Chapter 1. Weakly Hyperbolic Equations of Third Order
with Holder Continuous Coeflicients in Time

1.1 Introduction

For the hyperbolic equations of second order, F. Colombini, E. De Giorgi,
E. Jannelli and S. Spagnolo got the results concerned with the relation between
the Gevrey wellposedness and the regularity of the coefficients( see [CDS], [CJS]
and see also [D], [N]). In this chapter we shall generalize their results to the
weakly hyperbolic equations of third order.

We shall first consider the equation of third order in [0,T] x R}
(] i
Ut + Zai(t)utt:r{ + Z bij(t)uta:{:cj =0
u(0,z) = uplz), ue(0,z)=u(z), ue(0,z)=ux(z),

where a;(t) and b;;(t) are the real coefficients satisfying

kto
(e C77 (j0,T k=0orl
(1.2) a () H-q([ D with X and 0<a<l (i:I,'”,n),
la:(t) € C7= ([0,T)) k integer > 2

(1.3} b(t) € C**2({0,T)) with k integer >0 and 0<a<l (,j=1,-,n)

Now we assume the restricted type of the weakly hyperbolic condition for
the third order equation (1.1)

(1.4) Y byt <0 for Ve [0,T], Ve eRE.
i5=1

In general the most suitable weakly hyperbolic condition for (1.1) is
n 2 n
(1.5) (Zai(t){,-) —4 ) big(t)el; > 0 for 't € [0,T), ¢ € RZ.
i=1 i,j=1
We can easily see that the condition (1.4) is stronger than the condition (1.5).
The third order equations have 3 real characteristic roots Ay (¢, £), A2(t, €), Aa(t, &)
such that A (£, &) < Ae(t,€) < As(t,&) for Yt € [0,T), V¢ € RE. Thanks to the
condition {1.4), we find that the characteristic roots of the equation {1.1) satisfy
At €) £0, A2(t,6) =0, As(t,€) > 0.

Then we can prove the following theorem.



Theorem 1.1. Let T > 0, ug > 0. The coefficients satisfy (1.2), (1.3) and
{1.4). Then for any up, u; and uy € G*, the Cauchy problem (1.1) has a unique
(global) solution u € C3([0,T), G*), provided

(1.6) l$s<1+i%2.

Moreover when ug, uy and uz € G§ (s > 1), there exist the constant v > 0
and the positive function u(t) satisfying u(0) = ug, such that for Y€ € R

i 4 2 1 o R R
(1.7) P ((6)IFF2 3] 4 ()77 [y + Jiuwa]) < Ceo S ((€)2]ti0] + () i | + [22]).

Remark 1. If k = a = 0, (1.6) doesn't make sense. However whenever the
coefficients a;(t), b;;(£) belong to C9([0,T)), or even to L!([0,T]), the Cauthy
problem (1.1) is wellposed in G!( see [J2] and see also [CDS]).

Remark 2. If one replaced the weakly hyperbolic condition (1.4) by the
condition (1.5), the same regularity as the coefficients b;;(¢) would be needed
for the coefficients a;(t), i.e., a;(t) or |a;(t)| € C**+<([0, T).

Remark 3. Precisely the positive function u(t) is a strictly decreasing fune-
tion. Therefore u(T) is less than po(= ©(0)). However if we take large enough
v > 0, u(T) can be chosen arbitrarily close to pug.

With a different method, Y. Ohya and S. Tarama got more geneal results
for the weakly hyperbolic equations of higher order( see [OT] and see also [Tar]).
They assume that all the coefficients of the pfincipai part belong to the same
Holder class with respect to time. For the third order equation (1.1) whose
coefficients satisfy (1.2), (1.3) when k = 0, we relax the regularity of the co-
efficients a;(t) from C* to C%, Moreover according to their result, in order
that the Cauthy problem for the weakly hyperbolic equations of third order is

wellposed in G°, it is necessary that the Gevrey exponent s satisfies

(1.8) 1<s<1+> (the multiplicity r = 3).
The multiplicity of the characteristic roots for the equation (1.1), is also 3, but
the range (1.6) when k = 0 is wider than the range (1.8). We know that the
range (1.6) for the third order equation (1.1) coincides the range for the second
order equations( see [CJS]). This improvement is due to the fact that one of

the characteristic roots is identically equal to 0 and the regularities of the other

two characteristic roots become more smooth.
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1.2. Preliminaries

When s = 1, the problem (1.1) is well-posed in G* which is the topological
vector space of analytic functions on R™{ see [CJS] for the weakly hyperbolic
equations of second order and see [J2] for weakly hyperbolic systems including
the third order equations). Therefore we can suppose s > 1 for the proof.

In virtue of Holmgren's theorem we get the uniqueness of solutions to (1.1)
and can suppose that ug(z), u;(z) and us(x) belong to G§. Hence by Paley-

Wiener theorem we shall assume that

1
(19) Sup @7 (510l + (€)vl1] + [fal) < oo
4

Moreover Ovciannikov theorem gives the existence of solutions(see [CJS},
[J3], [Ov]). Our task is to investigate the regularity for  of the solution.

In order to derive the energy inequality, the following lemma is useful.

Lemma 1.2. (Colombini, Jannelli, Spagnolo) Let f(t) be a real function of
class C**% on some compact interval I C R, with k integer > 1 and 0 < o < 1,
and assume that f(t) > 0 on I. Then the function fki_a is absolutely continuous

on I. Moreover

I (F7=) 556, < Clhya, D) || £ llorsaqs) -

For the proof, refer to {CIS].
By Fourier transform the Cauchy problerﬁ (1.1) is changed to

{'Uttt +dalt, §)vy — b(t,E)v, =0
(1.10)

v(0,€) = vo(€), :.(0,8) =v(§), wu(0,€) = v2(€),

where v = @, and o = & (I = 0,1,2), and a(t,£) = Y a:(t)&:, b(t, &) =
o= bis(8)6is.



1.3 Energy inequality in caseof k=0

We first treat the csae of k& = 0 which implies that both coefficients a(t, &)
and b(t, £) belong to Holder classes in ¢. Since these coefficients are not differ-
entiable, they can not enter into the definition of the energy directly. Therefore

we shall regularize them as follows.

(11) et =2 [ att 470 ()an
1) bs(t,é)-:-;- f_ Z b(t+r,£)<,a(£)dr,

(0 < & < 1), where ¢(t) € C°(R}) satisfies 0 < () < oo and [ ¢(t)dt =1,
Then there exists Cp > 0 such that for Y6 € R¢

(1-13) lai(t,’;')l < COE%-I(E)M laz(taf) - ﬂ(t,f)l < COE%(‘E)V;
(1.14) bt ) < Coe™HEN,  [be(t €) — b(t, )] < Coe™(€)].

With the coefficients a.(¢,&), b:(t,£) we shall define the following energy.
(1.15) B, , (t, €) =ePt)&) {Ivu +iag(t, €)ve — be(t, E)v + () Jv[?

+ (vu + %aa(t,g)vtr + (“—%—512- — be(t, €) + &° (5)3),%]2}.

Here p(t) is positive and determined later on. Thanks to the conditions (1.4)
and the term £®(£)2, this energy can be bounded from below by the absolute
values of v, v; and vy, While we can also easily see that this energy is bounded
(from above)} by the absolute values of them. Therefore the energy inequality

based on (1.15) can be changed into the one based on the absolute values.
Defferentiating (1.15) in ¢, by (1.10) we get
d
(116) 2 (E2,) = ' (B)Q)5 B2,

+ 2.9“’“”‘5)5§R('al(a.s — a)vg — (be — B)vy + €%{€) 20, + ialv, ~ blo,
Ugy + 3Qeu; — v + a“(f)iu)

4 zeﬁ(t}(f}ﬁm( iqvm 4 buy & & L b

—1avge + 0V 5 delut + sa U, Uyt 5 Ge e
. (1.2 5 vl
+ 2(_45 — b+ e"‘({)?,) e’ ERuy, vyy) + ePHEN (aaaa; — b’s) fue |2
(=pNEVSE:  + I+ T+ III+1IV).

- 8-



In order to further estimate the derivative of the energy, we shall pick up
the term I. We first rewrite T as follows.

(117) I =2(ac — a)e”(t)m:%(i(vu + %Ge”t), it + iae vy — bev + 5“(5)3'“)
+2(a, — a)ep(t)(ﬂﬁm(%asvt, vy + fagv — bev + EQ(E>E'U)
— 2(b, — b)eP ML R (64 (E)EU ¢ €T (€} (’Uu +iaevy — bev + &7 (E)i'”))
+ 2e¢ ({)36"(”(5):%(6% (E)évh =¥ g, : (vee +iaeve — bev + 50(5)3“))

+ QaLep(t)(‘f)zﬂ?(is% (g)éut, g*%(g);% ('Uu + ta.vy — bev + s“(&)ﬁv))

.Y e i . ,
+ 2—~——-——*_b€ = Ei(f)z ef )(E)“m(—vu - Eaevt, Uyt +iactp — betr + Ea(ﬁ}uv)
—be @l _ L : o2
+ 2me-ﬂ %(—-éasvt, Vgt -+ 10Uy ~ bs*u -+ £ ({)yv)
£
—b!
+ QW DO vy + iavg — bew + (6 20|,

For this expression, we remark thet the denominator of the fraction in the last
three terms is not zero, since —b, is non-negative by the condition (1.4).
Noting the definition of the energy (1.15), by(1.13}, (1.14), (1.17) we obtain

(1.18) T <Coe? (5)039(*)(5)5{ vtlz + v +ia vy — bov + £ (E)ﬁu]z}

+ Coe? (E)ue”(”(‘s):{-‘lia§|vt|2 + [vse +iaeve — bev + s"‘(E)EUP}
4 Coe® (£)2ePN8) {a% (Eulvel® + 77 () vee + dacvy — bov + £ (E)Ev|2}
+e2(€)2eP O Lo (g), [ul? + e~ (€)7o + v, = bev + £2(6)20] "
+ Coe¥! (f)uep(tm): {5% (§>V|'Uf,|2 +e7% (&)51 |”Uu +iazv; — bev + €% (E)?ﬂ’lz}
+ 005-1ep(t)(é)ﬁ{lvu + é_ae?}tl? + v +iaevs — bev +s°‘(£)3v]2}
+ Cos"le”(t)(e):{iaﬁlvdz + |ver + 3acvy — bev + & (i)ﬁvﬁ}
+ 2C0e 1P oy, + iy — bov + e {€) 20|
SCoct (€), B2, + CoeF(€)u BL, + Coe® (6), BZ, + e¥ (€}, EL
+ Coe™ B2, + Coe ‘X, + Coe™ Y E? , +2Cee™ B2,
=(3Co + 1)e ¥ (€), B2, +5Coc ™ L,

here we used 2R(21, z3) < |z|? + |2o|? for Y2y, 25 € CL.
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Secondly we shall estimate the other terms. From the definition of the
energy {1.15) we also find that

P . a
119) B2, 200 {zal b (@ ol 2 ?OO8 ol (€), luifh.
Dealing with the terms IT, III and IV together, by (1.13), (1.14) and (1.19)

we obtain

x 1 «
(1.20) II + 11T+ 1V = 26”(':)(5)”?}2((—5&&5 + b+ :]i-ag)ut, 'U“) + ep(t)(f)"m(m’svn Vi)

1 "
+ 56”(”(‘5)"@‘;&5[1115[2 + I+ IV
= a.(a. — a}ep(t)m:?}?(vt, vge) + 2(b — b, + sa(g)i)e”(‘)(‘f):%(vh V)
T s e? OO g f 4 (b, OO w2 1 ol P OOER (i, ve,)

sl ;
= 2(a. - a)e”(m‘f)yé}?(iawt, Ve + %aew)
+2(b — b, + £%(g)2) e”® (€>3§R(a% ©dv, e~ T(E)77 (vyr + %asvt))

+age”#(€); 1P e ® (€) funf? + (~bL)e T (6); 2P DO (€)] fue [

”® i a i a -1 ;
+ 20 OOIR(Zet (©F, 1O (o0 + acu))
i

+ ZaLeP(t)(f)ﬁﬂ‘?(;—v;, ~——2-a€u.;) (: m% X “third term")

< C'oe%(f)yep(t)('f):{iaflwlz + ,ﬂct + %asvtlz}
+ (Co + D@0 {8 (6) o[ + =% (€05 ows + aene]}
+ e EHE) e F(E) 1P| R () |
+ Coe™ HeNTe 72 (6); 2 O (g fudl”
+ Coe? 71 (g), e MR {E% Eutvel® +e7 3 {8 o + %aevclz}
< Coe¥(E)L B2, + (Co + 1)t (€),E2,
+ %ga"lEfl,, +Coe 'EI, + Coe ™ EZ,
= (2Co + 1)e T {€), B2, + 2005"1133,“,
here we used R(iz, z} = R{i|z|*} = 0 for Yz € C.,
Therefore by (1.16), (1.18) and (1.20) we have the estimate
(1.21) L(B2,) < P ONOSER, + Cret () B2, + Cae T 2,

dt
where C; =5Cy + 2, Co = %Co.
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Thus Gronwall's inequality yields

t
E?,(t,€) < BZ,(0,¢) exp[fo {P(THOE + Cref(€), + Cgs'l}dr] for ¥t € (0,T].

2 ...
Since s(= k1) < 1'2+ 2, we find & — k < 0 and (€)7% ° < pFE",

Hence we take & = (£), *** and obtain
t
EBe(t:6) < B2, (0,6) exP[(&)ﬁ‘/O {P'(T) +{C1 + 02)V2_42"=""n}d7”]

= EE,U(O,g) exp [(&),’,‘{p(t) ~po+ Catu?%&"‘}] for Yt € (0,77,
where pg = p(0), C3 = Cy + Cs.
Moreover we determine p(t) = po ~Caty™E ™ and choose v > 0 such that
()= po — C’aTVf%E—“) > 0 for any given T > 0.
Finally we have the energy inequality

(1.22) B2, (&) < B2,(0,6)  for Yte [0,7] and V¢ € RY.

1.4 Energy inequality in case of k=1

We next treat the case of k = 1 which implies that the coefficient a(t,€)
belongs to Hélder class while b(t,€) belongs to C* class in ¢ at least. Therefore
we shall only regularize the coefficient a(t, £) as {1.11), and get

(1.13)’ laL(t, )] < Coe™F ~Hg)u,  lac(t,€) ~ alt,€)]| < Coe

atl

(P
With the coefficients a.(t,£), b(t,£) we shall define the following energy.
(1.23) E. ,(t,£)? =ePWEX {!vn +iac(t, &)v, — b(t, E)v + e F(¢) 2|2

) 2
Vee + %as(t,‘f)vg,z + (aa(iig) —_ b(t,f) +El+a<§)‘2})’wl2}'

Defferentiating (1.23) in ¢, by (1.10) we get

+

(1.24) %(EE,U) = g/ (t0ESEZ, + 2e"<”*<>'v‘m(i(as — o) + & () 2v, + ialve — by,

vy + 1a.v, — bu + a”“‘(&)ﬁv)

+ er(t)(ﬁ):gﬁ(_z‘auu + by + %agvu + %a’svg, Uyt + ';'asvt)
2 x at
+ 2(24_5_ _ b+61+a<£>5)ep(t)($)um(w, vge) + eP (e (aaga; - b’)lvcl2

(=pUOSEL, + I+ 1T + 11T + IV').
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Noting that
-5 < l(_b +El+a(5 3)"'
—b+81+°’(€)3 - (—b + 61+u<€) )1‘T+—a ({) 1+a

= (1+a)|{ (~b+e (@) = } |10 ™,

similarly as §1.3, we can estimate I’ and II' + III' + I'V' as follows.
(L%)F:ﬂ@r-@gm@ﬁmG@u+%%mLtm+d%m~wv+e”“@ﬁ@

+ 2{(a, - a)e”“)(‘f)zﬁ(%&svm Vee + daev: — bv + ' (E}Ev)
+ 2610 (g)2 PSR ( e ({:)uvh - e (5)"L (vee + tagvy — b + gtte(g)2y ))

+2a’£ep(t)“)3§R(is 4&(§>§‘Ut: BN (Utt+'ba-svt—bv+€1+a<§> ))

b § ; |
+2 —b -+ &-1+a<§>2 ep(t)(auﬁ(—vtt - Ea'svt: U + 1@V — b + 61+°‘(§>3u)
1

___b! I3 T: N
+ 2—b PSETYY e”””ﬂvm(—iasut, Vgt + 10,0y — b +el+°'(£)3v)
[

+ 2

: o ,
eyl iae — b+ el

<Coe 3 (§) B2, + Cos ™5™ (€),E2, + 7% (), B2, + Coe ' E},
(—bw”ﬂ(e)u)m} 1e“l<s>:1'*%E3,.,
+ (] (o +erie) ™= e e TR,
v ta)|{(-b+e o)™ ) et T B,
= (2Co+1)e .2, + Coe B2, + 41 + )| { (b + e @) ™ e ™ B2,
(1.26) II' + 11T + 1V’

=2(a, — a)ep(t)(ﬁ)fgﬁ(%asvh Yy + %aeut)

+2£1+a<£>2ep(t)(5)ﬁ§}it(g T (‘5)“”!, £ T(§ (,Uu+ Qaavt))

+

+

T E)ulue? +

- 2oy lbarey2Y |, |2
b+eHaKﬁﬁmﬁ)(b+° “(€0) lue

+ 26, O R( L (), e (07 (v + 50000))

5 C‘ -
<Coe FENEL, + e F WEL, + ST L,

+(+a)|{(-b+ .-:1+ﬂ(g)f,)m‘} o1 ey, T B2, + Coc B2,

—(Co+ DT (B2, + SCoe™ B2, + (1 + a|{ (=0 £1o(e)) P | e (0T L
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Therefore by (1.24)-(1.26) we have the estimate coresponding to (1.21)

d a
S (E2) S AWSER, + Cac™ (€), B2, + Cse T EL,

l

Gof{(-b+ev ™) e e 2,

where Gy = 3Gy + 1, Cs = £C, Cs = 5(1 + a).
Thus Gronwall's inequality yields

0.27) B3,00.6) < B 0.0 0] [ {#(0)(e)5 + Cae*E* 00, + O
+c'6‘{ 7) +eltofe )3)m}‘e*1(§);ﬁ?}dr] for V¢ € [0, T).

Now from the condition (1 4) we can apply Lemma 1.2 to (1.27). Since

2
s(=k71) <1+ 42 wefind 72—k < 0and (£)77 " < v5ta =", Hence we

take ¢ = (&), s and obtain
2 2 K ‘ / T K
B2, (,6) < EL,0,00exp (0)5 [ {#/(r)+ (Ca+ oo
+C'5]{( ~b(r) +eite(¢)? +“} I(£ 7,5k "}d’r]
< B2, 0.0 exp[(@)5{n(t) - oo+ (Crt+ 41 (0) v "}]  for Ve efo,T),
where C7 = Cy + Cs, ¢1(t) is a bounded function independent of £ and satisfy
$1(0) = 0 and $:(t) = CsC(t) || b + e +*(¢)2 Ilcx+u (€); .

Moreover we determine p(¢) = po — (Crt + ¢1 (t))um_ , and choose v > 0
such that p(T)( = po — (C7T + ¢1(T))VT42-'5"”) > 0 for any given 7' > 0.

Finally we have the energy inequality

(1.28) EZ(t,6) <EL,(0,6) for'te [0, 7] and "¢ e RY.

1.5 Energy inequality in case of k > 2

We finally treat the case of k& > 2 which implies that both coefficients
a(t,&), b(t, €) belong to C! class in ¢ at least. Therefore we need not regularize
the coefficients a(t, ¢), b(t,€).

~ 13~



With the coefficients a(t, §), b(t,€) we shall define the following energy.
(1.29) E. , (t, €)% =)} {Im +ia(t, E)ve — b(t, E)v + T (€)2v|?

+ o+ zalt,Eu| + (ﬂf)i = b(t, €) + £+ (6)2 il }.

Defferentiating (1.29) in ¢, by (1.10) we get

d E2)) = N EL,

(1.30) dt(

+ 2ep(t)(£)"§R(Ek+a(£>E-Ut +id'vy — b, vy + dav, — bu + Ek+°(€>31})

" i g i
+ 2ep(t)<5}v%(—-§avu + but + Ea"vt, Vi -+ Eavt)

a2 x 1
(=B, + 1" + II" +III" +IV").

Before we estimate the terms I” and I1" 4 ITT" + I'V", we shall culculate

the parts concerned with the coefficient a(t) in advance. From the condition

la(t)| ( € CM{0,T))), we can see |a/()] = | la(t)|’|. Hence it
holds that for w(t,§) = vy + da(t, é)v, — b(t,E)v + s"’"‘"‘({)zv or vy + iaft, €)v,
(1.31) 2d'eP®EH §R( (|‘2‘| E%E(ﬁ)u)%vt, (% (f) ) )
<laeri0s (g ot Y+ (Yl e252000,) 7 i)
Edor 251 !
- H(J?['{*E-%—(g)") }leP(E) ( +€k+a<§) )IU |2+2 (J'_[._|_ T<E>") eﬂ(f)ﬁ|w|2

@t ghta(g)2 4 lal L 52 g),

Meroyl, era],
(557 e) T,

2

< sk +o] { (1 442 40,) ™ }Jeri00 T 2,

2(s + "—(g) RICET
rop(tYEYet., |2
(1.32) aale™E hul" < o el

kta 251 ‘
MO e (v o) eows,
+

In (1.31), (1.32) we used 3‘43 + ghte(g)? > %(J— + e (e, )

2),)

2
e % (S +e5+o(6)2 ) unf?




’ _ 2

Noting that W (k + o) ]{( —b 4 ekta(g)2 )Fi?} 15"1(€)um,

and using (1.31) with w(t, &) = vy, + ta(t, &)vy — b(t, £)v + €6+ (€)2v, similarly
as §1.3 and §1.4, we can estimate I as follows.

(133) 1" =2ek+2 () 2P OOTR (58 ), €= 4% ()5 F (uue + vy — bv + 5+ (6)}0) )

i
+ 20/ PR (M +e50,) o,

(l_;l + EHTa (5):1) h ('Utt + iav, — bv + €k+a(§)3v))

b . ]
PR~y — ~au, vy +iav, — bo + £+ (6)20)

b e
b
b T e

_b+5k+a(€)3
<t (6, B2, + 3k + o) { (I 4 420,) ) |00 o B2,
{ (=b+ e*¥a(e )#}’

k-+-crH (—b + ") )Iﬁ l
20k + )| { ( (~b+ebreiey2) e}
(B+e0.)™
+4(k+a)|{(~—b+e:’°+“(5 )m}‘ gy PR E2

As for IT" +IIT"+IV" using (1.31) w(t, £) with v+ £a(t,)ve and (1.32),

similarly as §1.3 and §1.4, we can get
(L3I + [1I" + IV" = 2a’°+a(§)3eﬁ<*)“>3m(e"—¥3(g)é v &~ 265 7 (v + %aue))

PO (b 4 gk+e (£)2) [, |?

+2

o POOIR(~ L ave, v+ iav, — b+ H*(6)30)

) P lvg + iav, — b + ak+°’(5),2,v|2

+et+o e E), TR B2,

_.2
5—1(6)‘-’ mEg,u

e-l(ef*'%?E”

k4o

=5 (6), B2, +3(k + o) ey e B2,

\ —b+;’i“(£>3
+a’ep<f)5%(z’(|%l- +EHT°(~5)U) %v (l-Cﬂ + E%E(ﬁ)u)—% (vu + %avt))
< B +2k+a){{( v 0,) T Y o e,

+(k+a)|{( —b+efte(e }[ ~1e), m};ﬂ

Lura|{(feer (5);,)"3*?} =1 er ™ B2,

— 15—

1 ;
4 ,éaa:epmm, e +




k 3

=" () BE, + (k+0)|{ (b + eFF ()2 |ev@r = &2
e al{( vt i0.) Ve B2

Therefore by (1.30), (1.33) and (1.34) we have the estimate

d

Z(B2,) < P(QSEL, +Coe ¥ (6), E?,,+09|{(—b+sk+“<s>3) o= Vleie), 7o B2,

a kto ) —- o
‘l"clﬂi{(l I+ T(E ) ) }1 1(6 .k+_ £u1
where Cg = 2, Cy = 5(k + @), C1p = 2(k + ).
Thus Gronwall’s inequality yields

72,0 < B0 exp | {p'(r)<e>:+cas"-*?<a>u+cgl{(~b+ek+a<e>£)*%}'ls*<e>:*%
+C'1o|{(la| (5) ) } 15_1(5);1;%?}037] for 't € [0, T

Hence we shall also apply Lemma 1.2 to this inequality. Noting that s(=
<1+ —i* (———-2+k+a k< 0) and taking € = (§)v ~75kre , We obtain

E2,(4,€) < E2,(0,€) exp|(€): /0 t{p’(r) + Gy TeEE "
+ Gol{ (~b(r) + e=+2()2) 7= } | ()7 = e
+ C'lol{(mzﬂl -1—5%”3(5)”) m} |<§)V T Vﬁ-ﬁ;—x}dr]
= EZ,(0,¢) exza[(ﬁ)ﬁ{p(t) — po + (Cst + ¢2(t))ya—+—fn—~}] for Yt € [0,T),

where ¢(t) is a bounded function independent of £ and satisfies $2(0) = 0 and

da(t) = CoC(t) || ~b+e"7(¢)] |lck+a (927 +C1oC(0) | ~|~—|+E R |Ick+e. ()™

Similarly as §1.3 and §1.4 we determine p(t) = po — (C’st-i—gbg(t))vﬁ%ﬁ"”,
and choose v > 0 such that p(T)( = po — (CsT' + ¢2 (T))uﬂﬁ?—“) > 0 for any
given T > 0,

Finally we have the energy inequality

(1.35) E?,(t,6) < E2,(0,€) for "t€[0,T] and Y¢ € RE.

~ 16—



1.6 Proof of Theorem 1.1

Putting
ag(t, &) fork=0,1 bo(t,§) fork=0
1,36 a(t, &) = bey(t, €)= '
(136)  a@(®:¢) {a(t,{) for k=2,38,--, @) {b(t,&) fork=1,2,--,

we can alter the definitions of energies (1.15), (1.23) and (1.29) into the follow-
ing.
(1.37) Be (8, €)% =ePtREN {Ivu +ia(e)(t, €)ve — biey (8, E)v + X6 v?

2 2 ) (t,€)? :
+. "Utt + %a(e) (ta g)vt\ + (9"(—)""(1“"6")" - b(s)(t:g) + 6’"+°’(£),2,)|Ut|2}-

Since the energy inequalities (1.22), (1.28) and (1.35) are same, it holds that
(1.38) E2,(t,6) < E2,(0,6) for Yt€ [0,T) and V¢ € R}

We shall change the energy inequality (1.38) into the inequality based on
the absolute values of v, vy and vy. For this aim we must investigate the
relations between the energy (1.37) and the absolute values of v, v, and vy,

From the definition of energy (1.37) we can easily see
x /Q t 6 2 K T-ﬂé_—
(130) Ef, > PN (—(‘-’—(f-)— — by (£,€) + (€N ) [uef? 2 PN ()T .
We can also find

. 2
“ 1 2 a
(40) B2, 2 @O oy 4 Zagyu| + L]

2
w1 S| ) a
= e'a("‘)(‘s)"{~2-|‘vu|2 + Elvuiz + gR('Uu, 1&(5)‘!}5) + "i;ll’ﬂtlz}
(1 1 . 1 "
= gP(tHER { §|’um|2 + Elv“’ + m(g)vdz} 2 Eﬁp(t)(g)"IUtﬂz-
Moreover we can see

" H 1 ! 2
(1.41) Esz,u z Bp(t)(ﬁ)”{ ('Utt + "2"0,(5)'0;,) + (Ea{g)’ﬂt - b(e)'” +5k+a(§)3’0)‘

i 2 a’%s) 2
+ ‘Utt + EG(E)WI + T|Ut| }

x 1 1 71 2
—_ eP(”(f)u { ’ \/§(Utt -4 :?-a(s)’Ug) + -—\/—_-2' ('2-03(5)111', - b(s)‘U + 5k+a(€).2,v)

i

2
1 . 2 a-( )
+ 515%)!& — by + e | + e[}

114

. 2 a?
> P} (€)0 {E‘Ea(a)yt — b(s)'u + Ek+a(£)5v + -L;llvdz}
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11v3: 1
— eP(E { ' a’(s)ut + f

1 ~ 1 x 2
> 5em(i)(ﬁ).,E2(J'=+o:) (&Y 0% = §ep(t)(£>v(§)3+"¥+_u |2

)

( b(s)v+€k+°‘(€ )i + 3 |—b(e)‘b’'i-*'="°+°‘(§)2

While the energy E. . (0,£) can be also dominated by the absolute values
of the initial data. From the definitions of the energy (1.37} we get

(142) B (0)* = %97 {ug + ey (01 — biay(O)wo + € 7(€) vol?
+ \Uz + —;—a(s)(o)m‘z + (M — bey(0) + 5k+a(€>3) |U1|2}
= e (a2 + (S0 (0)2 = by (0) + e 4(812 )l + 202, Jacey (O,
+ (=b(e) (0) + ¥ (6)2) ol + 2R (v2, (=biey(0) +5+*(€)2)vo)
o+ 2R(iage) )1, (~biey(0) + (€} )uo) }
< gPaidly {4]1;212 + (-{—?a(e) (0)2 — by (0) + Ek'l"a(f)fa) NG

+3(—b()(0) + s’”“(é)ﬁ)zlvolz}
< Ceroléls ((&)3|U0|2 + {62 + |'L’2|2)'

Using the energy inequalities (1.38}, by (1.9) and (1.39)-(1.42) we have the

energy inequality based on the absolute values of v, v; and vy
® 3 4
eP(ENENS ((6)3+E_+a"|,u|2 + (g)v'z_+‘k_+‘a‘lvt12 + |'UttI2)
<3 Cape? 05 (&) lwol® + ()3 1v1 [ + w2 (< e0),
- and by square root of the both sides we also have
o8 gy 0o TFEE rhra
(1.43) e " 0 ()57 u] + ()57 [ue + [vnel)
<2 CapeTE ()2 ool + (E)ulva +lva]) (< o0).
Putting u(t) = 3p(t), o = 3P0, We can see that (1.43) implies (1.7). In
vitue of Paley-Wiener theorem, {u{-,t);t € [0,T]} is bounded in G§. Thus

taking into account that u is a solution of (1.1}, we find u € C*([0,7], G}).

This concludes the proof of Theorem 1.1.

- 18—



