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We present results of a high statistics calculation of hadron masses and meson decay constants in the
quenched approximation to lattice QCD with Wilson quarksBat 5.85 and 6.0 on 2454 lattices. We
analyze the data paying attention in particular to the systematic errors due to the choice of fitting range and due
to the contamination from excited states. We find that the systematic errors for the hadron masses with quarks
lighter than the strange quark amount to 1 to 2 times the statistical errors. When the lattice scale is fixed from
the p meson mass, the masses of fBé baryon and thep meson at twgB’s agree with experiment within
about one standard deviation. On the other hand, the central value of the nucleon rgas8.@{5.85 is
larger than its experimental value by about 1828%) and that of thel\ mass by about 15%1%): Even when
the systematic errors are included, the baryon massgs-&t0 do not agree with experiment. Vector meson
decay constants at two values @fagree well with each other and are consistent with experiment for a wide
range of the quark mass, when we use current renormalization constants determined nonperturbatively by
numerical simulations. The pion decay constant agrees with experiment albeit with large errors. Results for the
masses of excited states of thaneson and the nucleon are also preserfi®8556-282196)00711-4

PACS numbd(s): 11.15.Ha, 12.38.Gc

[. INTRODUCTION lated one-mass fits to hadron propagators, systematically

varying fitting ranges[5,12]. Assuming the ground state
Although there have been many efforts to calculate hadominance at large time separations, we estimate systematic
dron masses in lattice QCD by numerical simulations, it ha€rors in hadron masses which cannot be properly taken into
turned out that the derivation of convincing results is much2ccount by the standard least mean square fit when the fitting

harder than thought at the beginning, even in the quencher&"nge is. fixed. It is shown that, for the hadron masses with
L uarks lighter than the strange quark, the systematic errors
approximation. For example, before 1988, there was a larg

\ ) mount to 1-2 times the statistical errors. We then perform
discrepancy among the results for the mass mafidm, ob-  correjated two-mass fits, again varying fitting ranges. We
tained for 3=6/g”=5.7-6.0 and in the quark mass region fing that the ground state mass is consistent with that ob-
corresponding tan/m,=0.5. The discrepancy was caused tajned from the one-mass fit within the statistical and system-
by systematic errors due to contamination from excited statestic errors. Finally, we extrapolate the results of hadron
[1,2] and effects of finite lattice spaciri§] and finite lattice  masses at finite quark mass to the chiral limit, taking account
volume. Recent high statistics simulations employ latticessf systematic errors both due to the choice of extrapolation
with a large temporal exterfd—6] and/or extended quark function and due to the fitting range. We also study meson
sourceg5-11] to reduce fluctuations as well as the contami-decay constants in a similar way.
nation from excited states. However, a long plateau in an We use a point source in this study. Historically there was
effective mass is rarely seen and data for effective masses report that numerical results for hadron masses appear to
frequently show large fluctuations at large time separationsdepend on the type of the source adopi#8], although it
The uncertainty in the choice of fitting range is, therefore,was afterward reported in some works that the masses are
another source of systematic errors. In order to obtain reliindependent within statistical errof5,6]. Note in this con-
able values for the spectrum, it is essential to make a quamection that there is no proof that the value of a hadron mass
titative study of these systematic errors. is independent of the type of source in the case of the
In this paper we report results of a high statistics calculaguenched approximation, due to the lack of the transfer ma-
tion of the quenched QCD spectrum with the Wilson quarktrix, and that there is the so-called Gribov problem for gauge
action atB=5.85 and 6.0 on 2454 lattices. Our major fixing which is necessary for almost all smeared sources.
objective is to calculate light hadron masses as well as meJdnder these circumstances it may be worthwhile to present
son decay constants, paying attention, in particular, to théhe details of the results and the analysis with the point
systematic errors due to the choice of fitting range and due tsource as a reference. The method of analysis of the system-
the contamination from excited states. In order to estimatatic errors in this work can be applied to the cases of smeared
the magnitude of these systematic errors, we perform corresources too.
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TABLE I. Hopping parameters and average number of iterationgMarinari-Okawa algorithm with an eight-hit pseudo-heat-
used to solve quark propagators. Approximate valuesrfp/m,  bath algorithm for three S@) subgroups. The acceptance

are also given. Table VIII contains precise valuesrfgy/m, . rate is about 0.95 for botjg’s. Each configuration is sepa-
rated by 1000 sweeps after a thermalization of 6000
B=5.85 B=6.0 sweeps apB=5.85 (6.0).
K No. iteration K No. iteration  m,/m, The quark propagatd® on a configuration given by

0.1440 803 0.1450 9&:3 0.97

01540 1610 01520  16@10 0.87 S D(K,n,m)G(m)=B(n) 4)

0.1585 42@45 0.1550 38&:40 0.70 m

0.1595 6175 0.1555 43@45 0.64 . . .. . .

0.1605 1856-410 0.1563 1118170 0.52 is constructed using a red-black minimal residual algorithm,

taking periodic boundary conditions in all directions. We
employ the point source at the origB(n) =4, .

Numerical simulations are performed with the QCDPAX ~ The convergence criterion we take for the quark matrix
[14], a MIMD parallel computer constructed at the Univer- inversion is that both of the following two conditions be
sity of Tsukuba. For the calculations performed in this work,satisfied:
we use 24 18 processing units interconnected in a toroidal

two-dimensional mesh with a peak speed of 12.4 GFLOPS. VIRI?/(3x4xV)<107%, 5
(The maximum number of nodes is 220 with a peak
speed of 14.0 GFLOPSThe sustained speed for the Wilson max, ¢ «f|Re s(N)/G¢ s(N)[}<0.03, (6)

quark matrix multiplication is approximately 5 GFLOPS. _ )
The calculations described here took about six months on th¢here |R| is the norm of the residual vector
QCDPAX. R=B—D(K)G, V=L3xT is the lattice volume (=24 is

We start by giving in Sec. Il some details about our nu-the lattice size in the spatial directions afie- 54 is that in
merical simulations. Then we derive hadron masses at finitthe temporal direction andc ands are color and spin indi-
quark mass in Sec. Ill and perform two-mass fits to estimat&€s. The average number of iterations needed for the conver-
the masses of excited states of fheneson and the nucleon 9ence is given in Table I. _
in Sec. IV. We extrapolate the results to the chiral limit in ~ Selecting several configurations, we have solved (&J.
Sec. V. Section VI is devoted to the evaluation of mesoreXactly within single precision to construct an exact hadron
decay constants. In Sec. VII, we give conclusions and disPropagator and compared it with that obtained with the stop-

cussion of the results. ping conditions above. We find that the difference in a ha-
dron propagatoffor any particle at any time sligés at most
Il. NUMERICAL CALCULATION 1% pf the_ statistical error estimated using @lDO or ZOQ
configurations. Therefore the error due to truncation of itera-
We use the standard one-plaguette gauge action tions is small enough and does not affect the following

analyses and results.

We useul'd for meson operators with = yg for r,
i vovs for o (7), andy, for p. For baryons, we use nonrel-
ativistic operators

2
sgzyip‘, ReT(Up) (1)

and the Wilson quark action ,

Sy=— > ¢(m)D(K,n,m)y(m), @ M= uirydi, 1=12 7

nm i
D(K,n,m)= 8y m— K% {(1=7,)Un 80t pom A= eabci,Jz,k S, 1==asv2 @
+(1+ VM)UL,ﬁmw,n}' (3  wherers is the third component of Pauli matrices agdis

the projection operator to thk=3/2,J,=1 state. We also use

whereg is the bare coupling constant aidis the hopping antibaryon operators obtained by replacing the upper compo-
parameter. nents of the Dirac spinor in Eq§7) and (8) with the lower

Simulations are done on 2454 lattices at components.
B=6/g*>=5.85 and 6.0 for the five values of the hopping We average zero momentum hadron propagators over all
parameter listed in Table I. The mass ratig./m, takes a  states with the same quantum numbers: three polarization
value from 0.97 to 0.52 and the values roughly agree wittstates for thep meson and twdfour) spin states for the
each other at twgg’s for the five cases of the hopping pa- nucleon Q). Then we average the propagators for the par-
rameter. We choose the values of the third largest hoppintjcle and the antiparticle: For mesons we average the propa-
parameter in such a way that they approximately correspongdator att and that aff —t, for baryons we average the propa-
to the strange quark. gator for the particle at and that of the antiparticle at

We generate 10002000 configurations with periodic T—t. In this work we only calculate the masses of hadrons
boundary conditions at3=5.85 (6.0) by a Cabibbo- composed of degenerate mass quarks.
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2.0 . . . ————r Go(t)=A{exp—mt)+exd —m(T—1t)]} (10
18 [ ——e t=12
I R p meson for mesons and
1.6 v----vi=20 B=6.0 K=0.155
=14 oot Go(t) =Aexp(—mt) (11

for baryons.(We will discuss the masses of excited states
later) We perform least mean square fits taking account of
time correlations, minimizing? defined by

tmax

X=X

tt' =tmin

{G(H)— Go(D}CHt,t){G(t') — Go(t")}
(12)

where C1(t,t") is the inverse of the correlation matrix
C(t,t") (tmin=t,t'<ty.). Errors are estimated by two
methods. One is the single elimination jackknife method tak-
ing account of the correlations among the propagators at dif-
ferent time separations. Another estimate of the error is ob-
tained from the least mean square fit itself. A linear
népproximation to the fitting function around the minimum of
x? gives a linear relation between the variance of the fit
parameters and the variance of the propag&tft) for the
fitting ranget=tn—tmax- The relation leads to the error

FIG. 1. Statistical errors in effective masses for theneson at
B=6.0, K=0.155 versus the bin si2dg. The errors are normal-
ized by those foNg=1.

The statistical independence of hadron propagators is i
vestigated by the following two methodd) We divide the
total propagators into bins g successive ones and apply
the single elimination jackknife method té.,.;/Ng block-
averaged propagators. We find that the errors in variou ropagation rule which relates the correlation matrix
guantities do not change significantly even if we change th (t.t') to the error(and the correlationof the fit param-
bin size. Figure 1 ShOWS typicql results for the bin size de'eter’s. We find that the errors obtained by the two methods
Egﬂg%ﬁgemogetheenzgg{ Tveefgicg\éf t?;f;%'eh;rg?rgﬁ;{; q r&re of the same order and that the error obtained by the
the set ofN co%figurati,ons A (Np) behaves as %ckknife method is slightly0% to at most 40%larger than

’ that by the least mean square fit. Hereafter we quote the
A(N)~1/\N.

9) former error for the sake of safety, unless otherwise stated.
We check that this behavior is approximately satisfied using

the propagators calculated on the fisstonfigurations. Fig-
ure 2 shows typical results for tii¢ dependence of the error
in effective masses.

B. Fitting ranges and systematic error analyses

In order to obtain a ground state mass, we have to choose
carefully the fitting rangée ,i,—tmax iN such a way that the
contamination from excited states is negligibly small. We fix
tmax= T/2 in order to take into account the data at as large
distances as possible. For the purpose of fixipg, we
make fits to a rangg)—T/2, varyingty which is a candidate

The ground state masses of hadrons are extracted by fift(-)r tmin. Then we investigate they dependence of the fitted

. X : 7 “massmg and x?/Npg, Npg being the number of degrees of
ting the hadron propagatofs(t) to their asymptotic forms: freedom, together with thé dependence of the effective

massmgy; defined by

. HADRON MASSES

A. Fitting procedure

4.0

\ p meson
W\ B=6.0 K=0.155

—— theoretical
e =212

----- t=16 E
——=— t=20
—-—- {=24

We plot in Figs. 3, 4, and 5, as examples, the results for

X?INpg, Mg, andmgg at 3=6.0, K=0.155 for the pion, the

p meson, and the nucleon, respectively. Common features of

the time slice dependences pt/N pg, Mg, andme for all

cases including the other cases which are not shown here can

be summarized as followgDiscussion on each patrticle to-

gether with a complete set of figures for effective masses will

] be given below.

(1) When we increask, starting from a small value such

0 p 1(')0 1é0 2(')0 asty=4, x?/Npg decreases rapidly fr'om a large value down
N to a value around 2.0-0.5 and stabilizes. We detiptehere

the stabilization starts as,2. The stabilized value of

x%/Npe depends on the particlgd, andK. In Table Il we

give t,2 and X2IN pe at t,2. We note thatt,> values for

lighter quarks are smaller than those for heavier quarks.

g
(=]
T

N conf)

o
o
T

Am(N)/Am_(N

—_
o
T

FIG. 2. Statistical errors in effective masses for theneson at
B=6.0, K=0.155 versus the number of configuratidds The er-
rors are normalized by those for=N,,~=200.
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FIG. 3. Fitted massny, for the pion at3=6.0, K=0.155, ob- FIG. 5. The same as Fig. 3 for the nucleon.

tained from one-mass fit to a range-T/2 and the value of
X%/Npg of the fit versust. The error bars fomg, are statistical
uncertainties estimated by the least mean square fit. Effectiwgw
massesng; with errors estimated by the jackknife method are also
given.

(3) The value ofmg, in many cases is still decreasing at
t,2. Similar phenomena are reported by the UKQCD Col-
laboration[12]. Although probably the large statistical fluc-
tuation mentioned above is a partial cause of this phenom-
enon, the possibility that excited states still contribute at
t~t,2 cannot be excluded. It is difficult to clearly separate
out the effects of excited states from the statistical fluctua-
tions.
From these considerations, we do not simply takeas

tmin.- IN order to remove the contamination from excited

ptes as much as possible, we proceed in the following way.

e taket,;,, common to allK’s for the mesons and for the

aryons, respectively, at eagh in order to avoid a subjec-

From the point of view of the least mean squareftfjt, as
well as any value ot>t,. are candidates fdyy,.

(2) Although mg4(t) and mg(t) almost stabilize around
t~t,2, aclear long plateau img is rarely seen and the data
of mg; frequently show large and slowly varying fluctuations
at large time separations, as shown in the figures. If the fit
ting range is fixed case by case based on a short plateau
Met, this may lead to a sizable underestimate of statistic

errors. : ; :
tive choice case by case. Therefore, we requjsg=t, for
all K’'s. We further require that,,;, always lies in a plateau
g'g [ ' ' ' T '2 when a clear plateau is seen in the effective mass plot. In
15| LWX fdf cases where two plateaus are séeg., see Figs. 3)5we
1.0 | t, require that,, is larger than the beginning point of the first
g-g [ . e . plateau. We also pay attention to the consistency between the
' T . . . choices oft,,, at two B8’s in such a way that the ratio of the
0.450 m values oft,,, is approximately equal to that of the lattice
0.440 \\ - spacings at the twg@’s. Thus we have choseg,,= 12 (15
0.430 N*H for mesons and,,,=13 (16) for baryons ai3=5.85 (6.0),
0.420 - W respectively. The ratio df,,;, at 3=5.85 to that a3=6.0 is
0.410 I approximately equal to the ratio of the lattice spacings,
0.400 a(B=5.85)/a(B=6.0)~1.2.
0.390 ———— : : : : In addition to statistical errors, we estimate the systematic
0.450 t = error coming from uncertainties in the choice of fitting range
0.440 4 il [5,12]. Varying t, from t,2 up to ty,+4, we estimate the
0.430 \.“ upper (lower) bound for the systematic error by the differ-
0.420 W ' ence between the maximufminimum) value and the central
0.410 — q value obtained from the fit withh=t,,,;,. We takety only up
0.400 to t,nt 4, because, whety is larger than this value, data in
0.390 : P— ' ; the fitting range become too noisykor the A baryon at
0 5 10 1t5 20 2 % B=6.0, we varyt, up to t,,+3 because a fit with

to=tmin+4=20 does not converge.
FIG. 4. The same as Fig. 3 for themeson. In this way we estimate the errors in ground state masses
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TABLE II. t,2 and x?/Np at t,2. See the text for details.

B=5.85
K T p N A
t,2 X2/ Npe t,2 X/ Npe t,2 Y?INpg t,2 X?INpg
0.1440 12 0.98 12 1.32 11 1.33 11 1.49
0.1540 10 0.90 12 1.01 11 1.61 11 1.61
0.1585 8 0.72 8 2.04 9 1.36 11 1.18
0.1595 8 0.45 8 1.73 9 1.13 11 1.07
0.1605 8 0.46 8 1.20 7 1.56 9 1.30
B=6.0
K T p N A
t,2 X2/ Npe t,2 X/ Npe t,2 Y?INpg t,2 X?INpg
0.1450 15 0.55 15 1.02 15 0.36 15 0.57
0.1520 12 1.26 13 0.71 15 0.38 15 0.56
0.1550 10 1.39 11 1.42 12 0.41 12 0.94
0.1555 10 1.35 10 1.32 12 0.64 12 1.22
0.1563 9 1.54 9 0.95 10 1.21 11 111

due to statistical fluctuations as well as those due to the poshe decrease becomes slowtatl2, to exhibit a plateau for
sibly remaining contamination from excited states whichtwo or three time slices. The value of.4 decreases further
cannot be properly taken into account by the standard leasfp tot~ 17, to attain another plateau. The plateaus are not
mean square fit with a fixed fitting range. Note that the dataong enough to determine unambiguously the time slice
are consistent with the implicit assumption that the groundyhere the contribution of excited states can be ignored. It
state dominates far=t,,,, when we take into account these ghould be emphasized again thdfNpg are almost identical
systematic errors. Consistency of this assumption is alsgy; the fits with botht, =12 andt ;= 17: 1.35 and 1.16 for

checked by a two-mass fit discussed in Sec. IV. K=0.1550, 1.20 and 1.13 fd¢ =0.1555, and 0.77 and 0.76
for K=0.1563, respectively. See also Fig. 4. Therefore the
C. Pion masses value of y? does not give a guide to determing;,. The

pointt,,,= 15 is located between the two pseudo plateaus at

we showmq at 5=5.85 and,§’=6.0 in Fig. 6. The pion t~12 andt~17. In Table IV are summarized the results for
effective mass has structure with the scale of the standart fits witht.. — 15 together with th tematic error. Re-
deviation even fort=t,2: In some casesg(t) exhibits a e s min ogethe € syste '

; i i r f effective m th
two-plateau structure or slow monotonic decrease. Howevep,e(.:tlng the slow monotonic decrease o eliective masses, the
atio of the systematic error to the statistical error is rela-

the magnitude of the fluctuation for the pion is much smaller’ elv large: the svstematic error amounts to about twice the
than in the other cases. The resulting systematic error is co Ively large. y !

parable to the statistical uncertainty. The results of the fitftat'sucal error for the I.arg_est thr?@s.
are given in Table III. We notice a very intriguing fact: thag; by the correlated

fits to a range fromi=t, to T/2 has a strong correlation with
Mg att=t,. A typical example is seen in Fig. 4. This holds
for the other particles also. This means that the result of the
Fitting to the p meson propagator is more problematic fit to a rangety,—T/2 is mainly determined from data at
than to the pion propagator. Because of this, we will discuss~t,.
it at some length and compare the results with previous In our previous wor4], we analyzed the same set of
works. meson propagators with uncorrelated fits. Paying attention to
Thep meson effective mass &t=5.85 shown in Fig. &  the monotonic decrease of effective masses, we made two
exhibits a plateau fot=t =12 for the smallest twd’s, different fits to estimate the systematic error coming from
while it exhibits peculiar behavior at largefor the largest uncertainties in the choice of fitting range. One is a fit to a
three K's: mgg(t) for t=17-20 is larger than that for ranget~9-11 at3=5.85 (~12-15 ai3=6.0). We called
t=12-16 and it drops abruptly &t&21. We regard this be- the fit the “preplateau fit.” Another is a fit to a range
havior as due to statistical fluctuations. We find that fits to at~11—t,,,,, at 8=5.85 (t~15-t,. at 5=6.0), which we
ranget=12-,,,, are stable fot,,,,=14-27. Therefore we called the “plateau fit.” The latter fitting ranges correspond
chooset = T/2 even for these cases. The results of the fitsapproximately to those we adopt in this work. Becangg
are summarized in Table IV. The systematic error uppeis decreasing, the masses obtained from the correlated fits
bound is 1-2 times larger than the statistical error for theare systematically larger than those from the uncorrelated
largest threeK’s. fits, due to the fact give in the preceding paragraph. The
Figure 1b) shows the effective mass @=6.0. Except mass value obtained in this work is between that from the
for the smallesK, mg(t) is decreasing dt-t,.. The rate of  uncorrelated plateau fit and that from the preplateau fit.

D. p meson masses
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In Table V we reproduce the results for tlremeson  APE result 0.4268) within one standard deviation. However,
masses apB=6.0 for K=0.155 and 0.1563 together with the result 0.416@8) from the plateau fit{=15-27) was
those by the APE Collaboratidi®,7] and the LANL group smaller by approximately twice the statistical error. We re-
[11]. In 1991, the APE Collaboration reported the result ob-garded the latter as more reliable. At that time there was a
tained on a 2#x32 lattice with a multiorigin 7 cubic  report that the mass value appears to depend on the type of
source[7]. Then we made simulations for the same spatiakource adoptefil3]. Therefore, in order to clarify whether
size with larger temporal extef#], 24°x 54, using the point  the origin of the discrepancy between our result and the APE
source. FOK=0.155, the values ahe att~10 arein close  regyt is due to the different type of source, we made calcu-
agreement with APE’s. Consequently the result 0.4280  |4ti0ns atk =0.155 for 400 configuratior] using the point
obtained from the preplateau fit£ 12—15) agreed with the - 5q,rce, the wall source, and the source adopted by the APE

Collaboration. The results obtained from correlated fits for

TABITE I1l. Pion ma§ses ir.1 lattice units. In pargnthgses are efthe three different sources agreed with each other:
r%spgstlmated by_the jackknife method. Errors given in the form0_420129), 0.422819), and 0.424@L9) for the point source,
~iower are for the fitting range dependent upper and lower boundsthe wall source, and the multiorigin source, respectively. The
recent result reported by the LANL group, 0.42R[11], is
consistent with these numbers. It is probable that the slightly
larger value by the APE Collaboration is due to the small

3=5.85 B=6.0
K mg X°INpe K m; x*INpe

0.1440 1.029312 "2 13.7/14 0.14500.80647) 9 6.1/11  temporal extent. The APE Collaboration has also made simu-
0.1540 0.612211)73 10.9/14 0.15200.47729)*J 11.5/11 lations using both the point source and the multicube source
0.1585 0.376112) "% 7.4/14 0.15500.296715) "% 14.1/11 [6] with larger temporal size and smaller spatial size:
0.1595 0.308414)*¢ 5.8/14 0.15550.258816) 71 17.0/11  18®x64. Their results 0.4300) and 0.4283) are consistent
0.1605 0.222621)71° 6.0/14 0.15630.184727)*2° 20.9/11 with other results within relatively large errors, although the

central values are slightly higher than the results by other
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groups. The slightly larger central values may be due to thand 0.1595 ap3=5.85 andK=0.155(see also Fig. band

small spatial size. FOK=0.1563, the results obtained from 0.1555 ai3=6.0. The choicé

13(16) for 3=5.85(6.0)

min—

the correlated fit in this work are consistent with those by thecorresponds to selecting the fifkist plateau as correct for
APE Collaboration and the LANL group, albeit with large the case where two plateaus are observed. Table VI summa-

errors in the results.

E. Baryon masses

rizes the results of the fits.
For A, a monotonic decrease of effective masses at
t~t,2 or a two-plateau structure is seen #r=0.1595 and

Figure 8 shows effective masses for the nucleon aP-1605 at3=5.85 and for K=0.1550 and 0.1563 at

B=5.85 andB=6.0. Decrease ofng; att~t,2 is not con-
spicuous compared with the case of fheneson. However,
we see a two-plateau structure for the case& 6f0.1585

TABLE IV. The same as Table Ill for thp meson.

B=5.85 B=6.0
K m, X2INpe K m, x*/Npg
0.1440 1.059815) %% 18.5/14 0.14500.837G9)"2  11.2/11
0.1540 0.693127) 73, 14.2/14 0.15200.548615 "9, 6.6/11
0.1585 0.529469) "1%5 28.9/14 0.15500.421842) '3 14.3/11
0.1595 0.485696) "175 23.2/14 0.15550.398261) *53° 12.4/11

+28

0.1605 0.43420) 3} -1

14.6/14 0.15630.35315 7.6/11

B=6.0. Effective mass plots are shown in Fig. 9. The results
of the fits are summarized in Table VII.

In Table V, the baryon masses gt=6.0 for K=0.155
and 0.1563 together with those by the APE Collaboration
and the LANL group are reproduced. The nucleon masses
reported by the three groups agree within the statistical un-
certainties. TheA masses folK=0.155 are slightly scat-
tered: Our result is higher than the LANL result by two stan-
dard deviations. However, note that the values ofAhmass
obtained on 400 configuratioh§] [0.705495), 0.700857),
and 0.7128191) for the point source, the wall source, and
the multiorigin source, respectivglare in good agreement
with the LANL result. Therefore we think that the difference
between the LANL result and our present result is due to
statistical errors.
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TABLE V. Comparison of hadron masses in lattice unitg3at6.0, K=0.155 and 0.1563.

K=0.155
T p N A
This work 24x 54 0.296715) 0.421842) 0.644085) 0.72811)
APE 24x32[7] 0.2982) 0.4293) 0.6476) 0.74515)
APE 18X 64 [6] smear 0.292) 0.43010)
local 0.2972) 0.4288)
LANL 323x64[11] 0.2971) 0.4223) 0.641(4) 0.7068)
K=0.1563
T p N A
This work 24x 54 0.184727) 0.35315) 0.53630) 0.67053)
APE 24x32[7] 0.1843) 0.3779) 0.52214) 0.63645)
LANL 323x64[11] 0.18%1) 0.3639) 0.54012) 0.63127)
F. Finite lattice effects those on a lattice with 32[11], as discussed above. There-

The linear extension of the lattice in the spatial directions0r® We do not take into account in this work finite lattice

is 2.45 (2.03 fm at B = 5.85 (6.0, when we use effects, which are supposed to be small.
a 1=1.93(2.33 GeV determined froom, (see Sec. ¥
These values are much larger than twice the electromagnetic
radius of the nucleon, X 0.82 fm. We also note that our The mass rationy /m,, is plotted versusrﬁﬁ/mp)2 in Fig.
results on the lattice with spatial volume®24dgree well with  10. The values of the mass ratio are given in Table VIII. The

G. Mass ratios
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TABLE VI. Nucleon masses in lattice units. In parentheses areFig. 12 for 8=6.0, K=0.155. The results for the nucleon
errors estimated by the jackknife method. Errors given in the formgre given in Figs. 13 and 14 fg8=5.85 and 6.0, respec-

Tieber are for the fitting range dependent upper and lower boundstjyely. We find the following:

5=585 5=6.0 (1) x?/Npg is stable and small+1-2) for t,;;=4 (5) in
K my V2Npe K my V2INpe the case of th@ meson and fot,,;,;=5 (6) in the case of the
nucleon at3=5.85 (6.0), respectively;(2) when y?/Npg is

+7 +15 .
0.1440 1-696150)”5 15.8/13 0.14501.322528) - % 3.8/10  gmall, the ground state masseg from the two-mass fit are
0.1540 1. 1060{55) 19 22.3/13 0.15200.866949 4.2/10

0.1585 081513 ° 13 17.513 015500, 644(185)*83 3.8/10 consistent with those from the one-mass fit Withi-n the errors,
0.1595 0. 74417)7 18.1/13 0. 155506001109)*84 6.2/10 although the errors fomy from the two-rgass f'lt become
0.1605 0.68348) 'L 23.4/13 0.15630.53630 '3 15.7/10 Extremely large at largeyn; (3) althoughy®/Nox is stable,
the mass of the first excited stat®,, is in general quite
unstable. For example, for themeson aj3=5.85, the value
value ofmy/m, at 8= 6.0 is systematically smaller than that of m; decreases from 1.5 fdf,,=3 to 0.6 fort;;=9 (cf.
at 8="5.85, although the results at the tygs agree within  Fig. 11). Similar behavior is also seen in the results for the
the statistical uncertalnty except for the case of the heaviegt meson ajB= 6.0 (Fig. 12 and the nucleon g8=5.85(Fig.
quark[(m,/m ) ~0.94. 13). The case of the nucleon At=6.0 is exceptionalm, is
relatively stable(Fig. 14).

Under these circumstances, we select tiyg’'s which

In addition to the masses of the ground states, we studgive mg consistent with the result of the one-mass fit, under
the masses of the first excited states for gh@eson and the the condition that the errors are small. We then investigate
nucleon. To this end, we perform two-mass fits to the correwhether the results for the excited state mass are consistent
sponding propagators, varying,,. Our results for thep  with the corresponding experimental values.

IV. EXCITED STATE MASSES

meson are shown in Fig. 11 f@=5.85, K=0.1585, and in In Figs. 15 and 16 are shown the first excited state masses
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TABLE VII. The same as Table VI for tha baryon.

B=5.85 B=6.0

K my x*INpe K my x*INpe
0.1440 1.712457) 7% 17.7/13 0.1450 1.340429) 7% 6.2/10
0.1540 1.162967) 31 20.3/13 0.1520 0.911241) 3 6.0/10
0.1585 0.9011153 *& 16.5/13 0.1550 0.7278109 * 3% 12.1/10
0.1595 0.82521) "% 15.1/13 0.1555 0.7001159 *$3¢ 15.3/10
0.1605 0.75553) *5; 19.4/13 0.1563 0.67053) 51 9.0/10

of the p meson obtained from the fits with,,=5 and 6(8  state masses. As mentioned before, two-mass fits for the
and 9 versus IK at 3=5.85 (6.0), respectively.(A two- nucleon at3=6.0 are stable and therefore the values of the
mass fit witht,;,=9 for the largest at 3=6.0 does not excited state mass do not change much even if we take other
converge. Therefore the corresponding data are missing itmin Values. When we recall that there exists a fit which gives
the figure) We give in the figures the experimental valuesa reasonable excited state masg3at5.85, this situation is

for the masses of(1450) and4(1680), which are the first puzzling. One possible origin for the heavy excited state
excited states of the vector mesons. The masg(d680) is mass at8=6.0 is a finite size effect, because the physical
plotted at the third larged€, because this value & corre-  volume is smaller a8=6.0. There remains a possibility that
sponds to the strange quark mass as mentioned in Sec. V (@hen we simulate on a larger lattice, a two-mass fit with
Apparently the results for the excited state mass depenghrgert,,, will give a value consistent with the nucleon ex-
strongly on the value of,,,. For quarks lighter than the cjted state mass.

strange quark, the excited state mass obtained with smaller There are several published data for the mass of excited
tmin IS Much larger than experiment, while that with |ar99rstates[5,7,8,15,1¢ In Table IX, we reproduce the results for
tmin IS consistent with experiment within large statistical er-inhe ratio of the excited state mass to the ground state mass,

rors. Therefore, although the value wf, is unstable, there ggjacting the quark mass corresponding approximately to the
exist two-mass fits to the propagators which give both @ gyrange quark mass. For themeson, except our results in
ground state mass consistent with the one-mass fit and a firgt.c \\ ok witht.. =6 (9) at B="5.85(6.0) and the result for

min . .

excited state mass consistent with experiment. ; . .
. . the wall rce in Refl. he repor rati r nsider-
Figure 17 shows the masses of excited states of the e wal source efl5], the reported ratios are conside

nucleon atB=5.85 versus K. The excited state masses dbly larger than the  corresponding experimental- value
obtained from the fit witht,,,=7 are much smaller than My(1680)/ My(1020)= 1.65. For the nucleon, the mass ratios re-
those witht ;. =6. (A two-mass fit witht,,,= 7 for the larg- ported by the APE Collaboration and the UKQCD Collabo-

estK does not convergeWe expect that the mass difference ra_“‘?” are congiderably Igrger than.our res.u'lt. One possible
between the ground state and the first excited state depen889in Of the differences is the choice of fitting range. Be-
only weakly on the quark mass, because the mass differen&@Use the two-mass fit is very unstable, we certainly have to
for the spin 1/2 baryon satisfies this property. The mass dif_employ a more efficient way to extract reliable values for the
ference for the nucleon (1440~ My (oaoy=500 MeV. The ~ €Xcited state masses.

figure shows that the excited state masses Wjth=7 lie
approximately 500 MeV higher than the ground state masses.

Therefore there exist two-mass fits whose results do not con- 1.80
tradict with experiment also for the nucleon @ 5.85. 1.70 |
In Fig. 18 we show the excited state masses of the
nucleon at3=6.0 with t,;,=7. The masses of the first ex- 1.60
cited state lie much more than 500 MeV above the ground > 150
£ .
>
TABLE VIII. Mass ratios m,/m, and my/m,. The errors E 1.40
quoted are statistical only and are estimated by the jackknife
method. - 1.30
B=5.85 B=6.0 o0 . . . ]
K m,/m, my/m, K m_/m, my/m, 00 02 04 06 08 1.0

2
0.1440 0.971(®) 1.600445) 0.1450 0.9646) 1.580125) (my/m,)
0.1540 0.883®2) 1.595682) 0.1520 0.869@1) 1.580279) FIG. 10. Nucleon top mass ratio versus pion to mass ratio
0.1585 0.71000) 1.54029) 0.1550 0.703®9) 1.52721) squared. The errors shown are statistical only. The solid curve is
0.1595 0.63612) 1.53142) 0.1555 0.6500) 1.50931) obtained from phenomenological mass formulas]. The dotted

0.1605 0.51®5 1.5712) 0.1563 0.52@3) 1.5210) line is obtained by assuming thaty /m, and (m,,/mp)2 are linear
in the quark mass. The experimental value is marked with a star.
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FIG. 11. Masses of the ground state and the excited state for the
p meson atB=5.85, K=0.1585 together with the value of
Y?INpg of the two-mass fits versus,,,. The error bars are statis-
tical uncertainties estimated by the least mean square fit. The result
of the one-mass fit is reproduced by the solid line, dotted lines, and
dashed lines for the fitted mass, its statistical error, and systematic
upper and lower bounds, respectively. Note the difference in the
scale of the plots fomy andm; .

FIG. 13. The same as Fig. 11 for the nucleonat5.85,
K=0.1585.
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FIG. 12. The same as Fig. 11 for the meson at8=6.0, FIG. 14. The same as Fig. 11 for the nucleon &t 6.0,

K=0.155. K=0.155.
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FIG. 15. Mass of the excited state of themeson(denoted by FIG. 18. The same as Fig. 17 f@=6.0.

p') at 3=5.85 versus K —1/K.. The corresponding experimental
values are marked with stars. The data fioy and m? are taken V. MASSES OF HADRONS
from the results of one-mass fits. With the scale of the plot, the WITH PHYSICAL LIGHT QUARKS
results form, from two-mass fits are indistinguishable from the )
one-mass fit results. A. Extrapolation procedure

Extrapolation of hadron masses to the chiral limit is done
taking into account the correlation among the masses at dif-
ferent values of hopping parameter. First we consider a least
mean square fit to minimize

15 . x2= 2 {G(t,K)—Gy(t,K)}C Y(t,K;t' K ){G(t',K")
m. at,.=8 t,t’ KK’
4 ot =
" —Go(t",K")}, (14
1.0 % % I
N where Gy(t,K) =A(K)e MKt js the fitting function to the
pr* % % . hadron propagataB(t,K) andC ™! is the inverse of the full
0.5 /‘_’,,,.,//m ] correlation matrixC(t,K;t";K"). A linear approximation to
’ . the fitting function around the minimum of? gives the re-
e ] lation between the error matriX for the fit parameters and
00 e 005 040 045 020 the correlation matrixC(t,K;t’,K") for propagators:
1/K-1/K,
3=(D'Cc D)4, (15

FIG. 16. The same as Fig. 15 f@=6.0.
whereD is the Jacobian defined by

DI’K;A(KI)‘m(Kr):[aGo(t,K)/(?A(K,),aGo(t,K)/{?m(K,)].

(16)
' (D is diagonal with respect t.) The full least mean square
fit to minimize x? in Eq. (14) is different from the set of least
15 | My } gzmi"fs é mean square fits for eadk to minimize y?’s in Eq. (12):
} e The masses and amplitudes obtained by the two methods are
10 % g . in general different. We take those obtained from the fits to
’ m, each propagator for evaluation of the JacoHian.
N*"/l/// . For extrapolation, we minimizg? given by
0.5 N*:/,/a/’/ m, )
o b x?= 2 () = f(K)}ETHIKGKD{m(K) = F(K D},
0.00 0.05 0.10 0.15 0.20 0.25 0.30 17
1/K-1/K,

FIG. 17. Mass of excited state of the nuclédenoted byN’) at
B= 5.85 versus K — 1/Kc . The experimenta| values for masses of 1We have checked that the error matrix thus obtained is very close
the nucleon ) and its excited stateN') are marked with stars. to that obtained using the Jacobian at the absolute minimum of Eq.
The data formy, m,, and m? are taken from the results of one- (14). Consequently, the difference in the extrapolated values ob-
mass fits. With the scale of the plot, the results rigy from two- tained using two error matrices is at most 5% of their statistical
mass fits are indistinguishable from the one-mass fit results. uncertainties.
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TABLE IX. Ratios of the excited state mass to the ground state mass. We have taken the quark mass
corresponding approximately to the strange quark mass.

p meson Nucleon
B Comment Ratio Comment Ratio
This work 5.85 tmin = 5 2.4716) tmin = 6 1.6412)
tmin = 1.87124) tmin =7 1.2910
6.0 tmin = 2.2127) tmin = 7 1.8110
tmin = 9 1.5826)
APE[7] 6.0 2.1321) 2.134)
UKQCD [15] 6.2 2.5316) 2.01(16)
APE [8] 6.3 1.9310 1.9312)
UKQCD [16] 6.2 Clover 2.2814)
QCDPAX[5] 6.0 Point 1.9915) Point 1.5520)
Wall 1.70(26) Wall 1.4721)
Experimental value 1.65

where the correlation matrix (K,K') is the sub_matrix K’s) from max{t,2(K)} to ty,+4. We find that the quality
among the masses of the full error matkixand f (K) is the  of the linear fits depends on the choicetgf x*/Npr values
fitting function. [For the pion,m(K) is replaced bym“(K)  are considerably larger for some choicegpnfWe adopt the

with appropriate replacement &f 1(K,K").] condition y?/Npe<2 for the linear fit to be accepted. We
take the difference between the fitted mass value and the
B. Linear extrapolation to the chiral limit maximum (minimum) mass value under the condition

2IN pe<2 as our estimate of the systematic upflewen

We fit the data of the mass squared for the pion and thérror. We call the systematic error thus obtained the fit-range
mass for the other hadrons at the largest tlikEeto a linear systematic error.

function of 1K; f(K)=ao+a, /K. We find that the quality ~ pata at the fourth largedt slightly deviate from the lin-
of the linear fit is good in the sense thaf/Npe<2  ear fit. In order to estimate the systematic error which comes
(Npr=1 in this casgand therefore we do not study in this from the choice of fitting function, we make a quadratic fit
work the effects of possible chiral logarithm&7,18. We [f(K)=ay+a,/K+a,/K?] to the largest fouK'’s, varying
summarize the fit parameters together witiNpe in Table  t, in the range used for the estimate of the fit-range system-
X. The linear extrapolations of hadron masses3at5.85 atic error. We estimate the systematic error by the difference
and 6.0 are shown in Figs. 19 and 20, respectively. between the maximuniminimum) value with y%/Npg<2

In Table XI we summarize the results for the critical hop-and that of the linear fits. We call the systematic error thus
ping parameteK. and the masses #. together with the obtained the fit-func. systematic error.
errors estimated by the least mean square fit and those by the
jackknife method. We find that the error estimated by the D. Pion mass extrapolation andK .
jackknife method is larger than that by the least mean square
fit except forK . at 8=6.0. We take the error obtained by the
jackknife method as our estimate of the statistical uncer
tainty, unless otherwise stated.

Pion masses squared are fitted to a linear function of
1/K to obtain the critical hopping parameter. The value of
Y?INpg is 0.56 (1.1) for the fit [t,;,=12 (15)] at 8=5.85
(6.0. The fit-range systematic errors are estimated from the
fits with t,=8-16 at3=5.85 and 10-19 g8=6.0. All the
fits give x?/Npe<2. The upper(lower bound comes from
We first estimate the systematic error on the masses in thiae fit with to=11 (14) with x*Npe of 0.36 (0.04 for
chiral limit coming from uncertainties in the choice of fitting 8=5.85 and from the fit witht;=12 (19) with x?/Npg of
range for extracting the ground state mass at éacfio this  0.44(0.96) for 8=6.0.
end, we repeat linear extrapolations of the masses obtained For data aj3=5.85, no quadratic fits withy=8-16 give
from the fits to a rangeé,—T/2, varyingt, (common to all  x?/Npe<2. On the other hand, quadratic fits to data at

C. Systematic error analyses

TABLE X. Fit parameters of the linear fits to the masses at the largest iised&rrors onay, anda, are
those from least mean square fits.

B=5.85 5=6.0

2h) a x*Npe Ch) a x*INpe
mi —7.184) 1.161) 0.56 —6.51(6) 1.021) 1.06
m, —6.1637) 1.066) 1.76 —6.50139) 1.076) 1.20
my —10.8151) 1.858) 0.37 —12.9179) 21112 0.05

my —11.3780) 1.9513 0.05 -8.41.3 1.4221) 0.29
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FIG. 19. Linear extrapolations of hadron masseg@at5.85 to

the chiral limit. The open circles at zero quark mass are extrapo-
lated values. The errors shown are statistical only, and do not in-

clude the systematic errors discussed in the text.
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FIG. 20. The same as Fig. 19 f@=6.0.

TABLE XI. Values of K, and masses extrapolatedKq deter-
mined from the linear fits to the data at the largest tht&e Errors
obtained by least mean square figsr-LMS) and those by the jack-
knife method(err-jack together with their ratiogjack/LMS) are

also given.
B=5.85
Value err-LMS err-jack jack/ILMS
Kc 0.161624  0.000027  0.000033 1.2
m,(K¢) 0.400 0.010 0.021 21
mn(Ke) 0.589 0.014 0.036 2.6
ma(Ke) 0.664 0.022 0.063 2.9
B=6.0
Value err-LMS err-jack jack/LMS
K 0.157096  0.000038  0.000028 0.7
m,(K¢) 0.3309 0.0080 0.0114 14
my(Ke) 0.462 0.015 0.024 1.6
ma(Ke) 0.605 0.025 0.033 1.3
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FIG. 21. p meson masses @=5.85 obtained from the fit with
various ty together with linear extrapolations of these data. The
open circles are extrapolated values. The errors shown are those
estimated by the least mean square fits.

B=6.0 with to=13-19 givex?/Npe<2. Becausem? is a
concave function of ¥ when the data at the fourth largest
K are includedK, obtained from the quadratic fit is larger

than that from the linear fit.

The values oK_.'s together with the fit-range systematic
error and the fit-func. systematic error are given by
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0.30

045 |
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FIG. 22. The same as Fig. 21 but f6=6.0.
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Stat. Syst(fit range Syst. (fit func.)
B=5.85 K.= 0.161 624 +0.000 033 +0.000 001 —0.000 025
B=6.00 K.= 0.157 096 +0.000 028 +0.000 033 —0.000 009 +0.000 109

The fit-range systematic error is comparable to the statistical uncertainty.

The result forK. at 8=6.0 agrees well with that in Ref7]. Although it is slightly smaller than the LANL result
0.157 141) [11], we conclude that our result is consistent with theirs within the sum of the statistical error and the fit-range
systematic error.

In this work, we do not distinguish the physical point wheng/m, takes its experimental value from the critical point
where the pion mass vanishes, because we find that physical quantities at the two points differ by only at most 30% of their
statistical errors.

E. p meson mass extrapolation and lattice spacing

A linear fit to thep meson massdsvith t;,,=12 (15)] at the largest threK’s gives y?/Npg of 1.8 (1.2) for 8=5.85(6.0).
Therefore the linear fit is acceptable.

However, we find that the quality of the linear fit strongly depends on the choice of fitting range. See Figs. 21 and 22. In
Table XII, we summarize’/Npe, m,(K.), and the inverse lattice spacing defined &y*=(0.77 GeV)h,(K.) versus
tO .

We also make a quadratic fit to the data at the largestKosito estimate the systematic error due to the choice of fitting
function. Table XIIl summarizes the results of the quadratic fits vergus

The method to estimate the systematic error is the same as that adopted for the pion. Our final resylardor

Stat. Syst(fit range Syst. (fit func.)
B=5.85 mp(KC)=O.4OO +0.021 +0.008 —-0.027 +0.0 —-0.013
B=6.00 mp(Kc)=O.331 +0.011 +0.018 —0.020 +0.0 —0.008

The value ofm,(K,) at 8=6.0 agrees well with the APE result 0.3333) and the LANL result 0.332806). The values of
m,(K.)'s are translated to the lattice spacing as

Stat. Syst(fit range Syst. (fit func.)
B=5.85 a1=1.93 +0.10 +0.14 —0.04 +0.08 —0.0 GeV
B=6.00 a1=2.33 +0.08 +0.15 -0.12 +0.06 —0.0 GeV

Although the statistical error oa™ ! is several percent, we t, common to allK’s. However, it is not necessary to restrict
notice that the systematic error is much larger. Summing upurselves to taking a common valuetgf because the time
both the statistical and systematic errors, we find tnat  slice at which the contribution of excited states becomes neg-
can be as large as 2.25 GéX/.62 GeV at 3=5.85(6.0) and  ligible can depend on the quark mass. We make linear fits to
as small as 1.79 Ge\2.13 GeV. all possible combinations of the masses at the largest three
In analyses of the systematic errors above, we have takel’s, varyingt, separately for eack fromt,. to 18. Figure
-1 — 2
23 showsa™ ~ at 8=6.0 versusy“/Npe. We see that there
i i are linear fits with small?/Npg which give both large and
TABLE XII. Results of the linear fits to the meson masses DF g g
versus t,. The inverse lattice spacing is defined by

a '=(0.77 GeV)m,(K). TABLE XIll. Results of the quadratic fits to the meson
masses versud,. The inverse lattice spacing is defined by
B=5.85 B=6.0 a '=(0.77 GeV)i,(K,).
to m, a ! x%Npe tg m, a ! x%Npe
B=5.85 B=6.0
8 04359 1766 36.90 11 0.3525 2.184 251 1

t m a 2/N t m a’! 2/N
9 04213 1.828 1117 12 03476 2215 254 ° o X TToF To b X TToF

10 0.4196 1.835 14.80 13 0.3425 2.248 0.77 12 0.3881 1.984 1.22 13 0.3413 2.256 0.79
11 0.4045 1.904 9.30 14 0.3409 2.259 3.94 13 0.3767 2.044 4.02 14 0.3393 2.269 4.33
12 0.3998 1.926 176 15 0.3309 2.327 120 14 0.3997 1.927 1.20 15 0.3253 2.367 0.91
13 0.3892 1.978 439 16 0.3248 2.370 0.17 15 0.3641 2.115 0.21 16 0.3194 2411 0.07
14 0.4081 1.887 1.36 17 0.3188 2.416 0.58 16 0.3593 2.143 0.30 17 0.3116 2471 0.41
15 0.3794 2.030 0.43 18 0.3112 2474 0.03 18 0.3029 2.542 0.00

16 0.3728 2.066 0.11 19 0.3206 2.401 0.00 19 0.3146 2.448 0.01
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small a™!. The value ofa™! scatters approximately from F. Nucleon andA masses

2.15 GeV to 2.65 GeV. This upper value as well as the lower  Both linear fits and quadratic fits are made to the masses
Value are consistent W|th those Obta|ned abOVe W|th the Sy%'f the nucleon and tha baryon by the same method as for

tematic errors included. the p meson. Results of the linear fits versus the fit range are
We estimate the value df defined bymydm, /dm3 [16]  summarized in Tables XIV and XV. The fit with
from the linear fits discussed above: tmin=13(16) at3=5.85(6.0), which is adopted in this work,
gives a smally?/Npe= 0.37 (0.05. For the nucleon, the
Stat. Syst(fit range quality of the linear fits is good for almost all valuestgfin
B=585 J=0.420 +0.049 40,028 0024 the sense thay?/Npg is approximately less than 2, except

for the fit with t,=9 at 8=5.85. This feature is different
from that for thep meson. The quality of the fits to th&
masses aB=5.85 is good forty=<13 including our choice
The value ofJ at 8=6.0 is smaller than the experimental t,,;,=13 and that at3=6.0 is good for allt, except for
value 0.482) even when we include the systematic errors. ty=13.

B=6.00 J=0.395 *0.026 +0.026 —0.026

Results with various errors are given by

Stat. Syst(fit range Syst. (fit func.)
B=5.85 my(K)=0.589 +0.036 +0.018 —0.058 +0.0 —-0.018
B=6.00 my(K.) =0.462 +0.024 +0.020 —0.009 +0.0 -0.007
B=5.85 m,(K.)=0.664 +0.063 +0.034 -0.0 +0.0 —0.031
B=6.00 my(K¢) =0.605 +0.033 +0.041 —-0.011 +0.016 —0.007

The value of the nucleon mass in the chiral limit@&6.0 lies between the LANL result 0.4838) and the APE result
0.43215). For theA masses, results by the three groups agree well with each other, albeit with large errors; the LANL result
is 0.590430) and the APE result 0.%8). The LANL results are those at the physical point whexg/m,, takes its experimental
value.
These results are translated to the masses in physical units using the valukeaftained frorm, . The systematic error
on the lattice spacing is not taken into account for the estimate of the systematic error on the baryon masses. The results read

Stat. Syst(fit range Syst. (fit func.)
£=5.85 my=1.135 +0.088 +0.034 -0.112 +0.0 —-0.034 GeV
B=6.00 my=1.076 +0.060 +0.047 —0.020 +0.0 —0.017 GeV
B=5.85 my=1.279 +0.136 +0.066 -0.0 +0.0 —-0.059 GeV
£=6.00 my=1.407 +0.086 +0.096 —-0.026 +0.038 —-0.015 GeV

Note that they are identical or almost identical to the values
of the third largest hopping parametér=0.1585 and 0.1550
which we have chosen in such a way that they approximately

The central value of the nucleon massgat 6.0 (5.85 is
larger than its experimental value by about 1626%) and

that of theA mass by about 15%#%): The errors amount to d h K Th € of esti
twice the statistical errors except for th#& baryon at correspond fo the strange quark. The masses) of estl-

jB=5.85. The systematic errors are comparable with the stdhated atk=K; are 1.69692) GeV and 1.6967) GeV at
tistical errors(3—13 %. Even when the systematic errors are -85 and 6.0, respectiveltatistical errors only They
included, the baryon masses At6.0 do not agree with &€ In good agreement with the experimental value 1.672
experiment. Our data are consistent with the GF11 fiegh ~ C€V- The masses of the vector mesorkatK are 99845)

at finite lattice spacing, within statistical errors. In order toM€&V and 98626) MeV at f=5.85 and 6.0, respectively,
take the continuum limit of our results, we need data for a¥hich equal thep meson mass 1019 MeV within about one

wider range ofg with statistical and systematic errors much Standard deviation. As is well known, there are ambiguities
reduced. in determination of the hopping parameter for the strange

quark. When the hopping parameters for the strange quark
mass are alternatively determined fram,/m,, they are

The hopping parameters for the strange quark which arequal to 0.1585 and 0.1547. The results for fhe mass at
estimated from the experimental valuerof /m, turn outto  these hopping parameters are consistent with those above
be K;=0.1588 and 0.1550 g8=5.85 and 6.0, respectively. within one standard deviation.

G. Masses of strange hadrons
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TABLE XIV. Results of the linear fits to the nucleon masses  TABLE XVI. Renormalization constantd,, for the local lattice

versust,. current at3=5.85 obtained in a previous wofR].
B=5.85 5=6.0 K Zy
t 2IN t 2IN
0 My X“/Npe 0 My X "or 0.1440 0.512(9)
9 0.6085 3.20 12 0.4828 0.03 0.1540 0.516410)
10 0.6071 0.37 13 0.4802 0.24 0.1585 0.512e6)
11 0.6039 0.83 14 0.4758 0.79 0.1595 0.511@98)
12 0.5946 2.15 15 0.4759 1.88 0.1605 0.510@6)
13 0.5893 0.37 16 0.4623 0.05 Average 0.51280)
14 0.5680 2.28 17 0.4538 2.00
15 0.5501 1.59 18 0.4553 2.28
16 05312 0.49 19 04731 010 \where MS is the modified minimal subtraction scheme.
17 0.5630 2.55 20 04559 010 [ays(w/a) =gis(m/a)/4m is determined by the relation
1/gf,,—s(7r/a)=Tr(UP/3)/gz+ 0.024 61[21,22. We then de-
VI. MESON DECAY CONSTANTS termine aps(1/a) using the two-loop renormalization group
equation]
A. Vector meson decay constants (3) Monte Carlo estimate o, = 0.51[2] (0.57[23)]) at

We evaluate vector meson decay constants defined by B8=5.85(6.0) with Z,=2K. (Data forZ, at =5.85[2] are
R given in Table XVI. Because the results 8y are indepen-
(0](uy;d)*°V(p=0))=&Fymy, (18  dent of the quark mass in the range we investigate, we use
the averaged valueThe error onZy is ignored in the fol-
wheree; andm,, are the polarization vector and the mass oflowing.
the vector meson, respectively, anagh{d)*°" is the vector We abbreviate the decay constants obtained using the
current in the continuum limit. The experimental value for above three renormalization constants ', F!°, and
the p meson isF,=216(5) MeV. (This F is related to F{\/"c, respectively.
fy by fyl=Fy/my.) The statistical error is obtained by the jackknife method.
__The expectation value of the local lattice currentThe systematic error is estimated varyiggas in the case of
(uy;d)" between the vacuum and the vector meson is rethe mass calculation. The rangetgfis the same as that for

lated to the continuum one by the relation the p mass. In Table XVII we summarize the results for the
o ) o ) decay constants at eadh. We quote the error only for
(0](uy;d)*°"V(p=0))=ZZ(0|(uy;d)aV(p=0)). F{7, because the errors for the others can be easily obtained

(190 from that forF\” by multiplying the ratio ofZ factors.

o ) ) Figure 24 shows,, /my versus (mp/my)? together with
The coefficientZy is a scale factor for the difference be- the corresponding experimental values for w, ¢, and

tween the continuum and lattice normalizations of the quarky/,, Note that we can compare the numerical results with
field. The renormalization constadl, is the ratio of the  the experimental values faf andJ/« without extrapolation.
conserved lattice current to the local current, which can bere valyes withF¥C at the twog’s remarkably agree with

estimated by perturbation theory or numerical simulationsgach other. Furthermore, they agree well with the experimen-
We test the following three possible choicesZgf andZy. (5 yalues forg) andJ/ . This implies that scaling violation

(1) Those in naive perturbation theor=2K and j; gNC s small. On the other hand, we find sizable scaling
Zy=1-0.1747 [19].
(2) Those in tadpole improved perturbation theory:

Zx=(1-3K/4K.) [20] and Z,=1-0.82awyg(1/a) [21], 3.50
TABLE XV. Results of the linear fits to th& masses versus
to. 3.00 |
B=5.85 B=6.0 % -
to my x*/Npe to my x*INpg O 250 fr
11 0.6982 0.03 12 0.6055 0.01 b ' R
12 0.6928 0.01 13 0.6059 4.10 2.00 |
13 0.6640 0.05 14 0.6164 1.78
14 0.6899 4.02 15 0.6279 0.50
1.50 : t

15 0.5375 34.96 16 0.6048 0.29 0.0 10 20 3.0
16 0.4757 23.96 17 0.6206 0.12 ¥?INog

18 0.6462 0.17

19 0.5935 0.34 FIG. 23.a" ! determined from linear fits to all possible combi-

nations of thep masses obtained by varyirtg from t,2 to 18.
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TABLE XVII. p meson decay constants in lattice units. In parentheses are errors estimated by the

jackknife method. Errors given in the forrioh<" are for the fitting range dependent upglewer) bounds.
B=5.85 B=6.0

K FoT Fi7 FYc K FoT Fi7 FYc
0.1440 0.2214 0.260G33) "3’ 0.1374 0.1450  0.1753 0.191918 73, 0.1210
0.1540 0.2211 0.208938) "3, 0.1372 0.1520  0.1673 01555{17)*14 0.1155
0.1585  0.2094 0.178168) '135  0.1299 0.1550  0.1544 0.133633)" *65 0.1065
0.1595 0.1996 0.165884)"125  0.1239 0.1555  0.1493 01276543)*106 0.1031
0.1605  0.1885 0.15281527 33 0.1170 0.1563  0.1382 0. 115195)+181 0.0953

violation in F§T and F". They are off the experimental
values for ¢ and J/¢ by 40-100 %. We find that the
FYC/my’s at 3=6.0 agree well with the APE dafd,8].

In Fig. 25 we depict the values d¥,/m, versusm,a
together with the GF11 resul24]. The values of the hop-

linear fit in terms of 1K in a similar way to that made for
hadron mass extrapolation. We first calculate the correlation
matrix 3 (K,K") for Fy(K) from the error matrix3 for the
mass and amplitudgEq. (15)] using the error propagation
rule, and then minimizg?. A linear fit to the data at the

ping parameter for the strange quark are given in Sec. V Gargest thre&’s gives a reasonabbg?/Npe: x%/Npe = 0.04

Note that the values oF;/m, agree with experiment al-
ready atm,a=0.33-0. 4OW|th|n 1-2 standard deviations.

(0.38 for F{" and 0.09(0.44 for F{;" andF{/ at 3=5.85
(6.0, respectively. Figure 26 shows, as a function of the

The values oﬂ:LP/m are consistent with the GF11 result, quark mass together with the fitting functions.

although the central values are about higher than the

The method to estimate the systematic error due to the

GF11 data. They are off the experimental value by 30—40 %hoice of fitting range is similar to that for hadron masses at
at these values ai,a. Linear extrapolation of our data to K. The results of the linear fit for various fitting ranges are

zero lattice spacing is consistent with experiment.
The value ofF,, in the chiral limit is obtained from a

given in Table XVIII. Our final results foF, read

Stat. Syst(fit range
B=5.85 F,7=0.141 +0.017 +0.007 —-0.035
FTP 271 +20 +14 —68 MeV
FMC 0.112 +0.013 +0.006 —-0.027
F)'¢ =216 +15 +11 —52 MeV
B=6.00 FP=0.111 +0.008 +0.016 —-0.017
F," =259 +10 +37 —40 MeV
F}'C = 0.0944 +0.0064 +0.010 —0.014
F)'C =220 +8 +24 —33 MeV
0.50 . :
A—A $=5.85 PT
»—a =585 TP 05 . :
., ®—ep=585MC . FJP
0.40 } 1 L
—_— 04 I q’TP
& = (GF11)
£ 030 o % g of” +
- * S 03 F ) }
o N 0" (GF11) W
020
A4 B=6.0 PT o2l o* L
o—a B=6.0 TP e
010 .o—oﬁSOMC . Sy & K* oo °
"7 00 02 04 06 08 1.0 0.1
2
(mpg/m,) . . . .
FIG. 24. Ratio of the vector meson decay constant to the vector 00 02 04 06 08
meson mass, for the three choices of renormalization constant dis- m,a

cussed in the text. The errors shown are statistical only and are FIG. 25. Ratios of the meson decay constant and taneson
estimated by the jackknife method. The corresponding experimentalecay constant to the meson mass versus tlemeson mass in

values for vector mesons are marked with stars. The valug.dbr

lattice units. The errors in our data are statistical only. The GF11

the strange quark is estimated by phenomenological mass formulakata are taken from Ref24]. The corresponding experimental val-

[28] usingmy=m,=1019 MeV.

ues are marked with stars.
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TABLE XVIII. Results of the linear fits to the meson decay constants vergysin lattice units and in
physical units(MeV).

=5.85 B=6.0
o e Fy” Fve

to Latt. Phys. y?/Npr Latt. Phys. y%/N pe to  Latt. Phys. /N Latt. Phys. y%/Npe

8 0.169 325 53.7 0.133 257 557 11 0.127 297 19 0.107 250 2.0
9 0.157 303 6.0 0.125 240 7.0 12 0.124 289 1.7 0.105 244 1.9
10 0.156 301 111 0.124 239 119 13 0.120 280 0.1 0.102 237 0.2
11 0.145 280 5.8 0.115 222 6.3 14 0.120 278 3.4 0101 235 3.6
12 0.141 271 0.0 0.112 216 0.1 15 0.111 259 0.4 0.094 220 0.4
13 0.130 251 23 0.104 201 2.6 16 0.107 248 0.0 0.091 211 0.0
14 0.148 286 0.3 0.118 226 0.3 17 0.101 234 0.1 0.085 199 0.1
15 0.116 224 0.0 0.094 180 0.0 18 0.094 220 0.1 0.080 187 0.1
16 0.105 203 11 0.085 164 11 19 0.104 243 0.1 0.088 206 0.1

Zx=(1-3K/4K.) [20] in tadpole improved perturbation

PT : MC .
. ThgTvab%e_s oF, can be obtzimed frorkt ;™ by multiply- theory, and3) Z,=0.69[23] at 8=6.0 as a nonperturbative
ing Z/Zy~= 1.61(1.49 at 5=5.85(6.0. We show the evaluation with Zy=2K. (The correspondingZ, at

values off ,/m, in Fig. 27. It should be noted that the values 3=5.85 is not known.

of FJ'“ in the chiral limit at the twog's are consistent with " \ye derivef,, from a fit to the7 propagator. The value of
the experimental value of,. We find that our values of ¢ . is chosen to be the same as that far The pion mass
F,/m, are consistent with the GF11 res{®4], albeit the  from the 7 propagator is given in Table XIX. Although the
central values are roughlyollower than the GF11 data; this mass obtained is 1-2 standard deviations smaller than that
tendency is opposite to the case of temeson. We note from the  propagator, they are consistent with each other if
that linear extrapolation of our data fB1,"/m,, to zero lattice  we take account of the systematic error. The decay constant

spacing is again consistent with experiment. at eachK is given in Table XX. Our data fof5" at 3=6.0
and K=0.155,0.1563 are consistent with the APE results
B. Pseudoscalar meson decay constants [7,8]. Figure 28 shows p/my versus (mp/my)? together

with the corresponding experimental values foandK and
the upper bound for thB meson. Contrary to the case of the
(0] (Uyoysd)MP(p=0)) = J2mpfp. (20) vector mesonf¥° differs from the experimental value for
the K meson by a factor of about 1.2. There is a possibility
that the lattice size £x 20 is not large enough to suppress
three cases of renormalization constants as in the case g?"te Iatt|c§ size effects in the Monte Carlo eval_uat|on of
Fy: (1) Zs=1—0.1332 in naive perturbation theorj19] A- We think we have to calculaté, nonperturbatively at

with Zg=2K, (2) Zs=1-03lags(l/a) [21] with bothg=5.85 anq 6.0 on a larger lattice in order to clarify the
reason for the discrepancy.

In Fig. 25 we show the values df{"/m, versusm,a

The pseudoscalar meson decay constant is defined by

The experimental value i§, = 93 MeV. We investigate

430 ; ' together with the GF11 resuf24]. The values off, are
 p=5.85 TP : ;
« 5.85 MC { evaluated at the hopping parameter given by
380 | op=6.00TP
& B=6.00 MC ¢ 0.5
330 * F"TP
%) sF¥
2 04 U
w280 ] £ =F," (GF11)
A * ,Q_ ° fnTP
Qo3f ¥
230 e af. " (GF11) f
be
180 X . X N N N Eo. 02 p I 4 4
0 50 100 150 200 250 300 < ®
m, (MeV) o1 | o* _— Iﬁlr' o
FIG. 26. Linear extrapolations of vector meson decay constant, . . . N
for the two choices of renormalization constant discussed in the 0.0 0.2 04 0.6 0.8
text. The open symbols at zero quark mass are extrapolated values m,a

for B=6.0. The errors shown are statistical only. The experimental
value for thep meson is marked with a star. FIG. 27. The same as Fig. 25 for themeson and the pion.
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A—4B=5.85PT .
_ B=5.85 TP
0.16 w—m(3=5.85TP | o B=6.00 TP .
160 |~ p=6.00MC
0.14
= s
> 0]
£ 012 [n¥* =
o0
al L1110t
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FIG. 28. Ratio of the pseudoscalar meson decay constant to the FIG. 29. Linear extrapolations of the pseudoscalar meson decay
vector meson mass, for the three choices of renormalization cortonstant, for the two choices of renormalization constant discussed

stant discussed in the text. The errors shown are statistical only ari@l the text. The open symbols at zero quark mass are exirapolated
are estimated by the jackknife method. The corresponding expericalues for3=6.0. The errors shown are statistical only. The ex-
mental values for pseudoscalar mesons are marked with stars. perimental value for the pion is marked with a star.

SNAK 41K Th | HTP) . ith fits. The data at the large$t are much below the fitting
(1K +1Ks). The values offi’/m, are consistent wit lines. Even if we change,i,, x*/Npg is not reduced much.

the GF11 result, albeit with larger errors in our results. OurIn Fig. 30 we show?/Npe together with the result fdrI,P at

?naetﬁtat finite lattice spacing are also consistent with eXpe”B=6.0 versug,. . Although y2/Npg is large, the results of

The extrapolation to the chiral limit is problematic. We the fits are very stable. Therefore we quote the decay con-

find that neither the linear fit to the data at the three Iargesf‘tan_t obtained by_the linear extrapolation of the data with
K’s nor the quadratic fit to the data at the four largkss tmin=12 (15 at B=5.85 (6.0) as the central value of the

gives x¥Npe small enough: ForfLP at B=5.85 (6.0), decay constant. We estimate the systematic errors similarly

X*/Noe= 9.1 (6.7) for the linear fit and 9.97.4) for the S In the previous cases with=t,>—14 (16) for 5=5.85
quadratic fit, respectively. Fits tC are similar. In Fig. 29 (6:9- _
are shownf versus the quark mass together with the linear These analyses give

Stat. Syst(fit range Syst. (fit func.)
B=5.85 fP=0.0489 +0.0056 +0.0008 —0.0017 +0.0 —-0.0011
f1P=94.1 +11.8 +1.6 -33 +0.0 -2.2 MeV
B=6.00 f1P=0.0394 +0.0027 +0.0011 -0.0 +0.0 —0.0013
f1P=91.7 +7.2 +2.7 -0.0 +0.0 -3.0 MeVv
f%C:0.0367 +0.0024 +0.0011 -0.0 +0.0 — 0.0014
f¥C=85.4 +6.4 +2.5 -0.0 +0.0 —-3.4 MeV

|

The values off . obtained with the tadpole improved However, we should take these numbers with caution, be-
renormalization constants are consistent with the experimereausey?/Npg for the extrapolation is not small enough, as
tal value within the statistical errofsee Fig. 2). That with  mentioned above. Note that the decay constants in the chiral
the MC renormalization constant is also consistent with ex{imit are consistent with the GF11 dafa4], although the
periment if we take account of themal) systematic error. errors in our results are considerably larger.

TABLE XIX. Pion masses determined from propagators.

3=5.85 B=6.0
to:tmin: 12 t():tXZ tO:tmin: 15 t():tXZ
K m:,; XZ/NDF tXZ m',; XZ/N DFE K m; XZ/NDF tXZ m"ﬁ. XZ/N DFE
0.1440 1.0294.4) 1.32 8 1.0304 1.68 0.1450 0.8059 0.49 12 0.8068 1.06
0.1540 0.610@1) 0.96 7 0.6117 1.18 0.1520 0.474%) 0.35 7 0.4767 0.91
0.1585 0.375@4) 0.97 5 0.3774 1.41 0.1550 0.2929) 0.88 6 0.2967 0.89
0.1595 0.3070Gt2 1.00 4 0.3097 1.45 0.1555 0.2539) 0.85 6 0.2593 0.83
0.1605 0.212{64) 1.02 4 0.2175 1.31 0.1563 0.1864) 0.68 5 0.1897 0.75
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FIG. 30. Pseudoscalar meson decay constant at zero quark m
versust,,, together withy?/Npe. The errors are estimated by the
least mean square fit.
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(5.89 is larger than its experimental value by about 15%
(20% and that of theA mass by about 15%4%): Even
when the systematic errors are included, the baryon masses
at 8=6.0 do not agree with experiment. In order to take the
continuum limit of the nucleon mass and the mass, we
need data for a wider range gfwith statistical and system-
atic errors much reduced. For the masses of excited states of
the p meson and the nucleon, there exist two-mass fits which
do not contradict experiment, except for the case of the
nucleon ai3=6.0. Although this does not necessarily imply
that the excited state masses appear consistent with experi-
ment because two-mass fits are very unstable, the existence
of such a fit consistent with experiment encourages us to
perform more work in this direction.

Determination of meson decay constants is usually ac-
companied by uncertainties of renormalization constants.
One can in principle employ any renormalization constant
such as that determined by naive perturbation theory or tad-
pole improved perturbation theory. We have indeed shown
that when we use renormalization constants given by tadpole

"’\ﬁ%proved perturbation theory, although the decay constants

for the ¢, p, K, ands mesons are in general off experiment
at finite lattice spacing, for example, by 30-40% at
m,a=0.33-0.40 in thecase of theF,, they approach in

the continuum limit toward values consistent with the experi-

In analyses of numerical simulations aiming toward highmental values.
precision determination of light hadron masses, one first en- It is, however, desirable to employ a renormalization con-
counters the problem of the fitting range for hadron propastant which gives weala dependence for the decay con-
gators. We find that effective masses of hadrons in generaitants. We have shown that when we use the renormalization
do not exhibit clear plateaus, although the statistics is relaconstants determined by Monte Carlo simulations, the vector
tively high [the number of configurations is 10200 at meson decay constants at tygs agree remarkably with
B=5.85(6.0)]. The correlatedy? fits do not determine un- each other and reproduce the experimental values within the

ambiguously the time slice beyond which the ground staterrors for a wide range of the quark mass with the chiral limit

dominates. We also notice the very intriguing fact thgt
obtained by the correlated fits to a range fromty has a
strong correlation withmgy at t=ty. Varying the fitting

included. This implies a strong advantage to applying renor-
malization constants determined nonperturbatively. For
pseudoscalar mesons, however, we find that although the de-

range systematically, we estimate the systematic errors inay constanlf';f'C in the chiral limit agrees with the experi-
hadron masses due to statistical fluctuations as well as due toental value off ., albeit with large errors, it differs from
the contamination from excited states, which cannot be propthe experimental value df, by about 20% am,a=0.33.

erly taken into account by the standard least mean square fithis discrepancy might be due to systematic errors in the
with a fixed fitting range. We find that the systematic errorsnumerical calculation oZ 5. These results imply the impor-
for the hadron masses with quarks lighter than the stranggance of more systematic nonperturbative determination of

qguark amount to 1-2 times the statistical errors.
When the lattice scale is fixed from tihremeson mass, the
masses of th€) ™ baryon and the) meson at twg3’s agree

the renormalization constants for various meson decays.
Note addedAfter this work was completed, three groups
reported results of high statistics studies of the hadron spec-

with experiment within about one standard deviation. On therum [25—-27 at 8=6.0. Their results are consistent with

other hand, the central value of the nucleon mas8-a6.0

ours.

TABLE XX. Pseudoscalar meson decay constants in lattice units. In parentheses are errors estimated by
the jackknife method. Errors given in the formihe are for the fitting range dependent upp&wen

bounds.
B=5.85 B=6.0

K fEr fir K fE7 for e
0.1440 0.1152  0.144325 "2 0.1450 0.0892  0.103Gq10) " 0.0710
0.1540 0.0922  0.092922) *1° 0.1520 0.0713  0.070111)*% 0.0567
0.1585 0.0732  0.066426) 12 0.1550 0.0566  0.051713) " 3¢ 0.0450
0.1595 0.0677  0.060G30) *13 0.1555 0.0535  0.048215 1 0.0426
0.1605 0.0597  0.051533) "% 0.1563 0.0462  0.040826) "33 0.0368
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