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ABSTRACT. This paper is devoted to the study of a hypoelliptic Robin bound-
ary value problem for quasilinear, second-order elliptic differential equations
depending nonlinearly on the gradient. More precisely, we prove an existence
and uniqueness theorem for the quasilinear hypoelliptic Robin problem in the
framework of Holder spaces under the quadratic gradient growth condition on
the nonlinear term. The proof is based on the comparison principle for quasilin-
ear problems and the Leray—Schauder fixed point theorem. Our result extends
earlier theorems due to Nagumo, Aké and Schmitt to the hypoelliptic Robin
case which includes as particular cases the Dirichlet, Neumann and regular
Robin problems.

1. Introduction and Main Result. Let 2 be a bounded domain of the Euclidean
space RN, N > 2, with smooth boundary 9. its closure Q@ = QU 9Q is an N-
dimensional, compact smooth manifold with boundary. We consider a second-order,
uniformly elliptic differential operator

N

Au = — Z a' (x)ﬂ + c(z)u
=1 893181]

with real smooth coefficients on the closure Q = Q U 9 such that
(1) a¥(z) = a’*(x) for 1 <4, < N, and there exists a constant ag > 0 such that
N
Z a’(z)min; > agln|®>  for all z € Q and n € RV,
ij=1
(2) ¢(x) > 01in Q and ¢(x) does not vanish identically in €.

In this paper we study the following quasilinear elliptic boundary value problem
with non-homogeneous Robin condition: For a given function ¢(z’) defined on 052,
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find a function u(z) in € such that

iy 0%u
—Au =SSN i _ _ .
Au Zz,y:l a (x) 20, c(x)u = f(x,u,Vu) in Q, )
Bu(z') := a(m’)g—z +b(2)u = p(2’) on 08

Here:

(3) Vu stands for the gradient of u

ou Ou ou
Vu=|——,....,— | .
81'1 812 al‘N
(4) a(2’) and b(z’) are real-valued, smooth functions on the boundary 9.
(5) n = (n1,ng,...,ny) is the unit outward normal to 9f.
(6) 0/0v is the outward conormal derivative associated with the operator A (see
Figure 1)
N
0 i 0
- Z a'’(x )"Ja_xl
7,j=1
n
| 24
0N

FIGURE 1. The unit outward normal n and the conormal v to 0f)

Moreover, we impose the following two assumptions on the Robin boundary
condition B:

(H.1) a(z') > 0 and b(z’) > 0 on 9.
(H.2) a(z') + b(2’) > 0 on 9.

It should be emphasized that the conditions (H.1) and (H.2) allow the problem (1)
to include as particular cases the Dirichlet (a(2’) = 0), Neumann (b(z’) = 0) and
regular Robin (a(z’) = 1) boundary conditions.

We give a simple but typical example of such functions a(z’) and b(z') in the
case where N = 2 ([22, Example 1.1]):

Example 1. Let Q = {(z1,22) € R? : 27+ 23 <1} be the unit disk with the
boundary 092 = {(:cl, ) ER? 22 42k = 1}. For a local coordinate system x; =
cosf, xo = sinf with 6 € [0, 27] on the unit circle 052, we define a function a(z;, x2)
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by the formula

2 1
er =¥ (1—e”+95) for 6 € [0,%],
a(xy,x2) = a(cos,sinf) = 12+ . for 0 € [5. 7],
e” (176"79*") for 6 € [w,%],
0 for 0 € [%,2#],
and let
b(xy,x2) :=1—a(xy,22) on . (2)

What is the important feature of the conditions (H.1) and (H.2) is that the
so-called Lopatinski—Shapiro ellipticity condition is violated at the points where
a(z’) = 0 (see [22, Example 6.1]). More precisely, if we reduce the study of the
problem (1) to that of a first order, pseudo-differential operator T" on the boundary
0%, then the operator T is of the form

=a(z') V-4 + b(z')

where A’ is the Laplace-Beltrami operator on 992 (see [22, Chapter 7]). We can
prove that if the conditions (H.1) and (H.2) are satisfied, then the operator T has a
parametriz S in the Hérmander class L?71/2(6Q) (see [22, Lemma 7.2]). Hence the
operator T' is hypoelliptic with loss of one derivative on 0f2.

Remark 1. Amann-Crandall [4] studied the regular (non-degenerate) Robin case.
More precisely, they assume that the boundary OS2 is the disjoint union of the two
subsets M = { € 0Q:a(z’) =0} and 90\ M = {z € 90 : a(z’) > 0}, each of
which is an (N — 1)-dimensional, compact smooth manifold. In this case, it is easy
to see that the pseudo-differential operator T' = a(2’) v—A" + b(z’) is elliptic of
order one on 90\ M and of order zero on M, respectively.

The linear problem (1), that is,

(@ 2p) zbz )i +ela)s

is studied in great detail by Taira [18] and [22] in the frameworks of Hélder and
Sobolev spaces. In the case where the function f is nonlinear in u but independent
of Vu, that is,
f(I,Z,p) = f(I,Z),
there is a similar result due to Taira [20] where a global static bifurcation theory is
elaborated. We remark that Taira [19] studies the homogeneous problem (1) (¢ =
0) for linear elliptic operators of divergence form by using the super-subsolution
method ([8, Section 6.3]).
On the other hand, the problem (1) with

is related to the so-called Yamabe problem which is a basic problem in Riemannian
geometry (see [12], [14], [7], [17]).

In this paper the nonlinear term f(z, z,p) of the problem (1) will be subject to
the following three conditions:
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(i) Regularity conditions:

flz,2,p) €C*Q xR xRN) for 0 < a < 1. (3a)
f(x, z,p) is continuously differentiable with respect to z and p. (3b)
(i) Monotonicity condition: There exists a constant fy > 0 such that
0 —
8_£(I’Z’p)2f0 for all (z,2,p) € 2 x R x RV. (4)

(iii) Quadratic gradient growth condition: There exists a positive and non-
decreasing function f(t) such that
F@,zp)| < All2) (14 p2) forall (z,2,p) eTxRxRY.  (5)

By the quadratic gradient growth condition (5), we find that the nonlinear term
f(z, z,p) satisfies the so-called Nagumo condition (see [16, condition (2.6)]):

> S 1 2\18=00
/O mdS:§[1H(1+S )]s=0 = +o00.

The main purpose of this paper is to extend Taira [19] to the non-homogeneous
problem (1) allowing quadratic nonlinearity in f with respect to the gradient Vu
of the unknown function u. We derive an existence and uniqueness result for the
problem (1) in the framework of Hélder spaces.

This paper is an expanded and revised version of the previous work Taira—
Palagachev—Popivanov [23].

Following Taira [18], we introduce a variant of Holder space

CHe(09) = {p = a(a)p1 +b(a)p2 : g1 € CTT(IQ), w2 € C*F(00)},
equipped with the norm
@l gite o) = nf {eillorraaa) + l@2llcz+aion) : ¢ = a(z’)er +b(z')ps} -
Then it is easy to verify (see the proof of [22, Lemma 6.8]) that the function space
C1T(09Q) is a Banach space with respect to the norm || - 1+ (a0)-
We remark that the space C1T(99) is an “interpolation space” between the
Hélder spaces C2+2(9€2) and C1+(992). More precisely, we have the assertions
CHe(00) = C*2(9Q) if a(x’) = 0 on I (the Dirichlet case),
CHe(00) = C*(09Q) if b(x') = 0 on I (the Neumann case),
CHe(9Q) = C1T(0Q) if a(z’) > 0 on 9N (the regular Robin case),
and, for general a(z’), we have the continuous injections
C?r(00) C CH(09) C CHT*(09Q).
Now we are in a position to state our main result:

Theorem 1.1. In addition to the conditions (H.1) and (H.2), we assume that the
regularity conditions (3), the monotonicity condition (4) and the quadratic gradient
growth condition (5) are satisfied. Then the quasilinear problem (1) admits a unique
classical solution u € C***(Q) for any ¢ € C1H(99).

It should be emphasized that Theorem 1.1 is a generalization of Nagumo [13,
Theorem B|, Akd [2, Main Theorem|, Ladyzhenskaya—Ural'tseva [11, Chapter 6,
Theorem 3.6] and Schmitt [16, Theorems 4.1 and 5.1] to the hypoelliptic Robin
case which includes as particular cases the Dirichlet, Neumann and regular Robin
problems.
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For Theorem 1.1, we give a simple example of the function f(z, z, p):
Example 2. f(z,z,p) = z—|p|?. In this case we may take fo = 1 and fi(t) = 1+t.
A typical example of our quasilinear problem (1) is given by the following:
Au=u— |Vul’ in Q,
a(m’)g—z + (1 —a(@))u=¢() ondQ,

where (see Example 1)
0<a(z’) <1 on Q.

In this case we may take

1 2
*§Z*|P|-

The rest of this paper is organized as follows. Section 2 is devoted to the precise
definitions of Holder spaces C*+%(Q), C*+*(Q2) and LP Sobolev spaces WP (Q).
In Section 3 we establish a priori estimates of solutions u € C?**(Q) of the non-
homogeneous quasilinear problem (1) (Theorem 3.4). The deriving of the desired
a priori estimate (15) is a two-step process consisting of successive bounds on the
Hélder norms |[|ul|¢ g, and [[Vu||ce g in the following way:

~

f(z,2,p

(1) The estimate of the uniform norm |lul[;g): This follows by using the Bony
maximum principle in the framework of LP Sobolev spaces (Lemma 3.2).

(2) The a priori bound on the Holder norm [[Vul|ceg): First, we reduce it to
an estimate for the Sobolev norm ||Vul|y1.» (o) with p = N/(1 — ), and then
apply a W2P(Q)-a priori bound for the solutions of the homogeneous problem
(1) (¢ = 0) proved by Taira [19, Proposition 2.3] (Theorem 3.3). In this
procedure, A very important role is played by the monotonicity condition (4)
and the quadratic gradient growth condition (5), as well as by the isomorphic
properties in Hoélder spaces and LP Sobolev spaces of the linear operators
appearing in the problem (1) ([18, Theorem 1.1]).

Section 4 is devoted to the proof of Theorem 1.1. This is carried out by making
use of a version of the Leray—Schauder fixed point theorem due to Schaefer (Theorem
4.1) which reduces the solvability of the problem (1) to the establishment of a
uniform a priori estimate in the Holder space C1+*(Q) for all solutions of a family
of nonlinear problems related to the problem (1) (see the estimate (21)).

In Appendix we formulate various maximum principles due to Bony [5] for second-
order, elliptic differential operators with discontinuous coefficients such as the weak
and strong maximum principles (Theorems A.1 and A.3) and the Hopf boundary
point lemma (Lemma A.2) in the framework of LP Sobolev spaces.

2. Function spaces. This preparatory section is devoted to the precise definitions
of Holder and Sobolev spaces of L? type (see Gilbarg—Trudinger [10]).

Let 0 < o < 1. A function u defined on Q is said to be uniformly Hélder
continuous with exponent « in € if the quantity

[u(z) —u(y)|
z,y€Q |z —yl®
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is finite. We say that u is locally Hélder continuous with exponent « in § if it is
uniformly Hoélder continuous with exponent o on compact subsets of €.
If 0 < o < 1, we define the Hélder space C*(2) as follows:

C(€Q) =the space of functions in C(92) which are locally Holder

continuous with exponent a on 2.

If k is a positive integer and 0 < a < 1, we define the Hélder space C*+(9) as
follows:

C*+(Q) = the space of functions in C*(£2) all of whose k-th order
derivatives are locally Holder continuous with exponent «

on .

We introduce various seminorms and norms on the spaces C*(2) and C*+*(Q) as
follows:

[u]k,O;Q - |Dku‘0.Q = Sup sup |D6u(1’)| 5
’ zGQlﬁ‘:k

k
Wi = [DFe] 0 = sup (D] ,q -
Furthermore, we let

C*(€)) = the space of functions in C'(Q2) which are Holder

continuous with exponent o on §2,

and

C*+(Q) = the space of functions in C*(Q) all of whose k-th order

derivatives are Holder continuous with exponent «
on ).

Similarly, we define the associated norms on the spaces C*(Q2) and C**%(Q) as
follows:

k
ull iy = ulo =D [Dulgq
j=0

H“Hckw(ﬂ) = [uly 0.0 = Ul + I:Dku:la;ﬂ'
The usual Sobolev space WP (Q) for k € N and 1 < p < oo is defined as follows:

WHP(Q) =the space of functions u € LP(2) whose derivatives D%u,
|| < k, in the sense of distributions are in LP(£2),
and its norm || - [yyk.»(q) is given by the formula
1/p

lullwire = | 3 / |D%u() P da

lal<k
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3. A priori estimates for the quasilinear problem (1). In the proof of The-
orem 1.1 we make use of a version of the Leray—-Schauder fixed point theorem due
to Schaefer (Theorem 4.1). For this purpose, we need to establish an a priori esti-
mate for the C'*(Q)-norm of each solution u € C?**(Q) of the non-homogeneous
quasilinear problem (1).

We start with the following comparison principle for quasilinear problems ([4,
Lemma 2]):

Lemma 3.1. Assume that the condition (H.1) and (H.2) are satisfied and further
that f(z,z,p) is strictly increasing in z for each (z,p) € QxRN and is differentiable
with respect to p for each (x,z) € Q@ x R. Let u, v € C*(Q) N CY(Q) satisfy the
conditions

N 0%u
> a¥() c(@)u — f (@, u, V) (6)

v 8%56.%]‘ B

N
. 0%v
> Y - — )
> E (ac)a%axj c(x)v — f(z,v,Vv) inQ

a
ij=1
and
ou ov
AN / < AN ’ '
a(@’) 7>+ b(a')u < a(@') = 4 b(a)v on 9Q (7)

Then it follows that u(x) < v(z) on Q.
Proof. Our proof is based on a reduction to absurdity. We let
() = u(x) — v(a),
and assume, to the contrary, that the set
Ot ={reQ:u@) >v@)}={zrecQ:wk) >0}

is non-empty (see Figure 2).

FIGURE 2. The open subset QF with boundary 9Q*
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Since f(x, z,p) is strictly increasing with respect to z, it follows from the inequal-
ity (6) that

3 e~ clehu+ (o) Vole) — f (. 0(0), V) (9
m:lN 3 9w N

) (z‘%%aw( )893181] B XZ: 8%893] +e(z)v )
+ f (@, u(z), Vu(z)) - f (z,u(z), Vu(z))

> (f (2, u(x), Vu(@)) = [ (,v(z), Vo(z)))
+ [ (@, u(z ) v(x)) = f (2, u(z), Vu(z))
= [ (z,u(2), Vo(z)) = f (2, 0(x), Vo(z))

>0 in Q7.
However, we can rewrite the term

f (mau(m)avv(x)) - f(x’u(x)vvu(x))

in the form
f(:c,u(:ﬂ),Vv(m)) - f(:c,u(:n),Vu(:c))
= —/O % (f (z,u(z),t Vw(x) + Vo(x))) dt

Noortoof ow
:_Z/ o (2. u(x). 1V u(z) + Vo) 7 d
N

g 8:01

where

bi(z) = — /01 g}i (z,u(z), tVw(z) + Vo(x))dt, 1<i<N.

Hence we have, by the inequality (8),

3 Y ow
i _ o
zzj 896131] * Zb (@) o, c(r)w >0 in Q. (9)

Now we take a point zo of the closure Q such that

w(zo) = maxw(x) > 0.
e

(1) First, we consider the case where zg € Q: We remark that
To € Qr.

Then it follows from an application of the strong maximum principle (see Theorem
A.3) that

w(z) = w(zg) in Q.
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Hence we have the inequality

N 92w N o
”ZZI a?() 0,0, (@) + ; b (x) o () — c(z)w(z)
= —c(z)w(xo)
<0 in QF.

This contradicts the inequality (9).
(2) Secondly, we consider the case where o € 0Q2: We remark that

ro € 00N 0T,

Then it follows from an application of the Hopf boundary point lemma (see Lemma
A.2) that

ow
ov
Hence we have, by conditions (H.1) and (H.2),

(l‘o) > 0.

ow
Bw(zg) = a(aco)a—y(aco) + b(zo)w(xo) > 0.
However, it follows from the inequality (7) that

Bw(xg) = Bu(xg) — Bv(zg) <0

This is a contradiction.
Summing up, we have proved that the set Q7 is empty.
The proof of Lemma 3.1 is complete. ([

3.1. A priori estimate for the uniform norm |[jufqg. As a first step in
obtaining an a priori estimate for the non-homogeneous problem (1), we consider
the homogeneous case. Namely, let u € C?T%(Q) be a solution of the problem

g 0%u
N i _ _ .
D=1 a”(2) 92,01, c(x)u = f(z,u,Vu) in Q, )
“(x/)g_z +b(au=0 on 99).

Then we have the following a priori bound on the uniform norm |[uf| ¢ g

Lemma 3.2. Assume that the conditions (H.1), (H.2), the regularity conditions
(3) and the monotonicity condition (4) are satisfied. If u € C%(Q) N CYHQ) is a
solution of the homogeneous problem (8), then we have the a priori estimate

ma’xg;eﬁ |f(l‘, 0; 0)|
fo '

Proof. The proof of Lemma 3.2 is divided into two steps.
Step (1): First, by letting

(11)

U o = max |u(x)| <
oy = maxu(z)| <

maxg;eﬁ |f(1'a 07 0)|

K= ,
fo
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we obtain from the monotonicity condition (4) that
N

Z a'(x) oK —c(x)K — f(z,K,VK)

T, 0% ;
i,j=1 020,

=—f(z,K,0) — c(x)K

= —K/ (z,tK,0)dt — f(x,0,0) — c(x)K

§ 7Kf0 - f(lL',0,0) - C(Z)K = - <ma’X |f(1'a070)| + f(ﬂ?,0,0)) - C(Z)K
zES)
<0 for each z € Q.
Hence it follows that

> @) 5T @~ fu, )
=1 893181] T
=0
Y 9°K
> gl - - in Q.
> i]zzjl a(x) 20, c(x)K — f(z, K,VK) in Q

On the other hand, we have the inequality

a(m’)g—z +0(xu=0<bz")K = a(z’)g—fy{ +b(z") K on 9.

Therefore, it follows from an application of Lemma 3.1 that
u(z) < K forallz € Q.
Step (2): Secondly, if we let
f(x,z,p) = —f(x,—z,—p) forall (z,2,p) € A x R x RV,
then it follows that the function

v(x) == —u(x)
is a solution of the nonlinear problem
N 0%v ~ .
D=1 aij(z)m —c(z)v = f(z,v,Vv) in Q,
alx )g—v—i—b( o=0 on 99).
However, the nonlinear term f (:U, z,p) satisfies the monotonicity condition (4):

g—‘z(ac,z,p) = g—];(x, —z,—p) > fo forall (z,2,p) € QA x R x RN,
Hence, by arguing just as in Step (1) with u(z) and f(z, 2z, p) replaced by v(z) and
f(z, z,p), respectively, we obtain that
—u(z) =v(x) <K forall z € Q,
since we have the formula

maxxe§|f(x70a0)| _ maxxeﬁ|f(za070)| - K
Jo fo

The proof of Lemma 3.2 is complete. O
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3.2. A priori estimate for the Hélder norm |uci1a(g)- In the following the
letter C' stands for a generic positive constant depending only on known quantities
but not on u, which may vary from a line into another.

We start with an a priori bound on the Holder norm ||ul|ci1+a g for the homo-
geneous problem (10):

Theorem 3.3. In addition to the conditions (H.1) and (H.2), we assume that the
regularity conditions (3), the monotonicity condition (4) and the quadratic gradi-
ent growth condition (5) are satisfied. Then there exists a positive constant C,
independent of w, such that

HuHcHa(ﬁ) <C (12)

for every solution u € C*T*(Q) of the homogeneous problem

y 0%u
N i — = in Q
Z’L,jZI a (I) amzaxj C(I)’U; f(I,U,VU) mn i, (10)
a(m')g—z +0(z")u=0 on O9.

Proof. First, it follows from an application of the Morrey lemma (see [1, Theorem
4.12, Part II], [10, Chapter 12, Lemma 12.2]) that the imbedding

— N
W*P(Q) c C'T@Q), a=1- >
holds true for p > N. Hence we have, with some constant C' > 0,
luller@y < Cllullzs @) (13a)
[Vl < Cllullzn ) - (13b)

Namely, the a priori bound (12) on the Holder norm |[ullci4a (g, can be reduced
to a uniform estimate (with respect to u) of the Sobolev norm ||u||y2.»(q) for every
solution u of the homogeneous problem (10).

However, since the quadratic gradient growth condition (5) is satisfied, we can
apply [19, Proposition 2.3] to find a non-negative and increasing function ~(t),
depending only on known quantities, such that

lullwesoy < (lullo ) (14)

for every solution u € W2P(Q) of the homogeneous problem (10).
Indeed, the proof of [19, Proposition 2.3] remains valid for our operator

N 2

- 9
Au = — Z a" (I)am;x + c(z)u.
i0;

i,j=1
We remark that the proof of [19, Proposition 2.3] is based on methods developed
by Tomi [24] and Amann [3].
Therefore, the desired a priori bound (12) follows by combining the estimates
(13), (14) and the a priori bound (11) on the uniform norm [[u/[¢ -
The proof of Theorem 3.3 is complete. O

The purpose of this subsection is to generalize Theorem 3.3 to the non-homogene-
ous boundary condition case:



12 KAZUAKI TAIRA

Theorem 3.4. In addition to the conditions (H.1) and (H.2), we assume that the
regularity conditions (3), the monotonicity condition (4) and the quadratic gradi-
ent growth condition (5) are satisfied. Then there exists a positive constant C,
independent of w, such that

HuHcHa(ﬁ) <C (15)

for every solution u € C?*T%(Q) of the non-homogeneous problem (1) with o €
CHe(00):

y 0%u
N ij _ _ .
2ij=1@ (m)amiaxj c(x)u = f(z,u,Vu) in Q, "
a(xl) glL/L + b(x')u = on ON.

Here the constant C depends on the norm [[¢[| g1+a 50, -

Proof. To deal with the non-homogeneous problem (1), we remark that [18, The-
orem 1.1] implies the existence of a unique solution v € C?**(Q) of the linear

problem
0%v

Zgjd a’(z) 00z, clx)v=0 1in Q,
0
a(:c')a—:j +o(zv =09 on 05,
with the estimate
Pollgnsa < Cr Iellore o - (16)

Now we introduce a new nonlinear term
flx,2,p) := f(x, 2 +v(x),p+ Vo(x)) forall (z,z,p) € Q2 xR xRN,
If u is a solution of the problem (1), then the function

w(z) == u(z) —v(zx)

solves the homogeneous nonlinear problem

. 0w _
N ij _ _ .
2ij=1@ (m)amiaxj c(x)w = f(z,w,Vw) in Q, )
a(xl)glzl/} +b(z")w =0 on 0N).

It is easy to see that the nonlinear term f(ac, z, p) satisfies the monotonicity condition
(4)

(@,50) = 9 2,2+ v(a),p + V(a)

> fo forall (z,2,p) € 2 x R xRV,
Moreover, we have the inequality
|f(z,2,p)|
= |f (22 +v(@), p+ Vo(@)| < fi(lz +v(@)) (1+ |p+ Vo(@))

of
0z

< f1 (2] + (@) 2 (1 +p2 + |Vv(:c)|2) for all (z,2,p) € I x R x RV,
However, by the estimate (16) it follows that

max [v(z)| + max [Vu(z)| < C1 [l¢llcita gy -
e zeQ



ROBIN PROBLEM FOR QUASILINEAR ELLIPTIC EQUATIONS 13

so that

lv(z)] < Co,

|z +v(z)| < |2| + Cy,

pl? + Vo (z)]* < |p* + C2,
where

C<p = Cl ||‘P|‘ci+“(an) .

Hence we find that the nonlinear term fiac,z,p) satisfies the quadratic gradient
growth condition (5) with a new function f,(t):

|f(z,2,p)| < fF1(]z]) 1+ [p*) for all (z,2,p) € 2 x R x RV,
By applying Theorem 3.3 to the homogeneous problem (17), we obtain from the
estimate (12) that
Hw||cl+a(§) < Oy, (18)

with some constant Cy > 0.

Therefore, the desired estimate (15) follows by combining the estimates (16) and
(18) with

C =05+ C‘P =Cy+C4 HQOHC,}JFQ(BQ) .

Indeed, it suffices to note that

||“H01+a(§) = v+ w||01+a(§) < HU||01+@(§) + Hchwa(ﬁ)
< Crllellgree o) + Co-
The proof of Theorem 3.4 is complete. O

4. Proof of Theorem 1.1. This section is devoted to the proof of Theorem 1.1.
(I) The uniqueness result follows immediately from the comparison principle
(Lemma 3.1).
(II) To derive the existence result, we shall make use of the following version of
the Leray—Schauder fixed point theorem due to Schaefer (see [6, Theorem 3.4.8], [8,
Example 5.8.4], [9, Theorem 5.4.14]; [10, Theorem 11.3], [15, Theorem 6.3.1]):

Theorem 4.1 (Schaefer). Let f(x,t) be a one-parameter family of compact opera-
tors defined on a Banach space X fort € [0, 1], with f(x,t) uniformly continuous in t
for fited x € X. Furthermore, assume that every solution of the equation x = f(x,t)
for each t € [0,1] is contained in the fized open ball X = {x € X : ||z|| < M}. Then,
assuming f(-,0) = 0, the operator f(-,1) has a fized point x € X.

The proof of the existence part is divided into four steps. _
Step 1: Let ¢ € CH*(99). For any given function v € C1T%(Q), we consider
the linear problem

g 0%u
N ij _ _ .
D=1 0V (2) 92,01, c(x)u = f(x,v,Vv) in Q, )
W”?Z +b(a)u = p(a’) on H9.

In view of the reqularity conditions (3), it follows that

f(z,v,Vv) € C*(Q).
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Hence [18, Theorem 1.1] asserts that there exists a unique solution u € C?*t*(Q) of
the linear problem (19). In this way, we can define a nonlinear operator H by the
formula
H:CH(Q) — C*F(Q)
U U.

Then it follows from [18, Theorem 1.1] that H is a continuous operator. Indeed, it
suffices to note that the mapping

o i O ou g
‘ ! / . a
i]zzjl a'l T c(z)u, a(z )6_1/ F b | : @)

— C*(Q) @ CHT(090)

is an algebraic and topological isomorphism for a € (0,1). This implies the conti-
nuity of H considered as an operator from C'*%(Q) into C*** (). Furthermore,
since the space C?t* () is compactly imbedded into the space C'+*(Q) (see [10,
Lemma 6.36]), we derive immediately also the compactness of the mapping

H: CTH Q) — 1T (Q).
The situation can be visualized as follows:

H: CTT Q) — C*T(Q) e CH(Q).
compactly

Step 2: Now, for each p € [0, 1] we consider the equation
u=pHu in CH*(Q),

that is, the non-homogeneous problem

g 0%u
N i - = in O
Z'L,J:l a (I) amzaxj C(I)’U; p f (xa U, Vu) 1 3z, (20)
a(ml)g_u +0(z")u = pp(x') on 99.
v

We shall prove the following uniform a priori estimate for every solution u = u, of
the non-homogeneous problem (20)

Hup”CH—a(ﬁ) < Cla (21)

with a constant C” > 0 independent of p and u.
Substep 2.1: If v € C?7%(Q) is a unique solution of the linear problem

0%v

Zi,j=1 a ](x) 6xlax] - C(x)'l) - 0 m Q?
a(x')g—:j +b(a)v =9 on 012,

we let
vp(x) == pu(z) forall 0 <p<1.
Then it follows that v, is the unique solution of the linear problem
iy 0*v
N .
D= a7 () 8:@8;]- —c(x)v, =0 inQ,
v,

a(x’)g +o(z" v, =py on 05,
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with the estimate

[Wollcasa@ = P IVlczra@) < PC1 Iellcrreon) (23)
< Cilellgitapg forall0<p<1

Here it should be noticed (see the estimate (15)) that the constant Cy depends on
the norm [|¢|| c1+a(g)-
Substep 2.2: For every solution u = u, of the non-homogeneous problem (20),
we let
wpy(x) = up(x) —vy(x) =uy(z) —pv(x) forall0<p<1.
Then it follows from the problems (20) and (22) that the function w, is a unique
solution of the homogeneous nonlinear problem

B % w .
Do 09 (0) s — lalin =S o V) — o) w0
i0;
a(m')% +b(z )w, =0 on 9.

We remark that wy = 0 for p = 0 as it follows from the uniqueness result in [18,
Theorem 1.1].
Therefore, if we introduce a new nonlinear term

Fp(@,2,p) = p [ (2,2 +v,(2),p + Vup(x))  forall (z,2,p) € A x R xRN,
then the non-homogeneous nonlinear problem (24) can be expressed as follows:

g O%w - .
Zz]'\,[jzl av ($) 8I8; - C(x)wp = fp (xa Wp, vwﬂ) m Qa
1 J

(25)

a(x’)% +0(z")w, =0 on 0.

We verify that the nonlinear term fp(:n, z,p) satisfies the monotonicity condition
(4). Indeed, it follows that

of,
E(maz7p)

0 —
= pa—z (7,2 +v,(x),p + Vv,(x)) > pfo forall (z,2,p) € 2 x R x RV,
On the other hand, it follows from the estimate (23) that

max [, ()] + max | Vo, ()] < C @l g1en(pq) forall 0< p <1,
e e

so that
lvp(@)| = plo(z)| < C,
|z +vp(z)| < |2] + Cy,
P2 + |V, (2)|* < pl? + C2.
Hence we have the inequality
£ p(2,0,0)]
= plf (@, v,(2), Vup(2))]
< pmax{|f(x,z,p)| 2 eQ, |z < Co, |p| < Cq;}
=pL, forallz € Qand 0 < p <1,
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where
Ly :=max {|f(z,z,p)| 12 €Q, |2]| < Cy, Ip| < C,}.

This proves that
max, g |?p(1'5070)| < pr _ ﬁ
p fo “pfo Jo

By applying Lemma 3.2 and Theorem 3.3 to the homogeneous problem (25), we
obtain the uniform estimate

forall 0 < p <1.

[wpllgr+agm < Cs forall0<p<1, (26)

with some constant C3 > 0 independent of p. We recall that wy = 0 for p = 0.
Substep 2.3: Moreover, we have the inequality

[Folws 20| = 19 (2,2 + 0y ), 0 + V()
< o fullz+ up@))) (1+ o+ Vo, (@) )

2
<20 1 (12| + o (@)]) (1+ IpI? + Vv, )
<2fi (|2l +Cp) (L+IpI* + C3)
for all (z,2,p) € 2 x R x RV.
Hence we find that the nonlinear term fp(:c,z,p) satisfies the quadratic gradient
growth condition (5) with a new function f(t):
(e, 2, p)] < Fr(1z)) (1 +[p|?)  for all (z,2,p) € 2 x R x RN.
Therefore, the desired estimate (21) follows by combining the estimates (23) and
(26) with
C' =05+ C‘P =03+ C4 H(p|‘ci+a(89) .
Indeed, it suffices to note that
||“p||cl+a(§) = v, + wp||cl+a(§) < ||Up|\cl+a(§) + ||wp|\cl+a(§)
<y H‘t"”Ci*‘*(aQ) +C3 foral 0<p<1.
We remark that ug = vg + wg = 0 for p = 0.
Step 3: By using Schaefer’s theorem (Theorem 4.1), we find that the properties
of the operator H and the estimate (21) imply the existence of a fixed point u €

C'(Q) of the operator H. Namely, the function u satisfies the non-homogeneous
problem (20) for p = 1:

- 0%
N i _ _ :
>ije1 a” () 2,07, c(x)u = f(x,u,Vu) in £,
(e 98 4 b{ayu = pla') on 062

In this way, the fixed point u becomes a solution of the original nonlinear problem

(1)

Step 4: Finally, the smoothing properties of H yield that
u=Hu € C*T(Q).
Now the proof of Theorem 1.1 is complete. O
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5. Appendix: The maximum principle in Sobolev spaces. In this appen-
dix we formulate various maximum principles for second-order, elliptic differential
operators with discontinuous coefficients such as the weak and strong maximum
principles (Theorems A.1 and A.3) and the boundary point lemma (Lemma A.2) in
the framework of LP Sobolev spaces. The results here are adapted from Bony [5],
Troianiello [25, Chapter 3] and also Taira [21, Chapter 8].

Let Q be a bounded domain in Euclidean space R, N > 3, with boundary 99
of class C1''. We consider a second-order, uniformly elliptic differential operator A
with real discontinuous coefficients of the form

Ay e al ij 0%u ol b ou
ui=— Z a (I)aziaxj + Z (ac)amz + c(z)u.
ij=1 i=1

More precisely, we assume that the coefficients a% (z), b*(x) and c(z) of the differ-
ential operator A satisfy the following three conditions:

(1) a¥(x) € L*®(Q), a¥(z) = a’*(x) for almost all z € Q and there exist a constant
A > 0 such that
1 N
X|£|2 < Z a'(x)&& < A|€]? for almost all z € Q and all £ € RV.
ij=1
(2) bi(x) € L>=(Q) for all 1 <i < N.
(3) c(x) € L*°(Q) and ¢(x) > 0 for almost all 2 € Q.

First, we state a variant of the weak maximum principle in the framework of LP
Sobolev spaces, due to Bony [5] ([25, Chapter 3, Lemma 3.25]):

Theorem A.1 (the weak maximum principle). If a function u in W2P(Q), with
N < p < oo, satisfies the condition

Au(z) <0 for almost all x € ,

then we have the inequality

max v < max u+,
Q a0

where
ut(2) = max {u(x),0} forxz € Q.

Secondly, the Hopf boundary point lemma reads as follows ([25, Chapter 3,
Lemma 3.26]):

Lemma A.2 (Hopf). Assume that a function u € W?P(Q), N < p < oo, satisfies
the condition

Au(z) <0 for almost all x € Q.
If u(x) attains a non-negative, strict local maximum at a point x{, of N, then we

have the inequality

ou

(see Figure 1).

Finally, we can obtain the following strong mazimum principle for the operator
A (5, Théoreme 2], [25, Chapter 3, Theorem 3.27]):
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Theorem A.3 (the strong maximum principle). Assume that a function u €
W2P(Q), N < p < oo, satisfies the condition

Au(z) <0 for almost all x € Q.

If u(x) attains a non-negative mazimum at an interior point xo of , then it is a
(non-negative) constant function.
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