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Abstract

We investigate dynamical stability for strategic communication
with the information structure and perturbations under the replicator
dynamics. To extend the theoretical framework proposed by Green
and Stokey (2007), we study dynamical stability of all equilibria with
the information structure which they introduced. We show that the
rest points of one kind of partition equilibrium and a determinate ac-
tion equilibrium can be stable under the replicator dynamics in the
case where there are two states, two actions, and two observations.
Moreover, we reveal the effects of the information structure and per-
turbations on the dynamical behavior. Without the information struc-
ture, dynamical stability depends on fewer elements of utility functions
and beliefs of an agent and a principal than with the information struc-
ture. Perturbations of the repilicator dynamics can stabilize complete
communication that has an unstable rest point under the replicator

dynamics.
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1 Introduction

We consider the dynamical behavior for strategic communication with the
inforfmation structure and perturbations under the replicator dynamics. In
the strategic communication which is studied in economics (Crawford and
Sobel, 1982, Green and Stokey, 2007), all members communicate through
the strategic use of signals. We study effects of the information structure
and perturbations on the dynamical behavior under the replicator dynamics.

The starting point for analysis is the model of information transmission
as studied by Green and Stokey (2007). In this game, after a state of nature
occurs, an agent receives an observation related to the state through an
information structure and sends it to a principal. The principal takes the
decision. Each utility of the agent and the principal depends on the state
and the action.

In this game, there are sets of equilibria. Following Green and Stokey
(2007), we focus on three types of equilibria: a partition equilibrium, a de-
terminate action equilibrium, and a random action equilibrium. We study
the dynamical behavior of these equilibria in the case where there are two
states, two actions, and two observations. In addition, we suppose that be-
liefs for an agent and a principal are identical.

We first study rest points of these equilibria and dynamical stability of
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these rest points with the information structure under the replicator dy-
namics. Sequentially, we study effects of the information structure on the
dynamical behavior under the replicator dynamics.

Next, we study the dynamical behavior of complete communication (one
kind of partition equilibrium) under the replicator dynamics with pertur-
bations which is called the selection-mutation dynamics (Hofbauer, 1985).
The dynamical behavior of strategic communication with common interest
under the selection—mutation dynamics is studied by Hofbauer and Huttegger
(2007, 2015) and Uchida and Fukuzumi (2019). Two of them show that per-
turbations of the replicator dynamics can stabilize the dynamical behavior
(Hofbauer and Huttegger, 2007; Uchida and Fukuzumi, 2019).

Our work makes three important contributions:

e We show that a partition equilibrium has a rest point under the replica-
tor dynamics, and that a determinate action equilibrium and a random
action equilibrium can be the rest point under the replicator dynam-
ics. Moreover, we also show that rest points of one kind of partition
equilibrium and a determinate action equilibrium can be stable under

the replicator dynamics.

e We show that without the information structure, the dynamical stabil-
ity of the strategic communication depends on fewer elements of utility
functions and beliefs of an agent and a principal than with the infor-

mation structure.

e We show that a rest point close to complete communication with the in-

formation structure that has an unstable rest point under the replicator
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dynamics can be asymptotically stable under the selection—mutation

dynamics.

The remainder of this paper is organized as follows. Section 2 provides
the formal model of strategic communication with the information structure.
Section 3 introduces types of equilibria and Section 4 introduces the dynam-
ics. Section 5 studies the stability of these equilibria under the replicator
dynamics. Section 6 studies the stability of complete communication under

the selection—mutation dynamics. Section 7 concludes.

2 Model

Our decision problems consist of two players; one is an agent and the other
is a principle. There are m states of the world by the set © = {6y, ...,0u},
and N possible observations y, by the set Y = {y1,...,yn}. An observation
is statistically related to the true state in ©. The statistical relationship
between states and observations is called the information structure. It is
represented by an M x N Markov matrix A = [Apn]. Amn is the probability
tha ¥, is observed if the true state is 6,,. There are k actions by the set
A={ay,...,ax}.

An agent receives an observation and sends it to a principal. However,
the agent may not send the same information as he observed. A principal
receives the information from the agent and chooses an action ay from A.

The von Neumann-Morgenstern utility levels of two players depend upon
the action and the state of nature. These utilities are represented by K x M

matrices UjA, = [uf, ] and UL = [u}, ] for the principal and the agent. We
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suppose that all elements of Ul = [uf,] and UL = [u} ] are positive. U,
and UL for the principal and the agent are realized if 6,, occurs and ay, is
chosen by the principal.

The agent’s strategies are represented by an N x N Markov matrix

N
Re Ry, y={ReRYN:Y ry=1Vie N},
j=1
where 7, is the probability that y, was sent given that the actual observa-
tion is ¥,.

The principal chooses the action ar € A given that the information y/,
was sent by him. The principal’s strategy is represented by an N x K Markov
matrix

K

ZERy, x={ReRY :> z;=1VjeN},

i=1
where 2z, is the probability that ay is chosen given that y,, was sent.

We denote different beliefs for the agent and the principal by 7 = (7, ..., mpr) €
AM and 7' = (7},..., ;) € AM where AM is the set of all M-dimensional
probability vectors.

If the strategy choices are Z and R, the expected utilities for the agent

and the principal are respectively
trlIARZUA

and

trll’ ARZU"
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where IT and IT" denote the square matrices with the vectors = and 7’ on the
diagonal and zeros elsewhere. !
Our game Ty, = {RY v X Zis i, trUTIARZ, trU'TARZ} is described.
We study the Nash equilibria of this game. Let B(Z) € RS, and
B(R) € Zﬁx i denote the best-response correspondence of R and Z respec-

tively.

Lemma 1. A pair (R,Z) € R® is a Nash strategy of I'y  if and only if
R e B(Z) and Z € B(R).

3 Types of equilibria

'y k has a large set of equilibria. Following Green and Stokey (2007), we
provide basic classifications of equilibria. First, we provide characteristics of

the information structure.

Definition 1 We say that an M x N’ information structure A’ is a partition
of Aif N = APDP’, where P and P’ are permutation matrices and D is an

N x N’ block diagonal Markov matrix in which each block has rank one.

When A" = APDP’, there is a partition of the information space Y. If

IThe agent’s expected utility is represented by
EUA = Z Tm, Z )\mn Z Tnn’ Z Zn’k'uzmy
m n n’ k

The principal’s expected utility is represented by

EUP =N"7 A Ton' Y Zn/kUL
- m mn nn n kU -
m n n’ k
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information value y;, occurs under A’, the partition element containing y;, is
reported through A’.

An equilibrium in this information structure, A’ = APDP’, is called a
partition equilibrium (Green and Stokey, 2007). In this equilibrium, AR is
a partition of A. In short, the observation that an agent received is sent as

itself or as partitioned information.

Definition 2 (Green and Stokey, 2007) We say that an equilibrium pair
(R,Z) is a partition equilibrium if A’ = AR is a partition of A. One
equilibrium of this type is the pair of strategies R=1,Z =1 and RZ = 1.
Another equilibrium is the pair of strategies in which Z has at least one

zero-column.

We consider the case in which there are two states, two actions, and two
observations. A partition equilibrium is represented by two forms
10 10 a 1l—-—a« 10
R1: 7Zl: 7R2: 7Z2: 7ae[071]
01 01 a 1—a 10
In addition to a partition equilibrium, there are two types of non—partition

equilibria in which a principal uses a pure or mixed strategy.

Definition 3 (Green and Stokey, 2007) We say that an equilibrium pair (R,
Z) is a determinate action equilibrium if A’ = AR is not a partition of
A, and each row of Z receiving positive weight under R has only a single

positive element.

In the case where there are two states, two actions, and two observations,
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a determinate action equilibrium is represented as follows:

l—0a « 10 1

R3: 723: 70<Ct§*.

0 1 01 2
Definition 4 (Green and Stokey, 2007) We say that an equilibrium pair
(R,Z) is a random action equilibrium if A’ = AR is not a partition of
A, and some row of Z receiving positive weight under R has two or more

nonzero entries.

In the case where there are two states, two actions, and two observations,

a random action equilibrium is represented by the form:

Ry = AR ,CkE(O,l)A

O NI
— NI

4 Dynamics

We now consider the replicator dynamics and the selection—mutation dy-
namics on the behavioral strategies, as per Hofbauer and Hutteger (2015).
In an extensive form of this game, a behavioral strategy is represented by a
probability measure over strategies of an agent and a principal.

We define an (n — 1)-dimensional behavioral strategy simplex of an agent

when the agent receives an observation ¢ € N, defined by .5;, as

Si = {(Til7ri27-~~7rin)|zrij = 17rij 2 0 fOI' eachj S N}

=1

Similarly, we define a (k — 1)-dimensional behavioral strategy simplex of
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an principal when the principal receives the information j € N, defined by

S;, as

Sj = {(Z]'l,ij, . .,ij)| ZZ]‘[ = l,Zjl > 0 for each j S N}

=1

The space of behavioral strategies is defined by S = IL;enS; X ILick S;.

Our dynamic selection process is described by a dynamical system of

differential equations defined for all points in S. In this paper, we consider

the case in which there are two states, two actions, and two observations.

The dynamical system is formulated as the following 8 differential equations:

711

712

To1

T92

Zn

212

ri(miAiiznufy + miAiziaugy + medarziiufy + a1 z12udy

—TIAIT11211U] — T1AL1T11212U8) — T2A21711 211Uy — T2A21711212U3y
—T1IAIT12221U]] — T1A11T12222UG; — T2 21T 12221UTy — T2A21T12222U%e) + (1 — 21r11),
ria(miA1 221Uy + T1A1222ugy + TaAa1 291Uy + T2 21 292U

—MIALIT12221U%] — T1A11T12222U8 — T2A21712221UTy — T2A21712222UTy
—TIAIT11211U] — TIAIT11212Ug; — T2A21T11 211U — T2Xo17T11212Ude) + (1 — 2r12),
ro1(miAi2z11ufy + T1A12212ug; + T2Aa2z11uy + T2 A22212Ud,

—TM1A 12721 211U — T1A12721 212UG; — T2A22121 211U 9 — T2 22721 212US,
—T1A12T22221 Uy — T1A12T22222UG; — T2 22122221 Uls — T2A22T22222U%e) + €(1 — 2191),
rog(miA12221ufy + T1A12222ug; + T2A22291Uy + T2 A22292Ud,

—T1A 12722221 U] — T1A12722222UG] — T2 22122221 U 9 — T2 A22T'22222US5

—mA12ra1 211Uy — 112721 212U — T2Ao2r21 211Uy — ToAg2ro1 212Usy) + €(1 — 2722),
zin(mAnrnuly + mderaiudy + madorriuly + maAoaraiul,

—m ATzl — mAera sl — meAoriziiuly — meAaorar z11uly
—T1A1T11212Ub; — T1A 12721 212Ub; — TaAo1T11212Uby — T2 Aoora1 212uby ) + 6(1 — 2211),
zia(mAriub, + mieraiub, + madorriiuby + maAoaraiub,

—TiAT11212Ub; — T1A 12721 212Ub; — TaAo1T11 212Uby — T2 A20T21 212Uby

p p P p
—mALTI 211U — A era1z1ul; — Moo z11uly — T Aaoror z11uls) + 0(1 — 2219),
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L P P » P
Zo1 = zo1(mAnriguly + mAaraul; + maAorriouly + maAooraoul,
P p . » p
—TMIA11T12222Us — T1A12722222Us — T2A21T12222Usy — T2 A227T22222Usg
P p . p P
—T1IAIIT12221UT] — T1A12722221U ] — T2A21T12221U 5 — T2A22122221U 5) + (1 — 2221),
L " p D p
Zog = zoa(miAniTi2uyy + T A12T22uy; + TaA21T12UYy + T2 A2 20U,
P P P P
—T1AL1T12222Us — T1A12722222Us — T2A21T12222Us0 — T2 A22T22222Usg

P ) p P P
—T1IAIIT12221U] ] — T1A12722221U ] — T2A21T12221U 5 — T2A22122291U 5) + 0(1 — 2229).

where € and § are small, uniform mutation rates.
We denote this system by S = ®(S). This dynamical system is called the
selection—mutation dynamics (Hofbauer, 1985). If ¢ = § = 0, the selection—

mutation dynamics coincides with the replicator dynamics.

5 Dynamical stability under the replicator dy-
namics

In this section, we study dynamical stability under the replicator dynamics in the
case where there are two states, two actions, and two observations. In addition,
we suppose that beliefs for an agent and a principal are identical. In the following
results, we first check rest points of three types of equilibria. After that, we study

the dynamical stability of these rest points.

Theorem 5.1. Let (R1,Z1) and (Rg, Z3) be partition equilibria of Definition 2
in the case where there are two states, two actions, and two observations. Then,
the partition equilibria (R;, Z1) and (R2, Z2) have rest points under the replica-

tor dynamics. The rest point (R1, Z1) is structurally stable under the replicator
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dynamics when

7T1)\11U‘211 — 7T1/\11u(111 + 7'(2)\21’&%2 — 71'2)\211#%2 <0,

71'1)\1211%1 — 7T1)\12u51 + 71'2)\22’!1,‘112 — 71'2)\2211‘212 < 07
p D p p

7T1)\11u21 — 7T1/\11U11 + 7T2>\21u22 — 7r2)\21u12 <0,

P p P P
7r1)\12u11 — 7T1)\12u21 + 7r2)\22u12 — 7r2)\22u22 <0.

On the other hand, the rest point (Rg, Z2) is structurally unstable under the

replicator dynamics.

Theorem 5.2. Let (R, Z) be a determinate action equilibrium in the case where
there are two states, two actions, and two observations. Then, the determinate

action equilibrium has a rest point under the replicator dynamics when
a a a a
7r1)\11u11 - 7T1/\11u21 + 71'2)\2111,12 — TFQ)\21U22 = 0.

The rest point of (R, Z) is structurally stable under the replicator dynamics

when

(2a — D)midnuf; + (2o — 1)medoiudy — amAjudy — amadaiud,) <0,

(I =2a)mAnug; + (1 —20)meAugy — (1 — a)mAniufy — (1 — a)meAaiufy) <0,
TiA12U]] — T1A12UG; + ToA2oufy — TaA22ugy < 0,

miAn (uhy — ulfy) + madar (uhy — ufy) <0,

a7r1>\11(u1171 — 11}271) + 7T1/\12(u€1 — ugl) + 0471'2/\21(11,1172 — u12)2) — 71'2)\22(11,1172 — u1272) < 0.

Theorem 5.3. Let (R,Z) be a random action equilibrium in the case where

there are two states, two actions, and two observations. Then, the random action
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equilibrium has a rest point under the replicator dynamics when

71'1)\11%1111 — ﬂl)\llugl + 7r2)\21u‘112 — 71'2)\211#212 =0,
1 D 1 D p P
5TIAI Uy — 5T1IA1IUT] + T1A12Uy; — T1A12UT

+%7r2/\21u’272 — %W2A21U}f2 + 7r2)\22u§2 — 7T2)\22u11)2 =0.
The rest point of (R, Z) is structurally unstable under the replicator dynamics.

Green and Stokey (2007) studied the welfare of an agent and a principal when
the information structure changes. We also study the role of the information

structure from the point of view of dynamical stability.

Theorem 5.4. Suppose that there is no information structure. Then, the
partition equilibrium (Ry, Z1) of Definition 2 has a rest point under the replicator
dynamics. The rest point is structurally stable under the replicator dynamics when

P P P P
ugy —ufy < 0,ufy —ufy < 0,uy; —uy; <0, and ujy — usy < 0.

Without the information structure, dynamical stability of the partition equilib-
rium (R, Z;) depends only on utility functions as opposed to with the information

structure.

Theorem 5.5. Suppose that there is no information structure. Then, a deter-
minate action equilibrium (Rj3, Z3) has a rest point under the replicator dynamics

when
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The rest point is structurally stable under the replicator dynamics when

—aug; + (1 —2a)uf, <0,
(1-20)ug; — (1 —a)ufy <0,
ufy —ugy <0,

uby —ufy <0,

maul; + mouly — maub, — mouby, < 0.

Without the information structure, the condition of a rest point at a deter-
minate action equilibrium is simply u§; = u$; regardless of u{y, ugy, 71 and my as
opposed to with the information structure. Moreover, the condition of stability
at a determinate action equilibrium depends on fewer elements of utility functions

and beliefs of an agent and a principal than with the information structure.

We can check that a partition equilibrium (R2, Z2) of Definition 2 and a random

action equilibrium without the information structure are structurally unstable. 2

6 Dynamical stability under the selection—
mutation dynamics

Next, we study dynamical stability under the selection—mutation dynamics in the
case where there are two states, two actions, and two observations. In addition,
we suppose that beliefs for an agent and a principal are identical. First, we study

the rest point close to (R1, Z1) under the selection—mutation dynamics.

Theorem 6.1. Consider a partition equilibrium (R;, Z1) in the case where there

are two states, two actions, and two observations. For each pair of the mutation

2We omit the proof of these cases due to lack of space.
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rates (g,0), there is a neighborhood of the partition equilibrium (Rj,Z;) that

contains a unique rest point (Rj(e,d), Z5(e,d)) when

7r1)\11u§1 + 7r2/\21u§2 — 71'1)\111,6(111 — 7T2)\21UL112 #0,
miAguf; + maAogufy — TiA2ug; — moAgaug,y # 0,
D D P D
7T1)\11u21 + 7r2/\21u22 — 71'1)\11’&11 — 7T2)\21u12 # 0,

P p D P
7r1)\12u11 + 772/\22u12 — 71'1)\12’!1,21 — 71‘2)\221122 9& 0.

We find a rest point close to a partition equilibrium (Ry, Z1) under the selection—

mutation dynamics. We can show the value of the rest point explicitly.

Corollary 1. The first-order approximated entries of the rest point (R(e, d), Z (¢, d))

€ S close to a partition equilibrium (R;, Z1) are explicitly given as follows:

1 1
Ry = L T YPUT AE= S vy A Srt ey eevr D VT SRy PO Ay VT Ay Y
1 1
7\'1>\12u‘211+7r2/\22u§2—ﬂ'1/\12u‘fl—ﬂzx\zzu‘fzE 1- 7r1>\12u§1+7r2>\22u§2—7r1>\12u‘f1—7r2)\22u‘f25
1- P 7 ! 7 70 7 7 ! 7 7
7 = TIA11UY 1 FT2A21U 5 —T1 A 11Uy —T2A21 Uy T1A11UY FT2A21U 5 —T1 A11Ug —T2A21Ugy
1 1
w1 A12uh +madoul, —m A2ul ] —maXaoul, o 1- T A12uh +maAozub, —m Agul; —maXogul, 0.

We can study the stability of a rest point under the selection—mutation dy-

namics by using these values of Corollary 1.

Theorem 6.2. Consider a partition equilibrium (R;, Z;) that has an unstable
rest point under the replicator dynamics in the case where there are two states,
two actions, and two observations. Then, the rest point close to the corresponding
partition equilibrium (R}, Z7) can be asymptotically stable under the selection—

mutation dynamics.

Perturbations of the replicator dynamics can stabilize the dynamical behavior

for the strategic communication of Green and Stokey (2007) type, following the
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dynamical behavior for the sender-receiver game of Lewis type (Hofbauer and
Huttegger, 2007, Uchida and Fukuzumi, 2019). In this paper, we do not study
stability of the other equilibrium under the selection—mutation dynamics because
it is too difficult to solve the characteristic equation of the first-order approximated

Jacobian matrix evaluated at the rest point.

7 Conclusion

In this paper, we study the rest points and dynamical stability for the strategic
communication with the information structure and perturbations. With the infor-
mation structure, the existence of rest points and dynamical stability for strategic
communication depends on more elements of utility functions and more beliefs
of the agent and the principal than without the information structure. On the
other hand, perturbations of the replicator dynamics can stabilize the dynamical
behavior of complete communication that has an unstable rest point under the

replicator dynamics.
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Appendix
Proof of Theorem 5.1

We consider the case in which there are two states, two actions, and two

observations:
M1 A1 ufy  uf uf, ub
A= JUA = T LUP = 1z ,7TA:7TP:(7T1,7T2)‘
Aol A2z U3 Uy uhy by
Partition equilibria are represented by two forms:
10 10 a 1l—a 10
Ry = AR R = Ly =
01 01 a 1l—a«a 10

Our dynamical system S’ = ®'(S) of the replicator dynamics consists of 8

differential equations:

i1 = ri(mAnziuy + mAizizugy + e ziiudy + made1z12udy
—TIALIT11211U]] — TIA1IT11212Ug) — T2A21T11211U s — T2A21711212US
—TIAIT12221U]y — T1IA11T12222UG; — T2A21T12221Uls — T2 A21T12222U%s),
12 = ria(mAizaiudy + A1 ze2udy + made1 221Uy + ToA21 222Uy
—TIAIIT12221UT] — T1IA11T12222U) — T2A21T12221UTe — T2A21T12222US
—TIAIT11211U]) — T1IA11T11212U8) — TaAo1711211Ufy — T2A21711212USy),
Fo1 = rar(mAiziiudy + mAi2z12ugy + moAeez11udy + T2 Z12udy
—T1A12721 211U — T1A12721212U5) — T2 A22721 211Uy — T2 A22721 212UGy
—TA12ro22o1uf) — T A12722200U) — T2 A22T22221Uly — TaA22122202USy),
Too = roa(miMiazarufy + miAi2200u8) + m2A22221ufy + T2A22220uS,
—T1A12722221US — T1A12722222U5) — T2 A22722221 Uy — M2 A22722222U5y

—miA12T21211U]) — T1A12721 212U8) — TaAo2r21 211Uy — T2A22721212US5),



Dynamical stability in strategic communication with the information structure and perturbations 17

21 = en(mArnudy + mAeraul] + maderriiuly + madeoraiul,
—mAnri ], — mAeraiziul; — madairinziiuly — ToAoarer z11uly
—T1A1T11 212Uy, — A 12r21 212Ub; — ToAa1T11212uby — T2 20101 212Ub,),

12 = zi2(mAirniuh + mAaraiub, + madorriiuby + madeoroiub,

—m1A11T11 212Uy — A 12r21212Ub; — Taa1T11212Uby — T2 20791 212Uby
—mAnriznul] — mAeraiziiul; — madairiiziiuly — modsarer z11ul,y),
a1 = zo1(mAiiriguly + mAaroeul| + madorriouly + madeorosul,
—TiA1T12220ub; — T1A12T22220Uby — T2 A21T12220Uby — T2 A22T22200Uby
—miAri2z1ul; — T eraeza1uly — Teda1ri2201UYy — ToAaoranzortlsy),

Zoo = zoa(mAniriuby + miAiaraaub; 4 madarriauby + maAsaraguby
—TiA1T12220ub; — T1A12T22200Ub; — T2 A21T12220Uby — T2 X207 22200Uby
—miAri2zaul; — miAeraezaiuly — Tedariazo1tly — TaAsoranzorudy).

By substituting the entries of (R, Z;) and (R2, Z2) into the above equations,
we obtain r;; = 0 and zj; = 0 for each 4,5 € (1,2). Thus, this system has rest
points at the partition equilibria (R1, Z1) and (Rg, Z2).

Sequentially, we check dynamical stability of the partition equilibrium (Z1, Ry).
The characteristic equation of the Jacobian matrix evaluated at the rest point
(Z1, Ry) is given by

()\ + 7T1>\11u(111 + 7r2)\21u‘112)(/\ — Wl)\llugl - 71'2)\21714%2 + 71'1)\111141111 + 71'2)\21114(112) ()\ -
7r1/\12u’111 77r2)\22u‘112+7r1/\12u31 +7r2)\22u‘212)(/\+7rl)\12u51 +7T2>\22u32) ()\+7r1)\11u€1 +
7T2)\21u1102) ()\—7r1)\11ugl —7T2)\21u1232 +7r1)\11u’171 +7T2)\21u7132)()\—771)\12u1171 —71'2)\22712102-}—
mA2ub; + modoouhy ) (A + mAroub; + moAgouby) = 0, where X is the eigenvalue.

Thus, this system is structurally stable when

7r1)\11u‘211 . 7T1/\11U(111 + 71'2)\2111,%2 — 71'2)\2111(17‘2 < 0,
7T1)\12u‘111 — 7T1/\12ugl + 7'(2)\22’&‘112 — 71'2)\2211‘212 <0,
P p D P
7r1)\11u21 — 7T1/\11u11 + 71'2)\2111,22 — 7r2)\21u12 <0,

p D p p
7T1)\12u11 — 7r1/\12u21 + 7T2)\22’LL12 — 7r2)\22u22 < 0.
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Sequentially, we check the dynamical stability of the partition equilibrium
(Z3,R2). The characteristic equation of the Jacobian matrix evaluated at the
rest point (Z2, R2) has eight eigenvalues. One of them is zero. Thus, this system

is structually unstable.

Proof of Theorem 5.2

A determinate action equilibrium is represented by the form:

l—-a « 1 0
R3: 7Z3:
0 1 0 1

By substituting the entries of (R3, Z3) into our dynamical system S’ = ®’(.9),
we obtain 7;; = 0 and z;; = 0 for each i, j € (1,2);
’I"n = (1 - ()t)(()tﬁl)\llu(lll + 0471'2)\211(,(112 — mrl/\nu%l - Otﬂ'g)\glugz) = 07
"f‘12 = O{((l — (1)7'(1)\1111(211 — (1 — a)m)\nu‘fl + (1 — Oé)‘ﬂ'z/\glugz — (1 — cy)7r2/\21u‘1’2) = 0,
To1 =

Tog =

Thus, this system has the rest point when mAjjufy + mAo1ufy — T AU, —

7T2>\21’U,32 =0.

Next, we check the dynamical stability of the determinate action equilib-
rium (Z3, R3). The characteristic equation of the Jacobian matrix evaluated at
the rest point (Z3, R3) is given by (A — (2a — 1)miAniufy — (20 — 1)maAoufy +
amA1udy +amedoiuds) (A — (1 —2a)m A1ug; — (1—2a)mada1ude + (1 —a)m A udy +
(1 — a)maAaiufy) (A — miAi2ufy — maAzouly + miAoug; + maA2audy) (A + miA2ug; +

7r2/\22u32)()\ + (1 — a)m/\nu’fl + (1 — OL)7T2/\21U}172)()\ — (1 — a)m/\uugl + (1 —
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p p p g p
oz)m)\nun — (]. — a)7r2)\21u22 + (]. — a)ﬂ'g)\zlum)(/\ — 0471'1/\11u11 + 0471'1)\1111,21 —
vy D D D D D p
7r1/\12u11 +7T1/\12u21—057T2/\21U12+047T2)\21U22—7T2)\22U12+7T2)\22u22)(/\+771)\11u21+
D P Py —
T1A12Us; + TaAo1Uhy + ToAooub,y) = 0.

Thus, this system is structurally stable when

(2a — DmAnudy + 2a — D)medoiufy — amiAiiug; — amadaiuly) < 0,

(I =2a)mAnud; + (1 — 2a)meAo1ugy — (1 — @)mAufy — (1 — a)meAaufy) < 0,
T1A12Uf] — 1A 12U + TaAaoufy — TaA22ugy < 0,

miAu(ugy — uiy) + madar (uhy — ugy) <0,

amiA (ufy — uby) + mAig(ul) — uby) + amadar (uly — uby) — madag(ufy — uby) < 0.

Proof of Theorem 5.3

A random action equilibrium is represented by the form:

1 0

a 11—«

By substituting the entries of (R4, Z4) into our dynamical system S’ = ®’(.9),

we obtain 7;; = 0 and z;; = 0 for each ¢, j € (1,2):
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. 1//1 1 1 1
1 = 5((z — s)mAnuf; + (5 — s)mAa1ufy
(1 _1 b\ a _ (1 1 A ay—(
(2 2a)7r1 11Uo7 (2 204)72 21“22) =Y
' 1//1 1 1 1
T2 = 5((5 — 50&)%1)\11’!11(111 + (5 — 50&)7‘(2)\21’&‘112
(1 _1 b\ a _ (1 _ 1 A ay =0
(2 205)71 11Uo7 (2 204)7r2 21u8y) = 0,
o1 = 0,
o9 = 0,
21 = 0,
Z12 = 0,
K _ 1 p D 1 D D
z291 = a(7§ﬂ'1>\11u21 — 7T1)\12u21 - 571’2)\211122 - 7r2/\22u22
1 1
+§7T1/\11u1131 + 71'1)\1211}101 + 571'2)\2111,1102 + 71'2)\22712102) =0,
s _ 1 D g 1 D D
299 = (1 - a)(§7r1)\11u21 -+ 7T1/\12u21 + §7T2/\21u22 + 7r2>\22u22
1 P Y4 1 Y4 P
—§7r1/\11u11 - 7(1)\12u11 — Eﬂg)\glulz — 7r2)\22u12) =0.

Thus, this system has the rest point at the random action equilibrium (Ry, Z4)
when mAj1uf; — mAnug; + meAaufy — meAaug, = 0, %m)\uugl — %m)\nu?l +
mAeub; — mAoul; + %71’2)\2111,32 - %ﬂg)\glu% + madoouby — ToAoouly = 0.

Next, we check the stability of the random action equilibrium (R4, Z4). The
characteristic equation of the Jacobian matrix evaluated at the rest point (Ry, Z4)
has eight eigenvalues. Ome of them is zero. Thus, this system is structurally

unstable.

Proof of Theorem 5.4

We consider the case in which there is no information structure. Our dynamical

system of the replicator dynamics consists of 8 differential equations:
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i1 = ru(mziuly + Tzieuy; — miriznuy — Tirizi2ug — Triezeiud; — Tiriezeauy; ),
2 = rp(mzud; + mznug — mripzaul; — miriezeug — mrnznud; — mrizious),
To1 = ror(maziiufy + mez12ugy — Mara1 211Uy — ToT21212UGy — MoT22201Ufy — M2T22220USy),
Too = roa(mazarufy + mazoauGy — maraza1ufy — ToTa2222UGy — MaT21211Ufy — T2T21212USy),
i1 = zu(mrnuly + mraul, — mrinznud] — mraziuly — mirnziouly — morarziaub,),
Z19 = zi(mirnuly + moraiub, — mriizigub; — mory ziouby — miT11Z11UY; — mora1z11Uly),
f1 = zpr(miriouly 4+ morgeul, — miriozagud; — morsozaguby — miTioz21uly — morRezo1ul,),
Gy = zpp(miriouby + morgeub, — miTi2Z00ub; — Morsozaguby — miT12221UY; — moTo2z01UL,).

By substituting the entries of (Rj,Z1) into the above equations, we obtain
rij = 0 and z; = 0 for each 4,5 € (1,2). Thus, this system has rest points at the
partition equilibrium (Ry, Z1).

Sequentially, we study the dynamical stability of these rest points. The char-
acteristic equation of the Jacobian matrix evaluated at the rest point (Z1, Ry) is
given by (A+mudy)(A—mrud; +mrudy ) (A —Touly +moudy) (A+moudy) A+miud; ) (A —
miuby + mud; ) (A — mauly + mauby ) (A + maub,) = 0, where X is the eigenvalue.

Thus, this system is structurally stable when ug; —u$; < 0,uy —ugy < 0, ub, —

P P P
up; < 0, and ujy — Uy < 0.

Proof of Theorem 5.5

As with Theorem 5.4, by substituting the entries of (R4, Z4) into our dynamical

system of Proof of Theorem 5.4, we obtain r;; = 0 and z;; = 0 for each 4, j € (1,2):
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= mufy —m(l —a)uf; — maug; =0,
12 = mufy —maug —m(l—a)ufy =0,
T2 0,
1 = 0,
212 = 0,
01 = 0,
299 = 0.

Thus, this system has the rest point at the random action equilibrium (Ry, Z4)

a a
when uf; = u$;.

Next, we check the stability of the random action equilibrium (Ry, Z4). The
characteristic equation of the Jacobian matrix evaluated at the rest point (Ry, Z4)
is given by

(At aug = (1= 20)ufy)(A = (1= 2a)uf; + (1 — a)ufy) (A — mufy + mauds ) (A +
mudy) (A + (1 — a)muf; ) (A + (1 — e)muhy + (1 — a)mulfy) (A — mouy; — muf, +
maub; + mouby) (A + mroud, + moub,) = 0, where ) is the eigenvalue.

Thus, this system can be structurally stable when —ou$; + (1 — 20)uf; <
0,(1—2a)ug; — (1 —a)ufy < 0,mufy — moudy < 0,ub; —uf; < 0, maul; +moul, —

maub, — moub, < 0.

Proof of Theorem 6.1
Assuming that there is a rest point close to a partition equilibrium (R1, Z1),

we write down the rest point as follows:

Rl: 1—51 &1 7Z1: 1—51 (51
€2 1—e9 52 1*52

Our dynamical system S = ®(S) of the selection—mutation dynamics consists
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of 8 differential equations. ® By substituting the entries (Z;;,7;;) of (R}, Z}) into

8 differential equations, we obtain the following system:

11

712

21

T2

Z11

212

Za1

222

(1 —e)(mAn(l = 01)ufy + miA1diug; + mada1 (1 — 01 )ufy + m2A2101us,

—mAn(l —e)(1 —d)ufy —mAn(l —er)diugy — modai (1 —e1)(1 — d1)ufy — moa1 (1 — €1)d1ufy
—mAneidoudy — miArier (1 — d2)uy; — madore1doudy — meAaier (1 — d2)udy)

+e(l—2(1—e1)),

er(mAdoudy + miA (1 — d2)ugy + meAo1doufy + mao1 (1 — d2)usy

—miAnerdoufy — mAner(l — d2)ug; — moAarerdoufy — moAo1e1(1 — d2)ug,y

—miA (1 —e1)(1 = 0)ufy — mA(1 — e1)drugy — mada1 (1 — 1) (1 — 81)ufy — mado1 (1 — &1)d1ugy)
+e(1 — 2¢y),

ea(mAz(1 — 01)ufy + mA201ug; + Ao (1 — 61)ufy + ToA22d1ugy

—mArzea(1 — d1)uf; — mihi2ead1ug; — moAaae2(1 — 01)ufy — T2A22e201u8,

—mA2(1 — e2)0ouf; — miA2(1 — €2)(1 — d2)usy — maAa2(1 — €2)daufy — maAa2(1 — e2)(1 — d2)ugy)
+e(1 —2¢e9),

(1 —e2)(mAi202uf; + miAi2(1 — d2)uf; + maAa2douly + maAa2(1 — d2)udsy

—mA2(1 — e2)0oufy — miAi2(1 — €2)(1 — d2)uy — madaa(1 — €2)doufy — A2 (1 — €2)(1 — d2)ufy
—mA2e2(1 — 01)ufy — miA2e201uG; — maAaea(1 — O1)ufy — TaAo2e201uG,)

+e(1—2(1—e9)),

(1= 81)(miAa (1 — e)uly + mAiaeauly + madar (1 — e1)uly + modaseaul,

—mAn (L —e1)(1 = d1)uf; — mAigea(l — 61)uf; — madar (1 —e1)(1 — 81)uly — modaoea(1 — 81)uly
—mAin (L — e1)d1ub; — miAipeadiuby — modar (1 — e1)81uby — moAa2ead11uby)

81— 21— 81)),

01 (mAi (1 — e1)uby + miAiaeauh + modor (1 — e1)uby 4+ maAoseauby

—mAi(l —e1)61ub; — TiA2e281ub; — Toda1 (1 — £1)81uby — ToAa2e281uby

—mAi(1—e1)(1 = &)l — mAiea(l — 61)uly — moAa1 (1 —e1)(1 — 61)uly — moAoea (1l — 81)uly)
+6(1 — 201),

Sa(miAierul; + mAia(1 — e2)ul + moAare1uly + maAoa (1l — e2)uly

—mAner(1 = Sa)uby — mAia(1 — e2)(1 — 2)uby — madarer (1 — G2)uby — madaa(1 — e2)(1 — 82)uby
—miA11€162uf; — mA2(1 — €2)d2uf} — medare102uly — Moo (1 — £2)d2uly)

+6(1 — 2d2),

(1= d2)(miAre1uby + mA12(1 — e2)ub; + madore1uby + moAao (1 — £2)ub,

—mAer(1 = d2)ub; — miA2(1 — e2)(1 — da)uby — modo1e1(1 — d2)uby — moAaa(1 — £2)(1 — d2)ub,
—mAne1auly — mA2(1 — €2)daul; — meAare100uly — maAaa(1 — €2)d2uly)

(1 - 2(1 - &)

3See p 10 in this paper.
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We remove redundant equations 7;; and Z;; fori=j=1and i =j = 2.

Let Df denote the Jacobian matrix of 7;; and Z;; with respect to £1,€2, 461 and
09, that is,
m 87’12 87"12 B'f'lz
881 882 8(51 652
Ora1 Ora1  9ro1 O
Df o Oeq Oeg 901 Do

0z12  0%12  9Z12 Q212
351 662 851 352

O%z1p 0Oz 0OZ1 0%y
Oe1 Oea 01 D2

Let det (D f(x)) denote the determinant of D f(x) at point x = (&1, €2, 01, d2; €, 9).

Since

Df(0)

AN, + madorugy — AU — Tadarudy 0 0 0
0 mih2ufy + modopuy — i Aizugy — modgyud, 0 0

0 0 T, + modoruly — mAL) — meAarudy 0

0 0 0 Tty + madasly — M1ty — moAasuly

at the point (e1,e9,01,092;¢,0) = (0,0,0,0;0,0), we have Df(0) # 0 when

TAIUg + moAoudy — m AUy — madoaudy # 0,
TA12uS) + ToAgoufy — T1A12uG; — T2 A22usy # 0,
» » p »
T1A11Uy; + T2A21Use — T1AT1UT; — T2A21U s 7 O,

p D 2P p
7T1)\12u11 + 7T2/\22U12 — 7T1)\12LL21 — 7r2)\22u22 #0.

Proof of Corollary 1

Tayler’s formula for the function (e1(e, d),e2(e, d), 01(g,0),d2(g,d)) about (g,d) =
(0,0) is given by

Q
)
=
o)
)
=

e1(g,0) 1(0,0) 52(0,0) 55(0,0) 01(g,0)
€9(g,0) _ 2(0,0) N %(070) %(0,0) 3 N 02(g,0)
81(e,8) 51(0,0) 91(0,0) 92(0,0) b 03(¢,0)
ba(e, ) 85(0,0) %2(0,0) %2(0,0) 04(e,0)
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Because (¢1(0,0),e2(0,0),61(0,0),2(0,0)) is a solution of the system
f1(£1(0,0),e2(0,0),51(0,0), 62(0,0);0,0) = 0,1 =1,2,3, 4, we obtain
(€1(0,0),£2(0,0),61(0,0), 02(0,0)) = (0,0,0,0).

By the implicit function theorem and the fact that

Df(0) =
TIAn g + mAaugy — mAnuf; — mAaufy 0 0 0
0 midizudy + madasuty — mMigu — madzuy 0 0
0 0 miAuhy + madaruhy — mAuf) - mAauf 0
0 0 0 TiA2uh) + Todapuly — mA2Ud) — Tadapub,y
‘We obtain
af 9
£0,0) 50,0 %) %0
o) o] 2] Jf
92(0,0)  %2(0,0) | B0 G20
0, 95, = —DIOT oy o e
E(()? 0) W(Ov 0) W(O) W(O)
(ol ol 0 a
52(0,0) 52(0,0) F2(0) FH0)
1 0
1 0
=—(Df(0)"H)! )
0 1
L 0
T1A11Uuf Fr2 A1 ufy —T1A11ug; —T2A21US,
_ 7r1/\12u§1+71'2)\22u5277r1)\12u‘11177r2)\22u’112 0
1 b)
0 miAiul; Fmede1uly—miAr1ub, — T2 A2 ub,
0 1

ﬂl)\lzugl +7r2)\22u‘2)2 —m /\12u3171 —Wg)\gzufz
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where 0 = (0,0,0,0;0,0). Thus, Tayler’s formula described above becomes

5]
oy
R

e1(g,0) €1(0,0) %52(0,0) 54(0,0) 01(g,0)
eale,d) | _ | €2(0,0) N 92(0,0) %2(0,0) am 03(e,6)
51(e,9) 61(0,0) 951(0,0) 22(0,0) s 03(¢,0)
da(e, 0) 82(0,0) 92(0,0) 22(0,0) 04(g, 6)
"1/\11“‘1‘1+W2A21“%217f1>\11"31—712*21“‘2‘2 0
_ 7r1/\lzugl+7r2)\22u§2£7r1)\12u‘1’177r2)\22u?2 0 <5>
0 PSP JE=y v sperry voen qpurrey vepr J
0 1

w1 A12ub; +m2 Aaaul, —m1 A2ul; —madozul,

where or(e,d), I = 1,2,3,4, stands for the second- or higher-order terms of &
and 6. Thus, we obtain the first-order approximated values of €1, g9, §; and s,

respectively, as follows:

1

e = TIAN U Fr2Ae1udy —T1 AT 1ud; —Ta 21 ug, etor (Ev 6)7
€2 = T A 12U, +7|"2)\22u%2i71'])\]2’[1,(111—71'2)\22’[[,(1'2 e+ 02(57 5)7
o = ﬂl)\uu’f1+ﬂ2/\21u‘fgiﬂ'1/\nugl*7r2>\21u§2 5+ o3 (E’ 5)’
92 miA12ub; +meoaub, —mi Araul] — T2 A2oul, o+ 04(8’ 5)

We find the first-order approximated rest point. [

Proof of Theorem 6.2

1 77A 0 P
Suppose that A = I, =m = 5, U" = ) ,and UT =

DO
D=
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In this case, the characteristic equation of the first-order approximated Jaco-
bian matrix evaluated at the rest point close to the partition equilibrium is given
by (A= e =20+ DA+ 2= §6+ DA+ 3e = F+ D= b+ 45+ D —c— 20+
DA —e+1)(A+3e)(A+ 3e+ 30+ 1)? = 0, where A is the eigenvalue. Thus, this
system is structurally stable.

Without perturbations, e = § = 0. Thus, this characteristic equation has zero

eigenvalue. It is structurally unstable.
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