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(1) α 0 α O

L z

L w 1

(2) 1 3 β

β β2 z

w

z w w =
1

z

1

A3-4.1. 1

R C

i

C = {x+ yi | x, y ∈ R} (i2 = −1)

1. α, β, γ, δ ∈ C − δ

γ

f(z) =
αz + β

γz + δ
( γz + δ �= 0) f(z)

(z )

α, β, γ, δ

f(z1), f(z2)

f(z1) = f(z2)

⇔ αz1 + β

γz1 + δ
=

αz2 + β

γz2 + δ

⇔ (αz1 + β)(γz2 + δ) = (αz2 + β)(γz1 + δ)

⇔ αδz1 + βγz2 = αδz2 + βγz1

⇔ (αδ − βγ)z1 = (αδ − βγ)z2

⇔ (αδ − βγ)(z1 − z2) = 0 · · · (∗)

f(z) z1 �= z2

f(z1) = f(z2) z1 − z2 �= 0,

(αδ−βγ)(z1−z2) = 0 αδ−βγ = 0

αδ − βγ = 0 (αδ − βγ)(z1 − z2) = 0

z1, z2 f(z1) = f(z2)

f(z)

αδ − βγ = 0 �

α, β, γ, δ ∈ C αδ − βγ �= 0

z w

w =
αz + β

γz + δ
( αδ − βγ �= 0)

1 αδ−βγ �= 0

1 f(z)

1 (∗)

z1 �= z2 ⇒ f(z1) �= f(z2)

f(z) (1 1 )

1. 1 w =
αz + β

γz + δ
( )

αδ − βγ �= 0

(1)

w = z + β

α = 1, γ = 0, δ = 1

αδ − βγ = 1 · 1− β · 0 = 1 �= 0

(2) O ( )

w = αz ( α ∈ R, α > 0)

α ∈ R, α > 0, β = 0, γ = 0, δ = 1

αδ − βγ = α · 1− 0 · 0 = α �= 0
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(3) O

w = αz ( |α| = 1)

|α| = 1, β = 0, γ = 0, δ = 1

αδ − βγ = α · 1− 0 · 0 = α �= 0

(4) ( O

)

w = αz ( α �= 0)

α �= 0, β = 0, γ = 0, δ = 1

αδ − βγ = α · 1− 0 · 0 = α �= 0

(5) ( )

w =
1

z

α �= 0, β = 1, γ = 1, δ = 0

αδ − βγ = 0 · 0− 1 · 1 = −1 �= 0

2. 1

w =
αz + β

γz + δ
( αδ − βγ �= 0)

γ �= 0 αz + β γz + δ

αz + β =
α

γ
(γz + δ) + β − αδ

γ

w =

α

γ
(γz + δ) + β − αδ

γ

γz + δ
=

α

γ
+

βγ − αδ

γ(γz + δ)

=
α

γ
− αδ − βγ

γ2
· 1

z +
δ

γ

γ �= 0, αδ − βγ �= 0

f1(z) = z +
δ

γ
( )

f2(z) =
1

z
( )

f3(z) = −αδ − βγ

γ2
· z ( )

f4(z) = z +
α

γ
( )

w = (f4(f3(f2(f1(z))))) = (f4 ◦ f3 ◦ f2 ◦ f1)(z)

γ = 0 0 �= αδ−βγ = αδ−β ·0 = αδ

α �= 0, δ �= 0

w =
αz + β

0 · z + δ
=

α

δ
· z + β

δ

g1(z) =
α

δ
· z ( )

g2(z) = z +
β

δ
( )

w = g2(g1(z)) = (g2 ◦ g1)(z)

�

2 1

w =
1

z

3. z w w =
1

z
z w

z �= 0, w �= 0

z w O

(1)

(2)

(3)

(4)

w =
1

z
⇔ z =

1

w

(1) r (> 0) z |z| = r

z =
1

w

r = |z| =
∣∣∣∣ 1w
∣∣∣∣ = 1

|w|

|w| = 1

r
w

1

r
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(2) r (> 0) α (0 �= α ∈ C)

z |z − α| = r z =
1

w

r = |z − α| =
∣∣∣∣ 1w − α

∣∣∣∣ =
∣∣∣∣1− αw

w

∣∣∣∣ = |α|

∣∣∣∣∣∣∣
w − 1

α
w

∣∣∣∣∣∣∣

⇔

∣∣∣∣w − 1

α

∣∣∣∣
|w| =

r

|α| ⇔ |w| :
∣∣∣∣w − 1

α

∣∣∣∣ = |α| : r

w |α| = r

(z ) |w| =
∣∣∣∣w − 1

α

∣∣∣∣
0,

1

α
|α| �= r

(z )

|w| :
∣∣∣∣w − 1

α

∣∣∣∣ = |α| : r �= 1 : 1

0
1

α
|α| : r ( �= 1 : 1)

(3) α (0 �= α ∈ C)

α, −α

z |z − α| = |z − (−α)|
|z − α| = |z + α| z =

1

w∣∣∣∣ 1w − α

∣∣∣∣ =
∣∣∣∣ 1w + α

∣∣∣∣ ⇔ |1− αw| = |1 + αw|

⇔
∣∣∣∣ 1α − w

∣∣∣∣ =
∣∣∣∣ 1α + w

∣∣∣∣ ⇔
∣∣∣∣w − 1

α

∣∣∣∣ =
∣∣∣∣w −

(
− 1

α

)∣∣∣∣
w

1

α
, − 1

α
( )

(4)

α (0 �= α ∈ C) α

z |z| = |z−α|
z =

1

w∣∣∣∣ 1w
∣∣∣∣ =

∣∣∣∣ 1w − α

∣∣∣∣ ⇔ 1 = |1− αw| = |α|
∣∣∣∣ 1α − w

∣∣∣∣
⇔

∣∣∣∣w − 1

α

∣∣∣∣ = 1

|α|
w

1

α

1

|α| (

) �

z �= 0, w �= 0 w =
1

z

z → 0 ⇔ w → ∞,

z → ∞ ⇔ w → 0

z = 0 ⇔ w = ∞ ( ),

z = ∞ ( ) ⇔ w = 0

∞ ( )

( )

•

( (1) (2) )

•
( (3) )

•
( (4) )

2

1

( )

∞
1 ( )

z �= 0

z = r(cos θ + i sin θ) (r > 0)

1

z
=

z

zz
=

z

|z|2 =
r(cos θ − i sin θ)

r2

=
1

r
(cos(−θ) + i sin(−θ)),

1

z
=

(
1

z

)
=

1

r
(cos θ + i sin θ)

O

Im

Re1

z

r

1

r 1

z

1

zθ

−θ
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z
1

z

1

z
1

z
z

1

z

w =
1

z
=

(
1

z

)

z w w =
1

z

w =
1

z
=

(
1

z

)

w =
1

z
( )

•
•
•
•

w =
1

z

w =
1

z

A3-4.2.

α r z

|z − α| = r (α ∈ C, r ∈ R, r > 0)

α

z
r

O

Im

Re

|z − α| = r ⇔ |z − α|2 = r2

⇔ (z − α)(z − α) = r2

⇔ zz − αz − αz + αα− r2 = 0 · · · 1©

zz, z, z

1, −α, −α, αα− r2

−α −α 1 ∈ R, αα−r2 ∈ R

azz + βz + βz + c = 0 (a, c ∈ R, a �= 0, β ∈ C)

azz + βz + βz + c = 0

⇔ zz +
β

a
z +

β

a
z +

c

a
= 0

⇔
(
z +

β

a

)(
z +

β

a

)
− β

a
· β
a
+

c

a
= 0

⇔
(
z +

β

a

)(
z +

β

a

)
=

ββ

a2
− c

a

⇔
∣∣∣∣z + β

a

∣∣∣∣
2

=
ββ − ac

a2

ββ − ac ∈ R, 0 �= a ∈ R a2 > 0

ββ − ac > 0

⇔
∣∣∣∣z + β

a

∣∣∣∣ =
√

ββ − ac

a2

⇔
∣∣∣∣z −

(
−β

a

)∣∣∣∣ =
√
ββ − ac

|a|

−β

a

√
ββ − ac

|a|

(∗) azz + βz + βz + c = 0

(a, c ∈ R, a �= 0, β ∈ C, ββ − ac > 0)

−β

a

√
ββ − ac

|a|
(∗)
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1©

a = 1 (∈ R), β = −α (∈ C), c = αα− r2 (∈ R)

ββ − ac = (−α)(−α)− 1 · (αα− r2) = r2 > 0

(∗) ββ = |β|2 � 0

ac < 0 ⇒ ββ − ac > 0

ac < 0 ββ − ac > 0

4.

(1) 3zz + (6− i)z + (6 + i)z − 1

3
= 0

(2) 3zz + (6− i)z + (6 + i)z +
1

3
= 0

(1) (∗) a = 3, β = 6 + i, c = −1

3

ββ−ac = |6+ i|2−3 ·
(
−1

3

)
= 62+12+1 = 38 > 0

−β

a
= −6 + i

3

√
ββ − ac

|a| =

√
38

3

(2) (∗) a = 3, β = 6+ i, c =
1

3

ββ − ac = |6 + i|2 − 3 · 1
3
= 62 + 12 − 1 = 36 > 0

−β

a
= −6 + i

3

√
ββ − ac

|a| =

√
36

3
= 2

�

(∗) a = 0 ββ−ac =

|β|2 − 0 · c = |β|2 ββ − ac > 0 ⇔ β �= 0

5.

βz + βz + c = 0 (c ∈ R, β ∈ C, β �= 0)

c �= 0

βz + βz + c = 0 ⇔ cβz + cβz + c2 = 0

⇔ ββzz + cβz + cβz + c2 = ββzz

⇔ (βz + c)(βz + c) = ββzz

⇔
(
z +

c

β

)(
z +

c

β

)
= zz

⇔
(
z +

c

β

)(
z +

c

β

)
= zz

⇔
∣∣∣∣z + c

β

∣∣∣∣
2

= |z|2

⇔
∣∣∣∣z −

(
− c

β

)∣∣∣∣ = |z|

− c

β

(
= − c

|β|2β
)

c = 0

βz + βz = 0

⇔ 2(βz + βz) = 0

⇔ βz + βz = −(βz + βz)

⇔ zz + βz + βz + ββ = zz − βz − βz + ββ

⇔ (z + β)(z + β) = (z − β)(z − β)

⇔ |z + β|2 = |z − β|2
⇔ |z − (−β)| = |z − β|

β, −β ( )

c, β

�

(∗) a = 0

azz + βz + βz + c = 0

( a, c ∈ R, β ∈ C, ββ − ac > 0 )

(i) a �= 0

∣∣∣∣z + β

a

∣∣∣∣
2

=
ββ − ac

a2

−β

a

√
ββ − ac

|a|
c = 0 azz + βz + βz = 0
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(ii) a = 0 βz + βz + c = 0

β( �= 0) − c

2β

((i) a = 0 ∞
∞ )

c = 0

c �= 0

6.

azz + βz + βz + c = 0

( a, c ∈ R, β ∈ C, ββ − ac > 0 )

w =
1

z

w =
1

z
O

( c = 0 ) z = 0

w = ∞ ( )

( a = 0 ) z = ∞ ( )

w = 0

(z, w) �= (0, ∞), (∞, 0)

w =
1

z
⇔ z =

1

w

z =
1

w
z =

1

w

azz + βz + βz + c = 0 · · · 1©
⇔ a

1

w

1

w
+ β

1

w
+ β

1

w
+ c = 0

⇔ cww + βw + βw + a = 0 · · · 2©

ββ − ca = ββ − ac > 0 w

2©
1© ⇔ 2©

• 1© O

c = 0 2©

• 1© a = 0

2© O

�

(2017 )
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2.3-1  

a b
  OA a    OB b  BOA  

a b a b cos  
 

 

             
Fig 1.1  

 

 
 

 
A(a1 ,a2 )

B(b1,b2) OAB  

  a b a1b1 a2b2  

 
 

    
Fig 1.2  
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b cos b   a  
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