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Abstract This paper is devoted to a functional analytic approach to the study
of the hypoelliptic Robin problem for a second-order, uniformly elliptic differential
operator with a complex parameter A\, under the probabilistic condition that either
the absorption phenomenon or the reflection phenomenon occurs at each point of
the boundary. We solve the long-standing open problem of the asymptotic eigen-
value distribution for the homogeneous Robin problem when |A| tends to co. More
precisely, we prove the spectral properties of the closed realization of the uniformly
elliptic differential operator, similar to the elliptic (non-degenerate) case. However,
in the degenerate case we cannot use Green’s formula to characterize the adjoint
operator of the closed realization. Hence, we shift our attention to its resolvent.
In the proof, we make use of the Boutet de Monvel calculus in order to study the
resolvent and its adjoint in the framework of L? Sobolev spaces.
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1 Introduction

Let 2 be a bounded domain of Euclidean space R"™, n > 2, with smooth boundary
I' = 02; its closure £2 = 2UI is an n-dimensional, compact smooth manifold with
boundary I'. Without loss of generality, we may assume that the domain 2 is a
relatively compact open subset of an n-dimensional, compact smooth manifold M
without boundary. The manifold M is called the double of 2 (see [19]).

We let

n

Au = Z a' (z)

7,j=1

8%u - i ou
0.0 + Zlb (z) o, + c(z)u (1.1)
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be a second-order, uniformly elliptic differential operator defined on the double M
with real coefficients such that:

(1) The a¥(z) are the components of a C° symmetric contravariant tensor of type
(g) on M and there exists a constant ap > 0 such that

n

Z aij(x)fifj > aol¢]* on T*(M),

i,j=1

where T*(M) is the cotangent bundle of M.
(2) ' e C®(M) for 1 <i<n.
(3) ce C*®(M) and c¢(z) <0 in £2.

In this paper, we consider the following Robin boundary condition

Byu = a(z )g + b(z )u (1.2)

Here:

(4) a(2’) and b(z") are real-valued, smooth functions on the boundary I'.
(5) 8/0v is the conormal derivative associated with the operator A:

72; )n]ax

where n = (n1,n2,...,ny,) is the unit outward normal to the boundary I'.

The purpose of this paper is to study the following homogeneous Robin problem
with a complex parameter A: Given a function f(z) defined in 2, find a function
u(z) in 2 such that

A—Nu= in 2,
( ) " / fa /7 N (13)
Byu = a(z') gg + b(x )u|F:0. on I

In this paper, we impose the following two conditions on the functions a(z’)
and b(z')::

(H.1) a(z") >0 and b(z') >0 on I
(H.2) b(z’) >0 on Iy = {a’ € I': a(z) = 0}.

The intuitive meaning of conditions (H.1) and (H.2) is that the absorption phe-
nomenon occurs at each point of the set I'y, while the reflection phenomenon occurs
at each point of the set I'\ Iy = {2’ € I : a(2’) > 0}.

We give a simple example of conditions (H.1) and (H.2) in the unit disk in the
plane R?:

Ezample 1.1 Let 2 = {(x1,22) € R? : 3 + 2% < 1} be the disk with the boundary
I' = {(z1,22) € R? : 23 + 23 = 1}. For a local coordinate system z; = cos# and
g = sind with 6 € [0,2x] on the circle I', we define a function a(z1,x2) by the
formula

a(z1,z2) = a(cosh,sin )
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24 1
ex b (1—e"+9_%) for 6 € [0, %],
)1 for6 e |, x|,
- %+ L 2 1 [2 (14)
e” 7% (1—6? Gfﬂ) for 6 € [Tr,%r],
0 for 0 € [37'",271],
and let
b(x1,22) =1 —a(z1,x2) on I. (1.5)

It is easy to see that the boundary condition B is non-degenerate (or coercive)
if and only if either a(z’) > 0 on I' (the regular Robin case) or a(z’) = 0 and
b(z') > 0 on I' (the Dirichlet case). However, our boundary condition B is degen-
erate in the Lopatinski-Shapiro sense (see [5, Chapitre V, condition (4.5)]; [12,
Chapter XX, Definition 20.1.1]; [21, Chapter 3, p. 194, Definition 1], [31, Chapter
II, Condition 11.1])). This is due to the fact that the so-called Lopatinski—Shapiro
complementary condition is violated at the points z’ of Iy ([28, Section 6.6]).

More precisely, if we reduce the study of the problem (1.3) to that of a first or-
der, classical pseudo-differential operator T on the boundary I', then the operator

T is of the form
T =a(z") /=4 +b(z)

where A’ is the Laplace-Beltrami operator on I' (see [28, Chapter 7]). We can
prove that if conditions (H.1) and (H.2) are satisfied, then the operator T has
a parametriz S in the Hormander class L?71/2 (I') (see the proof of Lemma 6.1).
Hence the operator T is hypoelliptic with loss of one derivative on I'. Therefore,
our Robin problem (1.3) is hypoelliptic in this sense provided conditions (H.1) and
(H.2) are satisfied.

2 Statement of main results

This paper is devoted to a functional analytic approach to the study of the hypoel-
liptic Robin problem (1.3) when |\| tends to oo.

2.1 The asymptotic eigenvalue distribution for the Robin problem (1.3)

Our starting point is to state an existence and uniqueness theorem of the problem
(1.3) in the framework of L? Sobolev spaces when |\| tends to oo, due to [28, Part
(i) of Theorem 1.2] with p :=2:

Theorem 2.1 Assume that conditions (H.1) and (H.2) are satisfied. Then, for every
0 € (—m,m) there ewists a constant R(0) > 0 continuously depending on 0 such that
if A\ =12 e" satisfies the condition IA| = 2 > R(6), the homogeneous Robin problem
(1.3) has a unique solution w € H?(2) for any f € L*(2). Moreover, we have the a
priori estimate

ull g2y + Al [ull g2 () < CO) 1£1l 220y » (2.1)
with a constant C(0) > 0 continuously depending on 6.

Here and in the following H®(2) = H*2(12) denotes the L? Sobolev space of order
s on {2.
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This rather surprising estimate (2.1) (the elliptic estimate for a degenerate
problem) works, since we are considering the homogeneous boundary condition.
More precisely, the reader might refer to [28, Section 1.2, Theorem 1.1] for the
non-homogeneous case of the hypoelliptic Robin problem (1.3).

Associated with the homogeneous Robin problem (1.3), we introduce a densely
defined, closed linear operator

A: L2 () — L3(Q)
in the space L?(£2) as follows:
(a) The domain D(2() of definition is the space

D(A) = {u € H*(2) : Byu=0on r} . (2.2)

(b) 2Au = Au for every u € D(2s).

The main purpose of this paper is to prove the following spectral theorem for
the closed realization 2 of A in L?(£2) (cf. the proof of [29, Theorem 2.3]):

Theorem 2.2 If conditions (H.1) and (H.2) are satisfied, then the closed realization
A of A enjoys the following five spectral properties:

(i) The spectrum of 2 is discrete and the eigenvalues X; of 2 have finite multiplicities.

(i) All rays arg X = 0 different from the negative axis are rays of minimal growth
of the resolvent (A — XI)~'. Namely, for each 6 € (—m, ) there exist constants
R(#) > 0 and C(#) > 0 depending on 6 such that we have, for all |\| > R(9),

c)
Al

(i4i) The negative axis is a direction of condensation of eigenvalues of 2. More precisely,
for each € > 0 there are only a finite number of eigenvalues inside the angle:
—nmt+e<O<m—e.

(i) Let

- < 29

Nip= Y 1

Re )\j Z—t
be the number of eigenvalues \; such that Re \; > —t, where each \; is repeated ac-
cording to its multiplicity. Then the following asymptotic eigenvalue distribution
formula holds true:
_ 2]
2nn/2 [(n/2 4 1)

N(t) "2 4 o(t"™?)  ast — +oo. (2.4)

Here |§2| is the Riemannian volume of the domain (2 with respect to the metric
(2)) = (a¥ (z)) "
(am (z)) = (a (1’)) .
(v) The generalized eigenfunctions of A are complete in the space LQ(.Q); they are also
complete in the domain D() in the H?(£2)-norm.

By Theorem 2.1, the resolvent estimate (2.3) follows from the a priori estimate
(2.1). Hence, it should be emphasized that assertion (ii) of Theorem 2.2 is an
immediate consequence of Theorem 2.1.

The four assertions (i), (iii), (iv) and (v) solve the long-standing open problem
of the asymptotic eigenvalue distribution for the homogeneous hypoelliptic Robin
problem (1.3). Theorem 2.2 was proved by [26, Theorem 2] in the self-adjoint case.
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2.2 The heat asymptotics for the Robin problem (1.3)

Furthermore, we obtain from [28, Part (ii) of Theorem 1.2] with p := 2 that the
closed operator 2 generates a semigroup e'® on the space L?(£2) which is analytic
in the sector

Ae = {z:t—l—is:z;ﬁ(), |arg z| <g75}

for some 0 < & < /2. More precisely, we can define the analytic semigroup e‘® by
the contour integral formula

. /ekt(n—m)—l dx for all £ > 0.
Y

T 2mi
Here v is a path that encloses all the eigenvalues of 2 in the resolvent set
Zo={A€C:X#0, |arg\| <7 —w}

for some 0 < w < /2.
By assertions (i) and (iii) of Theorem 2.2, we can associate with the homoge-
neous Robin problem (1.3) the ©-function O(t) by the formula

O(t) :=tr (etm) = Zexp At (2.5)

By combining Iwasaki [13, Theorem II, formula (3)] with Theorem 2.2, we obtain
the following trace formula as ¢ | 0:

Theorem 2.3 Assume that conditions (H.1) and (H.2) are satisfied. Then the ©-
function O(t) has the following asymptotic expansion ast | 0:

8(t):W{Q+\/f(|F—2|Fo|)+o(\/f)}. (2.6)

Here:

(1) |£2| is the volume of 2 with respect to the metric (a;j(x)) = (aij(a:))il.

(2) |I'| and |Io| are the surface areas of I' and Iy with respect to the metric of I’
induced by the metric (a;;(x)), respectively.

We give a simple example of Theorem 2.3 in a relatively compact domain (2
with smooth boundary I" in R? (cf. Greiner [8, Theorem 3.2.1]):

Ezample 2.1 Let 2 be the unit disk with the boundary (unit circle) I" as in Example
1.1. If a(z1, z2) and b(z1,z2) are smooth functions on I' defined by formulas (1.4)
and (1.5), respectively, then it follows that

™
|.Q|:7I'7 ‘F|:271'7 |F0|:§

We consider the Laplacian A with the hypoelliptic Robin boundary condition in
the domain (2 with boundary I":

" . ) .
(807% + 6873 + h(x1,w2) 52 +g($1,a?2)9%2) u=pu in

2.7
{a(ml,xg)ag—l—(la(xl,mz))u|F:0 on I. @7)
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If the u; are the eigenvalues of the homogeneous degenerate Robin problem (2.7),
then we have the asymptotic expansion formula

o(t) = Zexp,ujt] +—+ (\;) as t 0.

2.3 Outline of the paper

The rest of this paper is organized as follows. In Section 3 we give sufficient condi-
tions for the hypoellipticity of pseudo-differential operators due to Hérmander [11]
(Theorem 3.1) which plays a crucial role in this paper. In Section 4 we consider
non self-adjoint eigenvalue problems for a general second-order, uniformly elliptic
differential operator A. In particular, we characterize some spectral properties of
the closed realization A of A in terms of their resolvents (Theorem 4.1), essentially
due to Agmon [2, Theorems 14.4 and 15.1].
In Section 5, following Seeley [23] and [24] we formulate the homogeneous
Robin problem
{gu _f in 0, R®)
~yu=0 on I

in the space L?(£2). To do so, we introduce the Poisson kernel P and a right inverse
Q to the differential operator A (Theorems 5.1 and 5.2). By using the operators P
and Q, we can define the Robin boundary operator By in L?-based Sobolev spaces
(Proposition 5.1).

In Section 6, we make use of a reduction to the boundary based on the ho-
mogeneous Neumann problem (see [28, Proposition 6.10, Theorems 6.11 and 6.12]
for this special reduction to the boundary). In the Neumann problem for the dif-
ferential operator A and its formal adjoint A*, we have parabolic condensation of
eigenvalues along the negative real axis, as discussed in Agmon [2, pp. 276-277].
Hence, we replace A and A* by A— X1 and A* — \; for certain positive number \p:

A1 = A - )\1 .
Then we consider the Nemann problem
Ajv = in 2
{ aiv fin £, (2.8)
B ‘ =0 onl,
and reduce the homogeneous Robin problem
Aju = in 2
1u=f in £2, (2.9)
Byu = a(z’) g% + b(x }F—O on I’

to the study of the pseudo—differential operator T} on the boundary I' in the
following way (see Proposition 6.1):

(1) The Neumann problem (2.8) has a unique solution v = Gy f in the space
H5%2(0) for every function f € H*(£2), and the Green operator

Gn: H*(2) — H*T?(Q)

is continuous for all s > —1/2.
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(2) For every function ¢ € H*~Y/2(I'), the function w = P1p € H*(£2) is a unique
solution of the homogeneous Dirichlet problem

Alw:O inQ,
Yow =¢ onl,

and the Poisson kernel
Pr: HY2() — HY(Q)

is continuous for all s € R.
(3) The homogeneous Robin problem (2.9) can be reduced to the study of the
pseudo-differential equation

Tip:= By (Pi¢) = =b(a')yo (Gnf) on T (2.10)

The pseudo-differential equation (2.10) is a generalization of the classical Fredholm
integral equation. The purpose of this section is to prove that if conditions (H.1)
and (H.2) are satisfied, then the pseudo-differential operator T is hypoelliptic with
loss of one derivative on I (Lemma 6.1).

In Section 7, by using the strong maximum principle and the Hopf boundary
point lemma we prove a uniqueness theorem for the homogeneous Robin problem
(2.9) (Theorem 7.1). Section 8 is devoted to the characterization of the Green
operator Gy for the Neumann problem (2.8) in terms of the Boutet de Monvel
calculus (Theorem 8.1). This characterization plays an important role in Section
10. In Section 9 we express explicitly the unique solution u of the homogeneous
Robin problem (2.9) (Theorem 9.1). Moreover, by using the Boutet de Monvel
calculus we characterize the mapping property of the resolvent

G=®R-MI)""=0y—P (Tflb(ﬂf/) (7091\1))

for the homogeneous Robin problem (2.9) (Corollary 9.1). In Section 10 we prove
Theorem 2.2, Our proof of Theorem 2.2 is based on Theorem 4.1. However, in the
degenerate case we cannot use Green’s formula to characterize the adjoint operator
2A* — M\ I. Therefore, we shift our attention to the adjoint G* = (A" — /\11)71
(Theoren 10.1). More precisely, we verify all the conditions of Theorem 4.1 for the
operators G and G* in the framework of L? Sobolev spaces (see Remark 4.1).

In the last Section 11 we mention the parameter-dependent calculus of pseudo-
differential boundary problems in the framework of Besov and Sobolev spaces of
LP type due to Grubb-Kokholm [10] and Krietenstein—Schrohe [15].

3 Hypoelliptic pseudo-differential operators

Let 2 be an open subset of R". A properly supported pseudo-differential operator
A on §2 is said to be hypoelliptic if it satisfies the condition

sing supp u = singsupp Au  for all u € D'(£2).

It is easy to see that this condition is equivalent to the following: For any open
subset 21 of 2, we have the assertion

ueD (), Aue C®(21) = ue CP().
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For example, elliptic operators are hypoelliptic.
The following criterion for hypoellipticity is due to Hérmander [11, Theorem
4.2]:

Theorem 3.1 Let A= p(z,D) € L}'5(£2) be a properly supported, pseudo-differential
operator on (2 having the complete symbol p(x, &) with

1-p<d<p<Ll.

Assume that, for any compact K C (2 and any multi-indices o, B there exist constants
Ck,a,3 >0, Cx >0 and p € R such that we have, for all x € K and |§] > Cf,

|DEDEp(,€)| < Crcanp Ip(e, )] (1 -+ 1)1, (3.1a)
Ip(z, )| 7" < Ok (1+ [€)". (3.1b)

Then there exists a parametrix B € Lg’é(()) for A:

AB=1 mod L™*°(£),
BA=1 mod L™°°(0).

4 Non self-adjoint eigenvalue problems

Let A be a second-order, uniformly elliptic differential operator with real coefficients
on the closure 2 = 2 U T as in Section 1. We consider a densely defined, closed
linear operator

A: LP(2) — L*(2)

in L2(£2) that satisfies the following four conditions (see Agmon [2, Theorem 15.1]):
(a) The domain D(A) of definition is a subspace of H?(£2):

D(A) C H*(92).
(b) Au = Au for every u € D(A).

Its adjoint operator
A% LP(02) — L*(02)

is characterized as follows:

(c) The domain D(A*) of definition is a subspace of H?(£2):
D (A*) Cc H*(2).

(d) A*u = A'u for every u € D(A®).

Here A’ is the formal adjoint differential operator of A.
Then we can prove the following spectral properties of the closed realization
A of A (see Agmon [2, Theorems 14.4 and 15.1]):

Theorem 4.1 Assume that the operator A satisfies the following two conditions (A)
and (B):
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(A) All rays arg A = 6 different from the negative azis are rays of minimal growth
of the resolvent (A — AI)"". Namely, for each 0 € (—m, ) there exist constants
R(#) > 0 and C(#) > 0 depending on 6 such that we have, for all |A| > R(6),

- c(o
H(A—)J) 1H < % (4.1)
(B) There exists a positive integer k such that
k> ; 17 (4.2a)
D (A ) up ((4)") c (9. (4.2b)

Then we have the following four assertions:

(i) The spectrum of A is discrete and the eigenvalues A; of A have finite multiplicities.
(i) The negative azxis is a direction of condensation of eigenvalues of A.

(iwi) If we let
Nt = > 1,

Re >\j Z —t
then we have the asymptotic eigenvalue distribution formula

1

N = Gy

/ |A(x)|dz - /2 4 o(tn/Z) ast — +oo. (4.3)
02

Here |A(z)| denotes the volume of the subset

Alm) =S EeR": > a(2)&g, < 1

ij=1

(i) The generalized eigenfunctions of A are complete in L2(.Q); they are also complete
in the domain D(A) in the H*(£2)-norm.

Remark 4.1 Condition (4.2b) may be replaced by the following one (see Agmon [2,
Section 15, p. 263]):

R (.Afk) UR ((.A*)ik) c H?*(2) for a positive integer k > nfl (4.4)
Indeed, it suffices to note that
R(AF) =D (AF), R((4)7")=D((4")").
By Theorem 2.1, we obtain that the closed operator 2, defined by formula
(2.2), satisfies condition (A) in Theorem 4.1, since the resolvent estimate (4.1) is
an immediate consequence of the a priori estimate (2.1).

Therefore, we have only to show that the closed operator 24 — \;I satisfies
condition (4.4) for some positive number \; in order to prove Theorem 2.2.
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5 Formulation of the homogeneous Robin problem

In this section we formulate the homogeneous Robin problem for second-order,
uniformly elliptic differential operators in terms of pseudo-differential operators.
Following Seeley [23] and [24], we let

No(A) :={u € C™®(M) :suppu C 2, Au=0in 2}.

It is known (see [23, Theorem 7]) that My(A) is finite dimensional.

We remark that all the sufficiently large eigenvalues of the Dirichlet problem
for the differential operator A and its formal adjoint A* lie in the parabolic type
region, as discussed in Agmon [2, pp. 274-277] and Mizohata [18, Chapter 3].
Hence, by considering A — X\ and A* — X for certain positive number A we may
assume that

No(A) = Np(A™) = {0}. (5.1)

Then we have the following theorem for surface potentials (see [23, Theorems
5 and 6] and [24, pp. 274-275]):

Theorem 5.1 Assume that condition (5.1) is satisfied. If s € R, we let
N(A,s):={ue H(2): Au=0in 2}.

Then the spaces N'(A,s) and H'/?(I') are isomorphic in such a way that

N(A,s) 2% g5=2(1), (5.2a)
N(A,5) ¢ HY2(T). (5.2b)

Here o is the trace operator and P is the Poisson kernel.
In other words, for every ¢ € H*~Y/2(I') the function w = Py € H*(2) is a

unique solution of the Dirichlet problem

{Aw =0 in, )

Yow =¢ on I.

Furthermore, we have the following theorem for volume potentials (see [24, pp.
276-277)):

Theorem 5.2 If condition (5.1) is satisfied, then there exists an elliptic, pseudo-
differential operator C' of order —2 on M such that

A(CEf)|p=1[ in 82 for every f € H*(02). (5.3)

Here the operator
E: HY(2) —s HY(M)

is Seeley’s extension operator for each s € R (see [1, Theorems 5.21 and 5.22]).
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If we introduce an operator Q by the formula
of=C (fo)‘n for every f € H*(02), (5.4)

where f0 is the extension of f by zero to the double M, then it follows from the
transmission property of C (see [21, p. 157, Theorem 7]) that

Q: H¥(2) — H"?(0)
is continuous for every s > —1/2 and further from formula (5.3) that
AQf=f in £.

Namely, the operator Q is a right inverse to the differential operator A.
Now we consider a mazimal domain H4(£2) for the differential operator A in
the space L?(R2) as follows:

Ha(2) = {u € L2(Q): Au e L2(9)}.
We equip the space H4(£2) with the graph norm

1/
el a2y = (lulZz2) + 1AulZaq :
(2

Then we can express every function u € H4(2) uniquely in the form

u=v+4w (5.5)
where ,
e e 6
Therefore, by using Theorem 5.1 we can define the trace mapping
v = (y0,m) : Ha(2) — H Y2(I) @ H¥2(I)
as follows (cf. Lions—Magenes [17]):
You =70 (Q(Au)) +~ow € H™/3(I),
{WW =71 (Q(Au)) +mw € H*/(I"). (57
In this way, we can define the Robin boundary operator B~ by the formula
Byu = a(:cl)g—z +b(x"Yu| = a(z)yu+ bz )you for u e Ha(R).
r
Then we have the following;:
Proposition 5.1 The Robin boundary operator
By = a(a)n +b(a)r0: Ha(2) — H*/*(D) (5:8)

15 continuous.

Now we can formulate the homogeneous degenerate Robin problem as follows:
Given a function f € L*(£2), find a function u € L?(£2) such that

{Au:f in 0,

o (R)
~yu=0 on .
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6 Reduction to the boundary

In the Neumann problem for the differential operator A and its formal adjoint
A*, we have parabolic condensation of eigenvalues along the negative real axis, as
discussed in Agmon [2, pp. 276-277]. Hence, we can replace A and A* by A — \;
and A* — )\ for certain positive number A1 so that condition (5.1) is satisfied:

No (A=) =N (A" = M) = {0} (6.1)

Therefore, if we let
A= A— )\,

then Theorems 5.1 and 5.2 hold true for the differential operator A;. In particular,
A1 has a right inverse Q.

In this section, by using the Neumann problem just as in [28] we reduce the
homogeneous Robin problem

{Alu (A=M)u=f in 2, 62)

Byu = a(x’)g—:j + b(a:/)u}l, =0 onlrl

to the study of a first-order, pseudo-differential operator 77 on the boundary I.
Step 1: First, we consider the homogeneous Neumann problem

{Alv(A—)\l)Uf in 2, (6.3)

v _
B—V’F—O on I'.

It is known ([5], [7], [31]) that the Neumann problem (N) has a unique solution
v € H¥T2(Q) for every function f € H*(2) with s > —1/2. If we let

v:i=Ggnf for fe H*(ND), (6.4)
then it follows that the Green operator
Gn: H*(2) — H*T2(02)

is continuous for every s > —1/2.
Step 2: If we let
wi=u—v=u—Gnf,

then it follows that
{Alw:f—f:O in £, 65)
Byw = Byu — Byv = —B~y (Gn f) = —b(z')70(Gnf) on T,
since we have the formula
By (Gn ) = a(@ )y (G F) +b(z" )70 (GN f) = b(z')v0(Gnf) on T

Hence, we can express the solution u of the homogeneous Robin problem (6.2) as
follows:

u=Gnf+ Pro, (6.6a)
By (P1p) = —b(z")y0(Gnf) on T, (6.6b)
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e="0(u—-0Gnf). (6.6¢)

Here P; is the Poisson kernel for the differential operator A;.
Step 3: If we let

Ti: C(I) — C(I)
@ — By (P1yp),

then we have the formula
Ty = a(z') 11 + b(z), (6.7)

where IT; is the Dirichlet-to-Neumann operator defined as follows:
9 o
o1 =71 (Pip) = 2 (P1y) for all p € C°(I).
v r

Therefore, we obtain from formulas (6.6) and (6.7) that
Tip = ()T + b)) o = —b(z' V10 (Grf) on T (6.8)

Step 4: By combining formulas (6.6) and (6.8), we have proved the following
fundamental proposition:

Proposition 6.1 Assume that condition (6.1) is satisfied. If f € H®(§2) with s >
—1/2, then the homogeneous Robin problem (6.2) can be reduced to the study of the
pseudo-differential equation (6.8). Moreover, the solutions u and ¢ are related as fol-
lows:

u=Gnf+ Py,
o= (u—-G6Nnf).

For the pseudo-differential operator T:1, we have the following fundamental
lemma ([14, Theorem 3.1], [28, Lemma 7.3]):

Lemma 6.1 Assume that conditions (H.1) and (H.2) are satisfied. Then the pseudo-
differential operator Ty = a(z’)II1 + b(z') has a parametrix S1 that belongs to the
Hérmander class L?’I/Q(F). Moreover, the parametriz S1 maps H°(I") continuously
into itself for every s € R.

Proof (1) First, we remark that there is a homotopy in the class of second-order
uniformly elliptic symbols between A — A1 and A — 1 such that

Ap=t(A-XM)+(1-¢)(A-1) for0<¢<1.

Therefore, we are reduced to the study of the differential operator

Then it follows from [27, Section 10.7] (cf. [6]) that the complete symbol t(z’,¢")
of the pseudo-differential operator Ty = a(z’)IT; + b(z') is given by the formula

o', €) = ala) ¢ + b(a') + 22 (‘M ~(n- 1)M(a/)>]

€1
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/
—v-1 @ (div 6(5/)(33/)) + terms of order < —1
:=to(a’,&") + terms of order < —1,

where

750(37/75/) = a(x’) |f/‘ + W

b(x/) + a(gjl) (wz’(£/7£/) _ (’n _ I)M(m/)>:|

(2) Secondly, by letting
L a(z’)
a(z’) = a(z’') + b(z')’
Ty — b(xl)
ba’) = a(z’') + b(z')’

we may assume that the Robin boundary condition B+ is of the form

Bryu = a(m/)g—z + (1 — a(x/)) ul =0 onlI,

r

where
0<a(z)<1 onT.

Thus we remark that formula (6.9) can be simplified as follows:

to(a’,¢) = a(a")|¢| + [ (1 —a(z)) + %xl) (“’”’ &.¢) _ (n— 1)M(x/)>}

&'

- \/jl %I/) (le (5(5/)(1’/)) .

Then it is easy to see that the principal part

1
VN
80(1’ 75 ) - t()(ZC/,é/)
of the inverse 1/t(2',¢) satisfies the inequality
1
/ !
o] = ey

< {11_{51 for |¢’| sufficiently large if 0 < a(z') < &1 for some 0 < §; < 1, (6.10)
51

for |¢'| sufficiently large if a(z’) > 61.

Therefore, we find from inequality (6.10) (see [28, Lemma 7.2]) that the prin-
cipal part so(z’,¢’) satisfies conditions (3.1a) and (3.1b) with

= =1 = .
pw:=0, p ) 9

This proves that the pseudo-differential operator 77 has a parametrix
S1 € L?,l/Z(F)'

Finally, the boundedness of the parametrix S; follows from an application of Bour-
daud [3, Theorem 1] with ¢ := 1/2 (cf. [27, Appendix A]).
The proof of Lemma 6.1 is complete.
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7 Uniqueness theorem for the Robin problem

In this section we consider the following homogeneous Robin problem under con-
dition (6.1): Given a function f(z) defined in (2, find a function u(z) in 2 such
that
Alu=(A-M)u=f in (2,
B N O , B (6.2)
Byu = a(z') G —I—b(m)u‘F =0 onl/.
The purpose of this section is to prove the following uniqueness theorem for the
Robin problem (6.2):

Theorem 7.1 If conditions (H.1) and (H.2) are satisfied, then every solution u €
C?%(92) of the Robin problem

Alu=(A-M)u=0 in £2,
_ " O , B (7.1)
B’yu-a(w)m—l—b(az)u‘r—o on I
is identically equal to zero in (2:
u(z) =0 in Q. (7.2)

Proof (1) If a solution u(x) of the Robin problem (7.1) is a constant m in 2, then
it follows that
0=(A-X)u=(c(z)—A1)m in 2.
This proves the desired assertion (7.2), since c(z) — A1 < —X\1 <0 in £2.
(2) The case where u(z) is not constant in £2. Our proof is based on a reduction
to absurdity. We assume, to the contrary, that a solution u € C?(£2) of the Robin
problem (7.1) is not identically equal to zero in £2:

u(z) Z0 in 0.
Then, by considering —u if necessarily we may assume that

m = max u(z) > 0.
e

By applying the strong mazimum principle ([20, Chapter 2, Section 3, Theorem 5])
to the differential operator A — \1, we obtain that there exists a point z{, of I" such

that

Iy _

u(zg) = m/> 0, (7.3)
u(z) < wu(zp) for all x € 2.

Furthermore, it follows from an application of the Hopf boundary point lemma (]20,
Chapter 2, Section 3, Theorem 7]) that

%( 0) > 0. (7.4)

However, we have the formula
Ou
Bryu(zg) = a(xé)a—y(xé)) + b(z0)u(zg) = 0.
Hence, we have, by condition (H.1) and inequalities (7.3) and (7.4),
a(zp) = b(xp) = 0.

This contradicts condition (H.2).
The proof of Theorem 7.1 is now complete.
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8 The Neumann problem via the Boutet de Monvel calculus

In this section, we study the Green operator for the Neumann problem from the
viewpoint of the Boutet de Monvel calculus.

For every function f € H*(2) with s > —1/2, the function v = Gn f € H*2(0)
is the unique solution of the Neumann problem (6.3) for the elliptic differential
operator A} = A — \1. By applying Proposition 6.1 and Theorem 7.1 to the Neu-
mann case (a(z’) = 1 and b(2’) = 0 on I'), we find that the Green operator Gy,
defined by formula (6.4), can be written in the form

Gnf=0Qif — P (Hf1 (1 (Qlf))) for f € H*(2). (8.1)

Here:

(i) Qi is a right inverse to the operator A; = A — Aq.
(ii) P is the Poisson kernel for the operator A;.
(iii) 17;~! is the inverse of the Dirichlet-to-Neumann operator IT; = ~1P;.

The purpose of this section is to prove the mapping property of the Green
operator Gy, as is shown in Tabel 8.1.

Ho(2) = HHA(D)

o =

Hs+2(Q) ¢ Hs+3/2(F)
—Py

Table 8.1 The mapping property of the Green operator Gy

First, the next theorem characterizes the Green operator Gy in terms of the
Boutet de Monvel calculus:

Theorem 8.1 Assume that condition (6.1) is satisfied. Then the components of the
Green operator G can be expressed in the matrix form

Q1 —P1
N = , (8.2)
v1Q1 I~ 1

and the principal symbol o(N) is homotopic to the following:

1 1
R G EEZ N (I R

Here and in the following
£ = (6/71/) = (€17§27 v 75”—171/) € Rn7
€)= \Ier+1,
) = (&,&2,...,&n—1,v) ER"™  for potential operators,
¢, 7) = (&1,€2,...,&n—1,7) € R™  for trace operators.
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Proof By a homotopy argument, we are reduced to the study of the following Neu-
mann problem

{(Al)u:f in 0, (8.4)

ov _
8—n|F—0 on I'.

Indeed, there is a homotopy in the class of second-order uniformly elliptic symbols
between A — A1 and A — 1 such that

Ap=t(A—A)+(1—t)(A-1) for0<t<1.
(1) We remark that the differential operator
Ag=A4-1

has a right inverse Qg defined by the formula (see formula (5.4))
Qf(a) = ((=G2)+ £°)|, = = [ Gate—u)ftu)dy for 1 < 1°(2).

Here (cf. [25, Chapter V, Section 3])

S e
Ga(z) = @) /o e t o (8.5a)
. » 1
Ga(¢) = Gy (x) dr = ——. 8.5b
2O = [ e Gae) s T (8.5b)

Hence it follows from formula (8.5) that the principal symbol of Qo can be written
in the form

1 1 1 1 1
— =— = - — + — . 8.6
NI LR T (ersw t@rmw)  ©9
This is homotopic to the principal symbol of the right inverse Q; to A;. Hence,
we obtain from the transmission property of Q1 (see [21, p. 159, Theorem 7]) that

the operator
Q1: H¥(2) — H*T2(02)

is continuous for every s > —1/2.
(2) By using Rempel-Schulze [21, p. 100, Lemma 4], we obtain from formula
(8.6) that the operator y1 Q is a trace operator of order —1 and type 0 with principal

symbol
1 1

2 (&) —ir’
This is homotopic to the principal symbol of v1Q;. Hence, it follows from an
application of [21, p. 158, Theorem 5] that the trace operator

(8.7)

Q1 : HY(R2) — H*TY2(I)

is continuous for every s > —1/2.
(3) On the other hand, by using Rempel-Schulze [21, p. 102, Proposition 6] we
find from formula (8.6) that the Poisson kernel Py for Ay is a potential operator of

order —1 with principal symbol

1
e (8.8)
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This is homotopic to the principal symbol of P; for A;. Hence, it follows from an
application of [21, p. 156, Theorem 4] that the potential operator

Pr: HP/2(1) — HP2(0)

is continuous for every s € R.
(4) Finally, it follows from formula (6.9) (with a(z’) = 1 and b(z’) =0 on I)
that the principal symbol of the Dirichlet-to-Neumann operator ITop = ~1Pp for Ag

is given by the formula
(€)= Igr+1. (8.9)

This is homotopic to the principal symbol of the Dirichlet-to-Neumann operator
IT; = v1P1 for Aj. Hence its inverse

Hl_l: HS+1/2(F) —)HS+3/2(F)

is continuous for every s € R.
Summing up, we find from formulas (8.6) through (8.9) that the principal
symbol of the Green operator

Gn=0Q1—-P1 (H171(71Ql))
is homotopic to the following:

__ 1 _( 1 );G;)
@2 +v @+ ) @) \2 ) —ir

— 1 1 1 1
TN+ 2N () v (&) —ir (8.10)

More precisely, the second term

P1 (Ul_l(’h Ql))

is called a singular Green operator of order —3 and type 0 (see [21, p. 129, Proposi-
tion 2]), and it follows from an application of Rempel-Schulze [21, p. 159, Theorem
6] that the operator

P1 (Hl_l('YlQl)) cH(2) — Hs+2(9)

is continuous for every s > —1/2.

Summing up, we have proved that Gy maps H*(£2) continuously into H*72(12)
for every s > 0, as is shown in Table 8.1.

The proof of Theorem 8.1 is complete.

Remark 8.1 By using Rempel-Schulze [21, p. 100, Lemma 4], we obtain from for-
mula (8.6) that the operator 79Qq for Ag is a trace operator of order —2 and type

0 with principal symbol
1 1
—m W (8.11)
This is homotopic to the principal symbol of v9Q; for A;. Hence, it follows from
an application of [21, p. 158, Theorem 5] that the trace operator

0 Q1: H(2) — HT3/2(I)

is continuous for every s > —3/2.
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9 Representation formula of the resolvent via the Boutet de Monvel
calculus

In this section we characterize the resolvent of the homogeneous Robin problem
(6.2) in terms of the Boutet de Monvel calculus (Theorem 9.1 and Corollary 9.1).
This section is the heart of the subject.

Step (1): First, by combining Theorem 2.1 and Rellich’s theorem we obtain
that 201 is a Fredholm operator with

ind2A; = ind (A — A1) = 0. (9.1)

Step (2): Secondly, by using Proposition 6.1 we can associate with the pseudo-
differential equation (6.8) a densely defined, closed linear operator

T HSP32(r) — H53/2()
as follows.
() The domain D(71) of definition is the space

D(Ti) = {9 € H2(r) s Tip € 92}

(B) Tie =Tip = (a(z’) I +b(z")) ¢ for every ¢ € D(T1).

Indeed, since T1: Ht3/2(I') — H**'/2(I) is continuous, it follows that 77 is a
closed operator. Furthermore, the operator 77 is densely defined, since the domain
D(Ti) contains a dense subspace C>(I'") of H*t3/2(T).

The adjoint operator T1* of T1 is a densely defined, closed linear operator

7~1*: H—S—S/Q(F) . H—S—B/Q(F)

such that
s5+3/2 (7—14/’7 ¢)7573/2 = s4+3/2 (‘P’ﬂ*q/)),s,g/g
for all ¢ € D(T1) and ¢ € D(T1™).
Here 4 (-,-)_, is the sesquilinear pairing between the Sobolev spaces H?(I") and

H~°(TI") for 0 € R.
However, by using Lemma 6.1 we can prove the following regularity results:

(i) If ¢ € D'(I') and Typ € H(I') for o € R, then it follows that ¢ € H?(I'). In
particular, we have the regularity result for the null space of 71:

N (Th) = {@6HS+3/2(F):T1¢:O} c c=(I). (9.2)

(i) If ¢ € D'(I') and T5y € H(I') for o € R, then it follows that ¢ € H?(I"). In
particular, we have the regularity result for the null space of 71 *:

N () = {v e TR (r) sty = 0 < 0 (1), (9.3)

Here T1* is the adjoint of the pseudo-differential operator Ty = a(z’) IT1 +b(z").



20 Kazuaki Taira

Therefore, we obtain from assertions (9.2) and (9.3) that the operator 7; is a
Fredholm operator whose index is indendent of s € R:

ind 71 = dim N (71) — dim N (T17) .

In this way, by using Proposition 6.1 with s := 0 we obtain from assertion (9.1)
that

ind7; =ind2; = 0. (9.4)

Step (3) On the other hand, it follows from Proposition 6.1 and Theorem 7.1
that

N (T1) = {0}, (9.5)

Summing up, we obtain from assertions (9.4) and (9.5) that the operator
Ti: HSP32(0) — H5F3/2(D) (9.6)

is bijective for every s € R.
Step (4): Now we are in a position to prove the following fundamental theorem:

Theorem 9.1 Assume that conditions (H.1) and (H.2) are satisfied. If f € H®($2)
with s > —1/2, then every solution u € LZ(Q) of the homogeneous Robin problem
(6.2) belongs to the space H*T2(2). Moreover, every solution v € H*T2(0) can be
uniquely expressed in the form

u=Gf:=Gnf—-"T1 (ﬂflb(fﬂ/) (70 (ng))> ~ (9.7)
Here:

(i) Gn: H®(2) — H*T2(02) is the Green operator for the Neumann problem (6.3).
(i) Pr: HY3/2(I') = H*T2(Q) is the Poisson kernel for the differential operator Aj.
(i11) T1~1 is the inverse of the operator Ti in the Sobolev space Hs+3/2(F)A

Proof By combining Theorem 7.1 and Proposition 6.1 we find that every solution
u € H*T2(£2) can be uniquely expressed by formula (9.7).
(1) First, by formula (8.1) it follows that

Y9N = Y0 (Ql - P1 (Hl_l(’YlQl))) =701 — I (1Q1).

Hence we find from formulas (8.11), (8.9) and (8.7) that the principal symbol of
~Y0Gn is homotopic to the following;:
1 1 11 1 11 ©.8)
2(¢") (€) —ir (¢) 2 (&) —ir (&) (&) —ir’ '
This proves that the operator 790Gy is a trace operator of order —2 and type O.
Hence, it follows from an application of Rempel-Schulze [21, p. 158, Theorem 5]
that the trace operator

00N H*(2) — H*T32(I)

is continuous for every s > —3/2.
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(2) Secondly, it follows from Lemma 6.1 that the operator T1 ~'b(z’) is a pseudo-
differential operator in L(l) 1 /2([‘) with the principal part which is homotopic to the
following (see formula (6.9)):

b(z")
b / / ! =7 .
(l’ )80(1’ af ) t0($/75/) (9 9)
Hence, by applying Bourdaud [3, Theorem 1] with 6 := 1/2 we obtain from asser-
tion (9.6) that the operator

T (') B2 — HT3/2(I) (9.10)

is continuous for every s € R.
The proof of Theorem 9.1 is complete.

Ho(2) 9N, ps+3/2(p)
QNl Tflb(x’)l

HS+2(Q)6 = Hs+3/2(F)
=P

Table 9.1 The mapping property of the resolvent G = (A — )\1[)71

By combining Theorems 8.1 and 9.1, we have the following:
Corollary 9.1 If conditions (H.1) and (H.2) are satisfied, then the resolvent
G=@-MD" =Gy —P1 (Tib(a)(100))
maps H*() continuously into H*T2(2) for every s > 0, as is shown in Table 9.1.

Moreover, the components of the operator G can be written in the matriz form

GN —P1
R = (9.11)
yoGn Titb(a’)

and the principal symbol o(R) of R is homotopic to the following:

1 11 1L 1
@ T 2 @) @) —ir @)+
(9.12)
_1 1 _b)
€ @)—ir T (2 €)

10 Proof of Theorem 2.2 via the Boutet de Monvel calculus

In this section we prove Theorem 2.2, by using the Boutet de Monvel calculus (see
[4], [21], [22]). Our proof of Theorem 2.2 is based on Theorem 4.1 and Remark 4.1
with

A=A -1
under condition (6.1). More precisely, we have only to verify condition (4.4) for
the resolvent (A — A\q I)71 given by the representation formula (9.7). The proof of
Theorem 2.2 is divided into two subsections.
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10.1 The mapping property of the adjoint operator G*

We are in a position to characterize the mapping property of the adjoint G* of the
resolvent G = (A — A1)~ " in the framework of Sobolev spaces of L? type:

Theorem 10.1 Assume that conditions (H.1) and (H.2) are satisfied. If G = (A —
MI)7Y is the resolvent given by formula (9.7), then its adjoint operator

g = (A = M) = (9x5)" — (0Gn)" (ﬂ_lb(x’))* (P1)* (10.1)

maps H*(2) continuously into H¥2(82) for every s > 0, as is shown in Table 10.1.

me(2) =P geruzn

l(gN)* (ﬂ*lb(a:/))*l

H5+2(Q) H5+1/2(F)
(vo9n)*

Table 10.1 The mapping property of the adjoint operator G* = (A* — )\11)71

Proof (1) First, it follows from formulas (9.11) and (9.12) that the principal symbol
of Green operator Gy is homotopic to the following:

1 1 1 (10.2)

€2 +v? 2¢) () +iv (E) —ir

By using Rempel-Schulze [21, p. 102, Proposition 6 and p. 151, Proposition 10],
we find from formula (10.2) that the principal symbol of the adjoint (Gy)" is given
by the same formula (10.2). Therefore, it follows from an application of [21, p. 159,
Theorems 6 and 7] that the adjoint

(GN)* - H¥(2) — H*T2(Q) (10.3)

is continuous for every s > —1/2.

(2) By using Rempel-Schulze [21, p. 102, Proposition 6 and p. 151, Proposition
10], we find from formula (9.8) that the adjoint (y0GN)" is a potential operator of
order —2 with the principal symbol which is homotopic to the following:

1 1

(&) (&) +iv
Hence, it follows from an application of [21, p. 156, Theorem 4] that the adjoint
(oGn)* : H YY) — H () (10.4)

is continuous for every s € R.
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(3) By using Rempel-Schulze [21, p. 102, Proposition 6 and p. 151, Proposition
10], we find from formula (8.8) that the adjoint (P1)” is a trace operator of order
—1 and type 0 with the principal symbol which is homotopic to the following:
1
(&) —ir’

Hence, it follows from an application of [21, p. 158, Theorem 5] that the adjoint

(P1)" : H*(2) — H*TY2(I) (10.5)

is continuous for every s > —1/2.

(4) Finally, we find from assertions (9.9) and (9.10) that the adjoint (Tflb(x'))*
is a pseudo-differential operator in L?,l /2 (I") with the principal part which is ho-
motopic to the following:

—_— b(z")
b(z') so(a!, &) = ——~2—,
(=) so(a’, &) )
and further that the adjoint operator
(Tflb(m’))* cHPY2(0)y — HITY2(D) (10.6)

is continuous for every s € R.
By combining assertions (10.3). (10.4), (10.6) and (10.5), we obtain that the
adjoint operator

G = (Gn)" = (Gw)" (T720)) " (Py)”,

is continuous for every s > 0.
The proof of Theorem 10.1 is complete.

10.2 End of Proof of Theorem 2.2

By Corollary 9.1 and Theorem 10.1, we find from Remark 4.1 that the closed
realization A := 2 — A1 I satisfies condition (B) in Theorem 4.1.

Therefore, the desired assertions (i), (iii), (iv) and (v) of Theorem 2.2 follow
from an application of Theorem 4.1 with A : =2 — X\ 1.

Now the proof of Theorem 2.2 is complete.

11 Concluding remark

Finally, we refer to the works of Grubb—Kokholm [10] and Krietenstein—Schrohe
[15] for an extensive further development of the present paper in the framework
of Besov and Sobolev spaces of LP type (see also Grubb [9] for L?-based Sobolev
spaces).
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