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Abstract This paper is devoted to the study of a class of hypoelliptic Visik—Ventcel’
boundary value problems for second order, uniformly elliptic differential operators.
Our boundary conditions are supposed to correspond to the diffusion phenomenon
along the boundary, the absorption and reflection phenomena at the boundary in
probability. If the absorbing boundary portion is not a trap for Markovian particles,
then we can prove two existence and uniqueness theorems of the non-homogeneous
Visik—Ventcel’ boundary value problem in the framework of L? Sobolev spaces.
Moreover, if the absorbing boundary portion is empty, then we can prove a gen-
eration theorem of analytic semigroups for the closed realization of the uniformly
elliptic differential operator associated with the hypoelliptic Visik—Ventcel’ bound-
ary condition in the L? topology. As a by-product, this paper is the first time to
prove the angular distribution of eigenvalues, the asymptotic eigenvalue distribu-
tion and the completeness of generalized eigenfunctions of the closed realization,
similar to the elliptic (non-degenerate) case.
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1 Formulation of the Visik—Ventcel’ boundary value problem

Let £2 be a bounded domain of Euclidean space R™, n > 2, with smooth boundary
I' = 912, its closure 2 = 2UT is an n-dimensional, compact smooth manifold with
boundary.
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Let A = A(z, D) be a second order, uniformly elliptic differential operator with
real coefficients on the closure {2 such that

SN *u "\ i\ Ou
_ ij i\ Ou
Au = ;:1 a" (z) 92103, + il b () oz, + c(z)u. (1.1)

Here:
(1) a¥ € ¢*°(2) and a¥ (z) = a’*(z) for all z € 2 and 1 < i,j < n, and there exists
a constant ag > 0 such that
n ..

Z a" (2)€:&; > ao |€]*  for all (z,€) € 2 x R™.

ij=1
(2) b € C®°(R2) for all 1 <i < n.
(3) ce C*>®(N) and ¢(z) <0 in .

In this paper, we consider a boundary condition B~ of the form

ou

B +Q (2, Dy) (ulr) . (1.2)
r

Byu = p(z)

Here:

(4) peCc™(r) and p(z’) >0on I
(5) 9/0v is the conormal derivative associated with the operator A:

D N~ i )
o = 2

where n = (n1,n2,...,ny) is the unit snward normal to the boundary I'.
6) Q =0Q (m', DI:) is a second order, differential operator with real coefficients
defined on I" such that, in terms of local coordinate systems

2 = (1,22, .., Tn—1)
of I', we have the formula
= S i 0% = N ,
Q@—iJZﬁa (x)amiaxj +Z_=Zlﬂ (z )TM‘FV(CU )¢, (1.3)

where the coefficients satisfy the following conditions:
(a) The o' () are the components of a C* symmetric contravariant tensor of
type ((2)) on I' and satisfy the condition

n—1
Z o ()¢ & >0 on the cotangent bundle T*(I") = | |, ¢ To (I),
i,j=1
where T}, (I') is the cotangent space of I" at x’.
(b) B (¢, Dy) =0 B'(2))0/d; is a real C* vector field on I'.
(c) y=Q1 € C>™(I') and y(z') <0 on I.
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The boundary condition B~ is called a Vigik—Ventcel” boundary condition (see
[59], [60], [7]). The three terms of the boundary condition B~y

jlt 8%u ke Ou Ou
(.0 AN / AN
”Zﬂa (z )&Ciaxj + Zl RGO F R (COLICO b

are supposed to correspond to the diffusion phenomenon along the boundary, the
absorption phenomenon and the reflection phenomenon, respectively (see [50]).

The first purpose of this paper is to study the following non-homogeneous Visik—
Ventcel’ boundary value problem: Given functions f(z) defined in {2 and ¢(z)
defined on I, respectively, find a function u(z) in 2 such that

?m:f in 2,

(1.4)
Byu=1 onlI.

We remark that the Visik—Ventcel’ boundary value problem (1.4) is non-degen-
erate or coercive if and only if the differential operator Q(z', D,/) is elliptic on T,
that is, there exists a constant ag > 0 such that

n—1 .

Z a(2') € €5 > aol¢’|?  on the cotangent bundle T (I").

ij=1
The non-degenerate case is studied by Visik [59, Section 8], Hormander [21, p. 264,
problem (10.5.13)], Agranovich—Vishik [4, p. 69, formula (3.11)] and Bony—Cou-
rrége—Priouret [7, p. 436, formula (I1.2.1)].

In this paper, if the boundary portion

Iy = {m/EF:,u(x/):O}

is not a trap for Markovian particles, then we can prove two existence and unique-
ness theorems of the non-homogeneous Visik—Ventcel’ boundary value problem
(1.4) in the framework of L? Sobolev spaces (Theorems 2.2 and 2.3).

The second purpose of this paper is to study the following homogeneous Visik—
Ventcel’ boundary value problem in the framework of L? Sobolev spaces: Given a
function f(z) defined in (2, find a function u(z) in 2 such that

%A—Mu_f in 2, L5)
Byu =0 on I,
where )\ is a complex spectral parameter.

In this paper, if the boundary portion Iy is empty, then we can prove a gen-
eration theorem of analytic semigroups for the closed realization associated with
the Visik—Ventcel” boundary value problem (1.5) in the L? topology (Theorem
2.4). Moreover, this paper is the first time to prove the angular distribution of
eigenvalues, the asymptotic eigenvalue distribution and the completeness of gen-
eralized eigenfunctions of the closed realization (Theorem 2.5), similar to the non-
degenerate case. These rather surprising results for a degenerate problem work,
since the degeneracy occurs only for the boundary data.

Our approach here is distinguished by the extensive use of the ideas and tech-
niques characteristic of the recent developments in the theory of pseudo-differential
operators, which will lead to a deep insight into the study of three interrelated
subjects in analysis: Semigroups, elliptic boundary value problems and Markov
processes.
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2 Statement of main results

The purpose of this section is to formulate two existence and uniqueness theo-
rems of the Visik-Ventcel’ boundary value problem (1.4) in the framework of L?
Sobolev spaces (Theorems 2.2 and 2.3). As an application of Theorems 2.2 and
2.3, we state a generation theorem of analytic semigroups for the Visik—Ventcel’
boundary value problem (1.5) in the L? topology (Theorem 2.4), generalizing ear-
lier results due to Agranovich—Vishik [4] to the hypoelliptic case. Finally, we state
five spectral properties of the Visik—Ventcel’ boundary value problem (1.5), similar
to the elliptic case (Theorem 2.5).

2.1 Subelliptic estimates for second order differential operators in terms of
subunit trajectories

In this subsection, following Fefferman—Phong [15] we formulate subelliptic esti-
mates for the second order, differential operator Q = Q (', D,/) with real coeffi-
cients given by formula (1.3).

A tangent vector

n—1 9
X = ) — e T (I
;7 al‘je z( )

at @' € I' is said to be subunit for the differential operator Q if it satisfies the
condition
2

n—1 n—1
Z ;| < Z a'?(x"ynim; for all n = Z?;ll njda; € T (I).
Jj=1 4,j=1

Note that this notion is coordinate-free.
A subunit trajectory is a Lipschitz path

v [tl,tg} — I

such that the tangent vector

i) = S (4(1))

is subunit for @ at y(t) for almost every ¢. We remark that if 4(¢) is subunit for
Q, so is —¥(t). This implies that subunit trajectories are not oriented.

If 2/ is a point of I" and p > 0, then we associate a “non-Euclidean” ball
Bg(a', p) of radius p about 2’ by the following formula:

Bg(a', p) =the set of all points ¢’ € I" that can be joined to 2’ by
a Lipschitz path v: [0, p] — I', for which the tangent
vector v(t) is subunit for Q at v(t) for almost every t.
If Q is the Laplace-Beltrami operator A’ on the boundary I', then we find that
Ba/(2',p) coincides with the usual ball of radius p about z’ with respect to the
Riemannian metric of I" induced by the natural metric of R™.

This paper is based on the following criterion for subellipticity due to Fefferman—
Phong [15, Theorem 1] (see Sections 3 and 4):
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Theorem 2.1 (Fefferman—Phong) Let Q = Q (x/, D:c/) be a second order, differen-
tial operator given by formula (1.3). Then the following three conditions are equivalent:

(i) There exist constants 0 < & < 1 and C' > 0 such that we have, for p > 0 sufficiently

small,
Bg(2',p) C Bg (2',C" p°)  for every z’ € I. (2.1)

Here Bg(x', p) is an ordinary Euclidean ball of radius p about z’.
(i) There exist constants co > 0 and Co > 0 such that

—Re Q' Dar), ) 12y 2 o llelFre 1y — Collll 1oy (2:2)
for all o € C>(T).
(iii) There exist constants ¢y > 0 and C1 > 0 such that
1", Da)el| gy + o lpl3ry > e llell3gae ) for all o € C(T).

Here (-, ) 12y is the inner product of the Hilbert space L*(I') = H*(I') and || - || =1
is the norm of the Sobolev space H®(I") of order s on I, respectively.

2.2 Existence and uniqueness theorems for the Visik—Ventcel’ boundary problem
(1.4)

(I) The first purpose of this paper is to prove the following existence and uniqueness
theorem for the Visik—Ventcel’ boundary value problem (1.4) in the framework of
L? Sobolev spaces:

Theorem 2.2 Assume that the following two conditions (H.1) and (H.2) are satisfied:

(H.1) u(2') >0, v(z") <0 and p(z") —y(z') >0 on I
(H.2) There exists an open neighborhood V' of the boundary portion Iy = {z' € T :
u(z") = 0} such that we have, for p > 0 sufficiently small,

Bg(z',p) C Bg (x/,C/ p1/2) for every z’ € V. (2.3)

If the condition
c(z) <0andc(x) 20 in 2 (2.4)

is satisfied, then the mapping

A= (A,By): H2(Q) — H*(Q) & HTY2(I) (2.5)

is bijective for every s > —1/2. In other words, the Visik—Ventcel’ boundary value
problem (1.4) has a unique solution v € H*T2(2) for any f € H*(2) and any ¢ €
H*tY2(T'). Here H(£2) denotes the Sobolev space of order s in £2.

It should be emphasized that every solution u of the Visik—Ventcel’ boundary
value problem (1.4) has the elliptic gain of 2 derivatives from f. This rather sur-
prising result for a degenerate problem works, since the degeneracy occurs only
for the boundary data .

Remark 2.1 Some remarks are in order.
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1° The intuitive meaning of condition (H.1) is that either the absorption phe-
nomenon or the reflection phenomenon occurs at each point of the boundary
I'. More precisely, condition (H.1) implies that the absorption phenomenon
may occur at each point of the boundary portion Iy, while the reflection
phenomenon may occur at each point of the boundary portion I' \ Iy =
{' € I': p(a") >0} (cf. [50]).

2° Condition (2.3) is just condition (2.1) with ¢ := 1/2, and the constant C’
depends on the open neighborhood V of Iy.

3° Condition (H.2) implies that a Markovian particle goes out of the absorbing
barrier Iy in finite time, so that Iy is not a trap for Markovian particles (see
[47, Remark 5.2] and [49, Theorem 7.2.2], [54, Section 6]).

(IT) Secondly, we assume that the differential operator Q (:p’,DI/) is of the
generalized Kolmogorov form (see [27])

Q. Dw) =3 X; (¢, Dpr)” + Xo (¢, D) + (), (2.6)
j=1

where the X (2/, D,/) are real C*° vector fields on the boundary I'.

Then the above-mentioned condition (H.2) may be replaced by a simple con-
dition in terms of the Lie algebra £ (X1, X2, ..., Xr) generated by the vector fields
{X1,X2,...,Xr} (see [23]). More precisely, we can prove the following theorem:

Theorem 2.3 Assume that the following two conditions (H.1) and (H.3) are satisfied:

(H.1) u(z') >0, v(z") <0 and p(z") —v(z') >0 on I
(H.8) The differential operator Q (x’, Dz/) is of the form (2.6), and the vector fields

X; forl<j<r,
[Xj,Xk]:Xij—Xka fOTlSj,kST,

span all vector fields at every point of some open neighborhood V' of the boundary
portion I'y = {a’ € I' : u(z") = 0}.
If condition (2.4) is satisfied, then the Vigik—Ventcel’ boundary value problem (1.4) has
a unique solution u € H*Y2(Q) for any f € H*(R2) and any ¢ € H*TV2(I) with
s> —1/2.

Remark 2.2 Condition (H.3) implies that a Markovian particle goes out of the
absorbing barrier Iy in finite time (see [13, Satz CJ).

We give a simple example of conditions (H.1) and (H.3) in the space R3:
Ezample 2.1 Let
= {(I1,I271‘3) cR3: x% —I—w% —|—x§ < 1}
be the unit ball with the boundary (unit sphere)

I'= {(«’L‘L:ﬂz,mg) eER®:2? + 23 +22 = 1}_
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For a local coordinate system (spherical coordinate system)

r1 =1 cosf cosw,
r9 =1 cosf sinw,
r3 =1 sinf,

where

™

2’

we define the Visik—Ventcel’ boundary value condition B+ by the formula

2
Blvu——02@+a—“+eza—“+<e —”—)u

0<r<l1, —§<9< 0 <w<2m,

0 062 Ow?
on the unit sphere I' = {r = 1}. Here:

o _ o
ov or> )
{u(&w) =0°, y(0,w)=06"-T.
We remark that the set
Io={r=1,0=0}
is the equator and further that the vector fields
_ 0 _pn 0
{X =g Y =0g,
[X,Y] = Bw
span all vector fields at every point of I'.

Table 2.1 below gives a bird’s-eye view of unique solvability theorems for hy-
poelliptic boundary value problems in the framework of Sobolev spaces.

Order of By Conditions on B~y proved by

1 Subelliptic oblique [63, Theorem 2.1]
derivative case

1 Hypoelliptic [55, Theorem 1.1]
Robin case

2 (H.1), (H.2) Theorem 2.2

2 (H.1), (H.3) Theorem 2.3

Table 2.1 A bird’s-eye view of unique solvability theorems for hypoelliptic boundary value
problems

Both Theorem 2.2 and Theorem 2.3 are a generalization of Agranovich—Vishik
[4, Theorem 5.1] to the hypoelliptic case. See also Bony—Courrége—Priouret [7,
p. 484, Théoréme XVIII] in the framework of Holder spaces.
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2.3 Generation of analytic semigroups for the Visik—Ventcel’ boundary value
problem (1.5)

The second purpose of this paper is to study the Visik—Ventcel’ boundary value
problem (1.5) when |A\| — oo from the point of view of the Hille-Yosida theory
of semigroups in functional analysis ([62]). The generation theorem for analytic
semigroups is well established in the non-degenerate case in the L? topology (see
[4], [16], [35], [57]). We generalize this generation theorem for analytic semigroups
to the hypoelliptic case (Theorem 2.4).

To do so, we associate with the homogeneous Visik—Ventcel” boundary value
problem (1.5) a densely defined, closed linear operator

2 12(Q) — 12(@)

in the Hilbert space L?(£2) as follows (see Proposition 7.1):
(1) The domain D () of definition is the space

D)= {u € L*(R2): Au e L*(22), Byu=0on F} (2.7a)
:{uEHQ(Q):B'yu:Oon F}. (2.7b)

(2) Au = Au for every u € D ().

It should be emphasized that the Visik—Ventcel’ boundary condition B~yu can be
defined as an element of the Sobolev space H~°/2(I") (see Theorem 5.1).

Then, by arguing just as in the proof of [52, Theorem 2.2] we can obtain the
following generation theorem of analytic semigroups for the closed realization 2(
associated with the Visik—Ventcel’ boundary value problem (1.5):

Theorem 2.4 Assume that the following condition (G) is satisfied:
(G) u(xz') >0 and y(z') <0 on I.
Then we have the following two assertions (i) and (ii):

(i) For every 0 < & < w/2, there exists a constant r(g) > 0 such that the resolvent set
of the closed realization 2 contains the set

2(5):{)\:1"2ew:rZr(s),—ﬂ—l—ES@Sﬂ'—s},

and further that the resolvent (A — XI) ™! satisfies the estimate

H(Q[_)\[)_lH < % for all X € X(e), (2.8)

where c(g) > 0 is a constant depending on €.
(i) The operator 2 generates a semigroup U(z) = ¢* on the space L*(§2) that is
analytic in the sector

Ac={z=t+is:z2#0,|argz| <7w/2 — &}

for any 0 < e < 7/2.
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Remark 2.3 Some remarks are in order.

1° Conditions (H.1), (H.2) and (H.3) are trivially satisfied under condition (G),
since Iy = 0.

2° The intuitive meaning of condition (G) is that the reflection phenomenon oc-
curs at every point of the boundary I'. In other words, a Markovian particle
goes out of the boundary I" instantaneously.

3° We obtain from Theorem 2.4 that there exists a uniformly stochastically contin-
uous Feller function p¢(x,dy) on the state space £2 = 2 U I" such that p:(z, dy)
is the transition function of some strong Markov process X = {z¢}s>¢ whose
paths are right-continuous and have no discontinuities other than jumps (see
[50, Section 12.3]).

We give a simple example of condition (G) in the space R3:

Example 2.2 As in the same situation in Example 2.1, we define the Visik—Ventcel’
boundary value condition Bz~ by the formula

du | u u

2
+ 5 texp {—0—2} 5

Bayu= -5+ 5g2 B2

on the unit sphere I" = {r = 1}. Here:

p,w) =1, ~y(6,w) =0,
In=0.

It should be noticed that the Lie algebra generated by the vector fields

0 1] 0

does not contain the vector field % at every point of the equator {r =1, 6 = 0}.

Table 2.2 below gives a bird’s-eye view of generation theorems for analytic
semigroups of the closed realization 2A:

Order of By Conditions on B~y Semigroup U(z) = e* % proved by
1 Subelliptic oblique analytic [52, Theorem 2.4]
derivative case
1 Hypoelliptic analytic [65, Theorem 1.2]
Robin case
2 (G) analytic Theorem 2.4

Table 2.2 A bird’s-eye view of generation theorems for semigroups
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Theorem 2.4 is a generalization of Agranovich—Vishik [4, Theorems 4.1 and
5.1] to the hypoelliptic case. See also Bony—Courrége—Priouret [7, p. 492, Théoréme
XIX] in the framework of Holder spaces.

2.4 Spectral analysis of the Visik—Ventcel’ boundary value problem (1.5)

The third purpose of this paper is devoted to the spectral analysis of the closed
realization 2 associated with the Visik—Ventcel’ boundary value problem (1.5). By
combining Agmon [2, Theorems 14.4 and 15.1] with Theorem 2.4, we can obtain
the following five spectral properties of 2:

Theorem 2.5 Assume that condition (G) is satisfied. Then the closed realization A
engjoys the following five spectral properties:

(i) The spectrum of A is discrete and the eigenvalues X; of A have finite multiplicities.
(i) All rays arg A = 0 different from the negative axis are rays of minimal growth
of the resolvent (A — )\1)71. More precisely, for every —m < 0 < w there exists a
constant R(0) > 0 depending on 0 such that if X\ = r?e'? and |\| = 72 > R(0),
then we have the resolvent estimate
H(Ql—)J)‘lu < %, (2.9)
where C(0) > 0 is a constant depending on 6.

(i) The negative axis is a direction of condensation of eigenvalues of 2. More precisely,
for each € > 0 there are only a finite number of eigenvalues inside the angle:
—TH+e<O<T—E¢.

() Let

Nit)y:== > 1

ReX;>—t

be the number of eigenvalues \; such that Re \; > —t, where each X\; is repeated
according to its multiplicity. Then the asymptotic eigenvalue distribution formula

N(t) = ﬁ /Q |A(z)| da -t + o(t™?)  ast — +oo (2.10)

holds true. Here |A(z)| denotes the volume of the subset
n ..
Alz) =<CEeR™: Y a’(v)g¢ <1

ij=1

(v) The generalized eigenfunctions of 2 are complete in the Hilbert space LQ(Q); they
are also complete in the domain D() in the H?(2)-norm.

We give a simple example of Theorem 2.5 in the space R®:

Ezample 2.3 As in the same situation in Example 2.1, we define the Visik—Ventcel’
boundary value condition B3y by the formula (see [27])

o 8%u ou P
BS”“__E+W+9%+<9 ‘z)“
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on the unit sphere I' = {r = 1}. Here:

,LL(G,W) = 17 ’Y(eaw) = 02 - %7
Io=0.

We remark that the vector fields

span all vector fields at every point of I'.
We consider the Visik—Ventcel’ eigenvalue problem

Au=Au in §2,
B3yu=0, onI.

Then we have the asymptotic eigenvalue distribution formula

N(t) = Z 1:9%t3/2+0(t3/2) as t — +oo.
Re)\jz—t

Table 2.3 below gives a bird’s-eye view of asymptotic eigenvalue distributions
and eigenfunction expansions of the closed realization .

Order of By Conditions on B~y proved by

1 Subelliptic oblique [63, Theorem 2.3]
derivative case

1 Hypoelliptic [65, Theorem 2.2]
Robin case

2 (G) Theorem 2.5

Table 2.3 A bird’s-eye view of spectral properties of 2

Theorem 2.5 is the first time to prove the angular distribution of eigenvalues,
the asymptotic eigenvalue distribution (2.10) and the completeness of generalized
eigenfunctions of the closed realization 2 associated with the hypoelliptic Visik—
Ventcel” boundary value problem (1.5).
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2.5 Outline of the paper

The rest of this paper is organized as follows. Section 3 is devoted to a brief
review of variants of Garding’s inequality (Theorems 3.2 and 3.3). In Section 4 we
formulate a characterization of classical hypoelliptic pseudo-differential operators
due to Radkevi¢ [38] and Hérmander [24] (Theorem 4.1) which plays a crucial role
in this paper. Section 5 is devoted to the study of the non-homogeneous Dirichlet
problem

D
You=ulp=¢ onl (D)

{Au =f in 2,

from the viewpoint of the theory of pseudo-differential operators essentially due to
Hormander [22], [25] and Seeley [43], [44] based on Calderén [10] (Theorems 5.1,
5.2 and 5.3),

Section 6 is devoted to the formulation of the non-homogeneous Visik—Ventcel’
boundary value problem (1.4). This section is the heart of the subject. In Subsec-
tion 6.1, we prove the trace theorem which plays an essential role in the definition
of the Visik—Ventcel’ boundary condition B~ (Theorem 6.1 and Corollary 6.1).
By using Corollary 6.1, we can associate with problem (1.4) a densely defined,
closed linear operator A = (A, B~v) defined by formula (2.5). In Subsection 6.2,
we show that the Visik—Ventcel’ problem (1.4) can be reduced to the study of the
pseudo-differential operator

T=u@")YI+Q (2',Dy) onTl (6.17)

in the framework of Sobolev spaces (Proposition 6.1 and formula (6.17)). Here
IT is called the Dirichlet-to-Neumann operator that is a first order, elliptic pseudo-
differential operator on I' (see formula (6.18)). The virtue of this reduction is
that there is no difficulty in taking adjoints or transposes after restricting the
attention to the boundary, whereas boundary value problems in general do not
have adjoints or transposes. In Subsection 6.3, we prove that if condition (H.2) is
satisfied, then both the pseudo-differential operators T' and T are hypoelliptic with
loss of one derivative on I' (Propositions 6.3 and 6.4). Moreover, by using Peetre’s
lemma (Lemma 6.1) we prove that the index of the Visik—Ventcel’ boundary value
problem (1.4) is equal to zero for s > —1/2 (Proposition 6.6 and Theorem 6.3):

ind A = dim N (A) — codimR(A) = 0. (6.49)

In Section 7, by using Propositions 6.1 and 6.3 we prove a regularity theorem for
the Visik—Ventcel’ boundary value problem (1.4) under condition (H.2) (Theorem
7.1). In particular, by applying Sobolev’s imbedding theorem we obtain a regularity
result for the null space of the mapping A under condition (H.2) for s > —1/2
(Corollary 7.1):

N(A) C C™(0).

Moreover, we prove the closedness of 2 defined by formula (2.7a) and also the
regularity property (2.7b) (Proposition 7.1).

Section 8 is devoted to the proof of Theorems 2.2 and 2.3. In Subsection 8.1,
we prove Theorem 2.2. First, we prove a uniqueness theorem for the Visik—Ventcel’
boundary value problem (1.4) in the framework of C? functions under conditions
(2.4) and (H.2) (Theorem 8.1). The proof of Theorem 8.1 is based on the strong
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maximum principle and Hopf’s boundary point lemma. By combining Corollary
7.1 and Theorem 8.1, we find that if conditions (2.4), (H.1) and (H.2) are satisfied,
then the mapping A is injective for s > —1/2:

N(A) ={0}.
However, we have, by formula (6.49),
codimR(A) = dim N (A) = 0.

This proves the surjectivity of the mapping A for s > —1/2.

In this way, we can prove that if conditions (2.4), (H.1) and (H.2) are satisfied,
then the mapping A = (A, Bv) defined by formula (2.5) is bijective for s > —1/2. In
other words, the Visik—Ventcel’ boundary value problem (1.4) is uniquely solvable
in the framework of Sobolev spaces for every s > —1/2 if conditions (2.4), (H.1)
and (H.2) are satisfied (Theorem 2.2).

In Subsection 8.2, the proof of Theorem 2.3 is essentially the same as that of
Theorem 2.2 if we replace condition (H.2) by condition (H.3). In fact, Propositions
6.3, 6.4, 6.5 and 6.6 and Theorem 6.3 remain valid for the pseudo-differential oper-
ator T = p(2')IT + Q(z’, D;) when we replace formula (1.3) by formula (2.6) and
condition (H.2) by condition (H.3), respectively. Therefore, the proof of Theorem
2.3 goes through just as in Section 7 and Subsection 8.1 if conditions (2.4), (H.1)
and (H.3) are satisfied.

In Section 9, in order to prove an existence and uniqueness theorem for the
homogeneous Visik—Ventcel” boundary value problem (1.5) in the framework of
Sobolev spaces when |A] — co (Theorem 2.4), we make use of a method essentially
due to Agmon ([2], [29]), just as in Taira [52], [53]. This is a technique of treating
a spectral parameter \ as a second order, elliptic differential operator of an extra
variable y on the wunit circle S, and relating the old problem to a new one with the
additional variable. Our presentation of this technique is due to Fujiwara [17] and
Taira [48]. More precisely, if we express the complex parameter A in the form

A=r2e? forr >0and —7 <6 <,
then we replace the uniformly elliptic differential operator
A—X=A—r2c"
defined in the original domain 2 by the second order, strongly uniform elliptic
differential operator
~ 0 02
A)=A+¢' a7 for -r<f<m (9.1)

defined in the product domain 2 x S. We consider instead of the original problem
(1.5) the following homogeneous Visik—Ventcel’ boundary value problem in the
product domain 2 x S:

o~ . 2 o~
A(G)ﬂ:(A+ewaa—y2)ﬁ:f in xS,

+Q(ﬂ|pxs):0 on ' xS.
I'xS

(9.2)

~ u
Byu = H(ml)aj
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We prove that the Visik—Ventcel” boundary value problem (9.2) in 2 x S has a
finite indez if condition (G) is satisfied (Theorem 9.1). Theorem 9.1 is an essential
step in the proof of Theorem 2.4 and its proof will be given in Section 13, due to
its length.

In Section 10, by using the theory of pseudo-differential operators we con-
sider the Dirichlet problem for the second order, differential operator A(6) in the
framework of Sobolev spaces on the product domain 2 x S (Theorem 10.1).

In Section 11, we reduce the homogeneous Visik—Ventcel’ boundary value prob-
lem (9.2) to the study of a second order, pseudo-differential operator

T(0) = u(@’)I(0) +Q (2',Dy) onI'x 8 (11.3)

(Proposition 11.1 and formula (11.3)). Here II(6) is called the Dirichlet-to-Neumann
operator that is a first order, elliptic pseudo-differential operator on I' x S (see
formula (11.4)).

The purpose of Section 12 is to prove that if condition (G) is satisfied, then
both the pseudo-differential operators T(6) and T(6)* are hypoelliptic with loss of
one derivative on I x S (Proposition 12.2 and Remark 12.1). Moreover, by using
Peetre’s lemma (Lemma 6.1) we can prove that the closed realization 7(6) is a
Fredholm operator, analogous to Proposition 6.6 (Proposition 12.3).

Section 13 is devoted to the proof of Theorem 9.1. More precisely, we show
how Theorem 9.1 follows from Propositions 11.1, 12.2 and 12.3 if condition (G) is
satisfied.

Section 14 is devoted to the proof of Theorem 2.4. By using Theorem 2.2 with
¢ := 0 under condition (G) we prove the index formula (Theorem 14.1)

ind(A—-XI)=0 for all complex number A € C. (14.2)

Furthermore, by using Theorem 9.1 and the index formula (14.2) we can derive the
resolvent estimate (2.8). We remark that the resolvent estimate (2.9) is a special
case of the resolvent estimate (2.8). In this way, we can prove Theorem 2.4.

Both Section 15 and Section 16 are devoted to the proof of Theorem 2.5. Our
proof of Theorem 2.5 is based on Agmon [2, Theorems 14.4 and 15.1] which are
summarized in [55, Section 4].

In Section 15, for some large number Ao > 0 (see condition (5.2) with A :=
A — Xo) we study the homogeneous Visik—Ventcel” boundary value problem

{(A—)\O)u:f in 2, (15.1)

Byu =0 on I’

in the framework of Sobolev spaces if condition (G) is satisfied. However, in the
hypoelliptic case, we cannot use Green’s formula to characterize the adjoint oper-
ator 2A* — \o I of the boundary value problem (15.1), as in Schechter [40, Theorem
4.1] and Browder [9, Theorem 5]. Therefore, we shift our attention to the Green
operator (the resolvent) (% — Ao I) ™" and its adjoint operator (2A* — Ao 1)~ " from
the viewpoint of the Boutet de Monvel calculus [8]. More precisely, we make use of
the Boutet de Monvel calculus in order to study the mapping properties of the
resolvent and its adjoint operator in the framework of L? Sobolev spaces. In this
way, we can verify all the conditions of [55, Theorem 4.1] and [55, Remark 4.1] in
Sections 15 and 16 (Theorems 15.2 and 16.1).
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In Section 15, by a homotopy argument we consider instead of the original bound-
ary value problem (15.1) the homogeneous Visik—Ventcel’ boundary value problem:

{(A—l)u:f in 0,

(15.7)
Byu =0 on I

under condition (G), where A is the usual Laplacian

Indeed, there is a homotopy in the class of second order, uniformly elliptic symbols
between A — \g and A — 1 such that

Ap:=(1—-t)(A—=Xo)+t(A=-1) for0<t¢<1.

First, we characterize the Green operator Gp for the homogeneous Dirichlet prob-
lem

Ajv=(A-1)v= in 2

{ w=(A-Dv=f ing (15.8)

Yov=vlp=0 on I’

in terms of the Boutet de Monvel calculus (Theorem 15.1). Secondly, we char-
acterize the mapping property of the Green operator (the resolvent) G of the
homogeneous Visik—Ventcel’ boundary value problem (15.7) in the framework of
Sobolev spaces (Theorem 15.2). In the proof of Theorems 15.1 and 15.2, following
Rempel-Schulze [39], Schrohe [41] and [50, Appendix B] we calculate explicitly
various symbols of trace, potential and boundary operators in terms of the Boutet
de Monvel calculus if condition (G) is satisfied (see assertions (15.23) and (15.24)).

In Section 16, by using Theorem 15.2 we can characterize the adjoint operator
G* of the Green operator G in the framework of Sobolev spaces if condition (G)
is satisfied (formula (16.1)), and prove that the adjoint operator G* has the same
mapping property as G (Theorem 16.1).

Finally, Theorem 2.5 follows from an application of Agmon [2, Theorems 14.4
and 15.1] by combining part (i) of Theorem 2.4, Theorem 15.2 and Theorem 16.1,
just as in [55].

In the last Section 17, as concluding remarks, we state a brief history of the
stochastic analysis methods for Visik—Ventcel’ boundary value problems.

3 Variants of Garding’s inequality

Let 2 be an open subset of R™ and let A = A(z, D) be a properly supported,
classical pseudo-differential operator of order m on {2 with the principal symbol
am(z,§) € ST (£2xR™). In this subsection we are concerned with inequalities from
below for A(xz, D) of the form

Re (Au,u) 12y > Ok |[ullfe () for all u € CF(92), (3.1)
Here:

(1) s is a real number.
(2) K is a compact subset of £2.
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(3) C¥(£2) is a function space defined by the formula
CR(02)={u:ueC>®(R),suppuC K},
and (-,+)2(g) is the inner product of the Hilbert space L*(2).
We remark that inequality (3.1) holds true for s > m/2, since we have the
inequality

‘(A% u)m(m‘ < Ol l[ull3pma gy for all u € CR (),

with another constant C}; > 0.

In what follows we give sufficient conditions on A(z, D) for inequality (3.1) to
hold true for s < m/2. These results play an important role in deriving a priori
estimates for (non-)elliptic boundary value problems .

(I) The next result, first proved by Garding for differential operators, is a
milestone in the theory of elliptic boundary value problems (see [12], [25], [28],
(58], [61]):

Theorem 3.1 (Garding’s inequality) Let A = A(x, D) be a properly supported,
classical pseudo-differential operator of order m on (2 having the principal symbol
am(z,€). Assume that there exists a constant ag > 0 such that

Ream(z, &) > ao|€|™  for all (z,6) € T*(2) = 2 x R™.
Then, for every compact K C §2 and s < m/2 there exist constants cx s > 0 and
Ck,s > 0 such that
Re (Au,u) 120y > ks [l Fm/z () — Crc.s [ullfrs (o) for adllu e CE(2).  (3.2)

The inequality (3.2) is called Gdrding’s inequality.
(IT) A sharpened form of Garding’s inequality is given by Hoérmander [22,
Theorem 1.3.3], [25, Theorem 18.1.14] and also by Melin [30, Theorem 3.1]:

Theorem 3.2 (the sharp Garding inequality) Let A = A(z, D) € L™(£2) be as
in Theorem 3.1. Assume that
Ream(z,€) >0 for all (z,&) e T*(2) = 2 x R™.
Then, for every compact K C £2 and s < (m — 1)/2, there exist constants cx s > 0
and Cg s > 0 such that
Re (Au,u) 120y = —rs [l 3gons /2y —Crcs Il () for all u € C5E(2). (3.3)

It should be emphasized that Fefferman—Phong [14] proved the following precise
inequality for m = 2 (see [14, Theorem]; [25, Corollary 18.6.11]):

Theorem 3.3 (the Fefferman—Phong inequality) Let A(z, D) be a second order,
pseudo-differential operator having the complete symbol a(z, &) € S%,O(R” x R™) such
that
a(z,&) >0 forall (z,€) e T (R") =R" x R™.
Then there exists a constant C' > 0 such that we have, for all uw € C§°(R"™),
2
Re (A(z, D)u,u) 12gny = —Cllullz2(rny- (3.4)

Here the constant C in inequality (3.4) may be chosen uniformly in the a(x,€) in a
bounded subset of the symbol class S%)O(R" x R™).
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4 Hypoelliptic pseudo-differential operators

Let £2 be an open subset of R". A properly supported, pseudo-differential operator
P = P(z,D) on {2 is said to be hypoelliptic if it satisfies the condition

sing supp v = singsupp Pu  for every u € D'(2). (4.1)

For example, elliptic operators are all hypoelliptic. It is easy to see that condition
(4.1) is equivalent to the following condition: For any open subset 21 of 2, we
have the assertion

u€ D (2), Puc C®(21) = uec C™().

It should be noticed that this notion may be transferred to manifolds.

In this section we describe a class of hypoelliptic pseudo-differential operators
of [24] that arises in the study of elliptic boundary value problems.

Let P = P(z, D) be a properly supported, classical pseudo-differential operator
of order m on {2 such that the complete symbol p(z, £) has an asymptotic expansion

p(x7£) prm,(x7§) +pm_1($7§) + s

where p;(z, ) is positively homogeneous of degree j in the variable £. For simplicity,
we assume that there exists a constant C' > 0 such that the principal symbol
pm(z,€) satisfies the condition

[Im pim (2, )] < CRepm(x,€)  on T(2)\ {0} = 2 x (R"\ {0}). (4.2)

The following criterion for hypoellipticity is due to Radkevi¢ [38, Theorem 7]
and Hormander [24, Theorem 5.2] (see also [25, Theorem 22.2.6]):

Theorem 4.1 Let P = P(x, D) be a pseudo-differential operator of order m such that
pm(z, €) satisfies condition (4.2). Assume that, for some so € R and for every compact
K of 2 and s' < sg +m — 1 there exists a constant CKk,s,s > 0 such that

el o +m1(2) < Chtysons (HPUHHSU(Q) + |\u||HS/(Q)) for allu e C2(Q).  (4.3)

Then it follows that P is hypoelliptic with loss of one derivative in £2. More pre-
cisely, we have, for every s € R,

ue D (2), Pue Hio(2) = ue HE™H(0). (4.4)

Here the localized Sobolev space Hj. . (£2) is defined as follows:

Hy,.(£2) =the space of distributions u € D’'(§2) such that
pu € H°(R™) for all p € C5°(02).

We equip H{,.(£2) with the topology defined by the seminorms
u— [loull s (g

as ¢ ranges over C§°(£2). It is easy to see that H;, .(f2) is a Fréchet space.
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5 The Dirichlet problem

This section is devoted to the classical Dirichlet problem from the viewpoint of
the theory of pseudo-differential operators due to Hormander [22], [25] and Seeley
[43], [44] based on Calderén [10] (see also [12], [28], [58]).

Let 2 be a bounded domain in R™ with smooth boundary 02 = I'. Without
loss of generality, we may assume the following (see [32]):

(a) The domain {2 is a relatively compact open subset of an n-dimensional, compact
smooth manifold M without boundary.

(b) In a neighborhood W of I' in M a normal coordinate ¢ is chosen so that the
points of W are represented as (2/,t), 2’ € I', -1 <t <1;¢t>0in 2,t <0 in
M\ 2 and t=0onlyon I

(¢) The manifold M is equipped with a strictly positive density p which, on W, is
the product of a strictly positive density w on I' and the Lebesgue measure dt
on (—1,1). This manifold M =  is called the double of (2.

Let A = A(x, D) be a second orde{7 uniformly elliptic differential operator with
real coefficients on the double M = 2 of {2 such that
n 2 n
i 7 0“u i ou
Au = * '(z)=— .
u g a" (z) F2:03, + izg 1 b () oz, + c(z)u

i=1

Here:

(1) The a™(z) are the components of a C° symmetric contravariant tensor of type
((2)) on M and there exists a constant ag > 0 such that

n

Y a(@)eg; > aol¢f*  for all (2,€) € T*(M),

1,j=1

where T*(M) is the cotangent bundle of M.
(2) ' eC™®(M) for all1 <i<n.
(3) ce C™®(M).

Following Seeley [43], [44], we let
No(A) :={ue C®(M) :suppu C 2, Au=0in 2}. (5.1)

It is known (see [43, Theorem 7]) that No(A) is finite-dimensional. We find from
formula (5.1) that
No(A) c N (),

since the operator 2 is defined by formula (2.7) and the boundary condition B~y
is defined by formula (1.2).

We remark that all the sufficiently large eigenvalues of the Dirichlet problem
for the differential operator A and its formal adjoint A* lie in the parabolic type
region, as discussed in [2, pp. 274-277] and [31, Chapter 3]. Hence, by considering
A — )Xo and A" — )¢ for some large number \g > 0 we may assume that

No(A) = No(A*) = {0}. (5.2)

Then we have the following theorem for surface potentials of A (see [43, Theo-
rems 5 and 6] and [44, pp. 274-275]):
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Theorem 5.1 (Seeley) Assume that condition (5.2) is satisfied. If s € R, we define
the null space for the operator A by the formula

N(As):={ue H(2): Au=0in 2}. (5.3)

Then we can construct a continuous map P of H>"'/2(I') onto N'(A,s). Moreover,
the spaces N'(A, s) and H*~Y/2(I") are isomorphic in such a way that

N(A,s) 22 75=Y2(1), (5.4a)
N(A,5) ¢ HY2(D), (5.4b)

where o is the trace map defined by the formula
You = ulp.
The operator P is called the Poisson kernel for the operator A.
Especially, for every given function ¢ € Hsfl/Q(F) the function w = Py €
H?(£2) is a unique solution of the Dirichlet problem
{Aw =0 in £,

5.5
Yow =¢ on I (5:5)

Furthermore, we have the following theorem for volume potentials of A (see [44,
pp. 276-277)):

Theorem 5.2 (Seeley) Assume that condition (5.2) is satisfied. Then there ezists an
elliptic, pseudo-differential operator C of order —2 on M such that
A(CEf)lg=1f in 2, for every f € H*(2) with s € R. (5.6)
Here the operator
E: H*(Q) — H*(M)
is Seeley’s extension operator for s € R (see [42], [1, Theorems 5.21 and 5.22]).

By using Theorems 5.1 and 5.2, we can prove the following existence and unique-
ness theorem for the non-homogeneous Dirichlet problem:

Theorem 5.3 Assume that condition (5.2) is satisfied. If s > —3/2, then the non-
homogeneous Dirichlet problem

{Au =f in (2, (D)

You=¢ on I

has a unique solution u in the space HT2(2) for any f € H*(R2) and any ¢ €
HS+3/2(F).
Proof Indeed, it suffices to note that the unique solution u of the Dirichlet problem
(D) is given by the following formula:

u= (CEf)|lg+P(p— (CEf)|p) in £2. (5.7)
Here:
(a) C: HS(M) — H*T2(M) is the right inverse to A (see formula (5.6)).
(b) P: H*3/2(I) — H**2(12) is the Poisson kernel for A (see the Dirichlet problem

(5.5)).

The proof of Theorem 5.3 is complete.
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6 The non-homogeneous Visik—Ventcel’ boundary value problem (1.4)

The purpose of this section is to study the non-homogeneous Visik-Ventcel’ bound-
ary value problem (1.4) for second order, uniformly elliptic differential operators
A in the framework of Sobolev spaces. This section is the heart of the subject.

6.1 Definition of the Visik—Ventcel’ boundary condition (1.2)

First, we introduce a mazimal domain H4(£2) for the differential operator A in the
Hilbert space L?(£2) as follows:

HA(0) = {u € L?(0): Au e LQ(Q)} . (6.1)

We equip the space H,4(£2) with the graph norm

1/2
gy 1= (Il + 14ullZzg)) - (6.2)

The maximal domain H4(£2) is a Hilbert space.
Then we can prove the following trace theorem which plays an essential role in
the study of the Visik—Ventcel’ boundary condition By given by formula (1.2):

Theorem 6.1 Assume that condition (5.2) is satisfied. For every u € H4(£2), we can
define the Vigik—Ventcel’ boundary condition Byu as an element of the Sobolev space
H_5/2(F). Moreover, the Visik—Ventcel’ boundary operator

Bry: Ha(R2) — H™/2(I)
is continuous. Namely, there exists a constant C > 0 such that
I Byull gr-s/2(ry < Cllullg, (o)  for allu € Ha(£2). (6.3)

Proof The proof is divided into three steps.
Step 1: For a given function u € H4(£2) with Au = f € L*(£2), we consider the
homogeneous Dirichlet problem

(6.4)

Av=f in £,
Yov =0 onI.

By applying Theorem 5.3, we find from formula (5.7) with ¢ := 0 that the Dirichlet
problem (6.4) has a unique solution v € H*t2() for every f € H®(2) with
s> —3/2.

Therefore, we can define a continuous operator

Gp: H*(2) — H*T2(02) for s > —3/2
by the formula
v:=Gpf = (CEf)|, —P (0 (CEf)) € H"?(2) for f € H*(R). (6.5)

The operator Gp is called the Green operator for the Dirichlet problem (6.4).
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However, it follows from an application of the ¢race theorem ([1, Remarks 7.45],
[12, p. 98, Section 4]) that the trace map

¥ = (osm) s H(2) — HY2(r) & HYA(T)

You = vlp,
ne= %‘F'
Since 70 (Gp(Au)) = 0 on I' for u € H4(£2), we have, by formula (6.5) with
f = Au and s:=0,

is continuous, where

By = B3(@p(An) = 1) 57 @p(An)| +Q (&'.D2) ((Gp(4)Ir)

= (@)1 (Gp(Au)) + Q (2', D) (70 (Gp(Aw)))
= u(z")y1 (Gp(Au)) € Hl/Z(F) for every u € Hu(92).

This proves that

HB’)’UHHl/?(p) = [|By (gD(Au))HH1/2(r) (6.6)
= ||M($/)71 (QD(Au))”Hl/Z(F) <y ”gD(Au)HHZ(Q)
< Cy ||Au||L2(m for every u € H(£2).

Here and in the following the letter C; denotes a generic positive constant.
Step 2: On the other hand, if we let

wi=u—v=u—Gp(Au) € L>(2) for u e Hu(R2),
then it follows that the function w satisfies the homogeneous equation
Aw=Au—Av=Au—Au=0 in 2.

By applying Seeley [43, Theorems 5 and 6] to the function w, we obtain that the
trace maps

Y0: N(A,0) — H™Y/2(I),
v1: N(A,0) — H™3/2(I)

are both continuous on the null space for A (see formula (5.3) with s := 0)
N(A,0) = {w € L*(2): Aw=01in Q}
Hence, we have the inequalities

||'70w||H*1/2(F) <C3 ||wHL2(Q) ) (6.7a)
||’Ylw||H—3/2(F) <Cy “wHL?(Q) : (6.7b)

Therefore, we have the assertion

Byw = p(e')yw + Q (¢, D) (vow) € H3/2(I),



22 K. Taira

and we have, by inequalities (6.7a) and (6.7b),

1Bywl gg-s72(ry < (@) 11w]| sz 0y + [|Q (2, Dar) (Yow)| 52y (6.8)
<Cs (|}M($/)’Ylw||H—s/2(p) + H”rowHHﬂ/z(r))
< Co llwllpz(o) = Co llu — vl 2o
< Cs (llull gz + Il 2y ) = Co (Ilull 2y + 19D (AWl L2 (o))
< C7 (Il 2@y + 190 (A0l 120 )

< Cs (Jlull 2y + 14ull2a) ) -

Step 3: In this way, we can express uniquely every function u € H4(£2) in the
form

u=v+w (6.9)

where
v=Gp(Au) € H*(12), (6.10a)
w=u—veN(4,DO0). (6.10b)

Therefore, by using the decompositions (6.9) and (6.10) we can define the Visik—
Ventcel” boundary condition B~yu by the formula

BAyu := Byv + Byw € H_5/2(F) for u € Hy(92).
Then we have, by inequalities (6.6) and (6.8) and formula (6.2),

HB’YU”H—S/?(F) < HB’)’U”H—S/?(F) + HB'YWHH—5/2(F) (6~11)
< Oy Byl sz (py + 1Bywllgr—s/2(ry
< C2Co||Aull 2 () + Cs (HUHL2(Q) + HAUHL?(Q))
SClullg, o) forallue Ha(0).

This proves the desired inequality (6.3), with
C = max {Cs Co, V2G5
The proof of Theorem 6.1 is complete.

Similarly, we can prove the following corollary:

Corollary 6.1 Assume that condition (5.2) is satisfied. For every u € H*2(82) with
s> —1/2, we can define the Visik—Ventcel’ boundary condition Byu as an element of
the Sobolev space Hs_l/Q(F). Moreover, the Visik—Ventcel’ boundary operator

Bry: HY2(2) — H*7Y2(I) (6.12)

is continuous for s > —1/2.
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Proof As in Step 3 of the proof of Theorem 6.1, we can decompose the function
u € H*T2(2) in the form

u=v+we H (), (6.13)

where
v=Gp(Au) € H2(12), (6.14a)
w=u—veEN(As+2). (6.14b)

Hence, it follows from formulas (6.13) and (6.14) and the trace theorem ([1, Re-
marks 7.45], [12, p. 98, Section 4]) that

B~yu = Byv + Byw
= pu(@)nv+Q (¢, D) (vov) + p(a)mw + Q (2, Dy ) (vow)
= u(z")mv + pla)pw + Q (2, Do) (vow) € H*~/2(D),

since we have the assertions

yov =0, ~v€ HS+1/2(F),
yow € H¥F3/2(I),  yyw e HSPV/2(D).
Therefore, the continuity (6.12) of B~ can be proved just as in the proof of
inequality (6.11).
The proof of Corollary 6.1 is complete.

Now we can formulate the non-homogeneous Visik—Ventcel’ boundary value
problem in the framework of Sobolev spaces as follows: Given functions f € H*(2)
and ¢ € H*TY/2(I') with s > —1/2, find a function u € H*72(2) such that

{Au =f in, (1.4)
Byu =1 on I

Remark 6.1 In this paper, we consider the Visik—Ventcel’ boundary value problem
(1.4) under the condition that the boundary data ¢ has one more regularity

s—l—l— 871 +1
2 2 ’

compared with the Sobolev regularity stated in Corollary 6.1.

6.2 A special reduction to the boundary

For given functions f € H*(2) and ¢ € H*TY?(I') with s > —1/2, we assume
that a function u € H*T2(£2) is a solution of the non-homogeneous Vigik-Ventcel’
boundary value problem (1.4). Then, by using formulas (6.13) and (6.14) we can re-
duce the study of the boundary value problem (1.4) to that of a pseudo-differential
equation on the boundary I', just as in the classical Fredholm integral equation in
potential theory.

In fact, we can prove the following proposition (see [49, Theorem 8.3.3]):
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Proposition 6.1 Assume that condition (5.2) is satisfied. For given functions f €
H*(2) and o € H*TY2(I) with s > —1/2, there exists a solution u € H**2(02) of
the non-homogeneous Visik-Ventcel” problem (1.4) if and only if there exists a solution
@ € H*3/2(I) of the equation

By (Pp) =4 — u(z" )y (Gpf) = ¢ — u(a") 8% (Gpf) Lo r. (6.15)
Moreover, the solutions u and ¢ are related as follows:
w=Gpf+Ppe H (), (6.16a)
o =u|p € HP2(D). (6.16b)
Proof Indeed, it suffices to note that

¥ = Byu= By (Gpf + Pyp)
= By (Py) + u(z" )71 (Gpf) + Q (z', Dyr) (0 (Gp f))
= By (Py) + u(e")m (Gpf) € H*T/2(D),

since 0 (Gpf) =0 on I
The proof of Proposition 6.1 is complete.

If we introduce a boundary operator T' by the formula

T: C®(I) — C>(I)
¢ — By (Py),

then we have the formula

T = BYP = p(z")nP + Q (¢, Dpr) (voP) = p(a) 1 + Q (2, D), (6.17)
since voP = I (formulas (5.4)). Here I = P is called the Dirichlet-to-Neumann
operator defined as follows:

0
o =1 (Pyp) = Y (Pyp) . for all p € C*°(I"). (6.18)

It is well known (see [12], [22], [25], [28], [43], [58]) that the Dirichlet-to-Neumann
operator IT is a classical, elliptic pseudo-differential operator of first order on the
boundary I

More precisely, if A is the usual Laplacian A, then we can write down the
complete symbol p(z’,¢’) of IT as follows (see [18], [50, Section 10.7]):

P(fﬂlyfl) = pl(a?/,&/) +p0($/,§/) +V—=1qo(z',€') + terms of order < —1 (6.19)

=—ﬂ—§(%§§”—w—me0

+v-1 %div 5(‘5/)(%/) + terms of order < —1.

Here:
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(a) p1(2,&) = —|¢'|, where |¢'| is the length of ¢’ with respect to the Riemannian
metric of I' induced by the natural metric of R™.

(b) M(z') is the mean curvature of the boundary I' at 2.

(c) W(E@E/) is the second fundamental form of T’ at z’, while & € T, (I") is the
tangent vector corresponding to the cotangent vector ¢’ € T3 (I') by the duality
between T,/ (I") and T, (I") with respect to the Riemannian metric (g;;(z’)) of
I.

(d) qo(2',&") = 3 divéery where dive is the divergence of a real smooth vector
field d(¢ry on I' defined (in local coordinates) by the formula

— - a /
R for £ # 0.

Summing up, we have the following proposition:

Proposition 6.2 The complete symbolt(ﬂc’, f/) of the pseudo-differential operator T =
w(z") I+ Q (2, Dy/) is given by the formula

t(a’, &) == ta(a’, &) + t1 (', &) + terms of order <0 (6.20)
n—1 n—1

== | X @56 + [pe) @) VT ) @)+ Y )|
Jik=1 k=1

+ terms of order < 0.

Here:
n—1
> a(a')gig; >0 on TH(D). (6.21a)
i,j=1
pi(z’ &) <0 onT*(I')\ {0}. (6.21b)

By using Propositions 6.1 and 6.2, we can reduce the Visik—Ventcel’ boundary
value problem (1.4) to the study of the pseudo-differential equation (see equation
(6.15))

Ty =pu(x) e+ Q (:r',Dm/) =1 — p(z) 8% (Gpf) . on I (6.22)

This equation may be considered as a modern version of the classical Fredholm
integral equation in terms of pseudo-differential operators. We shall formulate this
fact more precisely in terms of functional analysis.

Now let X and Y be Banach spaces over the same scalar field. We recall that
a densely defined, closed linear operator T from X into Y with domain D(T) is
called a Fredholm operator if it satisfies the following three conditions (see [20]):

(i) The null space N(T) = {z € D(T) : Tz = 0} has finite dimension, that is,
dim N(T) < oo.
(ii) The range R(T) = {Tz:z € D(T)} is closed in Y.
(iii) The range R(T') has finite codimension, that is, codimR(T) = dimY/R(T) <
0.
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Then the indez of T is defined by the formula
indT = dim N(T) — codim R(T).

We give a very useful criterion for conditions (i) and (ii) made for Fredholm
operators due to Peetre (see [36, Lemma 3], [51, Theorem 2.42]):

Lemma 6.1 (Peetre) Let X, Y, Z be Banach spaces such that X — Z with compact
injection, and let T : X — Y be a closed linear operator with dense domain D(T).
Then the following two conditions are equivalent:

(i) The null space N(T) of T has finite dimension and the range R(T) of T is closed
mY.
(i) There is a constant C' > 0 such that the a priori estimate

el x < CI1T=lly + llzll2)
holds true for all x € D(T).

First, by using Corollary 6.1 we can associate with problem (1.4) a densely
defined, closed linear operator

A= (A, B"}’) : H3+2(Q) BN Hs(g) €B}Is+1/2(l—,)

for s > —1/2 as follows.

(a) The domain D(A) of definition of A is the space
D(A) = {u € H2(2): Byue HS+1/2(F)} . (6.23)

(b) Au = (Au, Byu) for every u € D(A).

Indeed, since A: H*T2(Q2) — H*(2) and B~ : Ht2(2) — H*"'/2(I') are both
continuous, it follows that A is a closed operator (see the proof of Step (1) of
Proposition 7.1). Furthermore, the operator A is densely defined, since the do-
main D(A) contains a dense subspace C*°(£2) of H*"2(12). The situation can be
visualized in Table 6.1 below (see Remark 6.1).

aor2(0) B, gs(9) @ B-1/2()

I I

D(A) —2 5 HY(Q)® H+Y2(I)

I I

C>(0) m C>(2) o C=(I")

Table 6.1 The mapping property of the operator A
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Similarly, by using Proposition 6.1 we can associate with equations (6.15) and
(6.17) a densely defined, closed linear operator

T  HP32(r) — H3Y2()

for s > —1/2 as follows.
(a) The domain D(T) of definition of 7T is the space

D(T) = {p e H"*2(r) i Ty e B2} (6.24)

(8) T =By (Pp) = pu(a') I+ Q (2", Dyr) ¢ for every € D(T).

Indeed, since T: H5t3/2(I') — H*'/2(I') is continuous, it follows that 7 is a
closed operator. Furthermore, the operator 7 is densely defined, since the do-
main D(T) contains a dense subspace C*°(I") of H**3/2(I"). The situation can be
visualized in Table 6.2 below.

He+3/2(r) — L H==1/2(I)

| I

D(T)  —T— HBV2(D)

| I

Co() ——— O=(D)

Table 6.2 The mapping property of the operator 7

Then we obtain the following formula for the indices of the operators A and T
(see [49, Theorem 8.3.8]):

Theorem 6.2 Assume that condition (5.2) is satisfied. If the operator T, defined by
formula (6.24), is a Fredholm operator, then the operator A, defined by formula (6.23),
is a Fredholm operator. In this case, we have the formula

ind A=ind T. (6.25)

6.3 Index of the operator T

The purpose of this subsection is to prove the assertion
ind7=ind A=0 forevery s> —-1/2

under condition (H.2) (Proposition 6.6 and Theorem 6.3).
First, since the pseudo-differential operator

T= u(x/) I+Q (a:/, Dw/) (6.17)
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has the complete symbol t(z’,¢’) given in formula (6.20), we can obtain the fol-
lowing fundamental proposition for T' (see [24, Theorem 5.2] and [38, Theorem

7):

Proposition 6.3 Assume that condition (H.2) is satisfied. Then we have the following
three assertions:

(i) There exist constants ¢ > 0 and C > 0 such that
—Re (T, @)L2(p) 2 C”‘PH%{UZ(F) -C ||90||%2(p) for all p € C*(I').  (6.26)
(i) There ezists a constant C1 > 0 such that
leli3z 2y < O (ITeli12 ) + IlEery)  for all o € C2(T).

(i4i) The pseudo-differential operator T is hypoelliptic with loss of one derivative on I.
More precisely, we have, for every s € R,

¢ eD(I), To e H (I = ¢ e H*T(I). (6.27)
Moreover, for any s’ < s+ 1 there exists a constant Cs,s > 0 such that
lpllFress(ry < Corsr (Tl (ry + 190300 (1) - (6.28)

Proof (i) We decompose the differential operator Q (', D), given by formula
(1.3), as follows:

Q(2',Dy) =R (2, Dy) o+ (z', D)

n—1 a2<p n—1 8(,0
_ ij0 / (Y
= | X @y +0e |+ L AGO5

ij=1

Hence, we have the decomposition formula
~T = —p(z") 1T - Q (¢',Dy) = (—p(2")IT — R(z', Dy)) — B(z’, Dy).
Then, by integration by parts it follows that
1, .
Re (ﬁ(xlvDI’)SOaSO)LZ(F) = 75 (dlvﬁ : 903@) ’
so that
/ 1 . / 2
—Re (B(2, Dar ) ) 1oy 2 =5 max [div B(a")| - lelz2(r) (6.29)
for all ¢ € C°°(T).

The proof of part (i) is divided into three steps.
Step (I): First, we consider the case of the open subset

I\Ip={a" €I :p(a")>0}.

In this case, by using local coordinate systems flattening out I', together with a
partition of unity we can apply Theorems 3.1 and 3.3 (or [25, Theorem 22.3.3]) to
the pseudo-differential operator

—p(a")IT — R(z', Dyr)

in the following way:
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(1) Apply the Garding inequality (3.2) to the pseudo-differential operator A :=
—p(z") I with m:=1 and s := 0.

(2) Apply the Fefferman—Phong inequality (3.4) to the differential operator A :=
-R (m/, Dw/) .

Case (1): By assertion (6.21b), we remark that the real part p(z’)p1 (2/,¢)
of the principal symbol of u(z’)IT satisfies the condition: For every compact set
K C I'\ Iy we can find a constant dx > 0 such that

—u(@ ) pi(2', &) > ok |£/| for every z’ € K.

Case (2): On the other hand, it follows from condition (6.21a) that the complete
symbol r(z',¢') of R (2/, D,/) satisfies the condition

n—1
—r(2', )= > a"(2') €& —1(2') >0 on TH(I),

ij=1

since y(z') <0 on I.
Then we can find constants cx > 0 and Ck > 0 such that

—Re ((u(@') I+ R(z’, Da) @) 12y (6.30)
> ek lolFrery — Ck llol7z(ry  for all o € CR(D),

where
CR(I) ={p:peC™(I'), suppp C K}.

Indeed, it suffices to note (see [34, Lemma 2.1]) that if P (2/,D,/) is a first order,
pseudo-differential operator with real principal symbol, then we can find some
constant dg > 0 such that

/ 2 00
Re (\/7113 (&', Dy o, go)L2(F) > —do [l¢ll22(ry for all o € C=(I).

Therefore, by combining inequalities (6.29) and (6.30) we have the inequality
= Re (T, SO)L2(F) (6.31)
— Re (u(&)T + R (5, D) + 8 (s Dar)) ) oo

1 . 00
> crc ol oy — (o + 5 ma|div 56 ) ity for all o € CRAD),

where K is an arbitrary compact set in I"\ 1.
Step (II): Secondly, we consider the case of an open neighborhood V of the
closed subset
Iy={2"er:p@)=0}.
In this case we can apply Theorems 3.2 and 2.1 to the pseudo-differential operator
(@)1 ~ R(a, D)

in the following way:

(3) Apply the sharp Garding inequality (3.3) to the pseudo-differential operator
A= —p(2") IT with m:=1 and s := —1/2.
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(4) Apply the Fefferman—Phong subelliptic estimate (2.2) to the differential oper-
ator Q(z’, Dyr) := R(z', D) with £ :=1/2.

Case (3): By assertion (6.21b), we remark that the real part pu(2") p1 (2/,¢’) of
the principal symbol of p(z')IT satisfies the condition

—u(z") p1 (a:/,fl) >0 forevery 2’ €V.
By applying the sharp Garding inequality (3.3) to A := —pu(z') I with m = 1

and s := —1/2, for every compact set K’ C V we can find constants dxs > 0 and
Dy > 0 such that

~Re (u(a")119,0) 2p) 2 —dK lelZ2cry — Dic 1@l F-1s2¢py  for all o € CR(T).

Since the injection L2(I") < H~'/2(I') is continuous, we can find another constant
Ck+ > 0 such that

—Re (u(z") e, ¢) L2y = —Ck H<P||2L2(F) for all o € CF(I). (6.32)

Case (4): On the other hand, since the differential operator R (2, D,/) satisfies
condition (H.2), by applying the Fefferman—Phong subelliptic estimate (2.2) to
R (2',D,/) with € := 1/2 we can find constants ¢, > 0 and C%, > 0 such that

—Re (R (LU/, Dm’) ®s 90) L2(I) 2 C/K’ ||§0||i[1/2([‘) - C}(/ H()OH?LQ(F) (633)
for all ¢ € CF(T).

Therefore, by combining inequalities (6.29), (6.32) and (6.33) we have the in-
equality

~Re (T, ¢)r2(ry = —Re ((u(a") T + R(z', D) + B2, Dy)) o, 90)L2(F) (6.34)
2 1 . 2
> |\90||H1/2(p) - (CK/ + Cxr + b g}g} |d“’ﬂ($/)|> lellzz(r
for all p € CF (1),

where K’ is an arbitrary compact set in the open neighborhood V of Ip.
Step (III): Now we choose an open subset W of I" such that

rcwuy,
WnIp=0,

and construct two functions 6 € C5°(W) and w € C§°(V) such that
0(z ) +w(@)?>=1 onT.

Then any function ¢ € C°°(I") can be expressed in the form
e=00¢)+w(wyp) onl,

where

bpeCF(I), K=suppdcCI\Iy,
wp € CR(I), K' =suppw CV.
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We recall that if P (m’ , Dx/) is a first order, pseudo-differential operator with real
principal symbol, then we have the inequality

/ 2
Re (\/_1 P (2, Dy) g, “O)Lz(m > —dy |lpl2a(py for all p € C(D).

Therefore, the desired global inequality (6.26) follows by applying inequality
(6.31) to the function 6 ¢ and inequality (6.34) to the function w ¢, respectively.
More precisely, the reader might be referred to the proof of Wloka [61, Theorem
19.2].

(ii) By using the generalized Schwarz inequality (see [12, Chapitre II, Théoréme
2.8]), we obtain from inequality (6.26) that there exist constants ¢p > 0 and Cp > 0
such that

2 2
co HSOHHl/z(p) —Co H80||L2(1“)

< Re (T, 90)L2(p) < ‘(T% SD)Lz(F)’ < ||T80||H*1/2(F) ||SOHH1/2(F)

[~}

5 2 1 2
< ) ||90HH1/2(F) + 222 ||T4P||H—1/2(F) for every € > 0.

Therefore, by taking

€ := y/co,
we have the desired inequality (6.28)
1 2Co
||¢Hi11/2(p) < % HT<PH§{—1/2(F) + oo H‘P||2L2(F) <Gy (”T‘P”?{—l/z(r) + HS@”ZLZ(F)) )

with

(iii) By using Proposition 6.2, we find from condition (6.21a) that the principal
symbol to(2',¢") of T = p(2’) I + Q (2', D,/) satisfies the condition (see condition

(4.2))

n—1
—t2(a’,€) = > a¥(2’) &€ >0 on TID).

ij=1

Therefore, part (iii) follows by applying Hérmander [24, Theorem 5.2 and estimate
(1.1)] to the pseudo-differential operator —T" with

m:=2, so:=-1/2, §:=0

(see inequality (4.3) and assertion (4.4)).
The proof of Proposition 6.3 is complete.

Similarly, we can prove the following results for the adjoint T* = (u(z') IT + Q)"
of the pseudo-differential operator T = u(z’) IT + Q, analogous to Proposition 6.3:

Proposition 6.4 Assume that condition (H.2) is satisfied. Then we have the following
three assertions:
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(i) There exist constants ¢ > 0 and C > 0 such that
—Re (T*0.%) o py = el Gz ry = C T2y for allp € C(I). (6.35)

Here it should be noticed that we can choose the same constants ¢ and C as in
inequality (6.26).
(i) There exists a constant Ca > 0 such that

1320y < Co (1Tl sary + N3y ) - for all v € C=(T),

(iii) The pseudo-differential operator T™ is hypoelliptic with loss of one derivative on
I'. More precisely, we have, for every s € R,

Y eD(I), T"Y € H(I'") = ¢ € H*TY(I). (6.36)

Moreover, for any s’ < s+ 1 there evists a constant C5 s > 0 such that

* * 2
1oy < G (1703 ry + 13 ) - (6.37)
Proof Indeed, it suffices to note that

2Re (T*¢v¢)L2(F) = (T*w’w)Lz(F) +mm(n
= (T*’v/’vw)m(r) + (¢7T*w)L2(F) = (T*w’w)LZ(F) + (T, %) 21y
= (W, TW) oy + (T9.9) 2py = (T9,90) 2 py + (T, 8) L2y
= 2Re (T, %) 12
since we have the formula

(1) = () T+Q)") =p(a) T+Q=T
for the pseudo-differential operator T' (see [12], [25], [28], [58]).
The proof of Proposition 6.4 is complete.
Recall that the operator
T2 BF/2(r) — B2

is a densely defined, closed linear operator given by formula (6.24) for s > —1/2
(see also Table 6.2).
The adjoint operator T* of T is a densely defined, closed linear operator

T H*7Y2(r)y — H=573/2()

for s > —1/2 such that
s+1/2 (Tgo,w)_s_l/Q = o13/2 (90,7'*1/))7873/2 for all ¢ € D(T) and ¢ € D(T*),

where 5 (-,-)_, denotes the sesquilinear pairing between the Sobolev spaces H? (I")
and H~7(I") for each o € R (see [62, Chapter VII]). The situation can be visualized
in Table 6.3 below.

The next lemma allows us to give a characterization of the adjoint operator
T* in terms of pseudo-differential operators (see [49, Lemma 8.4.8]):
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H*S*S/Q(F) (L Hfsfl/Q(F)

[ |

H==3/2(r) « T — (T

| |

Co() e C(D)

Table 6.3 The mapping property of the adjoint operator 7*

Lemma 6.2 Let M be a compact, C manifold without boundary. If T is a classical,
pseudo-differential operator of second order on M, we define a densely defined, closed
linear operator

T: H5+3/2(M) — HS'H/Q(M) for some s € R
as follows:
(a) The domain D(T) of T is the space

(b) T =Ty for every p € D(T).
Here Tp is taken in the sense of distributions.

Then the adjoint operator T* of T is characterized as follows:

(¢) The domain D(T™) of T* is contained in the space
{1/1 ceH V(M) Ty e H*S*"*/Z(M)},

where T™ is the adjoint of the pseudo-differential operator T.
(d) T* =T*y for every i € D(T™).

Proof Let ¢ be an arbitrary element of D(7*) ¢ H~5~'/2(M). By using Friedrichs’
mollifiers ([22, p. 178, Remark], [12, Chapitre IV, Corollaire 10.5]), we can find a

sequence {v; }jil of C*°(M) such that

Wi — P in H=5~Y2(M),
T*p; — T*  in H°73/2(M).

Then we have, for all ¢ € C*(M) C D(T),
—s—3/2 (T*¢v90)5+3/2 = —s-1/2 (w7T¢)s+1/2 = —s—1/2 (w’TSD)s-i-l/Q
= Jlggo (5 Te) 21 :jhjgo (T wj:‘P)Lz(r)

= —s—3/2 (T*wa (10) s+3/2"

This proves that
T*) =T e H*73/2(M).

The proof of Lemma 6.2 is complete.
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Moreover, the next regularity results for the closed operators 7 and 7* follow
by combining Propositions 6.3 and 6.4 and Lemma 6.2:

Proposition 6.5 Assume that condition (H.2) is satisfied. Then we have the following
two regularity results:

(i) If ¢ € D'(I') and T € H(I') for o € R, then it follows from the regularity
property (6.27) that o € H°TH(I'). In particular, we have the regularity result for
the null space of the closed operator T :

N(T)={p e H¥2(1) : Tp = 0} c o™=(D). (6.38)

(ii) If ¢p € D'(I') and T*y € HO(I') for o € R, then it follows from the regularity
property (6.36) that ¥ € HU+1(F). In particular, we have the regularity result for
the null space of the adjoint operator T*:

N(T) ={we () T = 0} c (D), (6.39)
Now we can prove the following index formula for the closed operator 7T:

Proposition 6.6 If condition (H.2) is satisfied, then the closed operator T is a Fred-
holm operator with index zero:

ind7 =0 for every s > —1/2. (6.40)

Proof The proof is divided into three steps.
Step 1: First, by virtue of Friedrichs’ mollifiers ([22, p. 178, Remark], [12,
Chapitre IV, Corollaire 10.5]), for every » € D (T) we can find a sequence {gaj}oo

of C*°(I") such that

j=1
p; —> in HS'*‘?’/Z(F)7
Te; — Ty in HTY2(I).

Hence, by passing to the limit in inequality (6.28) with

[N
N =

pi=pj, SI=s+ 5, S i=s-—
we have the inequality
ol Frsss/2ry < Cs (|\T80H%15+1/2(r) + H@H?qs—l/z’(r)) for all p € D(T).  (6.41)

However, by the Rellich-Kondrachov theorem ([1, Theorem 6.3, Parts I and II], [12,
p. 95, Proposition 3.4]) it follows that the injection

Hs+3/2(F) . Hsfl/Q(F)

is compact.
Therefore, by applying Peetre’s lemma (Lemma 6.1) to the closed operator T
we obtain from assertion (6.38) and inequality (6.41) that

dimN (T) < oo. (6.42a)
The range R (T) is closed in H*T1/2(r). (6.42b)
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Similarly, it follows from an application of inequality (6.37) with
si=—5—23/2, §:=-5-5/2
that
2 * * 2 2
||1/JHH*S*1/2(F) < C3 (HT wHHfsfg/z(p) + H¢”H7575/2(1‘)) (643)
for all » € D(T™).

Therefore, by applying Peetre’s lemma (Lemma 6.1) to the adjoint operator
T* we obtain from assertion (6.39) and inequality (6.43) that

dimN (T") = codim R (T) < oc. (6.44a)
The range R (T*) is closed in H573/2(T), (6.44b)

since the injection
H7571/2(I—‘) N H*S*S/Z(F)

is compact.
By combining assertions (6.42a) and (6.44a), we find that

ind 7 = dim N (T) — dimN (T™) < oo. (6.45)

Moreover, we remark from assertions (6.38) and (6.39) that ind T is independent
of s > —1/2.
Step 2: Now we show that

ind(7T—C)=0 forevery s> —1/2, (6.46)

where C is the same positive constant as in inequalities (6.26) and (6.35).
First, we show that

N (T - C) = {0}. (6.47)
To do so, we assume that ¢ € N (T — C):
e H*/2(I') and (T — C)p = 0.

Then, by virtue of Friedrichs’ mollifiers we can find a sequence {¢p; };‘;1 of C*°(I)
such that we have, for s > —1/2,

0j — in H+3/2(r) c L3(I),
(T —C)p; — 0 in H*YY/2(r) ¢ L3(T).
However, by using Schwarz’s inequality we obtain from inequality (6.26) with
@ = p; that
2
c H“PjHHl/z(p) < -Re ((T - C) Pis @j)[;(p) < ‘((T - C) Pjs Soj)Lz(p)
<|(T- C)%‘HLZ(F) ' H‘PJ’HB(F) J

so that
@j — 0 in HY2(I') c L*(I).

This proves that ¢ = 0.
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Similarly, by using inequality (6.35) we can prove that
N(T"=C)={0}. (6.48)
Therefore, the desired assertion (6.46) follows from assertions (6.47) and (6.48):
ind (T — C) = dim N (T — C) — dim N (T* = C) = 0.
Step 3: Finally, we are in a position to prove the desired assertion
ind7 =0 for every s > —1/2. (6.40)

By the Rellich-Kondrachov theorem ([1, Theorem 6.3, Parts I and 1I], [12, p. 95,
Proposition 3.4]), it follows that the constant mapping

C: HS32(ry — H*YY2()

is compact. However, it is known (see Gohberg—Krein [20]) that the index is stable
under compact perturbations.
Therefore, the desired assertion (6.40) follows from assertion (6.46):

ind7 =ind((T—C)+C) =ind (T - C) =0.
Now the proof of Proposition 6.6 is complete.

Therefore, by combining formulas (6.25) and (6.40) we obtain the following
index formula for the operator A = (A, B~):

Theorem 6.3 If condition (H.2) is satisfied, then we have the assertion
indA=0 for every s > —1/2. (6.49)

Proof Indeed, by considering A — Ao and A™ — \g for some large number \g > 0 we
may assume that condition (5.2) is satisfied for the operator A — \o:

No (A= 2o) = No (A" = xo) = {0}

Then, by formulas (6.16) in Proposition 6.1 with A := A — Ao we can express
the solution u € H¥"2(2) of the non-homogeneous Visik—Ventcel’ boundary value
problem

(A=Xo)u=f in £,
Byu =1 on I’

in the following forms:

uw=Gp(ho)f +P(ho)p € HT2(0), (6.50a)
o =u|p € H/2(D). (6.50b)

Here we recall that the mapping

Pxo): HT2(I) — H*2()
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is the Poisson operator for the Dirichlet problem (see problem (5.5))

(A=Xo)w=0 1in £,
Yow = ¢ on I’
and that the mapping
Gp(Xo): HY(R2) — H*T*(02)

is the Green operator for the Dirichlet problem (see problem (6.4))

(A=Xo)v=f 1in £,
Yov =0 on I

Moreover, we have the pseudo-differential equation (see equation (6.22))
- _ n 0 s+1/2
T(Xo)y := By (P(ho)p) =¥ — u(a) 5~ (Gp(ho)f)| € H2(I).  (6.51)
r

Therefore, by applying the index formulas (6.25) and (6.40) with
A:=A-Ddo, A:=AN)=(A—X0,By), T:=T(\o)=DBv(P()),

we obtain that

ind A(M\o) =ind T (Xo) =0 for every s > —1/2.
This gives that

ind A = ind (A, Bv) = ind ((A — Ao, BY) + (X0,0)) = ind A(X\o)
=0 forevery s> —1/2,
since the constant mapping
(X0,0) : H**Y2(2) — H*(2) @ H*TY2(I)

is compact for every s > —1/2, just as in the proof of assertion (6.40).
The proof of Theorem 6.3 is complete.

7 Regularity theorem for the Visik—Ventcel’ boundary problem (1.4)

In this section, by using Propositions 6.1 and 6.5 we prove a regularity theorem
for the non-homogeneous Visik—Ventcel’ boundary value problem (1.4) under con-
dition (H.2) (Theorem 7.1). Moreover, by applying Sobolev’s imbedding theorem
we obtain a regularity result for the null space of the mapping

A= (A, By): HVY2(2) — H(2) @ HTY2(I') for s > —1/2

(Corollary 7.1). Moreover, we prove the closedness of 2 defined by formula (2.7a)
and the regularity property (2.7b) (Proposition 7.1).

(I) First, by using Propositions 6.1 and 6.5 we can prove the following regularity
property for the Visik—Ventcel’ boundary value problem (1.4):
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Theorem 7.1 Assume that condition (H.2) is satisfied. Then we have, for every s > 0.
u € L*(92),
Au=f e H*(), — ue H?(0). (7.1)
Byu =1 € HTY/2(I)
Proof We recall that all the sufficiently large eigenvalues of the Dirichlet problem
for the differential operator A and its formal adjoint A* lie in the parabolic type
region, as discussed in [2, pp. 274-277] and [31, Chapter 3]. Hence, by considering

A — X and A — )\g for some large number \g > 0 we may assume that condition
(5.2) is satisfied for the operator A — Ag:

No (A —Xo) =Np (A" — Xo) = {0}.
Assume that

u € L*(0),
Au=fe H*(2) and Byu=1 € HS+1/2(F) for s > 0.

Then we have the assertions

{u€L2((Z),
(A=Xo)u=f—Xdouc L*().

By using assertion (6.3) with A := A — X\o and the pseudo-differential equation
(6.51), we obtain that

o= ulp e H/2(D),
T(ho)e = v = ula') g5 (G (o) (f = how)| € HY*(D).

Hence, it follows from the regularity property (6.27) with T := T'(A\o) and s := 1/2
that
o € H?(I).

Moreover, we have, by formula (6.50a) with f := f — Aou and s := 0,
u=Gp(Mo) (f — Aou) +P(No)p € H*(2).
Therefore, by repeating this process (a bootstrap argument) we can prove that
ue HT?(2) for s >0.
The proof of Theorem 7.1 is complete.

(IT) Secondly, by applying Sobolev’s imbedding theorem (see [1, Theorem 4.12,
Part II]) we obtain the following regularity result for the null space of the operator
A= (A, By):

Corollary 7.1 If condition (H.2) is satisfied, then we have the assertion

u € L3(0),
Au=0 in 2, = ue (] H(Q)=C®0).
Byu =0 on I’ 720
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(II1) Finally, we are in a position to prove the following proposition:
Proposition 7.1 Assume that condition (H.2) is satisfied. Then the operator
A: L2 (02) — L*(2)
is closed. Moreover, we have the assertion
D) ={uec Hy(2): Byu=0 on I} C H*(2). (7.2)
This implies the desired regularity property (2.7b).

Proof The proof of Proposition 7.1 is divided into two steps.

Step (1): First, we prove the closedness of the operator 2. Without loss of
generality, we may assume that condition (5.2) is satisfied for the operator A — Ao
for some large number )y > 0, as in the proof of Theorem 7.1.

Let {u;}72, be an arbitrary sequence in the domain D (% — Ao I) = D () such
that

uj — u in L*(02), (7.3a)
(A—Xo)u; — v in L?(£2). (7.3b)
Then it follows from assertion (7.3a) that
(A—Xo)u; — (A—Xo)u in the space D'(£2) of distributions,
and further from assertion (7.3b) that
(A= Xo)u=uve L*(02).
By definition (6.1) and formula (6.2) with A := A — Ao, we find that

u€ Hp_x,(£2), (7.4a)
Uj —> U in HA—AO (Q) (74b)
Moreover, by inequality (6.3) wit A := A — )¢ it follows from assertion (7.4b) that
Byu= lim Byu; =0 in H%%(I). (7.5)
j—o0

Therefore, by combining assertions (7.4a) and (7.5) we obtain that

{ueD(Ql—)\QI),
RA=XDNu=(A-X)u=no.

This proves the closedness of the operator 26 — \g I.

However, it is easy to see that the operator 2 is closed if and only if the operator
A — Aol is closed.

Step (2): Secondly, by using the regularity property (7.1) with s := 0 we find
that

€ HA(0) u € L*(0),
e AN = (Aue (), = uc H*(Q).
Byu=0onTI"

Byu=0on I

This proves the desired assertion (7.2) and hence the regularity property (2.7b).
The proof of Proposition 7.1 is complete.
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8 Proof of Theorems 2.2 and 2.3

This section is devoted to the proof of Theorems 2.2 and 2.3. In Subsection 8.1,
we prove Theorem 2.2. More precisely, we can prove that if conditions (2.4), (H.1)
and (H.2) are satisfied, then the mapping A is bijective for every s > —1/2.

The proof of Theorem 2.3 in Subsection 8.2 is essentially the same as that
of Theorem 2.2 if we replace formula (1.3) by formula (2.6) and condition (H.2)
by condition (H.3), respectively. Indeed, it suffices to note that Propositions 6.3,
6.4, 6.5 and 6.6 and Theorem 6.3 remain valid for the pseudo-differential operator
T = p(z") I + Q(z', Dy) when we replace condition (H.2) by condition (H.3).

8.1 Proof of Theorem 2.2

The proof of Theorem 2.2 is divided into three steps.
Step I: First, we prove the following uniqueness theorem for the Visik—Ventcel’
boundary value problem (1.4) in the framework of smooth functions:

Theorem 8.1 Assume that conditions (2.4) and (H.1) are satisfied. Then every solu-
tion u € C2 (2) of the Visik—Ventcel’ boundary value problem

Au=0 in (2, (8.1a)

Byu=0 onTl (8.1b)
is identically equal to zero in §2:

u(z) =0 in Q. (8.2)

Proof The proof is divided into two steps.
Step (1): The case where u(z) is constant in (2. Then we have, by equation
(8.1a),
0 = Au(z) = c(z)u(z) in 0.

This proves the desired assertion (8.2), since condition (2.4) is satisfied.

Step (2): The case where u(z) is not constant in 2. Our proof is based on a
reduction to absurdity.

In this case, by applying the strong mazimum principle (see [37, p. 64, Theorem
6]) we may assume that there exists a boundary point z{, € I" such that (if necessary
replacing u by —u)

u(zo) = maxu(z) > 0. (8.3)
TES?

Then, by applying Hopf’s boundary point lemma (see [37, p. 67, Theorem 8]) we

obtain that 8
U
87(;;;6) <0, (8.4)
and further that
ou

8.CL‘Z'
Hence, we have, by the boundary condition (8.1b),

(z0) =0 for1<i<n-—1.

0 = Byu(eh) = plab) o (zh) + Qu(zh) (55)
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_ 1\ Ou, e gt 0%u / / /
= /1(900)87(900) + Z a (IO)asz (z0) + v(z0)u(wo)
i,j=1 Lt

< lab) SE(wh) + 1 (zb)uleh),

since the matrix (a” (136)) is non-negative definite.
1<i,j<n—1

However, in view of condition (H.1) we obtain from assertions (8.3) and (8.4)
that

plab) 92 () +(ab)u(zo) < 0.

This contradicts inequality (8.5).
The proof of Theorem 8.1 is complete.

Step II: Secondly, by combining Corollary 7.1 and Theorem 8.1 we find that
if conditions (2.4), (H.1) and (H.2) are satisfied, then the mapping

A= (A, By): HY2(2) — H*(2) @ H*TY2(I)

is injective for every s > —1/2.
Step III: Thirdly, it follows from Theorem 6.3 that if condition (H.2) is satis-
fied, then we have the assertion

ind A =dimN(A) — codimR(A) =0 for every s > —1/2. (6.49)

Therefore, we have proved that if conditions (2.4), (H.1) and (H.2) are satisfied,
then the mapping

A= (A, By): HP2(Q) — H*(2) & H*TY2(I) (8.6)

is bijective for every s > —1/2.
The proof of Theorem 2.2 is complete. O

Remark 8.1 By combining assertion (8.6) and Proposition 6.1, we can prove the
following theorem:

Theorem 8.2 Assume that conditions (2.4), (H.1) and (H.2) are satisfied. Then the
closed operator

T: HP3/2() — H5FY2(D), (8.7)

defined by formula (6.24), is bijective for every s > 0 (see Table 6.2).

Indeed, the above assertion (8.6) implies that the non-homogeneous Visik—
Ventcel” boundary value problem (1.4) is uniquely solvable in the framework of
Sobolev spaces. Hence, by virtue of Proposition 6.1 we find that the operator T is
bijective for every s > 0.
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8.2 Proof of Theorem 2.3

The proof of Theorem 2.3 is essentially the same as that of Theorem 2.2 if we
replace condition (H.2) by condition (H.3). More precisely, Propositions 6.3, 6.4,
6.5 and 6.6 and Theorem 6.3 remain valid for the pseudo-differential operator

.
T = p(@) T+ Q(a/, Dyr) = (&) T+ 37 X (2/, Dar)” + Xo (2/, Dar) + ("),
j=1

when we replace formula (1.3) by formula (2.6) and condition (H.2) by condition
(H.3), respectively.

In fact, if K’ is an arbitrary compact set in the open neighborhood V of the
boundary portion

Ip={2"eI:p)=0},

then, by using the energy estimate due to Oleinik—Radkevié¢ [33, Theorem 2.5.1] (or
[34, Theorem 2.1]) and [33, Theorem 2.2.8] with s := 0 and [33, Lemma 2.5.3] with
R(K) :=1 and s := —1/2, we can obtain inequality (6.33) under condition (H.3).
Hence, by combining inequalities (6.29), (6.32) and (6.33) we have the fundamental
inequality (6.34) under condition (H.3).

In this way, the proof of Theorem 2.3 goes through just as in Section 7 and Sub-
section 8.1 if conditions (2.4), (H.1) and (H.3) are satisfied. Therefore, assertions
(8.6) and (8.7) remain valid if conditions (2.4), (H.1) and (H.3) are satisfied.

The proof of Theorem 2.3 is complete. O

9 Agmon’s method

In order to prove an existence and uniqueness theorem for the homogeneous Vigik—
Ventcel” boundary value problem (1.5) in the framework of Sobolev spaces when
[A\| = oo (Theorem 2.4), we make use of a method essentially due to Agmon
([2], [29]). This is a technique of treating a spectral parameter X as a second order,
elliptic differential operator of an extra variable y on the unit circle S, and relating
the old problem to a new one with the additional variable (see [17], [48]).

First, we introduce an auxiliary variable y of the unit circle

S =R/2rZ,

and replace the complex parameter A by the second order differential operator

2
for — T <0 <.

More precisely, if we express the complex parameter A in the form
A=r2et forr>0and —7w <0 <m,
then we replace the differential operator

A—X=A—r2c"
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defined in the original domain {2 by the second order differential operator

~ . 2
A(0) := A + ¢ (%2 for —m < 6 <, (9.1)
defined in the product domain §2 x . We remark that the operator A(f) is strongly
uniform elliptic for —m < 6 < 7 in 2 x S (see [61, p. 146, Definition 10.6]).
Now we consider instead of the original Visik—Ventcel’ boundary value problem
with spectral parameter

(A=XNu=f in £,
1.5
B'yu:u(x/)g—:jp—i—Q(u\p):O on I'. (15)

the following homogeneous Visik—Ventcel’ boundary value problem in the product

domain 2 x S: Given a function f(z,y) defined in 2 x S, find a function u(z,y) in
2 x S such that

A(e)ﬂ:(A—f—e’g%)ﬂ:f in 2x 8,
= Y (9.2)
B~u = p(z')— +Q(2',Dy) (U pxs) =0 onI x8.
v I'xS

In order to prove Theorem 2.4, we associate with the homogeneous Visik—
Ventcel’ boundary value problem (9.2) a densely defined, closed linear operator

A(0): L*(2 x §) — L*(2 x S)

in the Hilbert space L?(£2 x S) as follows (see formulas (2.7a) and (2.7b)):
(a) The domain D(2A(6)) of definition of 2(6) is the space

D) = {a €L2(2x S): A(0)u e L*(2 x S), Byi=0on I x s} (9.3a)
={@eH*(2xS): Byi=0onI'x5}. (9.3b)

(b) 2A(0)a = A(8)a for every a € D(A(0)).

Indeed, since A(9): L*(2xS) — D'(2x ) and By : H ) (2% ) — H™/>(I'x
S) are both continuous, it follows that 2(6) is a closed operator (see the proof
of Proposition 7.1). Furthermore, the operator 2(() is densely defined, since the
domain D(2U(6)) contains a dense subspace C§°(£2 x S) of L2(£2 x S).

The next theorem asserts that if condition (G) is satisfied, then the operator
2(0) is a Fredholm operator:

Theorem 9.1 Let 6 € (—m, 7). Assume that condition (G) is satisfied. Then the op-
erator QI(H)LLQ(Q x 8) — L%(£2 x S) is a Fredholm operator. Moreover, there exists
a constant C(0) > 0, continuously depending on 0, such that the a priori estimate

[l 2 (2% 5) < C(6) (H/T(@)ﬂ.

L2(2x8) + W|\L2(Q><S)) (9.4)

holds true for all functions i € D(A()).

The proof of Theorem 9.1 will be given in Section 13, due to its length.
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10 The Dirichlet problem for Agmon’s method

In this section, by using the theory of pseudo-differential operators we consider the
following non-homogeneous Dirichlet problem (5) for the second order, strongly
uniform elliptic differential operator /T(G) for —m < 6 < w in the framework of
Sobolev spaces on the product domain 2 x S: For given functions f and @ defined
in 2 x S and on I' x S, respectively, find a function w in {2 x S such that

{/T(e)a =f in 2x8, )

YU = Ulpg=¢ on ' x S.

Following Seeley [43] and [44], we let (cf. formula (5.1))
No (/T(G)) = {17 € C®(2x S):suppu C 2 xS, AB)u=0in 2 x S’}‘ (10.1)

It is known (see [43, Theorem 7]) that Ao (/T(G)) is finite-dimensional. We remark
from formula (10.1) that

No (4(0)) < v (2(9))

10.1 Symbol of the differential operator A(f)

In this subsection, we calculate explicitly the symbol of the strongly uniform elliptic
differential operator A(6) defined by formula (9.1). However, it is easy to see that
there is a homotopy in the class of strongly uniform elliptic symbols between the
elliptic differential operators

{Zl(e) = A(0) = A+ 2y

)
Y _ i0 9° _ 9 0° i 0°

For example, we may take

2

- w0 0
A4 (6) ::tA—f—(l—t)A—i—eLea—yQ for0<t<1. (10.2)

Therefore, we have only to calculate explicitly the symbol of the strongly uni-
form elliptic differential operator Ag(6) for the usual Laplacian A = A:

~ . 2
/I(J(G)ZA—}—tezG;—y2 in 2x 8 for -7 <0< (10.3)
To do so, let
(m,f,y,r]) = (‘Tlv- .. 7$n7£17 cee 7€my:’0)
be a local coordinate system of the cotangent bundle 7™ (£2 x S) = T*(£2) x T*(S5).
Then the principal symbol of the differential operator Ay(6) is equal to the follow-
ing:

— ((|£|2 +cos€~n2) +\/jlsin6~n2),
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Moreover, we remark that

(|§|2 + cos@ - 772) ++v/~1sinf-n?

_ [I€]? +cosb-n* 4+ /1 sinb-n? 2 2
- €2+ 72 ().

and further that the middle term can be estimated as follows:

14-cos @ if 10| < 2
>{V 2 i< /2, (10.4)

T\ e ifn2<8 <

€2 + cos@-n? ++/—1 sinf - n?
€17 +n?

By virtue of inequality (10.4), we are reduced to the study of the non-homoge-
neous Dirichlet problem for the strongly uniform elliptic differential operator /TO(G)
defined by formula (10.3).

In this way, we can prove the following existence and uniqueness theorem for the
non-homogeneous Dirichlet problem (D) in the framework of Sobolev spaces (cf.
[3], [12], [19], [29], [44], [61]), analogous to Theorem 5.3:

Theorem 10.1 The non-homogeneous Dirichlet problem (5) has a unique solution
@ in the space H*Y2(2 x S) for any f € H*(2 x S) and any $ € H3/2(I" x S)

with s > —3/2. Moreover, the unique solution @ of the Dirichlet problem (D), modulo
Mo (/T(H)) C C®(02 x S), can be expressed in the form (cf. formula (5.7))

i= (FO)Ef)| _+P0) (95_ (F0)EF) ‘rxs) in 2 x 8. (10.5)

Here:

(a) F(0): H*(M x S) — H*T2(M x S) is the right inverse to A(0).

(b) P(6): H~Y2(I' x S) — H*(2 x S) is the Poisson kernel for A(6).

(¢c) E: H*(£2 x §) — H*(M x S) is the Seeley extension operator (see [1, Theorems
5.21 and 5.22)).

By applying Theorem 10.1 with @ := 0, we find from formula (10.5) that the
homogeneous Dirichlet problem

(10.6)

AOT=f in2xS8,
Yov =0 onlI xS

has a unique solution & € H*t2(2x S) for every f € H*(2x S). We let (cf. formula

(6.5))

b= = (F0ET)|, PO (FOE], ). o)

The operator Gp(0) is called the Green operator for the Dirichlet problem (10.6).
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11 A special reduction to the boundary I' X S

In this section, we reduce the homogeneous Visik—Ventcel’ boundary value problem
(9.2) to the study of a second order, pseudo-differential operator T'(6) := B~(P(6))
on the boundary I x S.

More precisely, we can prove the following result, analogous to Proposition 6.1
with ¢ := 0 and formulas (6.15) and (6.16):

Proposition 11.1 For a given function ]76 H?(2 x S) with s > —1/2, there exists
a solution U € H¥ (2 x S) of the homogeneous Vigik—Ventcel” problem (9.2) if and
only if there exists a solution G € H*t3/2 (I' x S) of the equation (cf. formula (6.15))

By (B0)F) = - (') 2 (3p(0)7)

onI'xS. (11.1)
I'xs

Moreover, the solutions @ and @ are related as follows (cf. formula (6.16)):

u=Gp(0)f+PO)pe H (2 x9), (11.2a)
G =1lrxs € H/2(I x 9). (11.2b)

If we introduce a boundary operator T'(6) by the formula

T(0): C°(I" x S) — C™(I' x S)

g— By (P(0)7),
then we have the formula (cf. formula (6.17))

7(0) = By (P(0)) = n@"mP(0) + Q (', Do) (10P(O))  (113)
= n(@)1(6) +Q (2, D),

where 7P (0) = I and I1(0) = y1P(0) is called the Dirichlet-to-Neumann operator
defined as follows:

i)z = 2 (P0)F)

for all g € C*°(I" x S). (11.4)
I'xs

By combining formulas (11.1) and (11.2), we have proved that the homogeneous
Visik—Ventcel” boundary value problem (9.2) can be reduced to the study of the
pseudo-differential equation on I' x S (cf. formula (6.22) with ¢ := 0)

T(0)¢ = u(a)I(0)8 +Q (¢',Du) & = — u(m’)a% (Go@f)| . (1)

I'xsS
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12 Symbolic calculus

The purpose of this section is to prove that if condition (G) is satisfied, then the
closed realization N
T(0): H¥*(I x §) — HY*(I" x S),

defined by formula (12.7), is a Fredholm operator for every —m < 8 < 7 (Proposi-
tion 12.3).
First, we show that the pseudo-differential operator

T(0) = () 11(0) + Q (+', D)

associated with the differential operator

- - . 2
1.(0) = A(0) :A+e“9(‘f—y2 for —m<0<n ©9.1)

is hypoelliptic with loss of one derivative if condition (G) is satisfied (Proposition
12.2). By using the homotopy (10.2) in the class of strongly uniform elliptic sym-
bols, we have only to calculate the complete symbol

ta(2', €y, m;0) + (2, € y,m;0) + ...

of the pseudo-differential operator T(G) for the differential operator

- . 2
To(6) = A+ ¢ (%2 for —m < 6 <, (10.3)

just as in Subsection 10.1.

12.1 Symbols of T(0) for the differential operator A (6)

In this subsection, we calculate explicitly the principal symbols of the pseudo-
differential operators IT(6) and T(6) associated with the differential operator Ag(6)
defined by formula (10.3).

Step 1: First, we calculate the symbol of the Dirichlet-to-Neumann operator
I1() defined by formula (11.4). To do this, we let

(50,75171/777) = (Ih e 7I’ﬂ*17§17‘ .. 7571*17:[/777)

be a local coordinate system of the cotangent bundle 7% (I" x ) = T*(I") x T*(S).
Then it is known (see [50, Section 10.2]) that the complete symbol of I1(9) is given
by the following formula:

(;51(96/75/72/,77; 9) +v-1 171(35/75/7%77590
+ (170($I7€/,y,7];9) + V=1 Go(z', &, y,m; 0)) + terms of order < —1,

where —p1(z’,¢',y,7m;60) > 0 on the bundle T*(I" x S) \ {0} of non-zero cotangent
vectors, for —m < § < 7. More precisely, we have the formulas

b ﬁl (x/v 5/7 Y, 15 0)
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1 r 9 1/2 q1/2
_ 1 12 2 L2, 4 2 2
=7 -[(|§| + cosf-n ) +sin“ 0 -7 } + (\§| +cosf-n )-
° 51(55175/,1177];9)
- 11/2
_ 1 /"2 N2, a2, 4]’ "2 2
=~/ _[(|£| —|—cos9-n) +sin“ 6 -n —(|§| —|—cos€~n)_

Hence, we have the formula
9 1/2
i€ ym0) + @ (@€ ymi6)° = [(W +cos0-77) " +sin’ 0 n‘*]

Moreover, it is easy to see that

1+4cos 6 5/2_’_772 1/2 lf ol < 27
—pi(a’, & y,m;0) > {V > (I¢] ) 61 </ (12.1)

1/2 .
Lyl (2 40?2 <0 <,

and further that

. ~ 1+ cosé
p1 (33/75/,?], Uk 0)2 + q1 (w/agla Y, s 9)2 2 T (|£l|2 + 772) , —m < 0 <m. (122)
Therefore, we obtain that the operator T(0) = u(z/)II(0) + Q(z', D,/) is a
classical, pseudo-differential operator of second order on the boundary I x S and
further that its complete symbol is given by the following formula:

ta(z', € y,m;0) +t1(z’, € y,m;0) + terms of order < 0 (12.3)
n—1 )
== | 2 ot @gen | +u) i€y m0)
Jrk=1

n—1
+v-1 <u(x’) iz € y,m0) + Z Bk(x’)£k> + terms of order < 0.
k=1

Step 2: Summing up, we have the following proposition for the pseudo-differen-
tial operator T'(0) associated with the differential operator Ag(#) in the case where
A = A, analogous to Proposition 6.2:

Proposition 12.1 The first two symbols
ta(2’, €y, 0) + 1 (2, €y, m; 0)
of the pseudo-differential operator
T(0) = w(@)I(0) + Q(z', Dyr)  for —m <6 < (11.3)
are given respectively by the following formulas (see formula (12.3)) :

n—1

52(93/@,:%77; 9) = - Z ajk(x,)£j€k7 (1243)

k=1
?1 (xlz 5/7 Y, 9) = /.L(QZ/) ﬁl ($/7 5/7 Y, n; 9) (124b)
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n—1
+V-1 (u(m’) Q@& ym o)+ ﬂk(w’)5k> :
k=1

where the symbols p1(x', & y,m;0) and g1 (2", € ,y,n;0) satisfy inequalities (12.1) and
(12.2).

12.2 Hypoellipticity of T'(6) for the differential operator A(6)

In light of formulas (12.3) and (12.4), by using the homotopy (10.2) we can prove
the following proposition for the Eseudo—difoerential operator T'(0) associated with
the original differential operator A;(9) = A(6) defined by formula (9.1), analogous

to Proposition 6.3:

Proposition 12.2 Let —m < 6 < w. If condition (G) is satisfied, then we have the

following three assertions:

(i) There exist constants ¢o(6) > 0 and 50(9) > 0, depending continuously on 8, such
that

—Re (T0)7.2) , o 2 @O 1813/2(rxs) — CoO 18172(rxs)  (12:5)

for all g € C°(I' x S).

(I'xS)

(i) There exists a constant Ch (0) > 0, depending continuously on 0, such that

2

~12 =~ S\ ~ ~12
13113125y < C1(0) (HT(Q)*OHHMWS) + ||w||L2<pxs>)

for all g € C(I" x S).

(i5i) The pseudo-differential operator T(G) is hypoelliptic with loss of one derivative on
I' x S. More precisely, we have, for every s € R,

peD (I'xS), T(O)ge H(I'x S) = e HTHI x 9). (12.6)
Moreover, for any t < s+ 1 there exists a constant 657,5(6‘) > 0, depending contin-

uously on 0, such that

2

18177+ sy < Cat(9) <Hﬂ@¢H + ||¢||%mxs)) :

Hs(I'xS)

Here (-,-)r2(rxs) is the inner product of the Hilbert space L*(I' x S) = H°(I" x S)
and || - || s (rx sy s the norm of the Sobolev space H*(I" x S), respectively.

Indeed, by formula (12.4b), inequality (12.1) and condition (G) it suffices to
note that we have, for —7 < 6 < 7,

—Re t1(z',&,y,m:0) = p(a’) (-pr(a’, €'y, m;0)) > 0
on the bundle T*(I" x S) \ {0}
of non-zero cotangent vectors.
Hence, the desired inequality (12.5) follows by applying Hérmander [25, Theorem
22.3.3] (with m := 1) to the pseudo-differential operator —T'(0) = —u(z")II(0) —
Q($/7 Dy ) .
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Remark 12.1 Proposition 12.2 remains valid for the adjoint T(9)* of the pseudo-
differential operator T'(0), analogous to Proposition 6.4.

Now we can associate with the Visik—Ventcel’ boundary value problem (9.2) a
densely defined, closed linear operator

T(0): H¥*(I x §) — HY*(I" x S)

as follows (cf. formula (6.24) and Table 6.2):
(1) The domain D(7(0)) of definition of 7(6) is the space

D(T(0)) = {@ e HYX(Ix 8): T(0)F € HY(I" x s)} . (12.7)

(2) T(6)@ = T(0)u for every @ € D(T(6)).
Then, by using Proposition 12.2 with s := 1/2 and ¢t := —1/2 we can prove the
following fundamental results for the closed operator 7 () associated with the

original differential operator A;(#) = A(6), analogous to assertions (6.45) and
(6.41):

Proposition 12.3 Let —7 < 0 < 7. If condition (G) is satisfied, then we have the
following two assertions:

(i) The operator T (6) defined by formula (12.7) is a Fredholm operator.
(it) There exists a constant C2(8) > 0, depending continuously on 0, such that we have,

for all & € D(T(6)),

181213725y < Cal6) (Hﬂe)aH + nanHWM)) L (128)

HY/2(I'xS)

13 Proof of Theorem 9.1

This section is devoted to the proof of Theorem 9.1. More precisely, we show
how Theorem 9.1 follows from Propositions 11.1, 12.2 and 12.3 if condition (G) is
satisfied. The proof of Theorem 9.1 is divided into three steps.

Step 1: By virtue of the pseudo-differential equation (11.5) and the regularity
property (12.6), we find from Proposition 11.1 that if fe H?®(£2 x S), then every
solution @ € L?(£2x S) of the homogeneous Visik—Ventcel’ boundary value problem

{/T(e)a =f in2xS§, 0.2)

Byu=0 onlI xS,

belongs to the Sobolev space H*T2(£2x S) for every s > 0, and it can be expressed,
unique modulo Ny (/T(H)) C C*®(£2 x S), in the form

U=Gp0)f+PO)F e H (2 xS), (11.2a)
F=lp.g € HT2(I x 9). (11.2b)

Therefore, we obtain the following regularity result for the homogeneous Visik—
Ventcel’ boundary value problem (9.2) in the framework of Sobolev spaces, anal-
ogous to Theorem 7.1:
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Theorem 13.1 Let 0 € (—m, 7). Assume that condition (G) is satisfied. If f is a
function in H*(2 x S), then every solution & € L*(£2x S) of the homogeneous Vigik—
Ventcel’ boundary value problem (9.2) belongs to HS72(02 x S) for every s > 0.

Rephrased, Theorem 13.1 asserts that every solution @ of the homogeneous
Visik—Ventcel’ boundary value problem (9.2) has the elliptic gain of 2 derivatives
from f in the framework of Sobolev spaces.

Step 2: Furthermore, we have the following two assertions:

(i) The regularity property (9.3b) holds true for the operator 51(0) defined by
formula (9.3a), if we take s := 0 in Theorem 13.1.

(ii) It follows from Propositions 11.1 and 12.3, Peetre’s lemma (Lemma 6.1) and
Theorem 13.1 that the null space

N(ﬁl(e)):{aefﬂ(rzxs); AO)a=01in 2 x 8, B—ya:()onrxs}

is a finite-dimensional, subspace of C°°(£2 x S). Indeed, it suffices to note that

_ ~ u=P0)p, oecHY*(IxS),
GieN (21(9)) — {%(W _0

In order to prove the desired a priori estimate (9.4), we may assume that (see
formula (10.1))

No (/T(e)) =N (’91(9)) - {0},

since all norms on the finite-dimensional space N (5[(9)) are equivalent. More pre-

cisely, the reader might be referred to Taira [52, pp. 13141315, Proof of Theorem
7.1].

Step 3: Now it follows from an application of Theorem 10.1 and formula (10.7)
with s := 0 that the Green operator

Gp(0): L*(2 x S) — H?*(2 x S) (13.1)
and the Poisson kernel
P(0): HY*(I' x §) — H*(2 x S) (13.2)

are both continuous.

Therefore, by using assertions (13.1) and (13.2) and the a priori estimate (12.8)
we obtain from formulas (11.2) and (11.5) that if a function @ € H?(2 x S) is a
solution of the homogeneous Visik—Ventcel’ boundary value problem (9.2), then
we have the inequality

1]l 72 (2 s (13.3)
< 60O sy * PO < G0 (|7

H2(02xS) —
<ao(|

~eo(|7

L1 (2x8) + HSZ”HWZ(FXS))

122xs) | C2(9) (HT(Q)SZHHI/Z(FXS) + HZ’EHH“/Q(”S)))

L2(2xS) +C2(0)

wa) 2 (Gp(0)7)

xS g1/2(rxs)
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+00(0) | (3 Gol0)])]

-]

I'xs H1/2(F><S)>

+Ca(0) |[ua"rn (GoO)F) |

Lraxs) mrxs)
+620) | (7300 | )

<00 (s, * 10O 5+ =900 )

= 53(9)(Hﬂ La(axs) HgD(e)fHH?(QxS) lllzegoxs) + HQND(Q)H L2<9xs>)

< 40) (|2 sy * 13007 1 g + V020

<60 (7], s *+ 1820

=& (|30, ;) + M2

L2(2xS)

since the trace operators

o N (/T(e),o) S H Y2 x 8),
yi: H2(2 x S) — HY?(I' x S)

are both continuous (see assertion (5.4a) with A := A(6) and s := 0). Here the
letter C;(0) denotes a generic positive constant.
In this way, we find from inequality (13.3) that the desired a priori estimate

(9.4) holds true for all & € D(A(0)).
Now the proof of Theorem 9.1 is complete. O

14 Proof of Theorem 2.4

This section is devoted to the proof of Theorem 2.4. We recall that conditions
(H.1), (H.2) and (H.3) are trivially satisfied under condition (G). The proof is
divided into four steps.

Step I: We associate with the Visik—Ventcel’ boundary value problem (1.5) a
densely defined, closed linear operator

A: L2(02) — L*(2)

in the Hilbert space L?(£2) as follows (see Proposition 7.1):

(a) The domain D(2l) of definition of 2 is the space
D@) = {uec H*2): Byu=0onT}. (2.7b)

(b) Au = Au for every u € D().



Spectral analysis of hypoelliptic Visik—Ventcel’ boundary value problems 53

Step II: By applying Theorem 2.2 with A := A — X\ and v := 0, we can obtain
that if condition (G) is satisfied, then the homogeneous Visik—Ventcel” boundary
value problem (1.5) has a unique solution u € H?(£2) for any f € L?(£2), provided
that A > 0. Indeed, it suffices to note that condition (2.4) is satisfied:

e(z) = A<A<0 in 0.
In particular, we have the assertion for A =1
ind (A — I) = 0. (14.1)

However, by the Rellich-Kondrachov theorem ([1, Theorem 6.3, Parts I and II],
[12, p. 95, Proposition 3.4]) it follows that the constant mapping

1=\ 1I: H*(2) — L*(Q)

is compact for all complex number A € C.
Hence, we obtain from assertion (14.1) that the index of the operator 2 — AI
is equal to zero for all complex number )\ € C:

ind (A — A1) =ind (A — 1)+ (1 —A)I) = ind (A —I) =0,

since the index is stable under compact perturbations (see Gohberg—Krein [20]).

In this way, we have proved the following fundamental theorem (cf. Theorem
6.3) :

Theorem 14.1 If condition (G) is satisfied, then we have the assertion
ind(A—-AI)=0 forall number A € C. (14.2)

Step III: The next theorem plays an essential role in the proof of the resolvent
estimates (2.8) and (2.9) due to Taira [49, Corollary 8.4.2] based on Agmon |2,
p. 272, Theorem 15.4]:

Theorem 14.2 Let 0 € (—m, ). Assume that the a priori estimate

@l 2 (2% 5y < C(0) (H/T(H)ﬂ.

L2(xS) + \WHLZ(QxS)) (9.4)

holds true for all functions u € HQ(_Q x S) satisfying the boundary condition Byu = 0
on I' x S. Then, for every —m < 0 < 7 there exists a constant R(0) > 0, continuously
depending on 0, such that if A = r? e and Al = r? > R(0), we have, for all functions
u € H?(R2) satisfying the boundary condition Byu =0 on I' (that is, u € D()),

fuly + Y2 - July 4 ] ull g2 ) < CO) (A = Naullpaggy.  (14.3)

with a constant C(0) > 0 continuously depending on 0. Here | -|; is the seminorm on
the Sobolev space HZ(Q) defined by the formula

1/2

lul. = / Z ‘DBU(JC)’2 dx forj=1, 2.
’ 2 181=4
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Proof Now let u(x) be an arbitrary function in the domain D(2):
we H*(2) and Byu=0onT.
We choose a function ¢(y) in C*°(S) such that

0<C(y)<1 ons,

supp( C [5,57],

¢(y)=1 for ggyg?’w

7,
and let .
Up(z,y) == u(z) ® ((y)e"” forallz e 2,ye€ S and n>0.

Then we have the assertions
o Uy, € H* (2 x 8) for all n >0,
~ 92\
o A(0)T, = (A + e“"a—f) Ty
= (A=) ua y)e™
+2(in)e"u @ ¢' ()™ + ePu ¢ (y)e™ € L*(2 x ) for all 5 >0,
and also the boundary condition
o Bry (3(2,9)) = (Byu(z)) © C(y)e™ =0 for all n > 0.
Thus, by applying the a priori estimate (9.4) to the functions
Uy (2,y) = u(z) @ C(y)e™ € DY) for all n >0,
we obtain that

Hu®c6myHHZ(nxS) (14.4)

< C(0) (HZ(@)(U ® ™)

L2(Q><S)+Hu®<emy“L2(QxS)> for alanO

We can estimate each term of inequality (14.4) as follows:
[ ]

- ( | P |<<y>2dmdy)1/p (14.5)

=<llzzcsy - llullzz(o)-

’u@ Ceim’

L2(2%8S)

MOICEYE]

14.
L2(02%S) (14.6)

< H(A — e u® e +2)lu® e p2axs) + lu® e 2axs)

L2(2xS)

< NCllz2sy - H(A — e )u + (277 1< 1 2 sy + HCHHH(S)) lull L2(@2) -

L2($2)

‘u®<emyu;(nx5) (14.7)
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. 2
= Dz y(u(z) @ ((y)e™)| dzdy
0%2/(2)(3 ‘ Y ‘

3m/2 o iny 2
> Z /Q/W/Q ’Drvy(u(x)(@e )) dx dy

lor<2

S /Q/:m(nkp@u(m)fdxdy

k+|g|<2” @ T2
2
ZW(Z / ‘Dﬁu(x)‘ dz +n* Z / |D6u(x)|2dx—|—n4/ |u(m)|2dx)
Bl=2"¥ Bl=1"¢ “
= (jul + n*lul} + 0l )

Therefore, by carrying these three inequalities (14.5), (14.6) and (14.7) into
inequality (14.4) we obtain that

[uly 0 fuly + 57 ull L2 )

<0'0) ([[(a - e

L2(2) +n HUHL2(Q)) for all n > 0,

with another constant 5/(9) > 0 continuously depending 6. If 5 is so large that
n>2C'(9),
then we can eliminate the last term on the right-hand side to obtain that

ful + 7 luly + 0 lull 2oy < 2C°(0) | (A=) | for all > 2C"(6).

L2(2)
This proves the desired a priori estimate (14.3) if we take
=02, R(0):=4C'(0)% C(H):=2C"(0). (14.8)
The proof of Theorem 14.2 is now complete.

By combining Theorems 9.1 and 14.2, we can obtain the desired resolvent
estimates (2.8) and (2.9) for the operator 2 — AI. More precisely, we prove the
following corollary:

Corollary 14.1 Assume that condition (G) is satisfied. Then, for every 0 <e < /2
there exist constants r() > 0 and c(¢) > 0 such that we have, for all X = r?e"
satisfying the conditions r > r(e) and —m+¢e <0 < m —¢,

July N2 July 4 I full 2 ) < e(e) (A - ADull ooy for allu € D(). (14.9)
Proof By the a priori estimate (14.3), we have, for all A = 72 ¢*
[\ =72 > R(6),

, —m < 6 <7 and

July + Y2 - July + ] ull 2 ) < CO) (A = AD)ull 2y for all u € D(N).

However, we find from formulas (14.8) that the constants R(#) and C(6) depend
continuously on 6 € (—m, ), so that they may be chosen uniformly in 6 € [—7 +
e, — g], for every £ > 0. This proves the existence of the constants r(¢) and c(¢).
Namely, the desired a priori estimate (14.9) holds true for all X = 72 ' satisfying
the conditions r > r(¢) and 0 € [-7 +¢,7 — €.

The proof of Corollary 14.1 is complete.
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Step IV: The a priori estimate (14.9) asserts that the operator 2A—\I is injective
if A belongs to the set

Z‘(s):{)\:rzew:rzr(s),fﬂ+€§9§7ff<‘?}~

Hence, it follows from assertion (14.2) that 20 — AI is bijective for all XA € Z(¢).
Summing up, we have proved that the resolvent set of 2 contains the set X(¢)
and further that the resolvent (2 — AI)~! satisfies the estimate
H(m - M)*H < C‘T‘?‘) for all X € 2(e). (2.8)
Finally, we remark that the resolvent estimate (2.9) is a special case of the
resolvent estimate (2.8).
Now the proof of Theorem 2.4 is complete. O

15 The Visik—Ventcel’ boundary value problem via the Boutet de Monvel
calculus

This Section 15 and the next Section 16 are devoted to the proof of Theorem 2.5.
Our proof of Theorem 2.5 is based on Agmon [2, Theorems 14.4 and 15.1] which
are summarized in [55, Section 4].

In Section 15, for some large number Ao > 0 (see condition (5.2) with A :=
A — Xo) we study the homogeneous Visik—Ventcel” boundary value problem

(A=Xo)u=f in £, (15.1)
Byu =0 on I'

in the framework of Sobolev spaces, if condition (G) is satisfied. However, in the
hypoelliptic (degenerate) case, we cannot use Green’s formula to characterize the
adjoint operator 2A* — Ao I of the boundary value problem (15.1) in the framework
of Sobolev spaces. Therefore, we shift our attention to the Green operator (the
resolvent) (A — Ao I) ! and its adjoint operator (2* — Ao I) ™", just as in Taira [53],
[55]. In Sections 15 and 16, we make use of the Boutet de Monvel calculus ([8], [39],
[41], [50, Appendix B]) in order to study the mapping properties of (A — Ao I)71
and (2A* — Ao I)”" (Theorems 15.2 and 16.1). In this way, we can verify all the
conditions of [55, Theorem 4.1] and [55, Remark 4.1].

In order to study the homogeneous Visik—Ventcel’ boundary value problem
(15.1), we consider a homotopy in the class of second order, uniformly elliptic
symbols between the elliptic differential operators A — Ao and A — 1, by taking

Api=(1—-t)(A—Xo)+t(A-1) for0<t<1. (15.2)
Therefore, we are reduced to the study of the differential operator

o 9?
Ail=A-1=—+...+ — -1 15.3
! ax% Tt ox? ’ ( )
just as in Section 10.
First, we construct a right inverse Q; to the differential operator A1 = A —1
adapted to the Boutet de Monvel calculus. Following Rempel-Schulze [39], we
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denote by fo the extension of f to the whole Euclidean space R™ with fo = 0

outside §2:
z) forxze 2,
0 for x e R™\ £2.

Let G2(x) be the Bessel potential of order 2 (see [45, Chapter V, Section 3]), that
is,

1 0y l=l? 2-m dt
Ga(z) = (47T)n/2/0 et ¢ < (15.4a)
G _ —ixé . 1
2(6)—/ne GQ(x)dw_W' (15.4b)
If we let
Q1f(z) = —Ga2 * fo(z) = — /Q Ga(z —y)f(y)dy for all x € 2, (15.5)

then we obtain from the transmission property of the Bessel potential Ga(x) (see
Boutet de Monvel [8], Rempel-Schulze [39, p. 161, Theorem 2]) that the operator

Q1: H¥(2) — H ()
is continuous for all s > —1/2, and further from [39, p. 100, Lemma 5] that (cf.
formula (5.6))
A f=(A-1)Af=f inf (15.6)
This proves that Q1 is a right inverse to A;.
The main purpose of Section 15 is to characterize the mapping property of

the Green operator (the resolvent) G of the homogeneous Visik—Ventcel’ boundary
value problem

{Alu =(A-Du=f in 02, (15.7)

Byu = p(z")yiu+Q (', Dy) (ou) =0 on I

in the framework of Sobolev spaces if condition (G) is satisfied (Theorem 15.2).

15.1 The Green operator for the Dirichlet problem

First, we study the Green operator Gp for the homogeneous Dirichlet problem from
the viewpoint of the Boutet de Monvel calculus. For every function f € H®($2)
with s > —1/2, the function v = Gpf € H* ?(£2) is the unique solution of the
homogeneous Dirichlet problem for the elliptic differential operator 431 = A — 1
defined by formula (15.3):

{Aw =A-ov=f in, (15.8)

Yov=vlp=0 on I'.
By using formula (15.6), we obtain that (cf. formula (6.5))
v=Gpf=01f —Pi1 (1 (Q1f)) for fe H*(R). (15.9)

Here P; is the Poisson kernel for the differential operator A; = A — 1.
First, the next theorem characterizes the Green operator Gp defined by formula
(15.9) in terms of the Boutet de Monvel calculus (cf. [55, Theorem 8.1]):
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Theorem 15.1 The Green operator Gp given by formula (15.9) can be expressed in
the matriz form (see Table 15.1 below)

A P
D= (15.10)
Q1 I
with the principal symbol
1 1 1 1
oy (et + ©r=w) e

a(D) = . (15.11)

1 1 1

2(¢’) (&) —ir

Here and in the following we use the notation

§: (5/71/) = (51,£2w~~7£n—1,l’) S Rn,

() =1+1¢),

(5/, 1/) = (&,&2,...,&n—1,v) €R™  for potential operators,
(5/, ) = (&1,&2,...,&n—1,7) ER"  for trace operators.

3
3

Proof (1) We remark from formulas (15.4) and (15.5) that the principal symbol of
Q1 of —Ga(x) is given by the formula

_ 1 _ 1 1 1
(@)= e~ (@ Ew) 1512

(2) By using Rempel-Schulze [39, p. 100, Lemma 4], we obtain from formula
(15.12) that the operator voQ1 is a trace operator of order —2 with the principal
symbol
LS
2(¢) (&) —ir’

(3) On the other hand, we find from formula (15.12) ([39, p. 102, Proposition
6]) that the Poisson kernel Py is a potential operator of order —1 with the principal
symbol

o(10Q1) =— (15.13)

1
Therefore, the desired assertions (15.10) and (15.11) follow by combining for-
mulas (15.12), (15.13) and (15.14).
Finally, the mapping property of the Green operator Gp follows from an ap-
plication of Rempel-Schulze [39, p. 176, Theorem 1], as is shown in Table 15.1
below.

The proof of Theorem 15.1 is complete.
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Ho(2) 0= H(D)

o |

Hs+2(Q) Hs+3/2(r)
—P

Table 15.1 The mapping property of the Green operator Gp for s > 0

15.2 The Green operator for the Visik—Ventcel’ boundary problem (15.7)

In this subsection, by using formulas (6.5), (6.6), (6.16), (6.17) and (6.22) with
A=A =A—-1, P:=P, T:=T =BvyP1=ul)I +Q(,Dy),

we prove the mapping property of the Green operator (resolvent) G = (A — 1)71

of the Visik—Ventcel’ boundary value problem (15.7) under condition (G) in the

framework of Sobolev spaces:

Theorem 15.2 Assume that condition (G) is satisfied. Then the Green operator G =
(A - [)_1, given by the formula

Gf =Gpf ~Pu (T (u) 11 (Gnf)))  Jor | € L2(92), (15.15)

maps H*(2) continuously into H*T2(2) for every s > 0 (see Table 15.3 below).

Proof By applying Theorem 8.2 with A := A; = A — 1 under condition (G), we
find from assertion (8.7) that the closed operator

Ti: HSP32(0) — BH3YY/2() (15.16)

is bijective for every s > 0 in formula (15.15) (see definition (6.24) with T := T1).
The situation can be visualized in Table 15.2 below (see Table 6.2 with T :=T1).

Hs+3/2(1—\) Tt Hs—l/z(l—s)

| I

D(T1) —D s Hs+1/2(I)

| I

Co(I)  ———  C=(D)

Table 15.2 The mapping property of the operator 77 for s > 0
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Therefore, we find from formulas (6.19) and (6.20) that the principal term
s(z’,¢&") of the symbol of the pseudo-differential operator T, Lis “formally” given
by the formula

1
s(2',¢) = ——<5— (15.17)
S nmr 09 (28 € + nla) (&)

in terms of the Boutet de Monvel calculus, where

p(z') >0 onI.

The proof of Theorem 15.2 is divided into four steps.
Step (1): First, we obtain from formulas (15.10) and (15.11) that the Green
operator

Gp =091 —P1(v021), (15.9)
has the principal symbol
1 1 1 1 1 1
*@0) =557 (iero @ =w) * 7 @ e @ e 59

Step (2): Secondly, it follows from formula (6.19) that the principal symbol of
the Dirichlet-to-Neumann operator I7; = v1P; is given by the formula

o () = —(¢). (15.19)

Moreover, by using Rempel-Schulze [39, p. 100, Lemma 4] we obtain from
formula (15.12) that the operator 1 Q1 is a trace operator of order —1 with the

principal symbol
1 1

2 (¢) —ir
Therefore, by combining formulas (15.20), (15.19) and (15.13) we find that the
operator

o(mQ1) =~ (15.20)

MGp =7Q1 — 1 (7021)
is a trace operator of order —1 with the principal symbol
1
o(mfp) = o i (15.21)

Step (3): Thirdly, since v0Gp = 0 we have the formula

B~Gp = pu(z)mGp + Q(a', Dy) (voGp) = u(z’) 11Gp.

Hence, it follows from formula (15.21) that the operator ByGp = u(z') v1Gp is a
trace operator of order —1 with the principal symbol

/
B+Gp) = p(a’ SICON 15.22
Step (4): In terms of the Boutet de Monvel calculus, we can express each
operator in the representation formula (15.15) in the matrix form (see Table 15.3

below)
Gp -P1
R = (15.23)
p(z')mGp T
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and further from formulas (15.18), (15.14), (15.22) and (15.17) that the principal
symbol of R is “formally” given by the formula

S I B 1L
@ T T e @ @ e T

o(R) = . (15.24)
~ s(@',€)

Therefore, we find from Rempel-Schulze [39, p. 176, Theorem 1] that the re-
solvent G = (2 — I)~! maps H*(£2) continuously into H**2(£2) for every s > 0, as
is shown in Table 15.3 below.

The proof of Theorem 15.2 is complete.

HS(.Q) w(@')v19p H5+1/2(F)

o] -l

HS+2(Q) HS+3/2(F)
—P1

Table 15.3 The mapping property of the resolvent G for s > 0

16 Proof of Theorem 2.5 via the Boutet de Monvel calculus

This section is devoted to the proof of Theorem 2.5. By virtue of the homotopy
(15.2), we are reduced to the study of the homogeneous Visik—Ventcel’ boundary
value problem (15.7). The proof is divided into two steps.

Step 1: First, by using Theorems 15.1 and 15.2 we can characterize explicitly
the mapping property of the adjoint operator G* of the Green operator G (defined
by formula (15.15)) as follows:

Theorem 16.1 Assume that condition (G) is satisfied. Then the adjoint operator G*
of G is given by the formula

G'9=06p*g— (u") ’YlgD)* (71*)71 (Pi*g) forge L*(9), (16.1)
and it maps H*(£2) continuously into H*72(02) for every s > 0 (see Table 16.2 below).
Proof First, we find from formula (15.15) and assertion (15.16) that

T = (ByP)" = (u(a) 1) + Q(a', Dar)”
and the adjoint operator
T  HP2 () — HSTY2()

is bijective for every s > 0 in formula (16.1). The situation can be visualized in
Table 16.1 below (see Table 6.3 with T := T} and s := —s — 2).
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H5*1/2(F) T " H5+3/2(F)

I [

HS+1/2(F) L D('Tl*)

| |

CoI) e (D)

Table 16.1 The mapping properties of the adjoint operator 71 for s > 0

Secondly, by virtue of formulas (15.23) and (15.24) we obtain that the adjoint
operator R* of R in the Boutet de Monvel calculus can be expressed in the matrix
form (see Table 16.2 below)

(QD* (M(x/)%gp)*>
R* = (16.2)
P (T)
with principal symbol
-1 1 1 1 __u(@)
- (R) = (€)2+v2 208 (&) +wv (&) —ir (&) +iv . (16.3)
NG sz, €')

Indeed, by Rempel-Schulze [39, p. 151, Corollary 11] it follows from formula (15.22)
that the adjoint operator (ByGp)* = (u(z") 'leD)* is a potential operator of order
—1 with the principal symbol

_ é‘;i )W, (16.4)

Therefore, we obtain from formula (15.15) that the adjoint operator
¢=(@-n") =@-n"
is given by the formula
G*=6Gp* — (u(')mGp)" (Ti*) " P1*.

Moreover, we obtain from formulas (16.2), (16.3) and (16.4) and [39, p. 176, The-
orem 1] that the adjoint operator

-1

G*: H*(2) — H*T2(0)

is continuous for every s > 0, as is shown in Table 16.2 below.
The proof of Theorem 16.1 is complete.

Step 2: By virtue of part (i) of Theorem 2.4, Theorem 15.2 and Theorem 16.1,
we can apply [55, Theorem 4.1] and [55, condition (4.4)] with A :=2(—I to obtain
Theorem 2.5.

Now the proof of Theorem 2.5 is complete. ad
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HS(Q) —P1* Hs+1/2(F)

gD*l (Tl*)_ll

Hs+2(9) - HS+3/2(F)
(k(z")v19p)*

Table 16.2 The mapping property of the adjoint operator G* for s > 0

17 Concluding remarks

In this last section, we state a brief history of the stochastic analysis methods for
Visik—Ventcel’ boundary value problems. More precisely, we remark that the Visik—
Ventcel” boundary value problem (1.5) was studied by Anderson [5], [6], Cattiaux
[11] and Takanobu-Watanabe [56] from the viewpoint of stochastic analysis (see
also Tkeda—Watanabe [26, Chapter IV, Section 7]).

(I) Anderson [5] and [6] studies the non-degenerate case under low regular-
ity in the framework of the submartingale problem and shows the existence and
uniqueness of solutions to the considered submartingale problem.

(IT) Takanobu-Watanabe [56] study certain cases of both degenerate interior
and boundary operators under minimal assumptions of regularity based on the the-
ory of stochastic differential equations, and they show the existence and uniqueness
of solutions. Such existence and uniqueness results on the diffusion processes cor-
responding to the boundary value problems imply the existence and uniqueness of
the associated Feller semigroups on the space of continuous functions.

(III) Cattiaux [11] studies the hypoellipticity for diffusions with Visik—Ventcel’
boundary conditions. By making use of a variant of the Malliavin calculus under
Homander’s type conditions, he proves that some laws and conditional laws of
such diffusions have a smooth density with respect to the Lebesgue measure.
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