)
Tt is also checked explicitly that

—Ayys = 2sSyve + S5 ye + 8§,

—3y% = s+ iy + S5,
— 0P +2; = sg. (5.82)
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To illustrate the meaning of (5.80)-(5.82) let us recall the standard form of versal

deformations of the FEg singularity
W, (21, 1o, T3, w) = zty :cg + :c% + 1wy a:fn:z + Wy Tya +wg :cf +wy Ty + wo &1 +wr2, (5.83)

where the deformation parameters wy, are related to the Eg Casimirs via (5.74) [24]. Then
what we have observed in (5.80)-(5.82) is that when we express wy in terms of a; as
wy, = wi(a) the equations

_ OWg, O0Wg, OWg _
Oz Ozy O3 =0 (5:84)

WE,
can be solved by
. 2 Sgl(a')
xy = yi(a), xa = y2(a), T3 =t yg(a) —thrfa)” ~ 5 (5.85)

under the condition (5.77). This observation plays a crucial role in our analysis.

When applying the technique of confining phase superpotentials we usually take all
coupling constants gy, as independent moduli parameters. To deal with N = 1 Fy theory
with fundamental matters, however, we find it appropriate to proceed as follows. First
of all, motivated by the above observations for classical solutions, we keep three coupling
constants g5 = g¢/912, 6 = gs/g12 and gy = go/gr2 adjustable while the rest is fixed as
g = gha?, g = gygh with g, = gr/gr2. Taking this parametrization it is seen that the
equations of motion are satisfied by virtue of (5.79) in the SU(2) x U(1)° vacua (5.77).
Note here that originally there exist six classical moduli ¢; among which one is fixed by
(5.77) and three are converted to g5 = y1(), g5 = ¥{a) and g} = ys{a), and hence we are
left with two classical moduli which will be denoted as £;. Without loss of generality one
may choose £ = s§{a) and & = s¢(a).

We now evaluate the low-energy effective superpotential in the SU(2) x U(1)° vacua.
U(1) photons decouple in the integrating-out process. The standard procedure yields the
effective superpotential for low-energy SU(2) theory [18],(28]

Wi = —gi2 (2035 + 93 —95) + 2034, (5.86)

#We have observed a similar relation between the symmetry breaking solutions SU (7 4 1) (or SO{2r)}
3 8U(2) x U(1)" ! and the A, (or D,) singularity.
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where the second term takes account of SU(2) gaugino condensation with Ay being the
dynamical scale for low-energy SU(2) Yang-Mills theory. The low-energy scale Ay is
related to the high-energy scale A through the scale matching [28]

A?/M = gsz(a),

[§]
A(a) = A24_6Nf H deth ("f(] -+ ‘71(1'1 - )\3)), (587)
s=1

where ), are weights of 27 which branch to six SU(2) doublets respectively under Eg D
SU(2) x U(1)°. Explicitly they are given in the Dynkin basis as

A1 = (1, 07 O: 0:- 03 0): )"2 = (1: ""'1: OJ U, 1: 0):
ha = (1, =1, 0, 1, -1, 0), M=(1,-1,1,-1,0,0),
X = (1,0, -1, 0,0 1), X = (1,0, 0,00 —1). (5.88)

Notice that 35, A, = 30;.
Let us first discuss the Ny = O case, i.e. g pure Yang-Mills theory, for which A(a) in

(5.87) simply equals A%*. The vacuum expectation values are calculated from (5.86)

oWy ~
Yo = (W (g1, 52,955 5)) = — (s +95 — 1) £ 20",
___L 8WL — (aﬁ}(yla Y2, Y33 5)) — __4:y y
g12 Oy M B
LW W musis)y g s
12 Oy Fya »
1 0w, oW , Ui
@a—yf = (?”léj: Uity g2 1 oy, (5.89)
where 21, 92, ¥3 and g;2 have been treated as independent parameters as discussed before
and
W (y1, vz, v 8) = 82 9300 + 85 Y192 + 56 U3 + Sz -+ 5o Y1 + 512 (5.90)
Define a manifold by W, = 0 with four coordinate variables z, ¥, y2, y3 € C and
A24 —_
Wy =2+ = (29'%?!3 +ys s+ W(yl,yg,yg;s)) = 0. (5.91)

It is easy to show that the expectation values (5.89) parametrize the singularities of the

manifold where

Wy _ Wy Wy _ W,
dz Oyt Oya Oys

= 0. (5.92)
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Making a change of variables ¥y = &, Y2 = 23, Y3 = —iz3 + 27 +36/2 in (5.91) we have
A24
z+ — - Wg, (21, To, 23; w) = 0. (5.93)
Thus the ALE space description of N = 2 Eg Yang-Mills theoty [29],[24] is obtained from
the N = 1 confining phase superpotential.
We next turn to considering the fundamental matters. In the N = 2 limit we have
Afa) = A24585 881 [TV, f(a, m;) with f(a,m) = [I°_,(mn + a - ),). After some algebra

we find
fla,m) = m® + 2&m* — 8miy, + (5% - 12y2) m?2 + 4€sm ~ dyaés ~ 8ya, (5.94)

where we have used (5.75)-(5.78). Let us recall that, in viewing (5.86), we think of
{y1, V2, Y3, &2, €5, g12) as six independent parameters. Then the quantum expectation values

are given by

%Zj = Wy, Yo,ys 8)) = — (nyy3 +y; — y§) + 2\[1‘1(9‘1,3!2, y3; &),
i%ZL _ <8W(y1é§12,y3;3)> = —dyy3 11:25%;\/14(?;1,3;2,3;3; £,m),
i;%‘”;’;ﬂ = (3W(ylé$’y3;s)) = -3yl 2-(% VAW, Y2153 €,m),
b%%";’;ﬂ - (aW(yléyyj’y3;3)) = 2y + 2y % zai%\/A(yx,yz,ys;E,m)- (5.95)

Similarly to the Ny = 0 case one can check that these expectation values satisfy the

singularity condition for a manifold defined by

1 .
z+ -Z-A(Z‘h, Y2, Y33 §,m ) — (nyyg +ys — yg + Wi, yg,y:;;s)) = 0. (5.96)

Note that s, in W are quantum moduli parameters. What about &, & in the one-
instanton factor A? Classically we have & = s% as was seen before. The issue is thus
whether the classical relations &; = s receive any quantum corrections at the singularities.
If there appear no quantum corrections, & in A can be replaced by quantum moduli
parameters s;. Let us simply assume here that & = s& = (s;) for i = 2,5 in the N = 1
SU(2) x U{1)® vacua. This assumption seems quite plausible as long as we have inspected

possible forms of quantum corrections due to gaugino condensates.
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Now we find that Seiberg-Witten geometry of N = 2 supersymmetric QCD with gauge
group Fg is described by

1
z+ ZA(a:l,a:z,:ca;w, m) — Wg, (21, 22,23;,w) = 0, (5.97)
where a change of variables from y; to «; as in (5.93) has been made in (5.96) and

A(:Ela Ty, T3, W, m)

Ny
= AN 8N ] (mi6 + 2wym;* — 8m;zy + (“LUg - 125”2) m”

i=1

+dwgmmn; — dwazs ~ 8(x? - i35 + w6/2)) . (5.98)

The manifold takes the form of ALE space of type Eg fibered over the base CP'. Note
an intricate dependence of the fibering data over CP! on the hypermuitiplet masses.
This is in contrast with the ALE space description of N = 2 SU(N,) and SO(2ZN,)
gauge theories with fundamental matters. In {5.97), letting m; — oo while keeping
A24-68; TTN7 8 = A24 finite we recover the pure Yang-Mills result (5.93).

As a non-trivial check of our proposal (5.97) let us examine the semi-classical singu-
latities. In the semi-classical limit A — 0 the discriminant A for (5.97) is expected to
take the form A o« AgAs where Ag is a piece arising from the classical singularities
associated with the gauge symmetry enhancement and Ay represents the semi-classical

singularities at which squarks become massless. When the Ny matter hypermultiplets

belong to the representation R of the gauge group G we have

Ny N
Ay = [] detaxa(mil — @) = [ PF(ms; u), (5.99)
i=1 =1

where d = dim R, m,; are the masses, ® denotes the classical Higgs expectation values
and PZ(z;u) is the characteristic polynomial for R with u; being Casimirs constructed
from . _

For simplicity, let us consider the case in which all the quarks have equal bare masses.
Then we can change a variable 3 to #3 so that A = A(Z3;w, m) is independent of x; and

z,. Eliminating z; and 23 from (5.97) by the use of

oWy,  OWg,
6331 - 6582

0, (5.100)
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we obtain a curve which is singular at the discriminant locus of (5.97). The curve is

implicitly defined through
W, (-’53; wy; — 0; 12 (Z + &3—’52@—1)) =10, (5.101)

where W g, (Z3; w;) = W (21(E3, w;),22(F3, wi), F3;w;) and z1(Fs, w;), z2(F3,w:) are so-

lutions of (5.100). Now the values of Z3 and z at singularities of this curve can be
246N
expanded in powers of A7= L Then it is more or less clear that the classical sin-

gularities corresponding to massless gauge bosons are produced. Furthermore, if we
denote as R(W, A) the resultant of W g, (%3;w;) and A (#3;w,m), then R(W, A} = 0
yields another singularity condition of the curve in the limit A — 0, We expect that
R(W,A) = 0 corresponds to the semi-classical massless squark singularities as is observed
in the case of N = 2 SU(N,) QCD [9],{22]. Indeed, we have checked this by explicitly
computing R(W, A) at sufficiently many points in the moduli space. For instance, taking

wy = 2,ws =5, we = 7, ws = 9,wy = 11 and wyo = 13 in the Ny =1 case, we get

R(W, A)

= m? (3m" + 12m® + -..) (26973m” + 258552m% 4 --.)’ |
(m® + 24m™ + 240m™ + 240 m® + 2016m>! + 3360 ™ + 16416 m'°
+34944 m'® + 88080 m!™ + 216576 m'® + 448864 m!°® + 607488 m'*
+2198272m'® — 296000 m% + 4177792 m™ — 3407104 m"° + 7796224 m®
+10664448 m® ~ 31708160 m" + 41183232m5 — 21889792 m° + 15575040 m*
—17125120 m® — 38456320 m® — 3461120 m + 9798656). , (5.102)

while the Fg characteristic polynomial for 27 is given by
P (2;0)
= 2% 4 12w + 60w§m23 + 48wz + (96w6 + 168w§) 221 4 336wyres 2
+ (528wawg + 294w} + 480ws ) 2% + (1344w, + 10082dws) & + -+, (5.103)

We now find a remarkable result that the last factor of (5.102) precisely coincides with
ng(m;u)! Hence the manifold described by (5.97) correctly produces all the semi-

classical singularities in the moduli space of N = 2 supersymmetric Eg QCD.
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If we choose another form of the superpotential (5.70), say, the superpotential with
s; = w; for i € & instead of (5.75) we are unable to obtain Ay in (5.99). As long as we
have checked the choice made in (5.75) is judicious in order to pass the semi-classical test.
At present, we have no definite recipe to fix the tree-level superpotential which produces
the correct semi-classical singularities, though it is possible to proceed by trial and error.
In fact we can find Seiberg-Witten geometry for N = 2 SO(2N,) gauge theory with spinor
matters and N = 2 SU(N,) gauge theory with antisymmetric matters [31].

In our result (5.97) it may be worth mentioning that the gaussian variable z; of the

Eg singularity appears in the fibering term.

5.2.2 Gauge symmetry breaking in Seiberg-Witten geometry

Staring with the N = 2 Seiberg-Witten geometry with Eg gauge group with massive fun-
damental matters, we construct the Seiberg-Witten geometry with SU(N..) and SO(2N,)
gauge groups with various matter contents, in the rest of this section. All these geometries
we will obtain take the form of a fibration of the ALE spaces over a sphere.

To this end, we first discuss how to implement the gauge symmetry breaking in the
general Seiberg-Witten geometry by giving appropriate VEV to the adjoint scalar field in
the N = 2 vector multiplet.

(lassically the VEV of the adjoint Higgs ® is chosen to take the values in the Cartan
subalgebra. The classical moduli space is then parametrized by a Higgs VEV vector
a =¥, a‘e;. At the generic points in the classical moduli space, the gauge group G is
completely broken to U(1)". However there are singular points where G is broken only
partially to [T, Gt x U(1)" with G} being a simple subgroup of G. If we fix the gauge
symmetry breaking scale to be large, the theory becomes N = 2 supersymmetric gauge
theory with the gauge group []; & x U{1)! and the initial Seiberg-Witten geometry reduces
to the one describing the gauge group G, after taking an appropiiate scaling limit.

We begin with the case of N = 2 supersymmetric SU(r + 1) gauge theory with

fundamental flavors. The Seiberg-Witten curve for this theory is given by [3, 9]

Ny
y? = detyi (z —~ B ) — A20FV-Ni T(m; —2). (5.104)

i=1
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Choosing the classical value (®z); as

(‘b’R)cl = di&g ((al))(az) - (a1>a (aa) - (@2)’? "y (ar) - (ar—-l), —(a’?‘))
~ diag(M,M,M, -, M,—rM), (5.105)

where M is a constant, we break the gauge group SU(r + 1) down to SU{r} x U(1). Note
that this parametrization is equivalent to (@¢/} = jM which means {(a;} = §,,(r + 1)M.
Setting a; = &;,(r + 1)M + 6a; and m; = M + m/, we take the scaling limit M — oo
with A2 = % held fixed. Then we are left with the Seiberg-Witten curve
corresponding to the gauge group SU{r)

@) = {(a:’ - 6&1) (:v' — (6a® — §a1)) e (:t:' — (—6&’"_1))}2 — A% 8y ﬁ(mi -z,
= (5.106)
where y' = w-;\/%ﬁ? and z' = ¢ — M. Notice that we must shift the masses m; to obtain
the finite masses of hypermultiplets in the SU(r) theory with Ny flavors.
Now we consider the case of N = 2 theory with a simple gauge group G. When we
assume the nonzero VEV of the adjoint scalar, the largest non-Abelian gauge symmetry
which is left unbroken has rank r — 1. As we will see shortly, this largest unbroken gauge

symmetry is realized by choosing
(ai) = Mﬁi,’im 1 < 3 S Ty (5.107)

where M 1s an arbitrary constant and 2y is some fixed value. Under this symmetry
breaking (5.107), a gauge boson which corresponds to a generator E;, where the subscript
b = ¥; b ay; indicates a corresponding root, has a mass proportionalto {a)-b = M b%, This
is seen from [(a)- H, E}] = ({a}-b) E), where H; are the generators of the Cartan subalgebra.
Thus the massless gauge bosons correspond to the roots which satisfy 4 = 0 and the
unbroken gauge group becomes G} X U(1) where the Dynkin diagram of G' is obtained
by removing a node corresponding to the éy-th simple root in the Dynkin diagram of G.
The Cartan subalgebra of G is decomposed into the Cartan subalgebra of G' and the
additional U(1) factor. The former is generated by E,, € G obeying [Eq,, Ea_ ) > ap-H
with & # 1y, while the latter is generated by «;, - H. Therefore, we set

a = (A" M+, (5.108)
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where scalars corresponding to G* have been denoted as §a with o = 0. Note that the
U(1) sector decouples completely from the G sector and the Weyl group of (' naturally
acts on da out of which the Casimirs of G’ are constructed.

When the gauge symmetry is broken as above, we have to decompose the matter

representation R of GG in terms of the subgroup G’ as well. We have
R
R=PR,, (5.109)
3=1

where R, stands for an irreducible representation of . Accordingly @* is decomposed
into Q% (1 <4< N, 1 < s < ngrlin a G representation R,. §; is decomposed in a
similar manner. After the massive components in ® are integrated out, the low-energy
theory becomes N = 2 G’ x U(1) gauge theory. The U(1) sector decouples from the G’
sector and we consider the G’ sector only. The semiclassical superpotential for this theory
can be read off from (5.40). We have

Ny R . . g _
W= ; (\/5 ; ({a) - A, +mi) QuQ; + \/542 Qi &z, Q;) , (5.110)

where Ag, is a weight of R which branches to the weights in R,. This implies that we

should shift the mass m; as
' io !
mg = —{a) Ap, +m; = -"M(/\R_.,i) + m; (5.111)

to obtain the G’ theory with appropriate matter hypermultiplets. Note that we can
choose R,, for each hypermultiplet separately. This enables us to obtain the Ny matters
in different representations of G” from the N; matters in a single representation of G.
In the limit M — oo, some hypermultiplets have infinite masses and decouple from the

theory. Then the superpotential (5.110) becomes

Ny _ ) Ny . . |
W=v23Y miQi,Q, + V2Y Qi ®r,, QL (5.112)
=1 i=1

and the resulting theory becomes N = 2 theory with gauge group G’ with hy permultiplets
belonging to the representation R,,. Note that (a)- Az, i proportional to its additional

U(1) charge.
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In the known cases, the low-energy effective theory in the Coulomb phase is described
by the Seiberg-Witten geometry which is described by a three-dimensional complex man-

ifold in the form of the ALE space of ADE type fibered over CP?
1 Ny
2+ ;Azh—l(R)N; H Xg(mlr Xa,T3; 4, mi) - WG(mlst, T3, a) = 01 (5113)

=1
where z parametrizes CP!, h is the dual Coxeter number of G and {(R) is the index of the
representation R of the matter. Here We (@1, 22, x3;a) = 0 is a simple singularity of type
G and XZ(x1, 23, 23; a, m;) is some polynomial of the indicated variables. Note that the
simple singularity W depends only on the gauge group G, but the XF(z,, 23, 23; a,m;)
depends on the matter content of the theory.

Starting with (5.113) let us consider the symmetry breaking in the Seiberg-Witten
geometry. In the limit M — oo, the gauge symmetry G is reduced to the smaller one G'.
The Seiberg-Witten geometry is also reduced to the one with gauge symmetry G’ in this
limit. We can see this by substituting o = (a) + da into (5.113) and keeping the leading
order in M. To leave the j-th flavor of hypermultiplets in the G’ theory, its mass m; is
also shifted as in (5.111). After taking the appropriate coordinate (z}, x5, 5) we should

have

Welzr, 2, 23;8) = M Wea(al, 2h, 24 6a) + o M),
B R, i
XE (e amzsiamy) = MUERG XS (01 ab ot ml) + o MIRIHRS),

(5.114)

where Wi is a simple singularity of type G, ngf is some polynomial of the indicated
variables, %' is the dual Coxeter number of " and I(R,,) is the index of the representation
R,; of . The dependence on M can be understood from the scale matching relation

between theories with gauge group ¢ and &'
AZ-UR)N;
AR =35 AR )

AW R (5.115)

where A’ is the scale of the G’ theory. Thus, in the limit M — oo, the Seiberg-Witten

geometry becomes

N
1 r Ny s Rs:
7'+ ;A’ =30 MRy 1 X&' (&, &b, 2f5; 8a,m) — Wei (2,25, 25 6a) = 0, (5.116)
=1
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Figure 5.1: E; Dynkin diagram

where 2’ = 2/ M"Y,
Next, we will apply this reduction procedure explicitly to the N = 2 gauge theory
with gauge group Es with Ny fundamental hypermultiplets.

5.2.3 Breaking E; gauge group to SO(10)

There are two ways of removing a node from the Dynkin diagram of Eg to obtain asimple
group & (see fig.5.1). When a node corresponding to o (or ag) is removed, we have
G' = SO(10) (or SU(8)). The former corresponds to the case of G' = SO(10) and the
latter to G' = SU(6). First we consider the breaking of E gauge group down to SO(10)
by tuning VEV of & as (a;) = Méis. Using the inverse of the Cartan maitrix we get
(a) = (2M, $M, S M, SM, $M, M).
The Seiberg-Witten geometry for N = 2 gauge theory with gauge group Eg with Ny
fundamental matters is proposed in [31]
1 N
z+ ;AMMGMHXEZ(%JZ, $3;w:mi) - Wﬁ:ﬁ($1,-‘flz,$3;w) =0, (5-117)

where
4, .34 .2 2 2
WEs(i'Jl,wz,an;w) =2+ T+ rytuws T7te -+ Wy T2+ We Tf HWs Tt Wo Ty Wiz (5118)
and

Xzza:(wlaw%wS;w:mi)
= 8 (m,:6 + 2wym;t — 8mxy + (w% - 12m2) m;2

dwgm; — dwymg - 8(2k —iws +wef2)) . (5119)
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Here w;, = wy(a) is the degree k Casimir of F; made out of a; and the degrees of zy, 5
and z3 are 3, 4 and 6 respectively. Now, substituting a; = Mé; 5 + ba; into wi{a) and
setting da® = 0, we expand Wy, and Xﬁ: in M. As discussed in the previous section,
there should be coordinates (x,x5, 5) which can eliminate the terms depending upon
M' (5 <1 < 12) in Wg,. Indeed, we can find such coordinates as,

r = —%MS — zli-Mm'l - éng,
Ty = ;_4M4 + 1—12M2:L"1 + éMng + %m’z + éwg‘;’,
T3 = —il—lﬁM%g. (5.120)
Then the Fyg singularity Wpg, is written as
W, (21, 2, 23;w) = (j}M)‘LWDs(wlla 13, 25 v) + O(M°), (5.121)
where
Wy (@1, 22, 23;v) = 2% + 2122 — 23° + voay® + v4? + vy + v5 + vsTa, (5.122)

and v, = v(da) is the degree k Casimir of SO(10) constructed from &a;. If we represent
® as 2 10 X 10 matrix of the fundamental representation of SO(10), we have vy = LTrod¥
and vs = 2tP{®. Thus we see in the M — oo limit that the Seiberg-Witten geometry
for N = 2 pure Yang-Mills theory with gauge group Eg becomes that with gauge group
SO(10).

Next we consider the effect of symmetry breaking in the matter sector. The funda-
mental representation 27 of Fg is decomposed into the representations of SO(10} x U(1)
as

27 = 16_% b 1[}% @ 1*53_, (5.123)

where the subscript denotes the U{1) charge a5 A; (1 <4 < 27). The indices of the spinor
representation 16 and the vector representation 10 are four and two, respectively. Let us
first take the scaling limit in such a way that the spinor matters of SO{10) survive. Then
the terms with M? (1> 3) in X3 must be absent after a change of variables (5.120) and
the mass shift m; = M +m,; (see (5.111)). In fact we find that

X?;:(ﬁniﬂz,ﬂ»‘s;wg m.,;) = MZX})?('T;,?E,Q:J:’S; v, my;) + O(M), (5'124)
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where

1 1 1 1 1 1
X})?(.’El,mg, a3 v, m) = m4 + (3’}1 4 —’Uz) m2 — My + =z — = ('04 - —'Ug) — ULy — —ﬂf%.

2 2 4 4 4 2
(5.125)
In order to make the vector matter of SO(10) survive, we shift massesas m; = — %M + My
The result reads
X2 (21,20, B30, M) = MAXE (), o, @5 v, ) + O(M?®), (5.126)
where
XE(1, 22,235 v,m) = m’ — 5. (5.127)
Assembling (5.121), (5.124), (5.126) and taking the limit M — oo with
A]S?)(?ON)‘}ZEVNJ) — 216+3N;+3NUA/I (8 2N3~4NV}A24 GNf (5»128)

kept fixed, we now obtain the Seiberg-Witten geometry for N = 2 SO(10) gauge theory
with N, spinor and N, vector hypermultiplets

1
16—4N,—2N,
z+ —Ngoqoyn.n, HXD, T1, T2, T3; Uy M) H XD (z1, T2, T33 0, 0y )

FES ) i=1
_WDg(mli g, T3y ’U) = 0, (5129)
where Ny = N, + N,. In the massless case m,, = My, = 0, our result agrees with

that obtained from the analysis of the compactification of Type IIB string theory on
the suitably chosen Calabi-Yau threefold [34]. This is non-trivial evidence in support of
(5117). Moreover the Seiberg-Witten geometry derived in [34] is only for the massless
matters with N, — N, = —2. Here our expression is valid for massive matters of arbitrary
number of flavors.

Next we examine the gauge symmetry breaking in the N =2 5 0(10) gauge theory with
spinor matters. When & acquires the VEV {a;) = M6, namely {a (M M, M % 5, 2)
the gauge group SO(10) breaks to SO(8). (we rename da; to a; henceforth.) Note that the
spinor representation of SO(10) reduces to the spinor 8s and its conjugate 8c of SO(8).

Upon taking the limit M — oo with a; = (a;) + §a;, we make a change of variables in
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(5.122)

z = o,
zy = 1Mz,
e = Mg, (5.130)

In terms of these variables, the Dy singularity is shown to be
Wo,(z, 22,250) = (=M?) Wp, (2}, 35, 7;0) + O(M), (5.131)
where
Wp, (21,22, 23;1) = 21> + 21292 + 252 + ugzi? + vy + ug + 20055, (5.132)

wuy, is the degree k& Casimir of SO(8) constructed from da; and v = Pfaffian. The contri-

bution (5.125) coming from the matters becomes

lejg(xlv To, &y, Y, mSt') = MzX?)i(mlla :BIZ: mi:}; u,-m’s,‘-) + 0(M3)1 (5133)
where
8s 2 1 1 1
Xpo(ey, xp, 23w, m) = m*” + 5%~ U5 + 7% (5.134)

In the above limit, we have taken m,; = %M + m/,, which corresponds to the spinor

'
$1?

representation of SO(8). If we instead take m,; = —1M +m,, which corresponds to the
conjugate spinor representation, then z, is replaced with —z; in Xgi.

If we consider the vector matters of SO(10), we see that a change of variables (5.130)
without the shift of mass does not affect m,,; — z,. Therefore, in taking the imit M — oo
with

12-2N,~2N, _ pr—{(4-2N,) p 16-4N, 2N,
Aso@m. v, =M Asooyn. v, (5.135)

being fixed, we conclude that the Seiberg-Witten geometry for N = 2 SO(8) gauge theory
with N, spinor and N, vector flavors is

N, N

1 _ o 8 [
2+ ;Aﬁ)(gﬁvﬁﬂ’ 11 Xf)j(ml,:cz,mg; u, my)) 111 Xg‘:(:cl, T2, T3}ty Mo )
=1 =
—Wp, (21, 22, 23, u) =0, (5.136)
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where XY (1,22, 23;u,m) = m? ~ 2.

There is a Z; action in the triality of SO(8) which exchanges the vector representation

and the spinor representation. Accordingly the SO(8) Casimirs are exchanged as

Uy = Vg,
1 3
Uy —5’04 + 3Pf+ 'S"Ug,
1 I 1
Pf « §Pf+zu4—ﬁfu§,
1, 1 1
Vg ¢ U+ -]:—gUz — Z'Ugg?)z + §Pf Va. (5137)

Thus the Z; action is expected to exchange X3¢ and X3 in (5.136) after an appropriate

change of coordinates z;. Actually, using the new coordinates (z],z}) introduced by

T = —~1~$' + izl ~ —vy
| AR R
.3 1 A
T2 = —z§m'1 + 5.7;; — i v, (5.138)

we see that the D, singularity (5.132) remains intact except for (5.137) and X3 — X3'.

One may further break the gauge group SO(8) to SO(6) following the breaking pattern
S0(10) to SO(8). Suitable coordinates are found tobez; = 2}, z; = i Mz} and x3 = Ma).
The resulting Seiberg-Witten geometry for N = 2 SO(6) gauge theory with N, spinor

flavors and N, vector flavors is

1 T N, 1 N,
2+ —Asowm,n, [1(Gz2 2 ms) [[ (] — 21)
i=1 g=1
_WDs ($1,$2,$3;u) =, (5139)

where Wp, (21,22, Z3;4) = 2,2 + 21292 + 232 + upzy 4 uyg + 21Pf®z, The sign ambiguity
in {5.139) arises from the two possible choices of the shift of masses in SO(8) theory.

When N, =0, it is seen that the present SO{2N,,) results yield the well-known curves
for SO(2N..) theory with vector matters [L1, 12].

5.2.4 Breaking Fs; gauge group to SU(6)

Now we wish to break the Es gauge group down to SU(6) by giving the VEV (a;) = M ;s
to ®, that is, {(a*) = (M,2M,3M,2M,M,2M). As in the previous section, we first
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substitute a; = Mé;¢ + §a; into wy(a) in (5.117) and set éa® = 0. Then we expand
Wg, and X27 in M, and look for the coordinates (z},x}, z3) which eliminate the terms

depending on M' (7 <1 < 12) in (5.117). We can find such coordinates as

z = ——g—Mzm’l — %m’lwg,
T2 = i%M4+(§$’2+%m’12+T1“2“w2)M21
T3 = I_EIEOMG + (——;—'x’2+ ~1—:é—0wg)}\/.f"1
+% (zf — )® — 3zh &} — ehwy + %wgg — 3y M2 4 %wsx"l—ll—owﬁ,(&l%)
in terms of which the Eg singularity Wg, is represented as
W, (21, 2, 23;w) = (%M)G W, (), 25, zh;v) + O(M®), (5.141)
where
Wa, (z1, 22, T3;v) = 2] + a3 + vo1 "t ua R A o g+ Ve, (5.142)

and v, = vi,{6a) is the degree k Casimir of SU(6} build out of da;. Hence it is seen in the
M — oo limit that the Seiberg-Witten geometry for N = 2 pure Yang-Mills theory with
gange group F; becomes that with gauge group SU(6).
The fundamental representation 27 of Eg is decomposed into the representations of
SU(6) x U(1) as
97 = 15, @ 6, @ 6.1, (5.143)
where the subscript denotes the U(1) charge ag - Ai(l < ¢ < 27). The indices of the
antisymmetric representation 15 and the fundamental representation 6 are four and one,
respectively. Thus the terms with M! (I > 3) in X% must be absent after taking the
coordinates (), x5, z5) defined in (5.140). Note that there is no need to shift the mass to

make the antisymmetric matter survive. We indeed obtain a desired expression
2415 . '
X%z(a:l, Ta, xgyw,my) = —M=X 4, (2}, 2, 25 v, my ) + O(M), (5.144)

where

1
Xﬁf(ml, Ty, T3;v,m) = mt —2mPz; + 3 (gvg + x? + 332) m?

tmuy — z3 4 21 + 20927 + 3w97? + V3T + x5+ vazy -+ vg. {5.145)
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If we shift the mass as m; = M +myg, in order to make the vector matter survive, we find

that
X%Z(:vl,:cg,mg;v,mi) = QMSXﬁS(m’l,mg,mg;v,mfi) + O(MY), (5.146)

where X§_(x1, 22, 23;v,m) = m+z,. Theshift of masses m; = —M+my;, also corresponds
to making the vector matter survive, but the factor {—1) is needed in the RHS of (5.146).

From these observations we can obtain the Seiberg-Witten geometry for N =2 SU{6)
gauge theory with N, antisymmetric and N} fundamental matters by taking the limit

M —» co while

a N _ - At
A.lszv(:;vN w — (- I)Nﬂ212+2 § pf—(12-2Na~5N}) p 246N (5.147)

held fixed. Our result reads

NJ
1 12-4N,-N' s
7 6 .
z+ ASU(G)NaN, HXA, L1, T2, T3}V, Ma;) l I XAs(ml,:cz,:cg,v,mfj)
i i1
—WAE(CEL, ZEz,.’Bg;‘U) = 0, (5148)

where Ny = N, + N}.

We are now able to break SU(r + 1) gauge group to SU{r) successively by putting
{a;) = Mé;,. In sect.2 we have seen that the proper coordinates are chosen fo be
@ = 2+ M/{(r + 1),z = zb and 23 = Mz} in terms of which Wy, (21, 22,23;0) =
MW,, (=}, zh, 24 v") + O(M°). Note that the degrees of z,z; and 23 are 1,2 and
r — 1, respectively. The antisymmetric representation of SU(r + 1} is decomposed into
the antisymmetric and fundamental representations of SU(r} x U(1) as follows

r(c+1) {r—1)r -
2 = . Dr_ o1, (5.149)

where the subscript denotes the U(1) charge. After some computations we can see that the
Seiberg-Witten geometry for NV = 2 SU{r+1) (r < 5) gauge theory with N, antisymmetric
and N} fundamental hypermultiplets turas out to be

1 2(r1)—=(r—1)No—nt, Mo EE] 1
z+ ASU('r+1)N N} Ny HXA (.’Bl,mg,m;};v,mai) H(ﬂ'»‘l —mfj)
=1

—WAr ($1,.’.B2,[B3; 'U) :D, (5.150)
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r(r+1;
where X is defined as

r

r(r+l) oM (r-1)r
Xt (o mas= 20 b ml,) =X (e i)+ O, (5150
2(r+1)—{r—1)N, — N’ r—{r—2}Nq—N", . ) ,
and AS(;(,, zl)(N“ N)} 7= g A2 BN pyplicit caleulations yield

SU(r}No N

X3 (@0, m0;) = m® — mPay + (2wz + 20 + vp)m + 217 — @3+ TaTy + WyT1 + v,
Xﬁa (zj;v,Ma;) = m? 4 g ~ x3 + 223 + g,

X3, (x50, mas) = m 4 @ — . (5.152)

We also see that

2
X3 (230, mas = =5 M +1y,) = M (e —ml) + O(M?),

3
X}f (:r,,-;v, Mg; = —gM + m}‘.) = ~M*2) — m’f%.) + O(M*1),
1
X8 (:cj;v, Mgy = —~§M + m’h) = M(zy —m} —al) + o(M®%  (5.153)

by shifting masses in such a way that the fundamental matters remain.

We now check our SU({N,) results. First of all, for SU(3) gauge group, the antisym-
metric representation is identical to the fundamental representation. Thus (5.150) should
be equivalent to the well-known SU(3) curve. In fact, if we integrate out variables and
3, the Seiberg-Witten geometry (5.150) yields the SU{3) curve with N,+ N fundarnental
flavors.

Let us next turn to the case of SU(4) gauge group. Since the Lie algebraof SU(4) is
the same as that of SO(6), the antisymmetric and fundamental representations of SU(4)

correspond to the vector and spinor representations of SO(6) respectively. This relation

is realized in (5.150) and {5.139) as follows. If we set z; = § @}, zp = izh~ 51— Loh?— Lo,
and z3 = iz} + 1ot + 1237 + vy, we find
1 ‘
Was (is v) = =3 Wy (a5 ), (5.154)
where u is related to v through s = 2va,u4 = —4uy + vz and Pf = iv3. Moreover we

obtain X§ (z;;v,ma;) = ma? —@} and @1 —my; = 325 —mg ;. Thus our SU(4) result is in

accordance with what we have anticipated. This observation provides a consistency check
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of our procedure since both SO(6) and SU(4) results are deduced from the Eg theory via
two independent routes associated with different symmetry breaking patterns.

Checking the SU(5) gauge theory result is most intricate. Complex curves describ-
ing N = 2 SU(N,) gauge theory with matters in one antisymmetric representation and
fundamental representations are obtained in [35, 36 using brane configurations. Let us
concentrate on SU(5) theory with one massless antisymmetric matter and no fundamental

matters in order to compare with our result (5.139). The relevant curve is given by [35]

¥ 4zt (a® + v — vaz® 4 vz — v5)

—yAT(32° + 3v,2® — vax? + Bugm — vs) +2AM(a* + va2® + vg) = 0. (5.155)

The discriminant of (5.155) has the form

Aprane = Fo{v) AY(27ATE + v (Heo(v, L))* (Has (v, L))°, (5.156)
where F, is some polynomial in v, H,, is a degree n polynomial in v and I = —A7/4. If

we set vy — v3 = 0 for simplicity, then

Hso(v,L) = 65536040 vs® + 1048576v,° L2 — 33587200 v," vs® L + 1600000 v,° v5°
— 539492352 v4° vs L + 3261440000 v v5* L7 + 390000000 v, vs" L
+9765625 v5'C - 143947517952 v,% vs? L* + 5378240000 vyvs® L
1457236279296 v,% L° + 53971714048 vs* L,

Has(v,L) = 3200 + 43210302 -+ 17496 L3vg0? -+ 177147L5. (5.157)

We have also calculated the discriminant A4zp of our expression (5.150) with r = 4
and found it in the factorized form. Evaluating Ap,... and A rg at sufficiently many
points in the moduli space, we observe that A,y r also contains a factor Hso(v, L) with
Ay ayo = L. This fact may be regarded as a non-trivial check for the compatibility of the
M-theory/brane dynamics result and our ALE space description. It is thus inferred that
only the zeroes of a common factor Hey(v, L) in the discriminants represent the physical

singularities in the moduli space.b.

SA similar phenomenon is observed in SU(4) gauge theory. We have chiecked that the discriminant of
the curve for SU(4) theory with one massive antisymmetric hypermultiplet proposed in [35] and that of
our ALE formula (5.150) with r = 3 carry a common factor. Sec also [55]
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Moreover it is shown that the Seiberg-Witten geometries obtained in this section by
breaking the Fjg Seiberg-Witten geometry can be rederived using the method of N =1

confining phase superpotentials [32],
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Chapter 6

Conclusions

In this thesis, we have studied the V = 2 Seiberg-Witten Geometry via the Confining
Phase superpotential technique. In particular, we have shown that the ALE spaces of
type ADE fibered over CP! is natural geometry for the N = 2 supersymmetric gauge
theories with ADE gauge groups.

In chapter two, we have reviewed the exact description of the low-energy effective
theory of the Coulomb phase of four-dimensional N = 2 supersymmetric gauge theory
in terms of the Seiberg-Witten curve or Seiberg-Witten geometry. The Seiberg-Witten
geometry has been derived from the superstring theory compactified on the suitably chosen
Calabi-Yau three-fold.

In chapter three, we have shown how to derive the Seiberg-Witten curves for the
Coulomb phase of N = 2 supersymmetric gauge theories by means of the N = 1 confin-
ing phase superpotential. To put it concretely, we have obtained a low-energy effective
superpotential for a phase with a single confined photon in N = 1 gauge theory. The
expectation values of gauge invariants built out of the adjoint field parametrize the sin-
gularities of moduli space of the N = 2 Coulomb phase. According to this derivation it
is clearly observed that the quantum effect in the Seiberg-Witten curve has its origin in
the SU(2) gluino condensation in view of N = 1 gauge theory dynamics.

In chapter four, we have applied the confining phase superpotential to the N = 1
supersymmetric pure Yang-Mills theory with an adjoint matter with classical or ADE
gauge groups. The results can be used to derive the Seiberg-Witten curves for N = 2

supersymmetric pure Yang-Mills theory with classical or ADE gange groups in the form
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of a foliation over CP® which is identical to the spectral curves for the periodic Toda
lattice. Transferring the critical points in the N = 2 Coulomb phase to the N = 1
theories we have found non-trivial N = 1 SCFT with the adjoint matter field governed
by a superpotential.

In chapter five, using the technique of confining phase superpotential we have deter-
mined the curves describing the Coulomb phase of N = 1 supersymmetric gauge theories
with adjoint and fundamental matters with classical gauge groups. In the N = 2 limit
our results recover the curves for the Coulomb phase in N = 2 QCD. For the gauge group
Sp(2N,), in particular, we have observed that taking into account the instanton effect in
addition to SU(2) gaugino condensation is crucial to obtain the effective superpotential
for the phase with a confined photon. This explains in terms of N =1 theory a peculiar
feature of the N = 2 Sp(2N,) curve when compared to the SU{N,) and SO(N,) cases.

Next we have proposed Seiberg-Witten geometry for N = 2 supersymmetric gauge
theory with gauge group Eg with massive Ny fundamental hypermultiplets employing
the confining phase superpotentials method. The resulting manifold takes the form of a
fibration of the ALE space of type Fg.

Starting with the Seiberg-Witten geometry for N = 2 supersymmetric gauge theory
with gauge group Fy with massive fundamental hypermultiplets, we have obtained the
Seiberg-Witten geometry for SO(2N..) (N, < 5) theory with massive spinor and vector
hypermultiplets by implementing the gauge symmetry breaking in the Fg theory. The
other symmetry breaking pattern has been used to derive the Seiberg-Witten geometry
for N = 2 SU(N,) (N. < 6) theory with massive antisymmetric and fundamental hyper-
multiplets. All the Seiberg-Witien geometries we have obtained are of the form of ALE
fibrations over a sphere. Whenever possible our results have been compared with those
obtained in the approaches based on the geometric engineering and the brane dynam-
ics. It is impressive to find an agreement in spite of the fact that the methods are fairly
different.

Thus ouar study of the confining phase superpotentials supports that Seiberg-Witten
geometry of the form of ALE fibrations over CP! is a canonical description for wide
classes of the four-dimensional N = 2 supersymmetric gauge field theories. It is highly

desirable to develop such a scheme explicitly for non-simply-laced gauge groups.
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Although we have not discussed in this thesis, in order to analyze the mass of the
BPS states and other interesting properties of the theory, one has to know the Seiberg-
Witten three-form and appropriate cycles in the ALE fibration space. For N = 2 SO(10)
theory with massless spinor and vector hypermultiplets, these objects may be obtained
in principle from the Calabi-Yau threefold on which the string theory is compactified
[34]. It is important to find the Seiberg-Witten three-form and appropriate cycles for the

Seiberg-Witten geometry when the massive hypermultiplets exist.
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