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The Purpose of Talk

The purpose of this talk is to prove an index formula 
for the relative de Rham cohomology groups and is 
to give an interpretation of the index formula in 
terms of harmonic integrals.  In deriving our index 
formula, the theory of polyharmonic forms 
satisfying an interior boundary condition plays a 
fundamental role.
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Example 2
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Main Result

Our result may be stated as follows: 
Brownian motion describes the topology of 
a compact Riemannian manifold through its 
Euler-Poincare characteristic.
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de Rham complex (2)
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de Rham complex (3)
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de Rham Theorem
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Hodge and Kodaira Theorem
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Hodge and Kodaira decomposition
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Clifford Bundle (1)
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Euler Grading Operator
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Sections of Clifford Bundle 
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Clifford action

Dirac operator



Exterior Derivative and Codifferential
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Dirac Operators (2) 
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Sections of Clifford Bundle 
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Graded Dirac Operators 

   

   

     
     

odd

od

even

+

ed ven

: ( )

:

(

:

:

( )

)

) (( )

D

D

C S

D C S

C T M

D

D C S

C S

D d C T M

Cd TC T MM









 




 





 











 

  

 

 



 

  



 

Euler characteristic operators



The fundamental property of Dirac operator 

2 0 0

0 0

0 0

0 0

D
D D

D

D

D D

D

D

 





 





  
   
  

   
    




 



Index of a Graded Dirac Operator (1)
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Index of a Graded Dirac Operator (2)
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Index formula for the Euler characteristic operator

(Hodge-Kodaira theorem) 
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Clifford Algebra

1 2

1 2

: dim 4

4 -

:

, , ,

( )

( :

, , ,

)

n

m

m

n

M k

k

e e e

e e e

V

M

T

M

V M

T





   

 

 


 





dimensional, Riemannian manifold without boundary

orthonormal basis

orthonormal (dual) basis



Clifford Bundle (1)

( )

( ) (

(

)

:)

( ) :

m

m
m M

C V

S

T

T T MC M

M

M

 

   





 

 

   

B u n d le o f  C li f fo r d  A lg e b r a s

C lif fo r d  B u n d le



 



Grading Operator (1)

2

/

2

( 1 ) 2( 1) o n (

1 o n (

) :

(o n ) )

)

(  

k q

q

q q

k

T M

T M

T M





 



  



    



  


G r a d in g  o p e r a t o r

H o d g e  s ta r  o p e r a to r



Grading Operator (2)

( 1 ) / 2

( ) (1 )

( 1) o n ( )

( )

(

( ) (

) (1 ) ( )

) ( )

k q q q

C M T M

C M T M

T M

C M C M C M







 




 





 



   

   

    



 

G r a d in g  o p e r a t o r

  






Clliford Bundle (2)

( 1 ) / 2( 1) o n ( )

1  

( ) (1 ) ( ) :

( ) (1 ) ( ) :

1

k q q q

C M T M

C M T M

T M







 





  



   

  

    






e ig e n s p a c e  o f

e ig e n s p a c e  o f  







Sections of Clifford Bundle 
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Exterior Derivative and Codifferential
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Dirac Operators (2) 
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Graded Dirac Operators (1) 
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Structure of  Kernels (1) 
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Index formula for the signature operator
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Clifford Algebra near the Boundary (1)
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Clifford Algebra near the Boundary (2)
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Grading Operator near the Boundary (1)
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Grading Operator near the Boundary (2)
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Clifford Actions near the Boundary (1)
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Clifford Actions near the Boundary (2)
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Relative and Absolute Boundary Conditions (1)
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Relative and Absolute Boundary Conditions (2)
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Index formula for the de Rham Complex with 
Boundary Condition

     
     

     

even

even

0

odd

+

odd

+
ind dim Ker dim Ker 

( 1) dim ( , ;

:

)

( )

:

( )

r

r

r

m
j j

r r

r

j

r r

r

D d M

D

M

M

d

H M M

M

d d

M M

d



 





 



 





  





  

  

 



   

 



 R
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