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Abstract

* This talk 1s devoted to a semigroup
approach to an mitial-boundary value
problem of nonlinear elastodynamics in the
case where the boundary condition 1s a
regularization of the genuine mixed
displacement-traction boundary condition.
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Formulation

of
the Problem



Nonlinear Elasticity

X =¢(X)

Reference configuration Body after time t



Notation

Notation Meaning
0O Domain in R3
— Reference configuration
B =0 5
¢t Deformation of B
_ Material point
X—(XI,XZ,X3) P

Spatial point

X = (X, X,,X;)




Eulerian Description (1)

T (x,t)

Current configuration




L.eonhard Euler

Leonhard Euler (1707-1783)

Swiss Mathematician, Physicist, Astronomer
and Engineer







Lagrangian Description

T (X ,t)

Reference configuration




Joseph-Louis LLagrange

Joseph-Louis Lagrange (1736-1813)
Italian Mathematician and Astronomer







Continuum Mechanics (1)

Form Conservation of Balance of linear
mass momentum
Eulerian . | .
form p+ pdivv =0 pv=divo + pb
Langilflan po (X)) v |
= p (4 (X ). t)I (X, t)| Po—5—=Div P+ p:B

ot




Divergence of a Tensor Filed

(T11 T12 “13\
T = T21 T22 “23
\T31 T32 “33/
—
(o, T,, + 0,T,, + 0
div T = o, T,, +0,T,, + 0
0 ,T,, + 0,T,, + 0

W

W

W




The divergence theorem for a tensor filed

IdiVT dx = IT-n do
Q 0 Q)




Notation (1)

Notation Meaning
P, (X ), p(x,t) Density
V(X,1), v(x,t) Velocity
B(X,1),b(x,t) Body force
o) (x  t ) Cauchy stress tensor
P(X,t) First Piola;(ni:(c"l}hoff stress




Louis Augustin Cauchy

Louis Augustin Cauchy (1789-1857)
French Mathematician and Physicist







Notation (2)

Notation

Meaning

¢ (X))

Deformation

F(X.,t)=Dg(X)

Deformation gradient

J(X,t)=detF (X,t)

Jacobian

D 0

— + vevV
Dt ot

Material derivative




Deformation Gradient

(@, )
¢, |:Q - R°

P53 )

f 0,9, 0,90, 0,0, k
=|0,¢, 0,90, 0,0,
\81¢382¢3a3¢3)




Displacement gradient

Vu =

(ul\ (¢1_X1 \
u, | = @, — X,
Uz ) @5 = X5 )

f alul a2ul a3ul
a1u2 a2uZ a?auZ

\alu3 a2u3 a3us

QQ > R°

\

J




Eulerian Description (2)

t(x,t,n)=o0(x,t)en I

Current configuration



Continuum Mechanics (2)

Form Cauchy’s Theorem

Eulerian form t(x,t,n)=o0 (x,t)en

Lagrangian form T(X,t,N)zP(X,t)'N




Notation (3)

Notation Meaning
t (x.t,n ) Cauchy stress vector
s (x,1) Cauchy stress tensor
First Piola-Kirchhoff stress
T(X’t’N) vector
P (X,t) First Piola-Kirchhoff stress
tensor
n, N Outward unit normal vector




Continuum Mechanics (3)

Form Balance of | Conservation of energy
angular
momentum
Eulerian t -
form O = O | pe+divq =tr(cd)+ pr
Lagrangian
form § = g poaa'i+Din = tr(SD )+ p,R




Notation (4)

Notation Meaning
S(X,1) Second Piola-Kirchhoff stress
, tensor
E(X,t),e(x,t) Internal energy function

Material rate of deformation

D(X. 1), d(x.t) tensor

R(X,t), r(x,t) Heat supply

Q(X,t), q(x,t) Heat flux vector




Nonlinear Elastostatics

Reference configuration Deformed configuration



Notation

Notation Meaning
Bounded domain in R? with
Q smooth boundary
_ Reference configuration
B =Q
¢ Deformation of B
X =(X1,X2,X3) Material point

X — (X1 Xy, X, ) Spatial point




Elasticity

A material 1s said to be elastic
&

1A function i’\(X ,F) of points X € B
and 3x 3 matrices F = (F;;) with det F > 0

such that

P(X)=P(X.Dg(X))




Constitutive Function

i’\(X ,F) 1s called a constitutive function




Hyper-Elasticity

A material 1s said to be hyperelastic

—

dA function W (X ,F) of points X € B
and 3x 3 matrices F = (F;;) with detF > 0

such that

== oW
P(X,F)=——(X.F)

~ oW
Pij(X ,F)z ZED (X ,F)
i




Stored Energy Function

W (X,F) 1s called a stored energy function




First Elasticity Tensor

The four -index tensor
defined by the formula

0P  0°W
OF OF OF

0 |5\ij
A . X .F )= X .F
1jfm ( & ) aFfm ( ) )

A =

9

2
LWy g
0F,0F,,

1s called the first elasticity tensor.




Typical Examples



Hencky-Nadai Elasto-Plastic Material

The stored energy function has the form
RCHEE IR TOUERES b ALY
9 (¢)eC([0,=).R)
1 (< 2
F(F)— Z [?(Fij+ Fji)_?(Zl Fkkakjé‘ij)

i, j=1




The Modulus of Compression

K 1s called the modulus of compression




Saint Venant-Kirchhoff Isotropic Material

The stored energy function has the form

W (X .F)
/I(X (chk(F _3j +ﬂ( )Z(C'J(F) 5u)

i, j=1
3
C.,(F) Z FoiFy

=1




Saint Venant

Adhémar Jean Claude Barré de Saint Venant
(1797-1886)

French Mechanician and Mathematician







Gustav Robert Kirchhoff

Gustav Robert Kirchhoff (1824-1887)
Prussian/German Physicist and Chemist







Lamé functions

AX), 1(X) are called Lame functions




The Right Cauchy-Green tensor

3
Cij (F): Z F i P




Green-Saint Venant strain tensor

E

- (¢ - 1)

L= (Eij)

1 [ ou,
2 0 X |




Saint Venant-Kirchhoff Isotropic Material

W (X,F)= /1(2x )(trE)2 + u(X) tr(E?)




Formulation
of

the Results




Nonlinear Boundary Value Problem
(Lagrange)

This talk is devoted to an L" approach to

the following equilibrium equations for
the unknown deformation ¢ (X )

DivP (X,D¢ (X ))+B (X )=0 in Q,

o (X)P (X, D@ (X))N (X )+ (1-a (X)) (X)
=1(X) on 0Q.




Lagrangian Description

(X))

Reference configuration




Notation

Notation Meaning
f( X,F) Constitutive function
B(X) Body force
T(X) Surface force
N(X) Outward unit normal
a (X)) OL(X )e Cw(ﬁﬂ)
0<a(X)<1 on 0Q




Boundary Condition

{a =1}(traction)

()




Example of Regularization (Real axis)

a(x,)=<F°F

0 for X, < 0




Example of Regularization (Unit Circle)

a(x;,X,) =a(cos@,sinf) =

exp[2/ w+1/(0+7/2)](1—-exp[2/ z—1/(0+7)]),
0c(-x,—x/2)

0, 06[—72'/2,0:
exp[2/ 7 —1/8](1—exp[2/ m+1/0—-7x/2)]),
0<c(0,7/2),

A Oc|n/2,x]




Main Results

. If the linearized problem has unique solutions,
then so does the nonlinear one, nearby. This is
done by using the linear LP theory and the
inverse mapping theorem.

. Our results can be applied to the Saint Venant-
Kirchhoftf elastic material and the Hencky-Nadai
elasto-plastic material.




Crucial Point

The crucial point is how to find a function space
associated with the degenerate boundary
condition in which the linearized problem has
unique solutions.




Function Spaces (1)

For all real s, we define Sobolev spaces

H*"(Q,R*)=H"" (R’ R’

For all s > 1/p, we define Besov spaces

Bs!/pP (aQ,R3)= H°®° (Q,R3)

00




Function Spaces (2)

s>1+1/p

B, (00.R)

=a(X)B T (0Q,R’)+ (1-a(X))B""? (60 ,R”)

(A) 0<a(X)<land a(X)#1 on 0Q.




Definition of a norm

ISR

= inf {‘gol‘

+ o, | :<0=a(><)401+(1—0!(><))<02}

s—-1-1/p,p s-1/p,p

(A)

0<a(X)<land a(X)#1l on 0Q.




Function Spaces (3)

s—-1-1/p,p

B )
o (X )E 0 on 0Q (Dirichlet)

1f

(8Q,R3)= Bs—l/p’p(aQ,R3)

-1-1/p,p

(aQ R’ ) B“”pp(aQ R’ )

1f a(X):l on 0Q (Neumann)




Function Spaces (4)

X :Hs’p(Q,R3),
Y = H52° (Q,R3)><B

s—1-1/p,p

(2)

(09,R?).




Nonlinear Map

F:. X >Y

F()=(-DivP(Dg), aP(Dg)N+(1-a)4|,)




Fundamental Assumptions (1)

(A) 0<a(X)<land a(X)#1 on 0Q.

(P) E(Déjz()whenézlg.




Remarks

. Condition (P) implies that the reference
configuration is a natural state.

. Condition (A) implies that our boundary
condition is not equal to the pure traction
boundary condition




Fundamental Assumptions (2)

0 @ZW o
(H) AZ@F@F at ¢ =1

enjoys the property of sym m etry

Aijem = Aumij = A jirm

and 1s uniformly pointwise stable

1 o
?e-A-e > dn HeH




Main Theorem (1)

Main Theorem states that if the linearized
problem is uniformly pointwise stable, then,
for slight perturbations of the load or
boundary conditions from their values at the
natural state, then the nonlinear problem has a
unique solution.




Main Theorem (2)

l< p<oo, s>3/p+1.

JdA neighborhood U of ¢ =1,
and a neighborhood V of the point

(—Divf(Dg;j, al?(D;}ij-N r(1-a)g
such that the nonlinear map

F:U >V

i1s bijective.

.




Typical Examples



Hencky-Nadai Elasto-Plastic Material

(A)
(G)

0<a(X)<land a (X )#1 ondQ.
g(0) > 0 and K > 0

!

Condition (H) is satisfied and
so Main Theorem applies.




Saint Venant-Kirchhoff Isotropic Material

(A) OSa(X)Slanda(X)il on 0Q .
(M ) idc, >0, dc, >0 such that
u (X )=c, onQ,

2 (X )+§—,u(X )> ¢, onQ

!

Condition (H) is satisfied and
so0 Main Theorem applies.




Linearized Problems
(Frechet Derivatives)



Mixed Problem of Linear Elastodynamics

We study the following mixed problem of

linear elastodynam ics:

0’u . .

T —dlv(a-Vu):f in Q x (0, 0),

“‘t:o:“o in Q

ou =u, 1n Q,

ot Ji_y

a(x)(asVuen)+ (1-a(x))u=0 ondQ x(0,x).




Example (1)

0’ .

atl; —div(Atr(e(u)I+2ue(u))=1f inQ x (0,),
u‘t:O =u, 1nQ,

ou =u, 1n (),

ot |,_,

a(X)(t(u)en) + (1 — a(x'))u =0 onodQ x(0,x).




Example (1)

e(u) = (eij) =

;

\

1

2

J

8uj\
_|__

oxX;

J

)

strain tensor

T(u) =(7;) = (xlekk5ij + 2 ue; ), stress tensor




Example (I1a)

Im=" j/

(aijém) — (igijgfm +lu(5i€51m 01,05 ))

A, u : Lame moduli

(H)y>0,k:3ﬁ;2ﬂ>0.

k :modulus of com pression




Example (Ib)

2
(aijﬁm) — (( K- 5 0 (O)j §ij 5£m +J (O)(é‘wé‘jm + é‘imé‘je)j
K 1s the modulus of compression

g(&)eC” ([O,oo),R)

(G)K >0, g(0)> 0.




Example (1I)

— AUu = f 1n Q x (0, o),
ot? ( )
u\t:O:uo in Q ,

o u .
— = u, 1n Q,
tt:O

a(X')g—lul+ (l—a(x'))u =0 onodQ x (0, o).




Example (1I)

( |j€m) — (5%5 )




Linear Boundary Value Problem

We are reduced to the study of a problem of

linear elastostatics for the unknown vector function v:
Av = div(a-VV) =f InQ),
B, v=a(x")(asVven)+(l-a(x"))v=¢ onoQ

a = (a;,,) : smooth elasticity tensor.

n : the outward unit normal




Fundamental Existence and Uniqueness Theorem

d

(H) ]

1j/m

= 4da

/mij

—e o q e ¢ >
2

= A ji/m

371 Jlel

(A) 0<a (X )<land a (X )21 onoQ.

!

(A,B,):H*"(Q,R’)> H**?(Q,R’)xB

s—-1-1/p,p

()

1s an algebraic and topological isomorphism

(6Q2,R*)




Regularity
1 heorem



Regularity Theorem

Aijem = QAymij = @ jirm
H
(R) l—eoaerEInHeH2
2
l< p<ow, s>1/p+1
ueLp(Q R3) AueHS‘Z’p(Q R3)

B ueB

-1-1/p,p

(6Q,R*)= ue H*"(Q,R")|




Construction
of
a Parametrix




Symbol of a Pseudo-Differential Operator

t(x L&)

= @ (X )p (X&)

[0 —a (x NI+ a (x)p,(x"EN]
_|_...

Here:

p,(x"& ) >3c, [T on T " (0Q )




Elementary Lemma

f (Xx) e CQ(R ),
f(x)>20 on R,
sup |[f "(x)|< 3c

Xe R

—

f(x)|< ~2c (f(x))" onR.




Criteria for Parametrices (1)

A = p(x,D)eL", (Q).

Assume that:

DD/ p(%&)|<3C ., [P (E(+g) ",
p(x,£)'|<3C,, VxeK cQ, v [£[=C,.

$



Criteria for Parametrices (2)

1B e LY

1,1/2

A B
B A

(2 ) such that
mod L~ (Q),
mod L7 (Q )




Unigueness
Theorem



Uniqueness Theorem

vV € Hs’p(Q,R3)
Av =div(a.Vv)=0 in Q,
B,v=ao(x)a-Vven)+ (1-a(x))v =0

on

0Q ,

(A)

(H

)

0 <a (X )<l and a (X )=#1

a

ijfm

= a = a

/mij

1
—e o q & ¢ >

2

jiZm

37 le|l

on 0Q .

v=01n Q




Korn’s Inequality

A non-empty set:y c 0Q

u e Hl’z(Q,R3)

.

u=0ony

> .
jg el dx > 3C(V)(ﬂ”ﬂ” dx + jaQ IV u dx)

1 N

ou, OU; ,
€ = + : the strain tensor
2\ 0X; 0%




Existence
1 heorem



Existence Theorem

s—-2.,p 3 s—-1-1/p, 3
f < H (Q,R ) N pp(aQ,R )
(A) 0 <a (X )<l and a (X )#1 ondQ.
l (R ;—eoaerHnHe”2
Jve H* (Q,R”°)
Av =div(a.Vv)=f inQ,
B,v=a(x)(aeVven)+ (l-a(x"))v=¢ ondQ




The Operator A

A :L°(Q,R°) > L°(Q,R"°)

(a) D(A)={ue H*(Q,R°):B u =0"}.

(04

(b) Au = div(a.Vu),Vue D(A).

4

— A : positive definite,self -adjoint




Function Space (1)

B = V-A :the squareroot of — A
H the dom ain D (B ) with the inner
product (u,v), = (Bu,Bv).

(A) 0<a(X)<land a(X)#1 on 0Q.




Function Space (2)

H, = the completion of D(A)with respect to
the inner product
(“,V)A — —(Au,V)

l—a u-vdo

= IQ VueasVy dx + LMO} -




Function Spaces (4)

H, =H,(Q,R’)
if (X )=0 on 0Q (Dirichlet)

HAzHl(Q,R3)
if (X )=1 on 0Q (Neumann)




Embedding Properties

D(A)ch, HI(Q,R3)




Existence and Uniqueness Theorem

u, e D(A), u,eH,, feC'([0,0),L°(Q,R?)),

!

0°u : :

712 —div(asVu)=1f inQ x (0,x),

u|t:0=u0 in Q ,

gu =u, 1nQ

ot |,_,

a(xY(asVuen)+ (1-a(xH)u=0 ondQ x (0,0)

has a unique solution
ueC’([0,0),L7(Q,R*))n C'([0,0),H, )n C ([0,%2),D(A))




Energy Estimate

2
| 2

(Ol + [l @, + [ )

<3¢ (|u,

L e ds),

2
H ? i Hul

.+ )




Regularity Theorem

Vu, e D(A), Vu, eH,, VfeC'([0,%),L’(Q,R?))
—
Ju e C*([0,),L°(Q,R*))nC'([0,%),H, )" C ([0,0),D(A))

such that

ou
t2

—div(aeVu)=f inQx(0,),

u|t=0 =u, 1nQ,
e
ot |._,

a(x)(aeVuen)+(I-a(x))u=0 onoQx(0,)

=u, 1nQ,




Semigroup
Approach




Semigroup Approach (1)

0’u . .

e —div(asVu)=1f in Q x (0,x),

u|t:O=uO in Q ,

ou = u, 1n Q ,

Ot |i_g

a (xY(aVuen)+ (I -a(xY)u =0 onoQ x (0,x).

u'"(t)=Au(t)+ f(t),
u(0)=u,,u'(0) = u,




Semigroup Approach (2)

u'"(t) = Au(t)+ f(t),
u(0)=u,,u'(0) = u,

u(t) u
v = (u’ (t)]’ v0)= [u

0 0
F(1) = (f(t)]’ A= [A

|
0




Semigroup Approach (3)

U'(t) =AU +F(),
u0)=U,.

X =H, x L*(Q,R"?),
D(2A)=D(A)xH,.




Semigroup Approach (4)

o I 0
e = cos(tB )
0 I

+ B "'sin(tB ) X
A

B=~-A, B2=-A




Representation Formula

u(t) = cos(tB)u, + B 'sin(tB)u,
; jOtB U sin((t - s)B)f(s)ds.

B=+v-A, B’ =-A.




Open Problems



Open Problems

. The first problem is to generalize Main Theorem
to the case where the domain has corner
singularities.

. The second problem is to study the case where
the function «(X) is the characteristic
function of a subset of the boundary.




References (4)

* [to: On a mixed problem of linear
elastodynamics with time-dependent

discontinuous boundary condition, Osaka J.
Math. 27 (1990), 667—707.




Nonlinear Boundary Value Problem
(Lagrange)

This talk is devoted to an L" approach to

the following equilibrium equations for
the unknown deformation ¢ (X )

DivP (X,D¢ (X ))+B (X )=0 in Q,

o (X)P (X, D@ (X))N (X )+ (1-a (X)) (X)
=1(X) on 0Q.




Domain with Corner Singularities

la =1}




Boundary Condition (1)

a(X) =+

-

.

1
0

on 0,2,
on 0,¢




Boundary Condition (2)

a(x")(asVuen)+(1-a(x))u=0 ondQ x(0,0)

00— fa -0} oya-{a=1]




Geometry of the Second Problem

Q x (0,T)

0,Qx(0,T) Oy x(0,T)




Fundamental Function Space

VD(O):{UE H'(Q,R’):u=0 on GDQ}




Definition of a Weak Solution (1)

u, e V,(0), u, e L*(Q,R%), fe L>(Qx(0,T),R?)

A function
u e H 1(Q X (O,T),R3)
1s called a weak solution i1f

1t satisfies the conditions
u(0,s) =u,,
u=0o0on0o,Qx(0,T)




Definition of a Weak Solution(2)

— 8u 677 dt + ! a.Vu,Vnp),dt
L? 0 -

;
— (111,77(0,°))L2 +Io (f,n)l_zdt
VneH'(Qx(0,T),R%), n=00n0,Qx(0,T), 7(T,)=0




Existence and Uniqueness Theorem

0 ’u . .
atz—dlv(a-Vu):f in Q x (0,T ),
u|t:O:u0 in Q ,

ou = u, 1n Q ,

ot |,_,

u =0 onod,Q x (0,T),
a*Vuen =0 onod,  Q x (0,T)

has a unique weak solution

ue H'(Q x(0,T),R"7)




Energy Estimate for Weak Solutions




The Original Boundary Condition

a (X)

0.0




Approximations to the Boundary Condition

a () (X)

0.0




Regularized Mixed Problems

W e study the following regularized mixed problem:

0°u . (e) -
at;—dlv(a-Vug):f in Q x (0,0),
ugtzozug‘” in Q

ou, =u!”) in Q,

ot |._,

a(g)(a-Vug-n)+(1—a(8))u€:0 on 0Q x (0,o).




Energy Estimate for Regularized Solutions

Ve>0

Ju, O+ jul O]

<3c@)([u [+ i+ [ e ds)




Energy Estimate for Weak Solutions

!

g0

Juof,, +

SHC(T)(

2
|2

u '(t)

2
“OHHl +H“1

L+ jOtHf(s)

2
K ds).







