An index formula
for
the relative Hodge-Kodaira
theory

Kazuaki Taira



The Purpose of Talk

The purpose of this talk is to prove an index formula
for the relative de Rham cohomology groups and is
to give an interpretation of the index formula in
terms of harmonic integrals. In deriving our index
formula, the theory of polyharmonic forms
satisfying an interior boundary condition plays a
fundamental role.
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Relative de Rham complex

e X compact manifold without boundary of dimension »
e Y compact submanifold of X of dimension m

e /:Y > X (naturalinclusion map)




Interior Boundary Value Problem

;(I+A)(a’ +0)a=S®05, onX

ra=0 onY

.




Operators

e d exterior derivative
e 0 codifferential
e A=do +0d Laplace-Beltramioperator

e 0, Diracdelta function supported on Y

*k

e; Pull-back of thenaturalinclusion ;




Concrete Examples



Example 1

dmX =4 dmY =2

(d+5 ~(I+A)"(+®5, )"
7 0 )

D=




Example 1t

ind D= y(X)— y(Y)

1 | |
] 3277 JX(Kz _4HRICH2 +HRH2)1L‘X 2 ijﬂY




Curvatures

* R=R,, Riemannian curvature tensor
e Ric=R,, Riccicurvature
e x =R, Scalar curvature

ijij

e K Gaussian curvature




Example 2

dmX =6, dmY =4

D=

\ l

k

(d+8 ~(I+A)"(®35,)"

0 y




Example 2

indD—;((X)—;((Y)

j (x* —12x|Ric| +3x|R|" +16R R/ R!

" 3847°
+24R"R“R,,, —24R"R , R™ —8R™R}'R,, +2R™ R, R},
1

] (- 4fRie, 4R )
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Main Result

Our result may be stated as follows:

Brownian motion describes the topology of
a compact Riemannian manifold through its
Euler-Poincare characteristic.




The de Rham Complex
for
Manifolds without Boundary
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Part 1
Hodge-Kodaira
Theorem



de Rham complex (1)

oM : n-dimensional, Riemannian manifold without boundary
e " (M) (differential forms of degree k)

e QY(M)=®]_, Q" (M)

e d exterior derivative

e O codifferential




de Rham complex (2)

dk—l dk

Q"' (M) > Q" (M)-> Q"' (M)

d" d*' =0




de Rham complex (3)

o7 (M) = {a cQ"(M):da = O} = Kerd" (closed forms)
e B"(M)={dB Q' (M): p Q"' (M)} =Imd"" (exact forms)
e H"(M)=Kerd" /Imd"" =Z"(M)/B"(M) (de Rham cohomology group)




de Rham Theorem

e H*(M;R)
(simplicial cohomology group)

eh (M)=dimH"(M;R)
(Betti number)

o |\ H*(M)=Z"(M)/B*(M) = H"(M;R)
(de Rham's theorem)

e y(M)=> (-)'dimH"(M;R)=> (-1)*dimH" (M)
k=0 k=0
(Euler - Poincare characteristic)




Hodge and Kodaira Theorem

eA=(d+6) =d5+6d
(Laplace - Beltrami operator)

OHk(M):KerkA:{aer(M):Aa:O} = Ker‘d nKer"s

(harmonic forms)

H (M) =H"(M)

(Hodge - Kodaira theorem)

o ¥(M)= Zn:(—1)k dim H* (M) = Zn:(—l)" dim H* (M)

(Euler - Poincare characteristic)




Hodge and Kodaira decomposition

F (M) Ker* A = Ker*dn Ker*s

Ker* d Ker® 5

k-1
i Im* A= Im*'d @ Im*+1 5



Clifford Algebra
and
Dirac Operators



Clitford Algebra

oM :

n-dimensional, Riemannian manifold without boundary
o)/ =T"(M): real inner product space

<eé',e’,---, " > orthonormal basis of

o/ =T (M):

<e.,e,, e > orthonormal (dual)basis of /"




Clifford Bundle (1)

o CI(V)=ANT (M):
Bundle of Clifford Algebras
oS =CIl(M)=AN'T" (M)= U AT (M):

meM

Clifford Bundle




Euler Grading Operator

e =(-1) on AT (M) :
Euler grading operator
=1 on AT (M)

oCl! (M)=(0+e)A'T" (M )=AN""T" (M)
e Cl! (M)=(1=-e)AN'T"(M)=A°Y"T"(M)
—

Ci(M)=Cl (M )® Cl_(M)




Clifford Bundle (2)

e =(-1)" on AT (M)
—

oS =CL . (M)=AN""T"(M):
+1 eigenspace of ¢

oS =Cl (M)=AN°Y“T"(M):

— 1 eigenspace of ¢




Sections of Clifford Bundle

«C”(S)=C"(A'T"(M)) differential forms
oC7(S,)=C" (AGVC“T* (M)) differential forms of even degree
«C”™(S.)=C"(A“T"(M)) differential forms of odd degree

—

C*(S)=C"(S,)®C*(S.)




Dirac Operators (1)

oV:C” (A’T*(M)) —>T"(M)®C” (A'T*(M)) : Levi - Civita connection
oc:C*(T"(M)Y®NT (M))—> C* (AT (M)):

cleyw=enw—1(e)w| Clifford action

eD:C” (A'T*(M))lcw (7" (M) ®A‘T*(M))—C>C°° (AT (M)

D =coV| Diracoperator




Exterior Derivative and Codifferential

n
edw = Z e’ ANV o exterior derivative
J
j=1

*Sw = —Zn: z(ej)Veja) codifferential
j=1




Dirac Operators (2)

e Dw = Zn:e(ej )Veja) = Zn:ej /\Veja)—zn:l(ej )Veja)
j=1 j=1 J=l

=dw+ow Diracoperator

—

D=d+6:C*(N'T (M) —>C* (AT (M))




Sections of Clifford Bundle

« C* (AT (M) =C* (AT (M)) @ C* (A™T" (M)
«C*(S)=C" (S )®C* (S )




Graded Dirac Operators

eD_:C"(S,)=C"(5.)

DSOS (S

—

oD, =(d+5), :C* (AT (M))— C*(A“T"(M))
eD_=(d+68) :C” (AT (M))—> C” (AT (M))

(Euler characteristic operators)




The fundamental property of Dirac operator

0 DV O D)
D, 0D, 0
‘DD, 0 ) (A 0
.0 DD ) (0 A

D* =




Index of a Graded Dirac Operator (1)

ind D :=dim Ker D, —dim Ker D_

‘o DO C'S,) C(S)

D = D > D

\D O/ o o
C'(S) C(S)

_|_




Index of a Graded Dirac Operator (2)

KerD, =®H** (M) (harmonic forms of even degree)
Ker D =@®H*" (M) (harmonic forms of odd degree)




Index formula for the Euler characteristic operator

(Hodge-Kodaira theorem)

(d+03), :C*(A™T"(M)) > C* (AT (M))
(d+0) :C* (AT (M)) > C* (A™'T" (M)

D+
D

ind D = dim Ker(d +5)+ —dim Ker (d +6)
= Zn:(—l)j dim H’ (M)
j=0
= Zn:(—l)j dim H’ (M ;R)

J=0

= y(M)




Part 11
Hirzebruch Signature
Theorem



Clitford Algebra

oM . |dimM =4k

4k-dimensional, Riemannian manifold without boundary

oV =T"(M):
<e',e’,--,e" > orthonormal basis
o/ =T (M):

<e,e,, e > orthonormal (dual) basis




Clifford Bundle (1)

o CI(V)=AN'T (M) :
Bundle of Clifford Algebras
oS =CI(M)=AN'T" M)= U AT (M):

meM

Clifford Bundle




Grading Operator (1)

o7 = (=1 D2 % on AT (M ):
Grading operator
—

=1 on AT"(M)
* on A'T"(M ) (Hodge star operator)

T




Grading Operator (2)

or = (-1 2% on AIT (M)
Grading operator

oC/! (M)Y=0+7)AN'T (M)

o C/ (M)Y=N0-7)A'T" (M)
—

Ci(M)=Cl (M)®Cl_(M)




Clliford Bundle (2)

oer = (=11 2% on AT (M)
e Cl! (M)=A+7)AN'T"(M):

+1 eigenspace of 7

e Cl! (M)=0Q-7)A'T " (M):

— 1 eigenspace of 7




Sections of Clifford Bundle

«C*($)=C" (AT (M))
«C™(S,)=C"((1+7)A' T (M))
«C*(S)=C"(A-1)A'T"(M))
—

C*(S)=C*(S.)®C*(S)




Dirac Operators (1)

oV:C*(A'T(M))—>T (M)®C” (AT (M)): Levi-Civita connection

oc:C” (T*(M) ®A*T*(M)) —>C” (A*T*(M)): cle w=erow—1i(e)o
Clifford action

eD:(C” (A*T*(M))L C(T"(M)® A*T*(M))—C> C*(A'T"(M)):[D=coV

Dirac operator




Exterior Derivative and Codifferential

n
edw = Z e’ ANV _ o exterior derivative
J
j=1

oW = —Zn: l(ej)Veja) codifferential
=i




Dirac Operators (2)

e Dw = Zn:e(ej )Veja) = Zn:ej /\Veja)—zn:z(ej)veja)
=1 j=1 =1

=dw+ow
—

D=d+6:C*(A'T"(M))—>C* (AT (M))




Graded Dirac Operators (1)

D =d + o
Dt = —-7D
—
D+

C”(S,)> C* (5.)

D_:C=(S.)> C=(5,)

(signatureoperator)




Index of a Graded Dirac Operator

ind D =dim Ker D_—dim Ker D

‘0 DO C'S,) C(S)

D = D > D

\D O/ . i,
C'(S) C(S)

_|_




Graded Dirac Operators (2)

Ci(M)=Cl (M )®Cl_ (M)
eCl! (M )=0+7)A'T (M)

e C/l (M )= (1=7)A'T" (M)
—

ker D = ker D, @ ker D _
kerD, = (17 )ker D




Structure of Kernels (1)

eker D=H=H’®--- @H"
—

o (_ 1)k+q(q—1)/2 o Hq N H4k—c]

isomorphism for 0 <g <2k —1




Structure of Kernels (2)

eH(g) =H' ®H" =H, (¢) ®H (g)

H.(¢)=(1x7)H(q)
(0<g<2k-1)

H* =H* ®H* (¢ =2k)




Structure of Kernels (3)

H ®H
( (0)®---®H' (2 —1)®

(H (0)®---®H (2k —1)@

2k
H+

H2k )




Structure of Kernels (4)

ekerD,. = (l1t7)kerD = (17 )H
—

kerD, =(l+7)H=H"
kerD =(1-z)H=H"




Index formula for the signature operator

(Hirzebruch signature theorem)

ind D =dim Ker D, —dim Ker D
= dim H** —dim H**
_ G(M4k)
— _[M L, (€Y,




Hirzebruch L-Genus

1

* Li(€), =3 ()

¢ (@), = =(Tp.(@) - p(Q) A ()

Here: p.(€2) 1-th Pontrjagin form




Part 111
The de Rham Complex
for
Manifolds with Boundary
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Clifford Algebra in the Interior

oM

n-dimensional, Riemannian manifold with boundary oM
o/ =T"(M):

<e',e’,---, " > orthonormal basis of

o/ =T (M):

<e.,e,, e > orthonormal (dual)basis of /'




Clifford Bundle in the Interior

o CI(V)=ANT (M):
Bundle of Clifford Algebras
oS =CIl(M)=AT M)= U AT (M):

meM

Clifford Bundle




Grading Operator in the Interior

ec=(-1)? on AT (M) :
Euler grading operator
=1 on AT (M)

o Cl/ (M)=(0+e)A'T" (M )=AN""T" (M)
e C/l! (M)=(Q=-e)A'T"(M)=A"T" (M)
—

Ci(M)=Cl (M )® Cl_(M)




Clifford Algebra near the Boundary (1)

Near the boundary oM

o< y' -y a>: local coordinates

o< y' .-,y > local coordinates for oM
o M = {x:a(x)z O}

eThe curves {x(a) = (yo,a):a = [0,5)}

unit speed geodesics perpendicular to oM




Clitford Algebra near the Boundary (2)

oV =T"(M):

<e' =dy',--,e"" =dy""',e" =da > orthonormal basis
T"(M)=T (R)® T (oM )

oV =T (M):

<e, -,e ,e > orthonormal (dual)basis

n—12




Clifford Bundle near the Boundary

Near the boundary oM

e Q(M)=Q (oM )® (danQ(oM))

o) =0 +dan0 decomposition of differential forms
0,0 €CQ(oM) tangential differential forms




Grading Operator near the Boundary (1)

o) =0 +dant e Q(@M)@(da/\Q(ﬁM))
Grading operator

a(0)=0,—dano,

ea’=1 on AT (M)




Grading Operator near the Boundary (2)

06’=6’t+da/\<9ne§2(8M)€r)(da/\Q(8M ))
a(0)=0,-—dano,

o)/ (a)=N0+a)AN'T" (M)

+1 eigenspace of

o/ (a)=0-a)AN'T (M)

— 1 eigenspace of o

Q(6M )® (danQ (M )2V, (a)®V_(a)




Clifford Actions near the Boundary (1)

Clifford actions

elc(e’)w =e’ Aw —1(e’)w, 1< j<n-1

c(e’) preserves the tangential differential forms Q (oM )
o0 =0, +dani, eQ(@M)ED(da/\Q(('?M))
c(da)(&’)z da N 0 — l(da)é’

c(da) inerchanges the factors of
Q (oM )® (dan Q(0M )=V, (a)®V_(a)




Clifford Actions near the Boundary (2)

ol =60 +danl €V (x)®V (a)
c(da)(&’) =da n 0, — 6 | (Clifford Action)

oec(da):V () >V (a)
oec(da):V (a) >V ()




Relative and Absolute Boundary Conditions (1)

=60 +danl €V ()@ _ (a)
1:0M — M (natural inclusion map)

e B (0) = %(Ha)e\m =0, =0(0) eV, (a)

orthogonal projection on V_ ()

*B (0) = %(1—04)9\% =dan(6,|,, )eV (a)

orthogonal projectionon /_ (o)




Relative and Absolute Boundary Conditions (2)

=0 +dant eV (¢)®V_(a)
*B (0)=6,| eV (a)
Ker B, = V. (a)=danQ (M)
eB,(0)=dan(0,, )eV (a)
Ker B, = V, (a)=Q (oM )




Exterior Derivative and Coddifferential near the
Boundary (1)

n—1
e dw :Z ej/\Veja)+da/\Vena)
=1
=d'o +da AV, o
n—1
*Sw =-) z(ej)Veja)—z(da)Vena)
=1

=0'w —1(da )V, o




Exterior Derivative and Coddifferential near the
Boundary (2)

0 =6 +dano,
edf =d'0, +dand'O

¢00 =0'0, +da n ((5'9'1 )‘6M)




Boundary Conditions (4)

=0 +danf eV (a)@V_(a)
|B.(d0)|=(d'0,)|, = d'(@t\aM)
= |d'B (6)

o[,(60)]|=dan((50,), )

=da A [5 '(6’n ‘W ))
- [57B,(0)




de Rham Complex with Boundary Condition (1)

Q, (M )=460e€ Q(M):B,(0) =20}
B (d0)=d'B (0)

!

dk

QI (M)-> QI (M)




de Rham Complex with Boundary Condition (2)

dk—l dk

Q' (M) - Q(M)—> Q" (M)

d“d =0




Exterior Derivative with Boundary Condition

(a) D(d,)=Qf(M)={0 € Q" (M):B,(0) =0}
(b)yd 0 =df, YOe D)

—

d’ =6
6" =d.




Green’s Formula

(d6,1)=(6,61) LM[BF (O~ B, (+1)]

$

d* =
5 =d




Hodge and Kodaira decomposition

Q5 (M) | Ker* A, = Ker* d, N Ker* §

Ker® d, Ker® 5

k—1
Im d, Im* -"Jr = lm*"‘d,tl«lm"”&



Graded Dirac Operators

oD =(d, +06) Q" (M)—> Q¥ (M)
D =(d . +J6) Q¥ (M)—> Q" (M)

(Euler characteristic operators)

A =6d. +d.S




The fundamental property of Dirac Operator
(0 D0 D
b, 0o J\D o0
(DD, 0 ) (A, O
Lo DD ) (0 A

A =o0d +do




Index of a Graded Dirac Operator

ind D =dim Ker D_—dim Ker D

( O D \ inen (M) inen (M)
D = P O_ . & - &
\ J Qidd (M) did (M)




Index formula for the de Rham Complex with
Boundary Condition

D, =(d +6), : Q" (M) —> Q" (M)
D =(d +6) :XY(M)->0" (M)

—

ind(d, +J)=dimKer(d, + ), —dimKer (d, +J)_

= (-1)/ dim H'(M,3M;R)

J=0

= (M) — y(oM)




Dual de Rham Complex with Boundary Condition

Q,(M)=46e Q(M):B,(0)=0}
B (60)=06"'B_(0)

—

51( k+1

o
Q,'"(M) < Q, (M)« Q" (M)




Codifferential with Boundary Condition

(a) D(5,)=Qf(M)={neQ"(M):B,(n)=0]
(b)yo,m=o0n, VneD(o,)

—

5" =d
d* =96,




Boundary Conditions and Star Operators (1)

=0 +danf €V (a)®V ()
B (*(danb,))=(1""*"(6,,)
B,(x0,)=%*"(6,,, )rdaeV (a)




Boundary Conditions and Star Operators (2)

0=0+dan eV (a)®V (a)
B,6=dan(6,],, )=0

=7

< B, (¥0)=(-1)""='(8,

aM:O

o) =0




Green’s Formula

(d0,7)=(6,01)




Graded Dirac Operators

D =(d+6,) Q" (M)—> QX (M)
oD =(d+6,) Q% (M)-> Q" (M)

(Euler characteristic operators)




The fundamental property of Dirac Operator
. (0 D0 D
D, o0 J\D, o0
(D_D, 0 ) (A, O
Lo DD ) L0 A

A =5d+dS




Index of a Graded Dirac Operator

ind D =dim Ker D_—dim Ker D

( O D \ szen (M) szen (M)
D = P O_ . & - &
\ J ded (M) ded (M)




Index formula for the Euler characteristic operator

D, =(d+6,) Q0" (M)—>Q* (M)
D =(d+6,) Q) (M)—>Q"™ (M)

ind(d +6,)=dimKer(d+6,), —dimKer (d+5,)

- i(—uf dimH’ (M;R)

j=0

= (M)




Part IV
The relative de Rham Complex
and
Interior boundary value problems



Relative de Rham complex (1)

e X compact manifold without boundary of dimension »
e Y compact submanifold of X of dimension m

e /:Y > X (naturalinclusion map)




Relative de Rham complex (2)

e .Y > X (naturalinclusion map)
o/ : Q" (X)—> Q(Y) (pull-back of 7)
Q) (X,Y)={0e Q" (X):/'0=0}




Relative de Rham complex (3)

0 - O'(X,)Y) - O'X) - Q') -0

ld ld ld'
0 > QWY - QW) - QYY) -0
ld ld ld

0 - O'X,)Y) » O'"(Xx) - QY -0

r'd=d't




Relative de Rham complex (4)

dr! d*

QN(X,Y) > QO (X,Y) - Q" (X.,Y)

d*d"" =0




Relative de Rham complex (5)

o{a cQ (X,Y):da = O} = Kerd" (closed forms)
o{df e Q' (X,Y): B Q" (X,Y)| =Imd"" (exact forms)

e H°(X,Y)=Kerd" /Imd""
(de Rham cohomology group of X relativeto Y)




Long exact sequence in de Rham
cohomology

- H'%Y) -»> H'(X,Y) > H'X) -
- H'Y) -» H"'(X,)Y) > H"(X) -




Long exact sequence in simplicial
cohomology

- H'Y;R) - H'(X,Y;R) > H'(X;R) —
- H'(Y;R) » H"'(X,Y;R) > H"(X;R) >

¥

H (X, Y)=H"(X,Y;R)




Analytic Approach
t0
Relative de Rham Cohomology Theory



Sobolev Spaces

u(&)

) A
dé < oo

W (R") _l, es'(R"):jRn(H\g\z)a

i, = (F ) o] a

u(&)




Sobolev Spaces of Currents

(

WI(X)=queS'(X):a= Za[dxl, a, €W (R")

1|=p

an((1+4)" p)

.

(@B, =], (1 +8)

al?

\

S

* : Hodge star operator on X

A : Laplace-Beltramioperator on X

al?2

([+A) - Fractional Power of 7 + A




Operator D of Matrix Form

W/;even X VVaodd X
D:((dta)e —(1+A)“(-®5y)j: @( )_) @( )

L O VV_Oldd (Y) VVleven (Y)

n—-m codimY
a: —

2 2




Domain of the Operator D

Waeven (X) _ @ Wa2j (X)
W (X)=0W, 7 (X)
Wleven (Y) _ @WIZZ' (Y)

W (Y)=ew 1 T(Y)




Interior Boundary Value Problems

o
c Ker D

e
([+M)'(d+8)a=S®5, onX

r'a =0 onY

\




Long exact sequence in relative de Rham cohomology

- H?*'(Y) —» Ker®? D - H?”(X) —
- H??®) — Ker”"' D" —» H*”(X) -

‘ Five lemma

Ker™ D= H*?(X,Y)
Ker*' D" = H*"*'(X,Y)




Index formula for relative de Rham complex

indD =dim KerD—-dim Ker D’

= (-1)/ dim H’(X,Y;R)
j=0

= Y(X,Y) = y(X)—x(Y)




Concrete Examples



Example 1 (1)

dmX =4 dmY =2

(X)) =W (X) @ (X) ® W' (X)
X =1 (X) @R (X)
W (V) =W (V) @ (Y)

VV—Oldd (Y) — Wj (Y)

.




Example 1 (2)

VVIeven ( X) VVIOdd ( X)
® —-> &
Woldd (Y) VVleven (Y)

D:((d -9, —(1+A>01(-®5y)}
l




Example 1 (3)

(da, +6a, -1+ A (S®6,))
da, +oa,

L Q,

. [, y




Example 1 (4)

ind D= y(X)— y(Y)

1 2
= — 4|Ric| 2) I
. o IR R e~ [ K




Curvatures

* R=R,, Riemannian curvature tensor
e Ric=R,, Riccicurvature
e x =R, Scalar curvature

ijij

e K Gaussian curvature




Example 2 (1)

dmX =6, dmY =4

W (X) =T (X) @I (X) W (X) DI (X)
X)) =T (XD @I (X) O (X)
W (Y) =W () @I (V)@ (Y)

() =W () @ W (1)

\




Example 2 (2)

VVIeven ( X) VVIOdd ( X)
® —-> &
Woldd (Y) VVleven (Y)

D:((d -9, —(1+A>01(-®5y)}
l




Example 2 (3)

indD—;((X)—;((Y)

j (x* —12x|Ric| +3x|R|" +16R R/ R!

" 3847°
+24R"R“R,,, —24R"R , R™ —8R™R}'R,, +2R™ R, R},
1

] (- 4fRie, 4R )




Index formula
of
Agranovic-Dynin type



Vishik Operator P

Pp=1(GU+M) " (p®5,)), peQ’(Y)

G = J- (zI —A)'dz Green operator

27Tl

P e L (Y) classical, elliptic pseudo - differential operator of order —2




Index formula of Agranovic-Dynin type

ind (d+§)e — 1nd

(d+5), —I+A)"(«®5,)>

! 0 )

—ind (d'+P5'F1 )







